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P R E F A C E  

Modern aerodynamics i s  deve lop ing  i n  two b a s i c  d i r e c t i o n s ,  
one of  which i s  concerned w i t h  f u r t h e r  development and improve- 
ment of methods f o r  de t e rmin ing  t h e  f o r c e s  e x e r t e d  b y  a m e d i u m  
on a body moving i n  i t ,  and t h e  o t h e r  w i t h  t he  i n v e s t i g a t i o n  and 
c a l c u l a t i o n  of  t h e r m a l  p r o c e s s e s  on t h e  walls of  t he  v e h i c l e ,  
which a r e  accompanied by v a r i o u s  phys icochemica l  t r a n s f o r m a t i o n s .  
The second t r e n d  has become an  independent  d i v i s i o n  of  t h e  ae ro -  
dynamic s c i e n c e s  - aerothermodynamics.  Aerothermodynamic re- 
s e a r c h  i s  a d v a n c i n g f o r  t h e  most p a r t  i ndependen t ly ,  u s i n g  data 
from c o n v e n t i o n a l  ( " f o r c e " )  aerodynamics.  I n  r e c e n t  y e a r s ,  as 
the  mathemat ica l  a p p a r a t u s  has been p e r f e c t e d ,  more and more of 
t h e  aerodynamic problems a s s o c i a t e d  w i t h  d e t e r m i n a t i o n  of t h e  
f o r c e  e f f e c t s  and h e a t  t r a n s f e r  a r e  b e i n g  s o l v e d  j o i n t l y .  I n  
many c a s e s ,  however, i t  i s  p r a c t i c a l l y  j u s t i f i a b l e  t o  assume 
tha t  t h e  f o r c e  and t h e r m a l  p r o c e s s e s  a r e  independent  of one an- 
o t h e r  and t o  compute them s e p a r a t e l y .  Accord ingly ,  t h e  d i s t r i b u -  
t i o n  of gas  v a r i a b l e s  i n  f l o w  ove r  a s u r f a c e  ( p r e s s u r e ,  f r i c -  
t i o n  s t r e s s ,  t e m p e r a t u r e ,  e t c . )  i s  found wi thou t  c o n s i d e r a t i o n  
of h e a t  t r a n s f e r  a t  t he  w a l l .  Heat f l ows ,  on t h e  o t h e r  hand, can 
b e  c a l c u l a t e d  s e p a r a t e l y  u s i n g  t h e s e  v a r i a b l e s .  

The d i s t r i b u t i o n s  of p r e s s u r e ,  t e m p e r a t u r e ,  and d e n s i t y  ( t h e  
s o - c a l l e d  " i n v i s c i d "  v a r i a b l e s )  a r e  s t u d i e d  by s o l v i n g  t h e  co r -  
r e spond ing  gasdynamic e q u a t i o n s  f o r  an  i n v i s c i d  ( i d e a l )  g a s .  The 
r e s u l t i n g  " i n v i s c i d "  v a r i a b l e s  are used t o  s o l v e  t h e  boundary- 
l a y e r  e q u a t i o n s  and compute t h e  d i s t r i b u t i o n  of t a n g e n t i a l  
[ s h e a r i n g ]  s t r e s s e s  over  t h e  s u r f a c e  of t h e  v e h i c l e .  

When t h e  v e h i c l e s  move a t  very  h igh  s p e e d s ,  t h e  a i r  n e a r  the  
s u r f a c e  of t h e  body i s  h e a t e d  t o  very h igh  t e m p e r a t u r e s ,  a t  which 
chemica l  r e a c t i o n s  t a k e  p l a c e .  C o n s i d e r a t i o n  o f  t h e  e f f e c t  o f  
t h e s e  r e a c t i o n s  on t h e  magnitude and d i s t r i b u t i o n  o f  p r e s s u r e ,  
t e m p e r a t u r e ,  and o t h e r  v a r i a b l e s  i s  a s a l i e n t  f e a t u r e  of modern 
aerodynamics t h a t  has been  t r e a t e d  i n  t h e  p r e s e n t  volume. 

The book devo tes  c o n s i d e r a b l e  space  t o  s t u d y  of  nonsteady 
flow p a s t  bod ie s  of v a r i o u s  s h a p e s ,  which i s  c u r r e n t l y  of major 
impor tance .  

An examinat ion  of  t h e  g e n e r a l  p r o p o s i t i o n s  o f  aerodynamics 
p r e f a c e s  our  d i s c u s s i o n  of a p p l i e d  problems i n  t h e  aerodynamic 
s y n t h e s i s  o f  v a r i o u s  t y p e s  o f  wings and f u s e l a g e s  and combina- 
t i o n s  t h e r e o f .  The g e n e r a l  m a t e r i a l  f o r m s  P a r t  1, which deals 
w i t < t h e  n o t i o n s  of  f o r c e s ,  moments, and aerodynamic c o e f f i c i e n t s  
(Chap te r  I ) ,  d e s c r i b e s  t h e  forms of t h e  v e h i c l e s  and t h e i r  ele- 
ments (Chapter  111, t h e  basi-c r e l a t i o n s b i g s  sf gas-- 
%Numbeps i n  t h e  margin i n d i c a t e  p a g i n a t i o n  i n  t h e  f o r e i g n  t e x t .  
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(Chapter  1 1 1 ) ,  and g e n e r a l  methods of s o l u t i o n  of aerodynamic 
problems (Chapter  IV) . 

I n  c o n s i d e r i n g  the  aerodynamic c h a r a c t e r i s t i c s ,  i t  i s  very 
impor t an t  from a p r a c t i c a l  s t a n d p o i n t  to decompose t h e  r e s u l t a n t  
v a l u e s  o f  these c h a r a c t e r i s t i c s  i n t o  i n d i v i d u a l  components t h a t  
have t h e  p r o p e r t y  of a d d i t i v i t y .  

The p r i n c i p l e  o f  decomposi t ion  of t h e  aerodynamic c h a r a c t e r -  - / 4  
i s t i c s  i n t o  i n d i v i d u a l  components i s  a p p l i e d  f o r  i s o l a t e d  bod ies  
and wings and f o r  b o d i e s  and wings i n  combinat ion.  I n  t h e  l a t t e r  
c a s e ,  t h e  aerodynamic f o r c e s  and moments a r e  de te rmined  i n  t h e  
form of sums of the  co r re spond ing  c h a r a c t e r i s t i c s  ( f o r  i s o l a t e d  
b o d i e s ,  wings,  and f i n s )  and i n t e r f e r e n c e  c o r r e c t i o n s .  T h i s  
p r i n c i p l e  a l s o  forms t h e  basis fo ' r  d i s c u s s i o n  of t h e  problems o f  
n o n s t a t i o n a r y  aerodynamics,  i n  which case  t h e  aerodynamic char -  
a c t e r i s t i c s  are c a l c u l a t e d  s e p a r a t e l y  w i t h  c o n s i d e r a t i o n  of  ap- 
p r o p r i a t e  n o n s t a t i o n a r y  secondary  f l o w s  t h a t  are superimposed on 
the  s t a t i o n a r y  f low o v e r  t h e  body. 

Modern aerodynamics has accumulated c o n s i d e r a b l e  e x p e r i e n c e  
i n  t h e  d e t e r m i n a t i o n  of aerodynamic c h a r a c t e r i s t i c s  f o r  i s o l a t e d  
bod ies  and wings and f o r  v a r i o u s  v e h i c l e  c o n f i g u r a t i o n s .  Chapter  
I1 i s  devoted  to t h e  most commonly encountered  shapes of  i n d i v i d -  
u a l  v e h i c l e  e l emen t s ,  c l a s s i f i e s  r o c k e t s  b u i l t  f o r  v a r i o u s  pur-  
poses  on t h e  basis  o f  aerodynamic l a y o u t s  and f l i g h t  p r o p e r t i e s ,  
a n a l y z e s  t h e  g e n e r a l  aerodynamic p r o p e r t i e s  of present -day  ve- 
h i c l e s ,  t h e  v a r i o u s  t y p e s  of s t e e r i n g  d e v i c e s ,  and t h e i r  a e r o -  
dynamic c h a r a c t e r i s t i c s .  

T h e  d i f f e r e n t i a l  e q u a t i o n  sys tem of aerogasdynamics,  on 
which s o l u t i o n  of t h e  flow problems i s  based, i s  examined 
s e p a r a t e l y  f o r  two b a s i c  forms of motion:  free f low and f lows  i n  
t h e  boundary layer .  The f r e e - f l o w  e q u a t i o n  s y s t e m  g e n e r a l l y  per -  
m i t s  c a l c u l a t i o n  of  s t r o n g l y  d i s t u r b e d  t u r b u l e n t  f low w i t h  con- 
s i d e r a t i o n  of  t h e  e f f e c t s  of  h i g h  t e m p e r a t u r e s ,  which may cause  
d i s s o c i a t i o n  and i o n i z a t i o n .  S o l u t i o n  of t h e  e q u a t i o n s  f o r  t h e  
boundary l a y e r  e n a b l e s  us  to f i n d  t h e  f r i c t i o n  and h e a t - t r a n s f e r  
v a r i a b l e s  i n  t h e  p r e s e n c e  of  chemical  r e a c t i o n s  and d i f f u s i o n  due 
to t h e  p resence  o f  m o l e c u l a r ,  i o n i c ,  and e l e c t r o n i c  components i n  
t h e  l a y e r .  

S o l u t i o n  of t h e  supe r son ic - f low problems i n v o l v e s  s t u d y  of  
flow behind  compression shocks .  For  t h i s  pu rpose ,  t he  g e n e r a l  
r e l a t i o n s h i p s  d e t e r m i n i n g  t h e  f low v a r i a b l e s  beh ind  shocks  a r e  
examined f o r  t h e  most g e n e r a l  c a s e ,  w i t h  c o n s i d e r a t i o n  o f  t h e  
chemica l  p r o c e s s e s  t a k i n g  p l a c e  i n  t h e  gas  behind  t h e  shock waves 
a t  hype r son ic  speeds .  C o n s i d e r a t i o n  i s  g iven  h e r e  to t h e  r e l a x a -  
t i o n  e f f e c t s ,  s i n c e  t h e  e x c i t a t i o n  p r o c e s s e s  may be c h a r a c t e r i z e d  
by s u b s t a n t i a l  l a g  t i m e s .  

The method of f i n i t e  d i f f e r e n c e s  (method o f  s i n k s )  i s  
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e f f e c t i v e l y  used t o  s o l v e  aerodynamic problems. F i n i t e  d i f f e r -  
ences  are used ,  f o r  example, i n  c a l c u l a t i o n s  of  t he  method of  
c h a r a c t e r i s t i c s ,  whose b a s i c  r e l a t i o n s h i p s  are s e t  f o r t h  i n  the  
book f o r  t h e  g e n e r a l  c a s e s  o f  two-dimensional d i s s o c i a t e d  v o r t e x  
f lows ( p l a n e  and th ree -d imens iona l  ax i symmet r i c ) .  A group of 
s c i e n t i f i c  s t a f f  m e m b e r s  of t h e  Mathematics I n s t i t u t e ,  Academy 
of  Sc iences  USSR ( K . I .  Babenko, G.P.  Voskresenskiy ,  and o t h e r s  
[ 4 ] )  has  made a major  c o n t r i b u t i o n  t o  t h e  development of t h e  n e t -  
p o i n t  method i n  a p p l i c a t i o n  t o  c a l c u l a t i o n  of  t h ree -d imens iona l  
f low p a s t  sharp-nosed bod ies  i n  t h e  g e n e r a l  c a s e  i n  which chemi- 
c a l  r e a c t i o n s  are cons ide red .  

I n  t h e  d i s c u s s i o n  of aerodynamic d e s i g n  of i s o l a t e d  wings 
and b o d i e s ,  m u c h . a t t e n t i o n  i s  g iven  t o  methods of  de t e rmin ing  t h e  
v a r i a b l e s  of  f low ove r  t h i n  bod ies  a t  moderate s u p e r s o n i c  speeds  
( t h e  s o u r c e  and sma l l -d i s tu rbance  methods) .  

A p p l i c a t i o n  of t h e  method of  c h a r a c t e r i s t i c s  makes i t  pos- 
s i b l e  i n  f low c a l c u l a t i o n s  t o  p a s s  t o  bod ies  of  a r b i t r a r y  shape 
and to a r b i t r a r y  f r ee - s t r eam Mach numbers. 

Methods o f  c a l c u l a t i n g  f o r c e  e f f e c t s  and heat t r a n s f e r  a t  
hype r son ic  f low speeds  a r e  dwe l t  upon i n  some d e t a i l  i n  t h e  d i s -  
c u s s i o n  o f  wing and body aerodynamics.  

a r e  a l s o  examined f o r  subson ic  and t r a n s o n i c  speeds .  
The aerodynamic c h a r a c t e r i s t i c s  of i s o l a t e d  wings and bod ies  

Together  w i t h  t h e  aerodynamics o f  t a p e r e d  wings and b o d i e s ,  
r e s e a r c h  on f low p a s t  b l u n t  s u r f a c e s  has been developing .  The 
r e s u l t s  o f  t h i s  r e s e a r c h  t ha t  are cons ide red  i n  t h e  p r e s e n t  
book p e r t a i n  i n  p a r t i c u l a r  t o  d e t e r m i n a t i o n  of shock-wave de tach-  
ment and shape and to c a l c u l a t i o n  of p r e s s u r e  and v e l o c i t y  on 
t h e  b l u n t  l e a d i n g  e d g e o f  t h e  s u r f a c e  and flow over  p e r i p h e r a l  
zones of t h e  b l u n t e d  body. P r a c t i c a l  i n t e r e s t  a t t a c h e s  t o  
s o l u t i o n  of problems o f  f low a t  l a r g e  a n g l e s o f  a t t a c k  (up t o  9 0 " )  
p a s t  a wing i n  t h e  form of  a f l a t  p l a t e  and c i r c u l a r  f low over  a 
body. 

Study o f  t h e  d i s t u r b e d  flow t h a t  r e s u l t s  from b l u n t n e s s  has /5 
e s t a b l i s h e d  the  e x i s t e n c e  o f  an  " i n v i s c i d , "  h igh-ent ropy ,  low- 
v e l o c i t y  l a y e r ,  whose p r o p e r t i e s  have a l s o  been de termined .  
Proper  use  of these p r o p e r t i e s  makes i t  p o s s i b l e  t o  r educe  t h e  
h e a t  f lows  b y  choos ing  optimum shape and dimensions f o r  t h e  b l u n t  
nose.  Thus, b l u n t i n g  must be r ega rded  i n  a c e r t a i n  s e n s e  as a 
means f o r  heat p r o t e c t i o n  of t h e  v e h i c l e .  

This  bobk r e f l e c t s  t h e o r e t i c a l  and expe r imen ta l  r e s u l t s  ob- 
t a i n e d  i n  i n v e s t i g a t i o n  of h e a t  t r a n s f e r  on s u r f a c e s  t h a t  have,  
i n  t h e  g e n e r a l  c a s e ,  a n  a r b i t r a r y  l e a d i n g  edge.  C a l c u l a t i o n  
o f  heat f lows  on b l u n t  bod ie s  i s  examined, w i t h  c o n s i d e r a t i o n  of  
t h e  p r i o r  h i s t o r y  of t h e  boundary l aye r  and chemica l  r e a c t i o n s  
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t a k i n g  p l a c e  i n  i t .  

With i n c r e a s i n g  f l i g h t  speeds ,  d i f f u s i v e  h e a t  t r a n s f e r ,  t h e  
n o t i o n  of which i s  s e t  f o r t h  f o r  t h e  c a s e s  of f i n i t e  chemical  
r e a c t i o n  r a t e  and i n f i n i t e l y  f a s t  recombina t ion ,  becomes subs t an -  
t i a l  a l o n g  w i t h  h e a t  t r a n s f e r  b y  conduct ion  i n  t he  boundary l a y e r .  
Ways to c o n t r o l  d i f f u s i v e  h e a t  t r a n s f e r  are i n d i c a t e d  i n  t h e  d i s -  
c u s s i o n  of t h e s e  problems;  t h e y  c o n s i s t  i n  t h e  use  of c o n t a c t i n g  
m a t e r i a l s  w i t h  u n l i k e  c a t a l y t i c  a c t i v i t i e s .  

Aerodynamic c a l c u l a t i o n  of i s o l a t e d  wings i s  of t h e  a u x i l -  
i a r y  n a t u r e  and forms a component pa r t  of t h e  d e t e r m i n a t i o n  
of  t h e  o v e r - a l l  aerodynamic c h a r a c t e r i s t i c s  of t h e  v e h i c l e s ,  
which r e p r e s e n t  combinat ions of a body w i t h  v a r i o u s  l i f t i n g ,  sta- 
b i l i z i n g ,  and c o n t r o l  s u r f a c e s .  Wing aerodynamics w i l l  a c q u i r e  
independent  impor tance  a s  "f lying-wing" v e h i c l e s  make t h e i r  ap- 
pearance .  Aerodynamic s t u d y  o f  b o d i e s  of a r b i t r a r y  shape and 
e s p e c i a l l y  s o l i d s  o f  r e v o l u t i o n  may have independent  impor tance ,  
s i n c e  many r o c k e t - t y p e  v e h i c l e s  have s o l i d - o f - r e v o l u t i o n  aerody- 
namic l a y o u t s  or are made i n  t h e  form of  a body whose shape i s  
n e a r l y  t h a t  of a s o l i d  of r e v o l u t i o n .  For t h i s  r e a s o n ,  t h e  aero- 
dynamics o f  t h e  body ( s o l i d  o f  r e v o l u t i o n )  i s  se t  f o r t h  i n  g r e a t -  
e s t  d e t a i l  i n  t h e  p r e s e n t  volume. Along w i t h  t h e  problems no ted  
above, which a r e  shared b y  wings and b o d i e s ,  a number of s p e c i f i c  
q u e s t i o n s  of body aerodynamics a r e  i l l u m i n a t e d .  

I n  i t s  aerodynamic l a y o u t ,  t h e  modern high-speed a i r c r a f t '  
r e p r e s e n t s  a combinat ion of a body ( u s u a l l y  a s o l i d  o f  r evo lu -  
t i o n ) ,  wings,  f i n s ,  and c o n t r o l  d e v i c e s .  Owing to aerodynamic 
i n t e r f e r e n c e  between t h e s e  e l emen t s ,  t h e  t o t a l  f o r c e s  and moments 
f o r  t h e  combinat ion are not  e q u a l  to t h e  sums o f  t h e  correspond-  
i n g  c h a r a c t e r i s t i c s  f o r  t h e  body, wings,  f i n s  and c o n t r o l  s u r -  
f a c e s  t a k e n  s e p a r a t e l y .  I n  c a l c u l a t i n g  t h e  o v e r - a l l  aerodynamic 
c h a r a c t e r i s t i c s ,  t h e r e f o r e ,  t h e  e f f e c t s  of i n t e r a c t i o n  must be 
t aken  i n t o  accoun t .  T h e  l a s t  p a r t  of t h e  book se t s  f o r t h  i n t e r -  
f e r e n c e  prob.lems on the  basis  of aerodynamic s lender-body t h e o r y  
f o r  b o t h  s t a t i o n a r y  and n o n s t a t i o n a r y  f low over  t h e  s l e n d e r  ( t h i n )  

. component c o n f i g u r a t i o n s .  T h e  methods o f  c a l c u l a t i n g  i n t e r f e r -  
ence t h a t  a r e  developed i n  t h i s  t h e o r y  a r e  ex tended  to t h e  c a s e  
of  l i n e a r i z e d  flow i n  which t h e  e f f e c t  of Mach number i s  t a k e n  
i n t o  accoun t .  High-speed i n t e r f e r e n c e  o f  composite bod ie s  o f  
a r b i t r a r y  t h i c k n e s s  i s  t h e  l e a s t  developed problem of  contempo- 
r a r y  aerodynamics.  It has been e s t a b l i s h e d  e x p e r i m e n t a l l y  that  
t h e  i n t e r a c t i o n s  become l e s s  impor t an t  w i t h  i n c r e a s i n g  s u p e r s o n i c  
speed .  T h i s  i s  e x p l a i n e d  b y  narrowing of  t h e  r e c i p r o c a l - e f f e c t  
zones.  For t h i s  r e a s o n ,  t h e  high-speed aerodynamic c h a r a c t e r i s -  
t i c s  of  a combinat ion of b o d i e s  w i t h  l i f t i n g ,  s t a b i l i z i n g ,  and 
c o n t r o l  d e v i c e s  can be  de te rmined  i n  approximat ion  by add ing  t h e  
co r re spond ing  aerodynamic c h a r a c t e r i s t i c s  f o r  t h e  i s o l a t e d  e l e -  
ments of  t h i s  combina t ion .  
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Present -day  guided v e h i c l e s  are  p rov ided  w i t h  aerodynamic,  
gasdynamic,  or combined c o n t r o l s .  S e l e c t i o n  o f  t he  t y p e  o f  con- 
t r o l d e v i c e  i s  governed by t h e  d e s i g n  f e a t u r e s ,  pu rpose ,  and 
f l i g h t  c o n d i t i o n s  of  t h e  v e h i c l e .  De te rmina t ion  o f  t h e  c o n t r o l -  
l i n g  e f f o r t  i s  a n  impor t an t  p a r t  of t h e  aerodynamic c a l c u l a t i o n ,  
s i n c e  i t  de te rmines  i n  many r e s p e c t s  t h e  f l i g h t  p r o p e r t i e s  o f  t h e  
v e h i c l e  as a whole.  For  t h i s  r e a s o n ,  t he  book devotes ,  much a t -  
t e n t i o n  to c a l c u l a t i o n  o f  t h e  e f f e c t i v e n e s s  o f  c o n t r o l s  o f  t hese  
t h r e e  t y p e s .  The f o r c e  and moment c h a r a c t e r i s t i c s  o f  aerodynamic 
c o n t r o l s  are  s e t  f o r t h  w i t h i n  t h e  framework o f  aerodynamic s l e n -  - / 6  
der-body t h e o r y ,  u s i n g  c o r r e c t i o n s  o b t a i n e d  from t h e  l i n e a r i z e d  
t h e o r y .  Fo r  o t h e r  t y p e s  o f  c o n t r o l s ,  t h e  c a l c u l a t i o n  o f  t h e  e f f e c -  
t i v e n e s s  i s  s e t  f o r t h  on t h e  basis o f  a v a i l a b l e  e x p e r i m e n t a l  data,  
w i t h  a p p l i c a t i o n  of  t h e  e l emen ta ry  r e l a t i o n s h i p s  o f  gasdynamics.  
Aerodynamic problems r e l a t ed  to c o n t r o l s  have n o t  been developed  
a d e q u a t e l y .  F u r t h e r  t h e o r e t i c a l  and e x p e r i m e n t a l  s t u d y  i s  neces-  
s a r y .  

On t h e  whole,  t h e  book w i l l  f a m i l i a r i z e  t h e  reader w i t h  t h e  
b a s i c  t h e o r e t i c a l  p remises  of modern high-speed aerodynamics,  
methods o f  c a l c u l a t i n g  f o r c e  and heat  e f f e c t s  of  t h e  environment 
on t h e  v e h i c l e  and i t s  i n d i v i d u a l  e l emen t s ,  and the most impor- 
t a n t  c h a r a c t e r i s t i c s  o f  gas  f lows i n  v a r i o u s  gas  s t a t e s .  

To f a c i l i t a t e  conve r s ion  o f  t h e  u n i t s  used f o r  t h e  p h y s i c a l  
q u a n t i t i e s  to t h e  new ones conforming to t h e  a c c e p t e d  Lnterna-  
t i o n a l  System ( S I ) ,  a s p e c i a l  conve r s ion  t ab le  i s  g i v e n  a t  t h e  
end o f  t h e  book. Q u a n t i t i e s  d e r i v e d  u s i n g  t h e  I n t e r n a t i o n a l  Sys- 
t e m  are  g i v e n  f o r  comparison i n  numer i ca l  examples.  

P r o f .  N.S. Arzhanikov, Honored Worker o f  S c i e n c e  and Engin- 
e e r i n g ,  and P r o f .  I . P .  Ginzburg accomplished a major  t a s k  i n  r e -  
viewing the  manusc r ip t  and submi t t ed  h i g h l y  v a l u a b l e  recommenda- 
t i o n s  and comments, which were t a k e n  i n t o  c o n s i d e r a t i o n  i n  f i n a l  
e d i t i n g  o f  t he  book. 

shor tcomings ,  and w i l l  welcome a l l  readers '  comments- 
The  a u t h o r s  acknowledge t h a t  t h e i r  work may n o t  be w i t h o u t  
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NASA T T  F - 6 0 1  

R O C K E T  AERODYNAMICS 

N . F .  K r a s n a v  ( E d i t o r ) ,  V . N .  K o s h e v o y ,  
A . N .  D a n i l o v  a n d  V . F .  Z a k h a r c h e n k o  

ABSTRACT: The book is designed to familiarize the 
reader with the basics of modern high-speed aero- 
dynamic theory, calculation of force and heat ef- 
fects of the environment on the vehicle, and the 
most important characteristics of flows for vari- 
ous states of the gas. Two trends are discerned: 
study of the forces that the medium exerts on the 
body moving in it and thermal and chemical proces- 
ses on the skin of the vehicle. Pending refine- 
ment of joint-solution methods, the effects of 
thermochemical reactions on the gasdynamic varia- 
bles and their distributions are determined separ- 
ately. Much attention is given to nonsteady flows 
past bodies of various shapes. Part One is a gen- 
eral discussion of forces, moments, and aerodynam- 
ic characteristics, vehicle and vehicle-element 
shapes, gas-flow theory, and the general methods 
of solution of aerodynamic problems (characterist- 
ics, sources, slender-body-theory, conformal-map- 
ping, reversibility, attached-mass, etc.). Parts 
Two, Three, and Four, respectively, deal with ap- 
plications to lifting, stabilizing, and control 
surfaces; bodies; and combinations of these ele- 
ments that constitute vehicles, with consideration 
of interference between the parts and operation of 
aerodynamic and gasdynamic controls. Aspects of 
the treatment include nonsteady flows over bodies 
of various shapes with emphasis on blunt forms, 
additive components of aerodynamic characterist- 
ics, consideration of diffusive heat transfer and 
relaxation behind the shock in supersonic problems, 
use of the net-point method as developed at the 
Mathematics Institute, USSR Academy of Sciences(Ba- 
benko and Voskresenskiy), shock-wave shape and de- 
tachment for blunt bodies with determination of p 
and V on tapering nose sections, and determination 
of the properties of the "inviscid" high-entropy , 
low-velocity layer on blunt bodies and their use to 
control heat transfer. 
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P a r t  One 

G E N E R A L  D E F I N I T I O N S  OF A E R O D Y N A M I C S  

2 



Chapter  I 

THE CONCEPTS O F  FORCES, MOMENTS, 
A N D  AERODYNAMIC COEFFICIENTS 

$1-1. COORDINATE SYSTEMS 

Forces exerted by the medium. The  a c t i o n  of  t h e  medium on 
a body i n  motion i n  i t  reduces  t o  t h e  appearance  of con t inuous ly  
d i s t r i b u t e d  normal-pressure f o r c e s  on i t s  s u r f a c e ,  a l o n g  w i t h  
t a n g e n t i a l  [ s h e a r i n g ]  s t r e s s e s  governed by t h e  medium's v i s c o s i t y .  
A l l  of these f o r c e s  ( F i g .  1-1-1) a r e  reduced t o  a s i n g l e  p r i n c i p a l  
aerodynamic-force v e c t o r  i? and a p r i n c i p a l  v e c t o r  a o f  t h e  moment 
of t h e s e  f o r c e s  about  some r e f e r e n c e  p o i n t .  T h i s  may be any p o i n t  
of t h e  body, e . g . ,  i t s  c e n t e r  of  g r a v i t y ,  t h e  p o i n t  o f  i t s  nose ,  
e t c .  I n  e n g i n e e r i n g  p r a c t i c e ,  we d e a l  no t  w i t h  t h e  v e c t o r s  and 
H, b u t  w i t h  t h e i r  p r o j e c t i o n s  on to  t h e  axes of  some c o o r d i n a t e  
s y s t e m .  Most common among t h e s e  systems a r e  t h e  wind ( d r a g )  and 
body a x e s .  

T h e  w i n d  (drag) coordi- 
nate system. I n  t h i s  coord i -  
n a t e  s y s t e m  ( F i g .  I-1-l), t h e  
l o n g i t u d i n a l  a x i s  x c o i n c i d e s  
w i t h  t h e  d i r e c t i o n o f  f l i g h t  
v e l o c i t y ,  t h e  y-ax is  l i e s  i n  
t h e  v e r t i c a l  p l a n e  o f  symmetry 
of t h e  body i n  t h e  f low,  and 
t h e  z -ax is  i s  p e r p e n d i c u l a r  t o  
t h e  x ,  g-plane and d i r e c t e d  i n  

X such a way t h a t  t h e  axes  x,  y ,  
and z form a r igh t -hand  coord i -  
n a t e  s y s t e m .  

T h e  wind s y s t e m  i s  some- 
t imes  a p p l i e d  i n  a n o t h e r  form. 
I t s  l o n g i t u d i n a l  a x i s  x co in-  
c i d e s  w i t h  t h e  d i r e c t i o n  of 

F i g u r e  1-1-1. Diagram o f  Aero- 
dynamic F o r c e s  and M.oments 
Ac t ing  on A i r c r a f t  i n  Wind ( x ,  
Y ,  z >  and Body ( x , ,  Y , ,  z , )  

flow v e l o c i t y  and i t s  y-axis  
l i e s  i n  t h e  p l a n e  i n  which t h e  
v e l o c i t y  v e c t o r  vm and t h e  
body a x i s  x1 a r e  l o c a t e d .  

Coord ina te  Systems.  

t h e  v e h i c l e  ( s e e  F i g .  I-1-l), t h e  x , - ax i s  p o i n t s  toward t h e  nose 
p a r a l l e l  to t h e  wing chord ,  and ,  f o r  a v e h i c l e  w i t h  an  axisym- 
m e t r i c  body, c o i n c i d e s  w i t h  t h e  body ' s  l o n g i t u d i n a l  a x i s  of sym- 
metry.  The y 1  a x i s  of t h e  body system l i e s  i n  t h e  v e r t i c a l  p l a n e  

Body axes. I n  t h i s  s y s -  
t e m ,  which i s  r i g i d l y  bound t o  



o f  symmetry and t h e  z , - a x i s  p o i n t s  a long  t h e  span  o f  t h e  r i g h t  
wing ( r igh t -hand  c o o r d i n a t e  s y s t e m ) .  

c a l l e d  semibound a x e s .  I n  t h i s  zlz 

2, s y s t e m ,  t h e  l o n g i t u d i n a l  a x i s  x 2  
0 c o i n c i d e s  w i t h  t h e  p g o j e c t i o n  o f  

the  v e l o c i t y  v e c t o r  Vo3 o n t o  t h e  

The body s y s t e m  whose axes  are  shown i n  F i g .  1-1-2 i s  used  
o c c a s i o n a l l y .  The x ,  a x i s  i s  d i r e c t e d  downstream from t h e  nose  
to t h e  t a i l  o f  t h e  body. With h o r i z o n t a l  and v e r t i c a l  symmetry, 
t h e  2 , -  and y,-axes l i e  r e s p e c t i v e l y  i n  t h e  h o r i z o n t a l  and ver -  
t i c a l  p l a n e s  of  symmetry, forming a r igh t -hand  c o o r d i n a t e  system. 

The r e l a t i v e  p o s i t i o n i n g  o f  t h e  
wind and body systems i s  determi:ied (see 
F i g .  1-1-1) by t h e  a t t a c k  a n g l e  a ,  t h e  
a n g l e  between t h e  Ox,-axis  and t h e  pro- 
j e c t i o n  o f  v e c t o r  vm o n t o  t h e  xlOy, 
p l a n e  and by t h e  s l i p  a n g l e  B,,, t h e  
a n g l e  between t h e  v e c t o r  vm and t h e  
x l O y ,  p l a n e .  

Knowing t h e  a n g l e s  a and B,,, w e  
can  proceed  from g i v e n  c o o r d i n a t e s  o f  a 
p o i n t ,  say  i n  t h e  wind a x e s ,  to f i n d  i t s  
c o o r d i n a t e s  i n  t h e  body sys tem and v i c e -  
v e r s a .  T h i s  i s  done by t h e  a p p r o p r i a t e  
formulas  o f  a n a l y t i c a l  geometry,  which 
g i v e  t h e  c o o r d i n a t e s  to b e  conve r t ed  as 
f u n c t i o n s  o f  t h e  c o s i n e s  o f  t h e  a n g l e s  

F i g u r e  1-1-3. A t t a c k  
and S l i p  Angles (com- 
Eonents  of v e l o c i t y  
Vm are g i v e n  i n  t h e  
body s y s t e m ) .  
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p r a c t i c e  t h e r e f o r e  t h e  v i s i b l e  f i g u r e  o f  Venus may b e  considered t o  be a globe. 
The a l t i t u d e  of  t h e  cloud l a y e r  over  t h e  s u r f a c e  o f  t h e  p l a n e t ,  and t h e r e f o r e  
the  diameter and shape o f  t h e  p l a n e t  i t se l f ,  are unknown. 

The mass of  Venus i s  408,500'160 times less than t h e  mass of t h e  sun 
[138], which corresponds t o  0.815 of t h e  e a r t h .  The d e n s i t y  of  Venus i s  
4.86 g/cm . For t h e  e a r t h  t h e  corresponding q u a n t i t y  i s  equal  t o  5.52 g/cm . 
Accelerat ion o f  g r a v i t y  on t h e  s u r f a c e  of  Venus go = 835 c m  - sec 
The second cosmic speed near  t h e  s u r f a c e  of  Venus i s  equal t o  10.2 km/sec. 

3 3 

- 2  . 

3 .  T h e  Atmosphere and t h e  Cloud Layer 

The atmosphere o f  Venus was discovered i n  1761 by M .  V.  Lomonosov [66] 
a f t e r  having observed t h e  passage of  t h e  p l a n e t  across  t h e  s o l a r  d i s k .  
However, up t o  t h e  present  time t h e  composition o f  t h e  atmosphere, temperature 
and t h e  p r e s s u r e  are p r a c t i c a l l y  unknown. Such a s i t u a t i o n  r e s u l t s  mainly 
from t h e  fact t h a t  due t o  t h e  nontransparence o f  t h e  atmosphere of  Venus i n  
t h e  o p t i c a l  range only t h e  upper l a y e r s  of  t h e  gaseous-aerosol clouds o f  t h e  
p l a n e t  a r e  a c c e s s i b l e  t o  our  immediate i n v e s t i g a t i o n .  A t  t h e  present  t i m e  
t h e  lower cloud l a y e r s  remain t h e  s u b j e c t  o f  d i v e r s e  hypotheses.  

An e v a l u a t i o n  of  t h e  pressure  i n  t h a t  p a r t  o f  t h e  atmosphere above t h e  
clouds of  Venus was c a r r i e d  out by Dolfus [27] , Moroz 171, 721 and Vaucouler 
and bienzel [323]. Dolfus i n v e s t i g a t e d  t h e  d i f f e r e n c e  i n  p o l a r i t y  i n  t h e  
red  and green p a r t s  o f  t h e  spectrum. I n t e r p r e t i n g  t h i s  as a r e s u l t  o f  
molecular s c a t t e r i n g ,  he determined t h a t  t h e  equiva len t  a l t i t u d e  o f  t h e  a t -  /12 
mosphere o f  Venus a t  t h e  leve l  o f  t h e  cloud l a y e r  was equal  t o  800 meters.  
Under a force  of  g r a v i t y  somewhat less than  t h a t  o f  e a r t h ,  t h i s  corresponds 
t o  a pressure  a t  t h e  top  of  t h e  cloud l a y e r  of 90 I&*. V .  I .  Moroz i n  
widening t h e  band of absorp t ion  C02 X 1.575 and 1.606 1~ defined t h e  p r e s s u r e  

a t  t h e  l e v e l  of t h e  cloud l a y e r  as equal  t o  300 mb. 

- 

Vaucouler and Menzel 13231 i n  accordance with observa t ions  of  t h e  screen-  
ing o f  Regulus by Venus, eva lua teg  t h e  p r e s s u r e  a t  a l e v e l  o f  70 km above t h e  
cloud l a y e r  as equal t o  2.6 x 10 mb. In  accordance with t h e s e  observat ions 
t h e  a l t i t u d e  o f  t h e  similar atmosphere i n  t h e  l a y e r  above t h e  clouds o f  
Venus equals  H = 6.8 km accord.ing t o  t h e  c a l c u l a t i o n  of t h e  au thors ,  and 
H = 6 km according t o  t h e  c a l c u l a t i o n  of  Martynov and Posperge l i s  [67]. 

According t o  a c a l c u l a t i o n  o f  Sagan [282] based upon measurements o f  
t h e  bands of  absorp t ion  C02 X 0.8 p [302] and 1.6 p [191],  and t h e  screening  

of  Regulus by Venus [323], t h e  p r e s s u r e  a t  t h e  l e v e l  o f  t h e  cloud l a y e r  f o r  
t h e  i l lumina ted  s i d e  o f  Venus was determined t o  be equal  t o  600 mb. 

* We are reminded t h a t  1 am = 1013 mb. 
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An attempt t o  es t imate  t h e  p re s su re  i n  t h a t  p a r t  of the  atmosphere under 
H e  processed old spectrograms of t h e  clouds w a s  undertaken by Spinrad [302].  

the  spectrum band 7820 4 obtained by Adams and Dunham [102].  They ca lcu la t ed  
t h e  pressure  a t  the  l e v e l  o f  the  r e f l e c t i n g  l a y e r  from 1.1 t o  4 . 6  atm 
according t o  t h e  spread of  t h e  s p e c t r a l  l i n e s .  In  connection with the  f a c t  
t h a t  high pressures  correspond as a r u l e  with high temperatures ,  they i n t e r -  
p re t ed  t h e  r e s u l t  as an ind ica t ion  of change i n  t h e  a l t i t u d e  of  t he  r e f l e c t i n g  
l aye r .  A t  t h e  lowest measured l e v e l  t he  p re s su re  approached 5 a t m .  

The chemical composition of t he  atmosphere of Venus has been the  sub jec t  
o f  numerous spec t roscopic  i n v e s t i g a t i o n s .  Nevertheless ,  thus  f a r  carbon 
dioxide i s  t h e  s i n g l e  s a t i s f a c t o r i l y  explained component of t h e  atmosphere of 
t h e  p l a n e t .  

Estimates of t h e  content  of CO i n  the  atmosphere of  Venus have been 2 
extremely d ive r se .  Unt i l  r ecen t ly  t h e  most accepted es t imates  have been 

the re  e x i s t s  above t h e  cloud l a y e r  l o 5  a tm-cent imeters*  of C02, which appears 

t o  be t h e  b a s i c  component of t h e  atmosphere of Venus. 
r e s u l t s  were obtained r ecen t ly  by Spinrad [302]. Having processed t h e  o ld  
spectrograms of Adams and Dunham he determined t h e  C02 content  t o  be equal t o  

2 x l o 5  a t m  -cent imeters .  However, i n  accordance with measurements of t he  
width of t he  l i n e s  of absorpt ion,  he came t o  t h e  conclusion t h a t  t he  ind ica ted  
quan t i ty  of C02 is  maintained above the  l e v e l  at  which the  pressure  comprises 

7 a t m .  In  t h i s  case the re  i s  above the  cloud l a y e r  (under a pressure  a t  t h e  
l eve l  of t h i s  l a y e r  of 90 mb) only 4 x l o 3  
r e l a t i v e  content  of carbon dioxide i n  the  atmosphere of Venus c o n s i s t s  i n  a l l  
of 4% (according t o  the  mass). 

I those of Adams, Dunham [lo21 and Kuiper [41]. According t o  these  es t imates  

Completely d i f f e r e n t  

/13 
a t m  -cent imeters  of CO and the  2’ 

According t o  an es t imate  of Kaplan (1931 the  r e l a t i v e  content  o f  C02 i n  

the  atmosphere of Venus comprises 15%. 

Under e a r t h  condi t ions , atmospheric carbon dioxide r e a c t s  with s i l i c a t e s ,  
This process ,decreas ing  t h e  content of C02 i n  which are components of s o i l .  

t he  atmosphere,demands t h e  presence of water i n  t h e  l i q u i d  s t a t e  as a cat- 
a lyt ic  agent .  The l i b e r a t i o n  o f  CO i n t o  t h e  atmosphere proceeds simultan- 
eously with t h i s .  2 The speed of these  processes  is determined by t h e  

* 1 Atm-centimeter is the  thickness  i n  cm of  the  l a y e r  o f  s p e c i f i e d  g a s  
which would be obtained i f  the gas were i s o l a t e d  and compressed t o  a 
pressure  of 1 atmosphere under the  in f luence  of a s tandard  temperature.  



equi l ibr ium o f  Urey. 

comparison with t h a t  of  e a r t h  i n d i c a t e s  apparefit ly a diszurbancn i r ,  t!ie 
equi l ibr ium o f  Urey. A poss ib l e  reason f o r  t h i s  may be  t h e  :a& of .water 
on Venus. 

The abundance of C 0 2  i n  t h e  a 9 " p h ~ r ~  sf 'ke?xd I r  

A series o f  a t tempts  t o  de t ec t  water i n  the  atmoschcre of ?'ei,:-i:j : - i d b f i  

been undertaken. 

I n  1921 John and h ' i c h o l s x  j lSS]  i nves t iga t ed  a t  E f t .  Wilson :tie l i n e  of 
Eater vapor nea r  A 5,900 4. This l i n e  was not de tec t ed .  c a I c ~ ~ a t ' s ? i j  t h e ?  
upper l i m i t  of  t h e  water vapor conten t  above the  r z f 1 e i t i n g .  1q-er 12 ?cn?;s :zs 
equal  t o  1 mm o f p r e c i p i t a t e d  water, i . e .  about 1-15 a f  t h e  con ten t  of I-izter 
vapor i n  t h e  atmosphere o f  t he  e a r t h  ox'er b i t .  Wilson .in wint=?r.  

Adams and Dunham [lo21 c a r r i e d  c u t  analogctus i n v e s t i g a t i o r : ~  cf t i l a  1 i T ; c -  
near S,20@ A and es t imated  t h e  upper l i m i t  o f  t h e  water ';apc7r con".rL.t OT: : ' F . ~ L L Y  
as equal  t o  5% o f  the  e a r t h ' s  l e v e l .  

I n  1960,with the  a i d  of an appara tcs  r a i s e d  O i l  a s t r z t o s p h e r i z  ",a:lncii 
i n  o rde r  t o  decrease  t e r res t r ia l  l ines ,  S t rong  and o t h e r s  uncicrtcok r e a s ~ i ' e -  
ments o f  t h e  band of  absorp t ion  cf icater v q w  nee- 1. l,i5 u .  I t  i : ' ~  

found t h a t  t he  water  vapor content  above :he re 'r ' leczing clouds i.1: the a t ; x > -  
phere of Venus comprises (1.9 * i .6 )  10 C K :  i .  e .  (19 2 Lt)> :- :f p w ( % : -  
p i t a t e d  water. Howver,  i n  c:innection with :;he f s c c  tfis; th t .  1.t:i.tey ., .~D:,,I' :!:!::.- 

t e n t  measured by Strong and o the r s  i s  commensurate K i t h  tl1.:1t f o m i  ir: i k  
atmosphere o f  e a r t h  [ 2 1 3 ] ,  the  c i t e d  d a t a  \<ere sub jec t  tc;  &._tubt, 

I n  1962 Spinrad [301] reprocessed some o l d  b i t .  P i i l s o n  s2ec t r sg rzns  ne::: 
.I 8,180 a. H e  de t ec t ed  no l i n e  of absorp t ion  of w t e r  vai;.or, He calcvl&tei.i 
t h e  upper l i m i t  of  water vapor content  i n  t h e  3.tmosphere of 'II'ezil~ 3s 7 1C-j  
g cm 2 (70 E ) .  From a comparison rcith f o r m r  !cork de f i r i i ng  t h e  ~ x ~ ~ s ~ : r e  4.x 
accordance with the  spreading  o f  l i n e s  of a b s o r p t i v i  c f  i .31331 h +  c~t i i -  

s ide red  t h a t  t h e  experiment r e f e r r e d  t o  t h e  l e v e l  a t  tchici; t h e  p~~~s:.irc3 coil- 
s i s t e d  of 8 atm and t h e r e f o r e  t h e  r e l a t i v e  conzent of water  .;apr i r  thc zt- 
mosphere of Venus would be l e s s  t han  9 * l@-7 (according t o  t h e  i rass ) ,  T?-:is 
c a l c u l a t i o n  was reduced t o  < l C m 5  b e c a u e  of E s e r i e s  of indefinite q i ~ s n t i t i c s  

- 

/ 14 - The next a t tempt  t o  d e t e c t  rcater vapor tias undertaken by Dollfus [ l S O ]  
i n  1363 by measureaents of the band of H 0 near  A 1 . 4  p .  I n  comparing t h e  

spectrum of l'enus and t h e  moor under cond i t ions  of  equal  z e n i t h a l  d i s t ances  
he de t ec t ed  t h a t  i n  a l l  cases t h e  i n t e n s i t y  of the band o f  H 2 0  i n  t he  spec-  

trum of  Venus was h ighe r  than  i n  t h e  spectrum of the  moon. H e  determined 
t h a t  t h e  average water content  of  t h e  Venus d isk  was equal  t o  2.8 
g These measurements were c a r r i e d  out  rvith a phase angle  of  9l0 
which corresponds t o  4 2s the  average o p t i c a l  p s t h  o f  t h e  r e f l e c t e d  ray. 
From t h i s  the  water vapor  conten t  i n  a v e r t i c a l  columq was ca l cu la t ed  as 
equal t o  0 .7  - l o m L  g cm-2, i . e .  70 p. Providing t h a t  t he  c a l i b r a t i o n  of  
t he  apparatus  w a s  c a r r i e d  out  under p re s su re  of 1 a t m  and t h a t  t h e  p re s su re  

2 
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of t h e  l a y e r  observed on Venus was s i g n i f i c a n t l y  lower,the true content  o f  
H 2 0  must be lower than  i n d i c a t e d .  

I n  1964 St rong , toge ther  with Bottema and Plummer,[ll6 and 1171 repea ted  
t h e  s t r a t o s p h e r i c  ba l loon  measurements of water vapor i n  t h e  atmosphere o f  
Venus. Under atmospheric p r e s s u r e  t h e  absorpt ion of water vapor i n  t h e  l i n e  
of  H 0 X 1.1 p was d e t e c t e d  corresponding t o  9.8 g cm-2 (98 11). The 

i n t e r p r e t a t i o n  o f  t h e  d a t a  obtained depends upon t h e  pressure  at  t h e  leve l  o f  
t h e  cloud l a y e r  and t h e  d i s t r i b u t i o n  of  water vapor by a l t i t u d e .  For a 
g r a v i t a t i o n a l  atmosphere the  experimental  d a t a  corresponds t o  22 .2  - 
g of water vapor a t  a pressure  a t  t h e  l e v e l  of  t h e  cloud l a y e r  of 
90 mb and 5.3 
vapor content  i n  the  atmosphere o f  Venus i s  c a l c u l a t e d  as  equal  t o  2.5 
PO and 0.87 l o w 5  r e s p e c t i v e l y .  

2 

g cm-2 a t  a pressure  of 600 mb. The r e l a t ive  water  

Recent measurements of  water vapor w e r e  c a r r i e d  out  by Spinrad [304] a t  
t h e  l i n e  8,200 i$ i n  J u l y  and August of 1964. 
cloud l a y e r  was est imated by him a t  less than 20 p [306]. 

Water vapor content  above t h e  

Prokof 'ev and Petrova [76, 771 undertook an extremely successfu l  attempt 
t o  revea l  molecular oxygen i n  t h e  atmosphere o f  Venus. In  1961 and 1962 they 
obtained a spectrum i n  t h e  region of  t h e  t e l l u r i c  a band of  oxygen d isp lay ing  
nonspunetry o f  l i n e  caused apparent ly  by a weak band o f  absorpt ion of  oxygen 
i n  t h e  atmosphere of  Venus. In  1964 t h e  deduction concerning t h e  poss ib le  
presence of  oxygen i n  t h e  atmosphere of  Venus was conclusively confirmed by 
Prokof 'ev 's  1781 new i n v e s t i g a t i o n s  i n t o  t h e  region o f  t h e  B band o f  t e l l u r i c  
oxygen. A prel iminary eva lua t ion  of t h e  oxygen content  i n  t h e  cloud l a y e r  
over  Venus made by Prokof 'ev revealed 0.1% o f  t h e  e a r t h ' s  l e v e l ,  i . e .  approx- 
imately 170 a t m - c m .  

Spectroscopic  measurements by Spinrad [305] gave a negat ive  r e s u l t .  He - /15 
estimates t h e  O2 content  i n  t h e  l a y e r  above t h e  clouds o f  Venus at  less than 
50 a t m - c m .  

Concerning o t h e r  gases which have been examined s p e c t r o s c o p i c a l l x  Sinton 
[296] p o i n t s  t o  weak l i n e s  of  absorpt ion which may be ascr ibed  t o  CO. These 
l i n e s  were a l s o  obtained by Moroz [70] who evaluated t h e  CO content  as equal 
t o  5 a t m - c m .  However, analogous measurements by Kuiper [210] d id  not revea l  
t h e  ind ica ted  bands o f  absorpt ion.  I n  agreement with Kuiper 's  e s t i m a t e s  t h e  
content  of CO i n  t h e  atmosphere of Venus i s  less t h a t  3 a t m - c m .  

Table 1.1, which w e  have borrowed from [70],presents estimates o f  t h e  
upper l i m i t  of t h e  content  of several o t h e r  gases which have y ie lded  negat ive 
r e s u l t s  t o  spec t roscopic  i n v e s t i g a t i o n s  i n  t h e  atmosphere of  Venus. 

8 



.. 

I 
(1-2-6)  

where R i s  a c h a r a c t e r i s t i c  l e n g t h ,  for example, t h e  l e n g t h  of a 
s o l i d  of r e v o l u t i o n  o r  t h e  chord b - of a wing ( F i g .  1-2-2) .  

The p o l a r  cu rve .  Vehicle  l i f t / d r a g  r a t i o .  T h e  p o l a r  curve  
and l i f t / d r a g  r a t i o  are ex t remely  impor t an t  aerodynamic c h a r a c t e r -  
i s t i c s  of a v e h i c l e .  The p o l a r  es tabl ishes  t h e  r e l a t i o n  between 
l i f t  and f r o n t a l  d r a g  or between normal and a x i a l  f o r c e s .  T h e  
c = f , ( c  ) curve  i s  known as a p o l a r  of  t h e  f i r s t  k i n d ,  and t h e  
r e l a t i o n  c x l  = f , ( c y , )  [or cR = f 2 ( c N ) ]  as a p o l a r  of t h e  second 
k i n d .  

x1 Y 

- 
b 

F i g u r e  1-2-3. Diagram 11- 
l u s t r a t i n g  D e f i n i t i o n  of  
Center  of  P r e s s u r e .  

p o i n t  t o  t h e  c h a r a c t e r i s t i c  

The  l i f t / d r a g  r a t i o  of a ve- /1LI 
h i c l e  

Center  o f  p r e s s u r e  a n d  aerody-  
namic c e n t e r .  The c e n t e r  of p r e s -  
s u r e  of a v e h i c l e  i s  t h e  p o i n t  of 
a p p l i c a t i o n  of t h e  aerodynamic- 
f o r c e  r e s u l t a n t .  The c e n t e r  o f  
p r e s s u r e  c o e f f i c i e n t  ( F i g .  1-2-3) 
i s  a d imens ion le s s  q u a n t i t y  and i s  
d e f i n e d  as t h e  r a t i o  of t h e  d i s -  
t a n c e  of  t h e  c e n t e r  of p r e s s u r e  
from some f i x e d  c h a r a c t e r i s t i c  

l e n g t h  ( R  o r  b) : 

5c.p. - 
cc.p. - - b .  

(1-2-8) 

The c o e f f i c i e n t  c can b e  computed from known v a l u e s  of 
C * P  

t h e  p i t c h i n g  moment and normal f o r c e  and can be  expres sed  i n  t e r m s  
of t h e  aerodynamic c o e f f i c i e n t s :  

nf* mz CCnP. = - = - . N b  CN 
(1-2-8 ' ) 

For v e h i c l e s  t h a t  do n o t  have h o r i z o n t a l  symmetry, f l i g h t  
p r o p e r t i e s  are more conven ien t ly  e v a l u a t e d  n o t  w i t h  r e s p e c t  t o  
t h e  c e n t e r  of p r e s s u r e ,  b u t  w i t h  r e s p e c t  t o  t h e  c e n t e r  d i s t a n c e .  
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k' 
ii To es tab l i sh  the  s e n s e  of t h e  " v e h i c l e  aerodynamic c e n t e r "  con- 

c e p t ,  w e  s h a l l  use t h e  famil iar  r e l a t i o n s h i p  f o r  the  c o e f f i c i e n t  E: 
of moment c a l c u l a t e d  about  an  a r b i t r a r y  p o i n t  w i t h  c o o r d i n a t e  xn 
on t h e  chord of t h e  unsymmetr ical  p r o f i l e ,  

where m Z o  i s  t h e  c o e f f i c i e n t  of t h e  moment about  t h e  l e a d i n g  edge 
a t  z e r o  l i f t .  

The second term i n  t h e  r i g h t  member de t e rmines  t h e  moment i n -  
crement a s s o c i a t e d  w i t h  a change i n  a t t a c k  a n g l e .  The  p r o f i l e  
chord b i s  t a k e n  as t h e  c h a r a c t e r i s t i c  l i n e a r  dimension.  Here we 
are concerned w i t h  small  a t t a c k  a n g l e s ,  f o r  which c = cN. 

Y 
It f o l l o w s  from (1-2-9) t h a t  a p o i n t  xn = xF ( a n  aerodynamic 

c e n t e r )  such t h a t  t h e  moment abou t  i t  does no t  depend on c can be 
found on t h e  chord .  

Y 

The aerodynamic-center  c o o r d i n a t e  

Obvious ly ,  t h e  aerodynamic c e n t e r  

(1-2-10) 

i s  a p o i n t  about  which t h e  
aerodynamic mbment remains c o n s t a n t  and independent  of a t t a c k  
a n g l e ,  i . e . ,  t h e  p o i n t  o f  a p p l i c a t i o n  of t h e  r e s u l t a n t  o f  a l l  ad- 
d i t i o n a l  f o r c e s  produced by t h e  a t t a c k  a n g l e .  The r e l a t i o n  be  
tween t h e  c e n t e r  of  p r e s s u r e  and t h e  aerodynamic c e n t e r  i s  g iven  
by 

where c c.po and FF i s  the  a b s o l u t e  va lue .  

and,  conse- 
zo ' For  bod ies  w i t h  symmetr ica l  c o n f i g u r a t i o n ,  m 

q u e n t l y ,  c c . p * o  a r e  z e r o ,  and t h e  c e n t e r  of p r e s s u r e  c o i n c i d e s  
w i t h  t h e  aerodynamic c e n t e r .  If c -+ 0 f o r  a symmetr ica l  body 

Y 
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I 

t h e n  m Z  * 0 a l s o ;  t h e  c e n t e r  of  
p r e s s u r e  c o e f f i c i e n t  t e n d s  to a 
f i n i t e  va lue  o f  

F i g u r e  1-2-4.  Hinge Moment 
of C o n t r o l  S u r f a c e .  

For  an unsymmetr ical  body,  
e . g . ,  a p r o f i l e ,  t h e  moment coef -  
f i c i e n t  t e n d s  to a f i n i t e  v a l u e  
m zo as c +  

Y 
and hence c 

C - P  

H i n g e  moment .  T h i s  moment 
a c t i n g  on a c o n t r o l  s u r f a c e  

where mh i s  t h e  h inge  moment c o e f f i c i e n t , a n d  be and Sc a r e  t h e  

mean geometr ic  chord and planform of  t h e  c o n t r o l  d e v i c e  ( s u r -  
f a c e ) .  

For g i v e n  f l i g h t  c o n d i t i o n s  ( speed ,  a l t i t u d e ) ,  t h e  moment 
c o e f f i c i e n t  mh i s  a 
the c o n t r o l - s u r f a c e  

$1-3. FRONTAL DRAG 

Winged Veh ic l e s  

f u n c t i o n  of  t h e  v e h i c l e ’ s  a t t a c k  ang le  a and 
d e f l e c t i o n  a n g l e  (F ig .  1-2-4) .  

The f r o n t a l  d r a g  c o e f f i c i e n t  ex  o f  a v e h i c l e  can be expres sed  
as t h e  sum o f  a c o e f f i c i e n t  c t h a t  owes i t s  o r i g i n  to v i s c o s i t y  
and c o m p r e s s i b i l i t y  and i s  u n r e l a t e d  to l i f t , a n d  a n  a d d i t i o n a l  co- 
e f f i c i e n t  cxi which i s  governed by  l i f t  ( induced-drag c o e f f i -  
c i e n t ) .  Accord ingly ,  t h e  o v e r - a l l  d r a g  c o e f f i c i e n t  

xo’ 

The d r a g  c o e f f i c i e n t  c can be r e p r e s e n t e d  as t h e  sum of  t h e  xo 
co r re spond ing  d r a g  c o e f f i c i e n t s  f o r  t h e  body, wings,  f i n s ,  con- 
t r o l s ,  and o t h e r  e lements  of t h e  v e h i c l e  t a k e n  s e p a r a t e l y ,  p l u s  
an  a d d i t i o n a l  q u a n t i t y  t h a t  a r i ses  f r o m  i n t e r f e r e n c e  bctween t h e  
v e h i c l e ’ s  v a r i o u s  e l emen t s .  
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Let us consider, for example, a combination consisting of a 
body, pivoting wings, and fixed tail stabilizers (Fig. 1-3-1). 
The value of cxi depends on the lift coefficient of‘ the particu- 
lar combination, which is calculated by (1-4-1’ ) .  

At small body angles of attack a and small’wing incidence 
angles 6 (small deflections of the wing chord f r o m  the rocket’s 
longitudinal axis), the induced drag coefficient 

are the normal- /16 N b(wg, t l ) ’  ‘N tl(b, wg)’ and ‘N wg(b) where c 
force coefficients of, respectively, the body in the presence of 
the wing and tail; the tail in the presence of the body and wing; 
the wing in the presence of the body. 

Figure 1-3-1. Downwash Behind Wing. 

Here it has been remembered that an additional drag-coeffi- 
appears when the wing is deflected t l )  cient component 6cN wg(b 

through an angle 6 with respect to the axis of the body. Substi- 
tuting the aerodynamic coefficients in (1-3-2) in accordance with 
their values from (1-4-3) and dropping the term containing the 
product of small quantities a& ( E  is the downwash angle, see Fig. 
1-34), we obtain 

K are the corresponding combinations of angle de- 
K 2  , 3 

where K,, 
rivatives. 

We then transform the resulting expression, dividing it by 
e:, where cN is the normal force coefficient of the combination 
and is determined by (1-4-5). As a result, Expression (1-3-3) 
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assumes t h e  form 

-2 a (1-3-4) 

S i n c e  t h e  a t t a c k  and i n c i d e n c e  a n g l e s  are s m a l l ,  w e  can sub- 
s t i t u t e  c 
o f  (1-3-4) by K ,  w e  o b t a i n  t h e  drag f o r m u l a . ( I - 3 - 1 )  i n  t h e  form 

f o r  cN i n  (1-3-4). F u r t h e r  d e n o t i n g  t h e  r i g h t  m e m b e r  
Y 

The curve  d e f i n e d  by t h i s  e q u a t i o n  i s  known as t h e  p a r a b o l i c  
d r a g  p o l a r .  

We see from t h e  e q u a t i o n  t h a t  f o r  K =: c o n s t ,  t h e  d r a g  v a r i e s  
as a square- law f u n c t i o n  o f  l i f t .  Here c 
i s  r eached  a t  z e r o  l i f t .  

t h e  minimum o f  cx,  xo ’ 

Research has i n d i c a t e d  t h a t  a s i m i l a r  p a r a b o l i c  r e l a t i o n s h i p  

c,-cC::- K (cy-c:)* o r  Ac,=K(Ac,,)a (1-3-6) 

may a l s o  o b t a i n  i n  t h e  more g e n e r a l  c a s e  o f  flow i n  which t h e  
a t t a c k  a n g l e s  do n o t  n e c e s s a r i l y  remain  s m a l l .  T h i s  more gene- 
r a l  c a s e  i s  c h a r a c t e r i z e d  by minimum d r a g  c l  b e i n g  r eached  n o t  a t  
z e r o  l i f t ,  b u t  a t  a c e r t a i n  f i n i t e  l i f t  e o .  Y 

T h e  curve  r e p r e s e n t i n g  t h i s  r e l a t i o n  i s  shown i n  F i g .  1-3-2. 
Parameter K c h a r a c t e r i z e s  t h e  i n c r e a s e  i n  d r a g  on an  i n c r e a s e  i n  
l i f t  and i s  c o n s t a n t .  The  t a n g e n t  drawn to t h e  p a r a b o l a  from t h e  
o r i g i n  de t e rmines  t h e  maximum l i f t / d r a g  r a t i o  

where t he  optimum l i f t  c o e f f i c i e n t  

(1-3-7) 



The c o e f f i c i e n t  e o  i s  z e r o  f o r  
a v e h i c l e  w i t h  h o r i z o n t a l  symmetry. 

Y 

Aerodynamic p r o p e r t i e s  can b e  
ana lyzed  w i t h  t he  a i d  o f  t h e  d r a g  
cu rve  e i t h e r  f o r  combina t ions  o f  
b o d i e s  w i t h  l i f t i n g ,  c o n t r o l l i n g ,  
and s t a b i l i z i n g  s u r f a c e s  or f o r  t h e  
component p a r t s  i n  i s o l a t i o n .  I n  
a l l  c a s e s ,  t h e s e  p r o p e r t i e s  w i l l  b e  

v a l u e s  o f  c i ,  c o  

c3 

F i g u r e  1-3-2. Drag P o l a r .  d e f i n e d  f u l l y  b y  t h e  a p p r o p r i a t e  
and K [see 

Y '  
(1-3-6) 1 

The g e n e r a l i z e d  p o l a r .  I n  a more g e n e r a l  c a s e ,  t h e  f r o n t a l  
drag c o e f f i c i e n t  cx v a r i e s  i n  accordance  w i t h  t h e  l a w  

The  curve  o f  t h i s  e q u a t i o n  i s  known as t h e  g e n e r a l i z e d  p o l a r .  
The c o e f f i c i e n t  K and t h e  exponent  n - are  f u n c t i o n s  o f  Ma and R e .  

According to (1-3-5 ' ) ,  t h e  maximum l i f t - d r a g  r a t i o  

(1-3-7' 

T h e ' v a l u e  o f  ( e  co r re sponds  t o  t h e  optimum l i f t  coe f -  
Y 

f i c i e n t  

and t o  

(1-3-8' ) 

For v e h i c l e s  w i t h  t h i n - p r o f i l e  wings,  w e  may s e t  n 2 2 f o r  
s u b s o n i c ,  t r a n s o n i c ,  and moderate  s u p e r s o n i c  speeds .  A t  hyper-  
s o n i c  s p e e d s ,  a b e t t e r  approximat ion  f o r  such  v e h i c l e s  i s  n = 3/2. 
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The Body 

There are v a r i o u s  approaches t o  r e s o l u t i o n  of the  r e s i s t a n c e  
o f f e r e d  by t h e  a i r  t o  motion of  t h e  body i n t o  component p a r t s .  
I n  t he  most g e n e r a l  c a s e ,  d r a g  can be r e s o l v e d  i n t o  a component 
governed by p r e s s u r e  f o r c e s  a c t i n g  normal t o  t h e  s u r f a c e  and a 
component a s s o c i a t e d  w i t h  t a n g e n t i a l  f r i c t i o n  t h a t  arises a t  t h e  
s u r f a c e  owing t o  t h e  v i s c o s i t y  o f  t h e  a i r .  

T h e , f o r m e r  component o f  d r a g  i s  known as p r e s s u r e  d r a g  and 

Usua l ly ,  p r e s s u r e  d r a g  i s  r e s o l v e d ,  i n  t u r n ,  i n t o  two compo- 

the  l a t t e r  as f r i g t i ~ o n  - d r a g .  

n e n t s ,  namely t h e  d r a g  due t o  p r e s s u r e  on t h e  l a t e r a l  s u r f a c e  
(nose  d r a g )  and t h e  d r a g  due t o  p r e s s u r e  a t  t h e  base s e c t i o n  
(wake d r a g ) .  

Thus, t h e  t o t a l  d r a g  /A 

x = x  + 'wke + X f ,  P 
(1-3-9) 

where t h e  t e r m s  on t h e  r i g h t  r e p r e s e n t  t h e  nose ,  wake and f r i c -  
t i o n  d r a g s ,  r e s p e c t i v e l y .  

Conver t ing  t o  t h e  aerodynamic c o e f f i c i e n t s ,  w e  wr i te  an  ex- 
p r e s s i o n  f o r  t h e  t o t a l  d r a g  c o e f f i c i e n t  re fe r red  t o  t he  area Smid 
o f  t h e  maximum (midsh ips )  s e c t i o n  of t h e  s o l i d  o f  r e v o l u t i o n :  

where t h e  c o e f f i c i e n t s  of nose ,  wake and f r i c t i o n  d r a g ,  r e s p e c -  
t i v e l y ,  are r e p r e s e n t e d  on t h e  r i g h t .  

If t h e  d i s t r i b u t i o n  of normal p r e s s u r e  ove r  t h e  s u r f a c e  i s  
known, 

(1-3-10) 

(1-3-11) 

where 6 = ( p  - p,)/q i s  t h e  p r e s s u r e  c o e f f i c i e n t ,  cos  ( n ,  va) i s  
t h e  c o s i n e  of t h e  a n g l e  between v e c t o r  va and t h e  normal n - t o  t h e  

I 



s u r f a c e  of  t h e  body a t  t h e  p o i n t  under  examina t ion ,  and Ssid and 
are t h e  s ide  and base areas o f  t h e  body, r e s p e c t i v e l y .  'wke 
For  a f l a t  base s e c t i o n ,  where cos ( n ,  vm) = c o n s t ,  t he  pres- 

s u r e  i s  u s u a l l y  assumed c o n s t a n t  a t  a l l  p o i n t s .  If w e  assume that  
t h e  normal n t o  t h e  p l a n e  o f  t h e  s e c t i o n  c o i n c i d e s  w i t h  t h e  d i r e c -  
t i o n  of  t h e - l o n g i t u d i n a l  a x i s ,  cos  ( n ,  v-) = cos a. Then 

- 
where swke - Swke/Smid' 

For  small a n g l e s  o f  a t t a c k  

(1-3-11' ) 

(1-3-11") 

The f r i c t i o n  drag c o e f f i c i e n t  i s  de te rmined  from t h e  tangen-  
t i a l - s t ress  d i s t r i b u t i o n :  

(1-3-12) 

where c f x  = T / q  i s  t h e  l o c a l  c o e f f i c i e n t  of  f r i c t i o n  and c o s ( t , v m )  
i s  t h e  c o s i n e  of t h e  a n g l e  between v e c t o r  vm and t h e  t a n g e n t  - t t o  
t h e  body s u r f a c e .  

I n  aerodynamic r e s e a r c h ,  i t  i s  more conven ien t  t o  dea l  w i t h  
t h e  a x i a l  f o r c e ,  which c o i n c i d e s  i n  d i r e c t i o n  w i t h  t h e  body a x i s .  
The t o t a l  a x i a l  f o r c e  

i . e . ,  i t  i s  e q u a l  t o  t h e  sum of  t h r e e  components, namely the  
a x i a l  f o r c e  R from t h e  p r e s s u r e  on t h e  nose ( o r  s imply  t h e  a x i a l  
p r e s s u r e  f o r c e ) ,  t h e  a x i a l  f o r c e  Rwke from t h e  wake p r e s s u r e  (base 
a x i a l  f o r c e )  and t h e  f r i c t i o n  a x i a l  f o r c e  R 

f o r c e  c o e f f i c i e n t s ,  

P 

Conver t ing  t o  /19 f '  
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where cR i s  t h e  c o e f f i c i e n t  o f  t o t a l  a x i a l  f o r c e ;  cRp, CR wke, 
and cRf are t h e  r e s p e c t i v e  c o e f f i c i e n t s  o f  t h e  p r e s s u r e ,  wake, 
and f r i c t i o n  a x i a l  f o r c e s .  

F i g u r e  1-3-3. I l l u s t r a t i n g  
D e r i v a t i o n  o f  R e l a t i o n s h i p s  
Determining  A.erodynami c 
C h a r a c t e r i s t i c s  o f  S o l i d  of  
R e v o l u t i o n  from Known D i s -  
t r i b u t i o n  of  Normal and 
T a n g e n t i a l  S t r e s s e s .  

referred to t h e  l e n g t h  o f  t h e  

The a x i a l - f o r c e  components 
and t h e i r  c o e f f i c i e n t s  can be 
de te rmined  i f  w e  know t h e  d i s -  
t r i b u t i o n s  of normal p r e s s u r e  and 
t a n g e n t i a l  s t ress  ove r  t h e  s u r -  
f a c e  o f  t h e  body. 

Cons ide r ing  a body i n  t h e  
form o f  a s o l i d  o f  r e v o l u t i o n  and 
u s i n g  t h e  diagram i n  F i g .  1-3-3, 
w e  can  d e r i v e  t h e  f o l l o w i n g  ex- 
p r e s s i o n s  for t h e  c o e f f i c i e n t s  o f  
t h e  t o t a l  a x i a l  f o r c e  components: 

Here r = r/rmid i s  t h e  r a t i o  of  
t h e  body ' s  r a d i u s  i n  a c e r t a i n  
s e c t i o n  t o  t h e  r a d i u s  of  t h e  m i d -  
s h i p s  s e c t i o n ,  x = x/xb i s  t h e  

a x i a l  d i s t a n c e  t o  t h i s  s e c t i o n  

- 

body, and A b  = x /2rmid i s  t h e  f i n e -  b 
n e s s  r a t i o  o f  t he  s o l i d  of  r e v o l u t i o n .  

Expres s ions  (1-3-14) and (1-3-16) have been w r i t t e n  f o r  t h e  
g e n e r a l  c a s e  of  unsymmetr ical  f l ow ove r  a body o f  r e v o l u t i o n  when 
t h e  a t t a c k  a n g l e  i s  n o t  z e r o .  A t  z e r o  a n g l e  of  a t t a c k  (axisym- 
m e t r i c  f l o w ) ,  

(1-3-14')  

(1-3-16')  



Wings ( L i f t i n g  S u r f a c e )  

D r a g  c o m p o n e n t s .  The d r a g  o f  a l i f t i n g  s u r f a c e  

where X i s  t h e  p r e s s u r e  d r a g  and X f  i s  t h e  f r i c t i o n  d rag .  
P 

We can conve r t  from f o r c e s  t o  aerodynamic c o e f f i c i e n t s :  /20 

where c x  i s  t h e  o v e r - a l l  d r a g  c o e f f i c i e n t ,  c 
d r a g  c o e f f i c i e n t ,  and cxf i s  t h e  f r i c t i o n  d r a g  c o e f f i c i e n t . .  

area S 
known, 

i s  t h e  p r e s s u r e  
X P  

The d r a g  c o e f f i c i e n t s  a r e  u s u a l l y  r e f e r r e d  t o  t h e  wing p l a n  
I f  t h e  p r e s s u r e  d i s t r i b u t i o n  ove r  t h e  wing s u r f a c e  i s  

wg 

(1-3-18) 

The f r i c t i o n  d r a g  c o e f f i c i e n t  i s  c a l c u l a t e d  from t h e  tangen-  
t i a l - s t r e s s  d i s t r i b u t i o n :  

Formula (1-3-18) a p p l i e s  f o r  wings of any shape and,  i n  par- 
t i c u l a r ,  f o r  wings w i t h  s h a r p  or b l u n t  t r a i l i n g  edges .  For a 
wing w i t h  a b l u n t e d  t r a i l i n g  edge ,  p r e s s u r e  d r a g  a l s o  i n c l u d e s  
d r a g  from t h e  vacuum formed behind t h e  edge. T h i s  component, 
which i s  analogous t o  t h e  wake drag of a s o l i d  of  r e v o l u t i o n ,  i s  
known as t r a i l i n g - e d g e  drag.  

The t r a i l i n g - e d g e  d r a g  c o e f f i c i e n t  can be found from a known 
d i s t r i b u t i o n  o f  t h e  p r e s s u r e  pbme on t h e  b l u n t  wing s u r f a c e  S b a e :  
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where Pbee i s  t h e  c o e f f i c i e n t  o f  p r e s s u r e  on t h e  t r a i l i n g  edge a t  
t h e  p o i n t  under  c o n s i d e r a t i o n  and c o s ( n ,  vm) i s  t h e  c o s i n e  of  t h e  
a n g l e  between v e c t o r  vm and t h e  normal n - t o  t h e  b l u n t  s u r f a c e  of 
t he  wing a t  t he  same p o i n t .  

R e t a i n i n g  t h e  symbol c f o r  t h e  c o e f f i c i e n t  of p r e s s u r e  
drag of t h e  nose of t h e  wing, w e  w r i t e  t h e  e x p r e s s i o n  f o r  t h e  
t o t a l  drag c o e f f i c i e n t  

X P  

T h e  profile. Let us now a p p l y  our  r e l a t i o n s h i p s  t o  c a l c u l a -  
t i o n  of  t h e  aerodynamic c h a r a c t e r i s t i c s  of  a wing p r o f i l e ,  assum- 
i n g  t ha t  the  d i s t r i b u t i o n  of p r e s s u r e  and f r i c t i o n a l  s t r e s s  ove r  
t h e  p r o f i l e  i s  known. 

The drag c o e f f i c i e n t  f rom t h e  normal p r e s s u r e ,  r e f e r r e d  t o  
chord b - of  t h e  p r o f i l e  ( F i g .  1-3-41, i s  

(1-3-20) 

where 9 i s  t h e  l i n e  i n t e g r a l  ove r  t h e  p r o f i l e  con tour ,  and ds  i s  
an  a r c  e lement  of t h e  c o n t o u r .  

The f r i c t i o n  drag c o e f f i c i e n t  can a l s o  be found by e v a l u a t -  
i n g  t h e  l i n e  i n t e g r a l  

(1-3-21) i 
b C,f =- - 5 CfX cos (1, L) ds. 

The t o t a l  p r o f i l e  d r a g  c o e f f i c i e n t  w i l l  b e  e q u a l  t o  t h e  sum /21 
of  t h e  c o e f f i c i e n t s  c and c x f .  Here t he  t o t a l  c o e f f i c i e n t ,  
l i k e  i t s  components, i s  c a l c u l a t e d  from t h e  a r e a  of  a wing of 
u n i t  wid th  b -  1. 

X P  

Let  us  c o n s i d e r  how t h e  co r re spond ing  aerodynamic c o e f f i -  
c i e n t s  a r e  computed i n  the  body c o o r d i n a t e  system whose h o r i z o n t -  
a l  x , - a x i s  c o i n c i d e s  w i t h  t he  chord ( F i g .  1-3-4).  

The  c o e f f i c i e n t  of t h e  a x i a l  p r e s s u r e  f o r c e  

(1-3-22) 



and t h e  c o e f f i c i e n t  of t h e  a x i a l  f r i c t i o n  f o r c e  

where cos  ( n , x , )  and c o s ( t ,  x , )  a r e  t h e  r e s p e c t i v e  c o s i n e s  o f  t h e  
a n g l e s  between t h e  o u t e r  normal n and t h e  t a n g e n t  - t t o  t h e  con- 
t o u r  a t  t h e  p a r t i c u l a r  p o i n t  and-the x l -  a x i s .  

For ds, we 
have t h e  r e l a t i o n  ds = dx,/cosB. On c o n v e r t i n g  from l i n e  t o  or- 
d i n a r y  i n t e g r a l s ,  t h e r e f o r e ,  we o b t a i n  t h e  f o l l o w i n g  e x p r e s s i o n s  
f o r  t h e  ae rodynamic -coe f f i c i en t  components : 

I f  cos(t, X I >  = cos 8 ,  t h e n  c o s ( n ,  x , )  = s i n  8 .  

4 0 

I 1 

(1-3-24) 

(1-3-25) 

where x1 = x , /b ;  dy, /dx,  
= f ( x , ) ,  and i s  d e f i n e d  by t h e  con tour  e q u a t i o n .  

i s  t h e  d e r i v a t i v e  o f  t h e  f u n c t i o n  y ,  = 

The s u b s c r i p t s  "1" and "u" i n -  
d i c a t e  t h a t  t h e  r e s p e c t i v e  param- 
e t e r s  a r e  t a k e n  on the  lower and 
upper  segments of t h e  p r o f i l e  con- 
t o u r .  

The t o t a l  a x i a l  f o r c e  c o e f f i -  
c i e n t  

I 

F i g u r e  1-3-4. Forces  Ac t ing  
on Wing. 

The va lue  of c may a l s o  i n -  
RP 

e lude  t h e  d r a g  o f  a b l u n t  t r a i l i n g  edge i f  t h e r e  i s  one. However, 
i t  i s  more convenient  to s e p a r a t e  t h i s  d r a g  component and,  assum- 
i n g  tha t  t h e  edge l i e s  a long  t h e  normal to t h e  x l - a x i s ,  to r e p r e -  
s e n t  i t  as f o l l o w s :  
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/b i s  t h e  d imens ion le s s  h e i g h t  of the t r a i l i n g  - 
‘b.e where 

edge.  b . e  

Accord ingly ,  t h e  a x i a l - f o r c e  c o e f f i c i e n t  

For a r e c t a n g u l a r  wing of i n f i n i t e  span ,  t h e  d rag  c o e f f i c i e n t  
i s  e q u a l  to t h e  va lue  found f o r  t h e  p r o f i l e .  On a s e c t i o n  of such 
a wing w i t h  a r e a  S t h e  d rag  f o r c e  X = cxqSwg. 

wg ’ 
To de termine  t h e  d r a g  c o e f f i c i e n t  o f  an  a r b i t r a r y  p lanform 

wing of  f i n i t e  span  and a r e a  S i t  i s  necessa ry  to know t h e  
v a l u e s  of  t h e  c o e f f i c i e n t s  ex f o r  a s e r i e s  o f  s e c t i o n s  ( p r o f i l e s )  
t a k e n  a l o n g  t h e  span  R ( F i g .  1-3-5).  The co r re spond ing  wing d r a g  /22 
c o e f f i c i e n t  i s  de te rmined  b y  i n t e g r a t i o n  over  t h e  span :  

wg ’ 

(1-3-28) 

R 

F i g u r e  1-3-5. I l l u s t r a t i n g  D e t e r -  
mina t ion  of  Wing Aerodynamic 
C h a r a c t e r i s t i c s .  

and induced  d r a g ,  r e s p e c t i v e l y ,  t h e  
c o e f f i c i e n t  i s  r e p r e s e n t e d  as t h e  sum 

c, = cx pr +ex;. 

Other forms o f  d r a g  r e -  
p r e s e n t a t i o n .  I n  r e s o l v i n g  
wing d r a g  i n t o  components, 
i t  i s  p o s s i b l e  to i s o l a t e  
t h e  component a s s o c i a t e d  
w i t h  l i f t .  T h i s  component 
Xi i s  known as t h e  induced 
d r a g .  When it  i s  added to 
t h a t  p a r t  o f  d r a g  t ha t  i s  n o t  
a s s o c i a t e d  w i t h  f o rma t ion  of  
lift and i s  known as t h e  wing 

t h e  r e s u l t  
i s  t h e  t o t a l  d r a g  X = X + 

P r  ’ p-x 

+ xi. P r  

I f  c and cxi are 
x Pr 

t h e  c o e f f i c i e n t s  o f  p r o f i l e  
e x p r e s s i o n  f o r  t h e  t o t a l  d r a g  

(1-3-29) 
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P r o f i l e  d r a g  c o n s i s t s  of  t h e  p r e s s u r e  and f r i c t i o n  d r a g s  and 

The  p r o f i l e  drag c o e f f i c i e n t  can  b e  w r i t t e n  b y  ana logy  w i t h  

de t e rmines  t h e  t o t a l  d r a g  when c i s  z e r o .  

(1-3-6) i n  t h e  form (see F i g .  1-3-2): 

x i  

which does  n o t  depend on a t t a c k  a n g l e ,  x p r ’  
and t h e  component cxi, which i s  governed by l i f t ,  have been sep-  
arated i n  t h i s  formula.  The former  component 

The component c 

and t h e  l a t t e r  

e,i = Ke, (cy - 24). (1-3-32) 

= e o  X’ w h i l e  cxi = x P r  
For h o r i z o n t a l  symmetry, e o  = 0 and c 

2 Y 
Y 

= Kc . 
P r o p e r t i e s  o f  w i n g  d r a g  p e c u l i a r  t o  s u p e r s o n i c  speeds .  I n  

c a l c u l a t i n g  t h e  d r a g  of wings moving a t  s u p e r s o n i c  s p e e d s ,  c e r -  
t a i n  p e c u l i a r i t i e s  of t h e  f low ove r  them must b e  t a k e n  i n t o  con- 
s i d e r a t i o n .  These p e r t a i n  to wings w i t h  s u b s o n i c  l e a d i n g  edges .  
Subsonic  and s u p e r s o n i c  wing edges w i l l  b e  d i s c u s s e d  i n  g rea te r  
d e t a i l  on page 6 7 .  A wing l e a d i n g  edge w i l l  be  s u b s o n i c  i f  t h e  
v e l o c i t y  component Vnm o f  t h e  f r e e  s t r e a m  p e r p e n d i c u l a r  to i t  i s  
smaller t h a n  the  speed  of  sound am. The wing p r o f i l e  i s  t h e n  i n  
subson ic  flow (see  F i g .  1-3-51). At t h e  c r i t i c a l  p o i n t  0’ ( p o i n t  
of t o t a l  s t a g n a t i o n ) ,  which i s  s i t u a t e d  n o t  f a r  from t h e  l e a d i n g  
edge on t h e  bot tom s i d e  o f  t h e  wing . a t  an a n g l e  o f  
a t t a c k ,  t h e  f l o w  b ranches ,  and p a r t  o f  i t  moves forward ,  f l owing  
ove r  t h e  l e a d i n g  edge .  I f  t h e  f low does n o t  s e p a r a t e ,  a vacuum 
zone forms a t  t h e  l e a d i n g  edge ,  c r e a t i n g  a s u c t i o n  f o r c e  t h a t  
lowers  d r a g .  Research has shown t h a t  t h i s  f o r c e  i s  p r o p o r t i o n a l  
t o  a c o e f f i c i e n t  e q u a l  i n  magnitude to a c  . I f  t h e  p r o p o r t i o n a l -  
i t y  c o e f f i c i e n t  i s  denoted  b y  1-1, t h e  s u c t i o n  f o r c e  w i l l  b e  vac  . Y 

Y 
L e t  us  f u r t h e r  d e n o t e  by c t h e  c o e f f i c i e n t  o f  t h e  a x i a l  

RP 
p r e s s u r e  f o r c e ,  which does  n o t  depend on s u c t i o n  f o r c e ,  f o r  a 
wing w i t h  a symmetr ica l  p r o f i l e .  Then t h e  o v e r - a l l  a x i a l - f o r c e  
c o e f f i c i e n t  a t  a c e r t a i n  a n g l e  o f  a t t a c k  w i l l  be  

/23 
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Y '  Assuming t h a t  t h e  a t t a c k  a n g l e s  are small ,  s o  t h a t  cN =: c 
w e  o b t a i n  a c c o r d i n g  to (1-2-3) 

c, = - acll (1 - p) +-cCRp+cRf.  (1-3-33) 

For  a = 0 

The wing ' s  aerodynamic p r o p e r t i e s  can b e  c h a r a c t e r i z e d  by 
the  c o e f f i c i e n t  o f  d r a g  i n c r e a s e  

where ca = ac /aa = cy /a .  
Y Y 

Research has shogn t h a t  t h e  p r i n c i p a l  t e r m  d e t e r m i n i n g  K i s  
t h e  f i r s t ,  -(1 - p ) / c y ,  which i s  b a s i c a l l y  de te rmined  by t h e  p r e s -  
s u r e  drag, whose d i s t r i b u t i o n  i s  governed b y  wave phenomena and  
i n t e r a c t i o n  between the  e x t e r n a l  f l ow and t h e  v o r t e x  t r a i l  behind  
t h e  wing. The c o e f f i c i e n t  1-1 i s  nonzero  f o r  s u b s o n i c  l e a d i n g  
edges  and z e r o  f o r  s u p e r s o n i c  l e a d i n g  edges .  

The second t e r m  i n  Formula (I-3,-34) i s  governed by t h e  d i f -  
f e r e n c e  between t h e  a x i a l  f o r c e s ,  which depend on p r e s s u r e ,  f o r  
a # 0 and a = 0 .  Study has shown t h a t  t h i s  d i f f e r e n c e  i s  propor-  
t i o n a l  t o  t h e  p roduc t  o f  t h e  p r o f i l e  t h i c k n e s s  r a t i o  A/b by t h e  
a t t a c k  a n g l e .  The q u a n t i t y  c - (cRp)0  may i n c r e a s e  as a r e s u l t  
o f  boundary- layer  s e p a r a t i o n .  

RP 

F i n a l l y ,  t h e  t h i r d  t e r m  i s  a s s o c i a t e d  w i t h  t h e  v a r i a t i o n  of  
f r i c t i o n  as a f u n c t i o n  of a t t a c k  a n g l e .  T h i s  v a r i a t i o n  i s  s o  
s l i g h t  t h a t  i t  may b e  d i s r e g a r d e d  i n  p r a c t i c e .  

$1-4.  LIFT 

Winged . .  ~ . V e h i c l e  

L e t  u s  examine t h e  g e n e r a l  e x p r e s s i o n  f o r  t h e  l i f t  o f  t h e  
v e h i c l e  formed by combining a body, wing, and t a i l ,  f o r  which w e  
d e r i v e d  t h e  d r a g  r e l a t i o n s h i p  above.  The l i f t  



i s  the  body ' s  l i f t  i n  t h e  p r e s e n c e  of  t h e  wing /211 b ( w g , t l )  where Y 
and t a i l ;  

'tl ( b  , w g )  

i s  t h e  wing l i f t  i n  t h e  p re sence  o f  the  body; 'wg(b) 
i s  the  t a i l  l i f t  i n  t h e  p r e s e n c e  o f  t h e  body and wing. 

The co r re spond ing  l if t  c o e f f i c i e n t  

These e x p r e s s i o n s  t a k e  account  of t he  e f f e c t  of i n t e r f e r e n c e  
between t h e  i n d i v i d u a l  e lements  of  t h e  v e h i c l e  on t o t a l  l i f t .  If 
w e  succeed  i n  s e p a r a t i n g  the  i n d i v i d u a l  i n t e r f e r e n c e - d e p e n d e n t  
components from t h e  t o t a l  l i f t ,  t h e  l i f t  c o e f f i c i e n t  

where t h e  f i r s t  t h r e e  components p e r t a i n  to t h e  body, wings,  and 
t a i l  i n  i s o l a t i o n ,  and t h e  o t h e r s  de t e rmine  t h e  secondary ,  i n t e r -  
f e r e n c e  components of  l i f t .  

I n s t e a d  o f  l i f t  and i t s  components, w e  might c o n s i d e r  t h e  
normal f o r c e  and i t s  co r re spond ing  components, which c h a r a c t e r -  
i z e  t h e  l i f t i n g  c a p a b i l i t y  of t h e  v e h i c l e .  

The  t o t a l  c o e f f i c i e n t  of normal f o r c e  

From t h e  normal-force c o e f f i c i e n t  w e  can f i n d  t h e  l i f t  coef-  
f i c i e n t  by u s i n g  the  formula  f o r  conve r s ion  from body to wind 
axes .  Let  us  assume t h a t  t o g e t h e r  w i t h  s m a l l  a t t a c k  a n g l e s  a, we 
a l s o  have s m a l l  wing s e t t i n g  a n g l e s  6 r e l a t i v e  to t h e  body a x i s .  
Then t h e  normal-force components 

where t h e  s u p e r s c r i p t s  "a" and "6" a r e  t h e  p a r t i a l  d e r i v a t i v e s  of 
t h e  normal-force c o e f f i c i e n t  w i t h  r e s p e c t  to a and 6 ,  r e spec -  ' 

t i v e l y ;  E i s  the  a n g l e  of  downwash behind  t h e  wing. 
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Thus, the t o t a l  c o e f f i c i e n t  of  normal f o r c e  

(1-4-4) 

where 

The l a s t  t e r m  i n  t he  r i g h t  member of (1-4-4) c h a r a c t e r i z e s  
t h e  e f f e c t  of i n t e r f e r e n c e  of  t he  wing w i t h  t h e  t a i l  on t h e  nor-  
m a l  f o r c e .  T h i s  e f f e c t  i s  small i f  w e  remember t ha t  t h e  t a i l  
area i s  r e l a t i v e l y  s m a l l . .  However, t h e  e f f e c t  of  i n t e r f e r e n c e  
on moment may be s u b s t a n t i a l  i n  view of  t h e  long  a r m  a t  which t h e  
t a i l  a c t s .  

D i s r e g a r d i n g  t h e  i n t e r f e r e n c e  t e r m  on the  r i g h t  s ide  of  
(1-4-4), w e  f i n d  the  r e l a t i o n  

which c h a r a c t e r i z e s  t h e  s e n s i t i v i t y  of t h e  v e h i c l e  t o  c o n t r o l l i n g  
e f f o r t s  se t  up by t h e  wing. 
pends only  on t h e  r a t i o  a/6 f o r  a g i v e n  v e h i c l e  d e s i g n  and a g i v e n  
f l i g h t  speed .  

Body 

The c o n t r o l l a b i l i t y  parameter  cN/6 de- 

The l i f t  Y of  t h e  body can be r e p r e s e n t e d  as t h e  sum of  two 
components Y 
p r e s s u r e  d i s t r i b u t i o n ,  wh i l e  t h e  second i s  a f u n c t i o n  o f  tangen-  
t ia l -s t ress  d i s t r i b u t i o n .  The t o t a l  l i f t  c o e f f i c i e n t  

and Y f ,  t h e  f i r s t  of which depends on t h e  normal- 
P 

Yf  
where c i s  the  l i f t  c o e f f i c i e n t  due t o  normal p r e s s u r e  and c 
i s  t h e  l i f t  c o e f f i c i e n t  due t o  f r i c t i o n .  

YP 

The components of t h e  l i f t  c o e f f i c i e n t  can  be computed i f  w e  
know t h e  d i s t r i b u t i o n  of p r e s s u r e  and t a n g e n t i a l  s t r e s s  ove r  the  
body : 
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(1-4-7 

(1-4-8) 

Here S i s  t h e  t o t a l  a r e a  of t h e  body, i nc lud ing  i t s  s i d e s  and the  
base-sec t ion  area. Usual ly ,  t h e  e f f e c t  of t h e  l i f t  component due 
t o  f r i c t i o n  behind t h e  base i s  not  taken  i n t o  account because of  
i t s  smallness;  hence w e  se t  S = Ssid i n  (1-4-8). 

from t h e  wake p res su re  may s t i l l  i n f luence  body l i f t  more 
s t r o n g l y  than  t h e  f r i c t i o n a l  component. The c o e f f i c i e n t  of t h e  
l i f t  component due t o  wake p res su re  

Although i t  remains small, the  l i f t  component tha t  a r i s e s  

i s  computed s e p a r a t e l y ,  S = Ssid should b e  used i n  If 'y wke 
(1-4-71, thus  determining t h e  l i f t  component t h a t  depends on t h e  
d i s t r i b u t i o n  of  normal p re s su re  over  t h e  l a t e r a l  s u r f a c e .  

I f  the base s e c t i o n  i s  f l a t ,  s i n ( n ,  vm) = s i n  a .  
f u r t h e r  t h a t  pwke = cons t  behind t h e  base, we f i n d  

- - - 
y wke Pwkea3wke. For small a ,  t h e  c o e f f i c i e n t  c 

The normal-force c o e f f i c i e n t  

Assuming 

(1-4-9'  ) 

(1-4-10)  

where c i s  t h e  component governed by  t h e  normal p re s su re  on t h e  
l a t e r a l  s u r f a c e  and cNf i s  t h e  component generated by f r i c t i o n .  

nent  c of  t h e  normal-force c o e f f i c i e n t  can be found from t h e  
known p res su re  d i s t r i b u t i o n  by  t h e  formula 

NP 

For a so l id-of - revolu t ion  body ( s e e  Fig.  1-3-3), t he  compo- 

NP 

(1-4-11)  
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The second component c i s  c a l c u l a t e d  from t h e  known tan-  Nf  
g e n t i a l - s t r e s s  d i s t r i b u t i o n :  

(1-4-12  ) 

where t a n  B = dr/dx. 

Wings ( L i f t i n g  - Surface)  /26 
The l i f t  of  a wing o r  of l i f t i n g  s u r f a c e s  i n  gene ra l  can be 

expressed,  l i k e  t h e  body l i f t ,  as t h e  sum of two components, one 
of  which i s  governed b y  t he  a c t i o n  of normal p re s su re  fo rces  and 
t h e  o t h e r  by f r i c t i o n .  Accordingly, t h e  t o t a l  l i f t  c o e f f i c i e n t  
i s  expressed-by  Formula (1-4-6). 

The components a re  c a l c u l a t e d  by t h e  formulas 

(1-4-13) 

( 1 - 4 - 1 4 )  

I f  t he  wing has a b l u n t  t r a i l i n g  edge, it i s  adv i sab le  to 
s e p a r a t e  t h e  p a r t  of t h e  l i f t  t h a t  o r i g i n a t e s  from s u c t i o n  a t  t h e  
t r a i l i n g  edge from t h e  component c . The c o e f f i c i e n t  of t h i s  

l i f t i n g  f o r c e  i s  
YP 

(1-4-15) 

T h e  f r i c t i o n a l  l i f t  c o e f f i c i e n t  i s  usua l ly  c a l c u l a t e d  w i t h -  
out  cons ide ra t ion  of t h e  in f luence  of f r i c t i o n  a t  t he  t r a i l i n g  
edge. 

Formulas (1-4-13) and ( 1 - 4 - 1 4 )  are used t o  determine p r o f i l e  
l i f t  components. S e t t i n g  t h e  p r o f i l e  chord equa l  t o  b and re fer -  
r i n g  t h e  aerodynamic c o e f f i c i e n t s  t o  t h e  area b.1, w e - w r i t e  

(1-4-16 ) 
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(1-4-17) 

a l i n e  i n t e g r a l  
wg’ 

Here, i n s t e a d  of  i n t e g r a t i n g  over t h e  area S 

over  an a r c  of t h e  p r o f i l e  contour  5 i s  eva lua ted .  

L e t  us examine g e n e r a l  express ions  f o r  t h e  p r o f i l e ’ s  normal- 
f o r c e  c o e f f i c i e n t  and i t s  components. For the  ove r -a l l  normal- 
f o r c e  c o e f f i c i e n t ,  w e  have Formula ( 1 - 4 - 1 0 ) ,  i n  which c i s  t h e  

wing normal f o r c e  c o e f f i c i e n t ,  computed from t h e  normal p r e s s u r e  
d i s t r i b u t i o n  and cNf i s  t h e  normal f o r c e  c o e f f i c i e n t  computed 
from t h e  t a n g e n t i a l  s t ress  d i s t r i b u t i o n .  T h e  working formulas 
f o r  t h e s e  c o e f f i c i e n t s  a r e :  

NP 

We can convert  from l i n e  to ordinary  i n t e g r a l s :  

(1-4-18) 

(1-4-19) 

( 1 - 4 - 2 0 )  

(1 -4 -21)  

Knowing t h e  c o e f f i c i e n t  of  normal fo rce  and i t s  components, /27 
and us ing  the  appropr i a t e  formulas f o r  conversion from body to 
wind axes ,  w e  can determine the  p r o f i l e ’ s  l i f t  c o e f f i c i e n t .  

The l i f t  Y = c qS i s  computed from t h e  c o e f f i c i e n t  c = 

= c + c f o r  a s e c t i o n  of an i n f i n i t e - s p a n  r e c t a n g u l a r  wing 
w i t h  area S 

Y w g  Y 

YP Y f  
wg - 

For a wing of  f i n i t e  span and a r b i t r a r y  planform, t h e  t o t a l  
l i f t  c o e f f i c i e n t  i s  found by i n t e g r a t i n g  t h e  elementary l i f t  
va lues  over t h e  span: 

c,b (z) dz, Y 
C” wg= - = - 

PSW, s w ,  
0 

(1-4-22) 
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where c i s  t h e  p r o f i l e  lift c o e f f i c i e n t .  
Y 

$1-5. MOMENT 

Winged Veh ic l e  

An aerodynamic moment a c t i n g  on a v e h i c l e  of a r b i t r a r y  shape 
can be computed w i t h  r e s p e c t  to any p o i n t .  I n  aerodynamic r e -  
s e a r c h ,  i t  i s  more convenient  to choose a f i x e d  p o i n t  as t h i s  
p o i n t  o f  r e d u c t i o n ,  one t h a t  i s  bound t o  t h e  body and does no t  
change p o s i t i o n  d u r i n g  f l i g h t .  We s h a l l  h e n c e f o r t h  r e f e r  t h i s  
c a l c u l a t i o n  to t h e  body nose of t h e  v e h i c l e  or i t s  c e n t e r  of 
g r a v i t y ,  r e g a r d i n g  t h e  p o s i t i o n  of t h e  l a t t e r  as f i x e d .  

I n  g e n e r a l  form, f o r  a v e h i c l e  c o n s i s t i n g  of i n d i v i d u a l  e l e -  
ments (body, wing, t a i l ,  e t c . ) ,  moment i s  de te rmined  as t h e  sum 
of body, wing, t a i l ,  and o t h e r  components w i t h  c o n s i d e r a t i o n  of  
i n t e r f e r e n c e  e f f e c t s .  

L e t  us  c o n s i d e r  t h e  g e n e r a l  e x p r e s s i o n  f o r  p i t c h i n g  moment. 
The c o e f f i c i e n t s  o f  t h e  r o l l i n g  and yawing moments can be p re -  
s e n t e d  s i m i l a r l y .  For  a body-pivot ing  w i n g - s t a b i l i z e r  combina- 
t i o n ,  we have 

Here t h e  s u b s c r i p t s  have t h e  same s i g n i f i c a n c e  as above. 

I n  t u r n ,  each  moment-coef f ic ien t  component can b e  de te rmined  
i f  w e  know t h e  normal and a x i a l  f o r c e  components and t h e  c o r r e -  
sponding arms, i . e . ,  t h e  d i s t a n c e s  a l o n g  the  - x- and y-axes - to t h e  
c e n t e r  of p r e s s u r e .  

For t h e  b o d y ,  for example,  t h e  component m Z  b(wg, t l  I =  
- - - 

C O P  = (‘NXc.p + ‘RYc.p b ( w g , t l ) ’  where x - 1  - x ~ . ~ / ~ ~  and Y C - P  
- 

and y are t h e  c o o r d i n a t e s  o f  t h e  c e n t e r  o f  - - 
Yc.p/Xb ( x c . p  C O P  

p r e s s u r e  and x i s  a c h a r a c t e r i s t i c  l i n e a r  d imens ion) .  For t h e  
v e h i c l e  as a whole,  t h e  moment c o e f f i c i e n t  

b 

where t h e  summation i s  ex tended  over  a l l  e lements  (body, wing, 
t a i l ) .  
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ia b 

k I n  c a l c u l a t i n g  t h e  moment, t h e  p o s i t i v e  d i r e c t i o n  co r re sponds  
t o  r o t a t i o n  a l o n g  t h e  s h o r t e s t  a r c  from t h e  - x-axis  t o  t h e  x -ax i s .  l= 

For a body-pivot ing  w i n g - s t a b i l i z e r  combina t ion ,  t h e  moment 
c o e f f i c i e n t  a t  a g i v e n  speed can b e  r e p r e s e n t e d  as a f u n c t i o n  

= f(a,b). For  small a n g l e s  a and 6 ,  t h e  moment i s  a l i n e a r  
m Z  
f u n c t i o n  of a t t a c k  a n g l e  and wing d e f l e c t i o n ,  128 

where m i s  t h e  moment c o e f f i c i e n t  f o r  a = 6 = 0 .  F o r  a d e s i g n  
w i t h  h o r i z o n t a l  symmetry,  m Z o  = 0 .  

zo 

Body 

Like  a f o r c e ,  a n  aerodynamic moment a c t i n g  on t h e  body can 
be r e p r e s e n t e d  as a sum of  two components -moments of p r e s s u r e  
and f r i c t i o n  f o r c e s .  Accord ingly ,  t h e  t o t a l  c o e f f i c i e n t  of p i t c h -  
i n g  moment 

where m i s  t h e  moment c o e f f i c i e n t  of  t h e  normal p r e s s u r e  f o r c e s  
and mzf  i s  t h e  f r i c t i o n  moment c o e f f i c f e n t .  

a r y  moments c r e a t e d  by normal-pressure and t a n g e n t i a l - s t r e s s  
f o r c e s ,  r e s p e c t i v e l y ,  over  t h e  a r e a  of t h e  body. The component 

ZP 

The two components can be de te rmined  by i n t e g r a t i n g  element-  

o r  

mrp = - p[s sin (n, z,) - y cos (n, zi) J dS. 
S m i d z b  

Is) 
(1-5-6) 

F i g u r e  1-3-3 can be used t o  de t e rmine  t h e  s i g n s  of t h e  com- 
ponen t s .  The  s u r f a c e  element  dS i s  s o  s e l e c t e d  t h a t  dr /dx  > 0 
f o r  i t  and,  consequen t ly ,  t h e  moments from t h e  e lementary  normal 
and a x i a l  f o r c e s  w i l l  be n e g a t i v e .  S i n c e ,  a c c o r d i n g  t o  F i g .  
1-3-3, deNp i s  n e g a t i v e ,  t h e  p l u s  s i g n  i s  t a k e n  b e f o r e  t h e  f i r s t  
te rms  i n  t h e  e x p r e s s i o n s  f o r  m . 
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The frictional component of the moment coefficient 

or 

(1-5-7) 

(1-5-7' 

In investigating the moment characteristics of the body, the 
influence of the base section can be excluded, since it is very 
small in practice. Then integration will be performed over the 
side surface in all of the formulas given above. 

Let us consider the moment characteristics for a solid-of- 
revolution body (see Fig. 1-3-3) for the condition that the mo- 
ment and its components are calculated with respect to the nose. 
The moment coefficient of the normal-pressure forces 

If the body is slender, the second term in this formula will /29 
be small. 

The frictional component of the moment is also found by sur- 
face integration: 

The moment component, like the friction-dependent aerody- 
namic-force components, is not always the same in order of magni- 
tude as the normal-pressure components. Studies have shown that 
friction has a stronger influence for long slender bodies in flow 
at large angles of attack. 



Wing and P r o f i l e  - 

The moment and t h e  co r re spond ing  c o e f f i c i e n t  f o r  a wing are 
u s u a l l y  computed w i t h  r e s p e c t  t o  a z-ax is  p a s s i n g  through t h e  
wing apex ( s e e  F i g .  1-3-5). The t o F a l  moment c o e f f i c i e n t  i s  de- 
composed i n t o  a component m t ha t  depends on t h e  normal p r e s s u r e  
d i s t r i b u t i o n  and a component mzf  t h a t  depends on t a n g e n t i a l -  
s t r e s s  d i s t r i b u t i o n .  

ZP 

By analogy w i t h  t h e  co r re spond ing  e x p r e s s i o n s  f o r  t h e  body 

It fo l lows  from the  formulas  t h a t  t h e  moment c o e f f i c i e n t s  
are r e f e r r e d  t o  t h e  wing p l a n  a r e a  5 and t h e  mean aerodynamic 
chord bMAC. 

t h e  form o f  l i n e  i n t e g r a l s :  

wg 

The co r re spond ing  working r e l a t i o n s h i p s  f o r  t h e  p r o f i l e  have 

which are e v a l u a t e d  over  a n  a r c  of  con tour  - s .  

Determining t h e  moment, which i s  c a l c u l a t e d  i n  t h i s  c a s e  
about  t h e  l e a d i n g  edge ,  as t h e  sum o f  t h e  moments f o r  t h e  upper 
and lower par t s  of  t h e  c o n t o u r ,  w e  o b t a i n  
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- 
where XI = x , /b ;  y ,  = y l / b .  

components, i . e . ,  m = m 
The p r o f i l e  moment c o e f f i c i e n t  i s  e q u a l  t o  t h e  sum of  t h e  - /30 

If t h e  spanwise d i s t r i b u t i o n  
+ m z f '  Z ZD 

o f  t he  mz i s  known f o r  a 
the  t o t a l  c o e f f i c i e n t  o f  
found : 

Ling of  g i v e n  p lanform (see Fig .  1-3-5),  
t he  wing moment about  t h e  z , - a x i s  can be 

where x 
edge. 

i s  t h e  d i s t a n c e  from t h e  z , - ax i s  to t h e  wing l e a d i n g  1 

I f  t h e  wing has a d i h e d r a l ,  t h e  moment c o e f f i c i e n t  

For a p o s i t i v e  d i h e d r a l  (vee  w i n g s ) ,  t h e  minus s i g n  shou ld  
appear i n  f r o n t  o f  t h e  t h i r d  t e r m  i n  t h e  r i g h t  member;  t he  p l u s  
s i g n  appears f o r  n e g a t i v e  d i h e d r a l  (drooped wings ) .  

§I-6.  APPLICATION OF AERODYNAMIC C H A R A C T E R I S T I C S  I N  STUDY OF 
FLIGHT STABILITY O F  BODIES 

S t a t i c  S t a b i l i t y  

L o n g i t u d i n a l  a n d  l a t e r a l  s t a b i l i t y .  Random d i s t u r b a n c e s  
( t h e  i n i t i a l  jolt on l e a v i n g  t h e  l a u n c h e r ,  wing g u s t s ,  d e v i a t i o n s  
from nominal  eng ine  o u t p u t ,  e t c . )  may r e s u l t  i n  changes of  t h e  
a t t a c k  and s l i p  a n g l e s  o f  a body i n  motion.  The moment t h a t  
appears as a r e s u l t  causes  a f u r t h e r  change i n  these  a n g l e s  a f t e r  
t h e  d i s t u r b a n c e  has ceased  t o  a c t .  

If t h e  a n g l e s  a and BSl  t e n d  to r e t u r n  t o  t h e i r  o r i g i n a l  
v a l u e s ,  f l i g h t  i s  said to be s t a t i c a l l y  s t ab le .  If t h e  d e v i a t i o n  
c o n t i n u e s  t o  i n c r e a s e ,  w e  have s t a t i c  _I ~- i n s t a b i l i t y .  

b i l i t y ,  d i r e c t i o n a l  s t a t i c  o r  weathercock s t a b i l i t y ,  and l a t e r a l  
s t a t i c  s t a b i l i t y .  

S t a t i c  s t a b i l i t y  i s  r e s o l v e d  i n t o  l o n g i t u d i n a l  s t a t 1 . c  sta- 
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I n  t h e  p re sence  of l o n g i t u d i n a l  s t a t i c  s t a b i l i t y ,  t h e  p i t c h -  
i n g  moment t h a t  arises w i l l  be s t a b i l i z i n g ,  i . e . ,  i t  w i l l  t e n d  
t o  r e s t o r e  t h e  o r i g i n a l  a t t a c k  a n g l e .  I n  t h i s  c a s e ,  t h e  d i r e c t i o n  
of change of t h e  moment M Z  (and, a c c o r d i n g l y ,  o f  t he  c o e f f i c i e n t  
m ) w i l l  be opposed t o  t h e  d i r e c t i o n  i n  which t h e  a n g l e  c i  h a s  
changed. Consequent ly ,  t h e  l o n g i t u d i n a l  s t a t i c  s t a b i l i t y  condi-  
t i o n  can be expres sed  b y  t h e  i n e q u a l i t i e s  a M Z / a a  < 0 o r  8 m z / a a  = 
= m: < 0. 

l i z i n g  tumbl ing  moment appea r s  and t e n d s  t o  change t h e  a t t a c k  
a n g l e  even more. Consequent ly ,  t h e  c o n d i t i o n  f o r  l o n g i t u d i n a l  
s t a t i c  i n s t a b i l i t y  w i l l  be t h e  i n e q u a l i t y  dm,/&=&>0. 

Z 

I n  t h e  case  of l o n g i t u d i n a l  s t a t i c  i n s t a b i l i t y ,  a des tab i -  

Obviously,  d i r e c t i o n a l  s t a t i c  s t a b i l i t  i s  c h a r a c t e r i z e d  by  
t h e  i n e q u a l i t y  a M  /aBs,  < 0 or a m  /aes ,  = mf < 0; d i r e c t i o n a l  
s t a t i c  s t a b i l i t y  w i l l  b e  c h a r a c t e r i z e d  by a M  /af3,, > 0 or 
a m  / a B s ,  = m 

Y Y Y 
- 1 3 1  Y ’ > 0 .  

Y 
The d i r e c t i o n s  of t h e  changes i n  yawing mo- 

Y 
ment and s l i p  a n g l e  are d i f f e r e n t  i n  t h e  former c a s e  and t h e  same 
i n  t h e  l a t t e r .  Accord ingly ,  t h e  moments w i l l  be s t a b i l i z i n g  and 
d e s t a b i l i z i n g  d i r e c t i o n a l  moments. 

The d e r i v a t i v e  a M x / a B s l  or amx/aBsl  = me X i s  a measure of  
l a t e r a l  s t a t i c  s t a b i l i t y  (or s t a t i c  s t a b i l i t y  i n  roll). I f  t h e  
d e r i v a t i v e  m! < 0 ,  t he  v e h i c l e  has l a t e r a l  s t a t i c  s t a b i l i t y .  
rn’ > 0 ,  we have l a t e r a l  s t a t i c  i n s t a b i l i t y .  

I f  

X 

A v e h i c l e  i s  n e u t r a l  as r e g a r d s  l o n g i t u d i n a l  s t a t i c  sta- 
b i l i t y ,  weathercock s t a b i l i t y ,  or l a t e r a l  s t a t i c  s t a b i l i t y  i f  

ma = 0, mB = 0, m! = 0 .  
Z Y 

Center  o f  p r e s s u r e  c o e f f i c i e n t .  Aerodynamic c e n t e r .  The 
c e n t e r  of p r e s s u r e  c o e f f i c i e n t  i s  one of  t h e  parameters  of  s t a t i c  
s t a b i l i t y .  For example, t h e  c e n t e r  of p r e s s u r e  c o e f f i c i e n t  i s  
a parameter  of l o n g i t u d i n a l  s t a t i c  s t a b i l i t y  and i s  d e f i n e d  from 
the  c o n d i t i o n  x = x / a  = mZ/cN, where x i s  t h e  d i s t a n c e  

C O P  C * P  C O P  
from t h e  c e n t e r  o f p r e s s u r e  t o  t h e  p o i n t  about  which the  l o n g i -  
t u d i n a l  moment i s  de te rmined .  

Suppose t ha t  t h i s  p o i n t  i s  t h e  nose of t h e  body.  Then we 
can take t h e  d i s t a n c e  between t h e  c e n t e r  of  g r a v i t y  x and t h e  

c e n t e r  of  p r e s s u r e  x as a c h a r a c t e r i s t i c  ( c r i t e r i o n )  of  s t a t i c  

= x / a ) ,  i . e . ,  t h e  c e n t e r  of p r e s s u r e  l i e s  a f t  of t h e  c e n t e r  of 
g r a v i t y ,  f l i g h t  w i l l  be s t a t i c a l l y  s tab le .  I f  t h e  c e n t e r  of  

cog 
C . P  - s t a b i l i t y .  If t h e  d i f f e r e n c e  x - x  i s  p o s i t i v e  (X zz 

C * P  cog cog 
c - g  
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- 
p r e s s u r e  i s  forward ( t h e  d i f f e r e n c e  x - x  i s  n e g a t i v e ) ,  
w e  have s t a t i c  i n s t a b i l i t y .  

C * P  c . g  

- 
The c r i t e r i o n  x - x  i s  sometimes known as t h e  s t a t i c  

s t a b i l i t y  margin.  It may be p o s i t i v e  ( s t a t i c  s t a b i l i t y ) ,  nega- 
t i v e  ( s t a t i c  i n s t a b i l i t y ) ,  o r  z e r o  ( n e u t r a l  l o n g i t u d i n a l  s ta -  
b i l i t y ) .  

C O P  c - g  

If t h  
g r a v i t y ,  t 
c r i t e r i o n .  
p r e s e n t e d  

e p i t c h i n g  moment i s  de termined  about  t h e  c e n t e r  of  
he parameter  x 

I n  t h e  l i n e a r  r ange  o f  a t t a c k  a n g l e s ,  x can be 
i n  t h e  form x I f  a m Z / a C N  < 0 ,  f l i g h t  

i t s e l f  can be  t r e a t e d  as a s t a b i l i t y  
C - P  - 

C * P  
= amZ/acN. 

w i l l  be s t a t i c a l l y  s t a b l e ;  when 8mZ/acN > 0 ,  i t  i s  u n s t a b l e .  
parameter  Z = amZ/8cN i s  known as t h e  l o n g i t u d i n a l  s t a b i l i t y  
c o e f f i c i e n t  . 

C O P  
The  

C - P  

F o r  unsymmetr ical  d e s i g n s  o r  symmetr ica l  ones w i t h  d e f l e c t e d  
c o n t r o l s ,  i t  i s  more convenient  t o  use  t h e  d imens ion le s s  c e n t e r  
d i s t a n c e  i n s t e a d  of t h e  c e n t e r  o f  p r e s s u r e  c o e f f i c i e n t  a s  a 
s t a t i c  c r i t e r i o n .  Applying (1-2-9) w e  w r i t e  t h e  e q u a l i t y  

which de te rmines  t h e  c o e f f i c i e n t  m Z 1  of t h e  moment about  a l a t e r a l  
a x i s  p a s s i n g  through a c e r t a i n  p o i n t  w i t h  c o o r d i n a t e  Fb i n  terms 
of  t h e  c o e f f i c i e n t  m Z  of t h e  moment about  t h e  nose o f  t h e  v e h i c l e  
and t h e  normal l i f t  c o e f f i c i e n t  cN .  
been s o  s e l e c t e d  t h a t  t h e  moment i s  p o s i t i v e  when i t  a c t s  t o  i n -  
c r e a s e  a t t a c k  a n g l e  and n e g a t i v e  when i t  a c t s  i n  t h e  o p p o s i t e  
d i r e c t i o n .  

The s i g n s  i n  (1-6-1)  have 

- 
The p o i n t  w i t h  t h e  c o o r d i n a t e  xb = xF, a t  which 8mZ/3cN + 

+.x = 0 ,  i s  t h e  aerodynamic c e n t e r .  The d imens ion le s s  c e n t e r  
c o o r d i n a t e  xF i s  de te rmined  b y  t h e  formula  

F 

Thus, 

(1-6-2) 
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I I l l  I l l  I l l l l l  

where Fb may b e  t he  d i m e n s i o n l e s s  c o o r d i n a t e  of t h e  c e n t e r  of 
g r a v i t y .  Then i t  f o l l o w s  from (1-6-3) t h a t  f l i g h t  w i l l  be s t a t i c -  
a l l y  s t ab le  i f  t h e  aerodynamic c e n t e r  i s  a f t  of  t h e  c e n t e r  of 
g r a v i t y  and u n s t a b l e  i f  i t  i s  forward  o f  i t ,  i . e . ,  t h e  v e h i c l e ' s  
deg ree  of s t a t i c  s t a b i l i t y  depends on t h e  r e l a t i v e  p o s i t i o n s  of 
i t s  aerodynamic and g r a v i t y  c e n t e r s .  

The trim c o n d i t i o n .  T h i s  c o n d i t i o n ,  which i s  n e c e s s a r y  for 
s t a t i c a l l y  s t a b l e  s t r a i g h t - l i n e  f l i g h t  i n  t h e  l o n g i t u d i n a l  p l a n e ,  
takes t h e  form m Z  = 0 .  T h i s  c o n d i t i o n  i s  s a t i s f i e d  by d e f l e c t i n g  
t h e  e l e v a t o r  th rough t h e  a p p r o p r i a t e  a n g l e .  
(1-5-3) ,  we o b t a i n  t h e  e q u a t i o n  o f  trimmed f l i g h t :  

S e t t i n g  m Z  = 0 i n  

(1-6-4)  

The t r i m  c h a r a c t e r i s t i c ,  t h e  r a t i o  of  a t t a c k  a n g l e  to c o n t r o l  
d e f l e c t i o n  a n g l e ,  i s  found from t h i s  e q u a t i o n .  For a g i v e n  de- 
s i g n  and speed ,  t h i s  c h a r a c t e r i s t i c  i s  a f u n c t i o n  o f  t h e  a n g l e  6 .  
For a symmetr ica l  d e s i g n ,  t h e  t r i m  r a t i o  a / 6  i s  independent  of 
c o n t r o l - s u r f a c e  d e f l e c t i o n  and g iven  b y  t he  formula  

Dynamic S t a b i l i t y  

T h e  concep t  o f  dynamic s t a b i l i t y .  Ana lys i s  o f  t h e  d e r i v a -  
t i v e s  of  t h e  aerodynamic 
i s  p o s s i b l e  to e s t a b l i s h  whether  t h e  body has one or a n o t h e r  form 
of s t a t i c  s t a b i l i t y .  However, t h i s  a n a l y s i s  i s  n o t  s u f f i c i e n t  to 
e v a l u a t e  t h e  f l i g h t  p r o p e r t i e s  o f  t h e  body i n  motion,  s i n c e  i t  
does not  answer t h e  q u e s t i o n  as to t h e  n a t u r e  of t h e  body ' s  mo- 
t i o n  a f t e r c e s s a t i o n  of  a d i s t u r b a n c e ,  or o f  t h e  magnitude o f  t h e  
pa rame te r s  de t e rmin ing  t h i s  motion.  Indeed ,  i f  we know, f o r  ex- 
ample, t h a t  t h e  d e r i v a t i v e  3 m z / a a  i s  n e g a t i v e  and t h a t ,  conse- 
q u e n t l y ,  t h e  p r e s s u r e  c e n t e r  i s  a f t  o f  t h e  c e n t e r  of g r a v i t y ,  w e  
may i n f e r  only l o n g i t u d i n a l  s t a t i c  s t a b i l i t y .  But we cannot  t e l l ,  
f o r  example, t h e  ampl i tude  of t h e  a t t a c k - a n g l e  f l u c t u a t i o n s  a t  a 
g i v e n  va lue  of t h e  i n i t i a l  d i s t u r b a n c e  parameter  or how i t  v a r i e s  
i n  t ime .  Dynamic s t a b i l i t y  t h e o r y  g i v e s  t h e  answers  to a l l  of 
t h e s e  and o t h e r  q u e s t i o n s .  

moments w i t h  r e s p e c t  to a or BSl  makes 
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Dynamic s t a b i l i t y  t h e o r y  i s  based on aerodynamic r e s e a r c h  
r e s u l t s  o b t a i n e d  under c o n d i t i o n s  of n o n s t a t i o n a r y  f low.  Thus, 
i n  c o n t r a s t  to s t a t i c  c o n d i t i o n s ,  a body whose o r i e n t a t i o n  v a r i e s  
w i t h  t i m e  w i l l  b e  a c t e d  upon by  a d d i t i o n a l  aerodynamic l o a d s  
whose i n f l u e n c e  depends on t i m e .  

D a m p i n g  moment .  One of these loads  i s  t h e  damping moment 
t h a t  ar ises  when t h e  body performs E o t a t i o n a l  motion about  i t s  
c e n t e r  o f  mass on its f l i g h t  t r a j e c t o r y .  T h i s  moment i s  r e s t o r -  
i n g  i n  n a t u r e  and hence d i r e c t e d  o p p o s i t e  to t h e  r o t a t i o n .  

L e t  us  examine the  e x p r e s s i o n  f o r  t h e  damping moment s e t  up /x 
by t h e  t a i l  i n  t h e  p a r t i c u l a r  c a s e  when t h e  v e h i c l e  i s  moving 
w i t h o u t  s l i p  a t  c o n s t a n t  speed and s i m u l t a n e o u s l y  r o t a t i n g  a t  a 
c e r t a i n  a n g u l a r  v e l o c i t y  Qz(t)  about  a - z - a x i s  p a s s i n g  th rough  i t s  
c e n t e r  of mass ( F i g .  1-6-1). A s  a r e s u l t  o f  t h i s  motion,  t h e  
t a i l  g i v e s  r i s e  to a n  aerodynamic p i t c h i n g  moment M Z  t h a t  depends 
on t h e  components V 

. 

and Vv of t he  t r a n s l a t i o n a l  v e l o c i t y  and on 
X 

t h e  a n g u l a r  v e l o c i t y  Q 
Z '  

" 
i . e . ,  - 

M Z  - 
I n t r o d u c i n g  t h e  no- 

menc la tu re  V /Vm = a ;  Y nzLh. t /Vm - - Aah.t)  where 

i s  t h e  d i s t a n c e  from Lh.t 
t h e  v e h i c l e ' s  c e n t e r  o f  
mass to t h e  t a i l  aerody-  
namic c e n t e r  and A c t h a t  i s  
t h e  t a i l  a t t a c k  a n g l e  i n -  
crement due to t h e  r o t a -  
t i o n ,  and s e t t i n g  Vx/Vm =: 

F i g u r e  1-6-1. Diagram I l l u s t r a t i n g  
O r i g i n  of T a i l  Damping Moment. 

z 1, w e  can  w r i t e  an  ex- 
p r e s s i o n  f o r  t h e  moment c o e f f i c i e n t  i n  t he  form m 
= @(a,Aahet ) .  
ment A a h a t .  

t h e  f u n c t i o n  @ f o r  symmetr ical  d e s i g n s  i n  t h e  form of a sum @= 

= 9% + @ Aah. t '  s t a n t .  

= MZ/qSR = 
Z 

Here @ i s  a f u n c t i o n  of  a t t a c k  a n g l e  and t h e  i n c r e -  
Assuming a and Aah,t to be s m a l l ,  w e  can  r e p r e s e n t  

Aah.t where t h e  d e r i v a t i v e s  @O1 and @Aah-t  are con- 

The  second moment component, which depends on a n g u l a r  Velo- 
c i t y ,  i s  known as the  damping moment and denoted  b y  . M z , = m ~ ~ q S Z ~ ,  -. 
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o r  

which d e f i n e s  the  damping moment as a f u n c t i o n  of t he  damping 
moment c o e f f i c i e n t  mzd and t h e  a n g u l a r  v e l o c i t y  of  t h e  r o t a t i o n .  

h i c l e  as a whole. The damping c o e f f i c i e n t  w i l l  depend i n  i t s  
l i n e a r  range  of a n g u l a r - v e l o c i t y  v a r i a t i o n  on ly  on t h e  d e s i g n  
f e a t u r e s  o f  t h e  v e h i c l e .  

S t u d i e s  have shown t h a t  (1-6-7) can  be a p p l i e d  to t h e  ve- 

D y n a m i c  s t a b i l i t y  c r i t e r i a .  A s  f o r  s t a t i c  s t a b i l i t y ,  t h e r e  
are c r i t e r i a  of  d y n a m i c . s t a b i l i t y .  To c o n s i d e r  these  c r i t e r i a ,  
w e  s h a l l  use  the  e q u a t i o n  of  o s c i l l a t o r y  r o t a r y  motion of a body 
about  i t s  c e n t e r  o f  g r a v i t y :  

(1-6-8) 

where A i s  t h e  e q u a t o r i a l  moment of  i n e r t i a  and M i s  t h e  p i t c h -  
i n g  moment about  t h e  c e n t e r  of g r a v i t y ,  as d e f i n e d  by (1-6-6).  

Z 

We s h a l l  c o n s i d e r  a mot ion  i n  which t h e  t r a j e c t o r y  i n c l i n a -  - /34 w 
t i o n  v a r i e s  i n s i g n i f i c a n t l y .  
s e n t e d  i n  t h e  form ~ Z ~ ~ ~ ~ ~ ~ I ~ ~ ~ ~ ~ J Z ,  s i n c e  Q!,-.a:--dn,dt. Consequent ly ,  
(1-6-8) r educes  to t h e  form 

The d e r i v a t i v e  m z z  can be r e p r e -  
0 

where 

L e t  us  assume f o r  f u r t h e r  a n a l y s i s  t ha t  v e l o c i t y  does n o t  
v a r y  a l o n g  the  t r a j e c t o r y  and, consequen t ly ,  t h a t  t h e  aerodynamic 
c o e f f i c i e n t s  remain c o n s t a n t .  If w e  a l s o  assume t h a t  A = c o n s t ,  
the  c o e f f i c i e n t s  a l ,  a2  i n  (1-6-9) w i l l  b e  c o n s t a n t .  The g e n e r a l  
s o l u t i o n  of such a n  e q u a t i o n  i s  as f o l l o w s  : 
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where k , ,  k, are the  r o o t s  o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n  
k2 + a ,k  + a, = 0 ,  and are g i v e n  by t h e  e x p r e s s i o n  

The c o n s t a n t s  C ,  and C 2  are found from the  i n i t i a l  condi-  
t i o n s .  Research has shown t h a t  f l i g h t  s t a b i l i t y  i s  m O s t  s t r o n g l y  
i n f l u e n c e d  by a n  i n i t i a l  j o l t . c h a r a c t e r i z e d  a t  t i m e  t = 0 b y  t h e  
i n i t i a l  a n g u l a r  v e l o c i t y  a = a ,  and by t h e  a n g l e  a = 0 .  
t h e s e  c o n d i t i o n s ,  t h e  c o n s t a n t s  

For  

and the  s o l u t i o n  (1-6-10)  becomes i' 

where 

L 

(1-6-10 ) 

L e t  us  examine t h e  c a s e  of  s t a t i c  s t a b i l i t y ,  i n  which t h e  
a d e r i v a t i v e  m Z  < 0 and,  consequen t ly ,  a, > 0 .  

t h e  damping moment i s  s u b s t a n t i a l l y  smaller  t h a n  t h e  s t a b i l i z i n g  
moment under '  r e a l  c o n d i t i o n s  and t h a t ,  as a r e s u l t ,  
can d e r i v e  f o r  a 

I f  w e  remember t h a t  

la,]  > A t ,  w e  

( I-6-10" ) 

i n  which g=1/1a21-A;; 

It i s  e v i d e n t  from (1-6-10") t h a t  t h e  v a r i a t i o n  o f  a t t a c k  
a n g l e  takes t h e  form of  p e r i o d i c  o s c i l l a t i o n s .  
ways p o s i t i v e ,  these o s c i l l a t i o n s  w i l l  damp and ,  consequen t ly ,  
t h e  moving body w i l l  have l o n g i t u d i n a l  o s c i l l a t o r y  s t a b i l i t y .  

c e r t a i n  c r i t e r i a  o f  o s c i l l a t o r y  s t a b i l i t y  (for dynamic s t a b i l i t y ) .  
These i n c l u d e  t h e  p e r i o d  of  t h e  o s c i l l a t i o n s  

S i n c e  A ,  i s  a l -  

Analyzing (1-6-10") f o r  t h e  a t t a c k  a n g l e ,  w e  can e s t a b l i s h  
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and t h e i r  f requency  

(1-6-11) 

(1-6-12) 

An impor t an t  o s c i l l a t o r y - s t a b i l i t y  c r i t e r i o n  i s  the  loga-  /35 r i t h m i c  damping decrement ,  which i s  e q u a l  to the  n a t u r a l  loga-  
r i t h m  of the  r a t i o  o f  t h e  ampl i tudes  a t  t h e  r e s p e c t i v e  times t ,  
and t ,  + T ,  i . e . ,  

The v a l u e  of t h i s  c r i t e r i o n  depends on the  p e r i o d  of t he  os- 
c i l l a t i o n s  and on t h e  parameter  

(1-6-14) 

The l a r g e r  the  aerodynamic damping c o e f f i c i e n t  Im;l, t h e  

l a r g e r  w i l l  b e  t he  l o g a r i t h m i c  decrement and t h e  more r a p i d l y  
w i l l  t h e  o s c i l l a t i o n s  damp o u t .  

ampl i tude  t o  d i m i n i s h  by half  i s  a n o t h e r  dynamic s t a b i l i t y  c r i -  
t e r i o n :  

Together  w i t h  t h e  l o g a r i t h m i c  decrement ,  t h e  t i m e  for t he  

tz = A;' In 2. (1-6-15) 

The parameter h , which de te rmines  b o t h  of  t he  above c r i -  
t e r i a ,  i s  a l s o  r e g a r a e d  as an independent  dynamic s t a b i l i t y  char -  
a c t e r i s t i c  and i s  known as t h e  da@ping f a c t o r .  

F i n a l l y ,  we p r e s e n t  y e t  a n o t h e r  c r i t e r i o n  of s t a b i l i t y  - t h e  
wavelength of t h e  o s c i l l a t i o n s  as de termined  from t h e  e x p r e s s i o n  

(1-6-16) 
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I n  p r a c t i c e ,  i t  i s  a d v i s a b l e  to endow the  moving body w i t h  
aerodyfiamic p r o p e r t i e s  such t h a t  t h e  damping c o e f f i c i e n t  i s  
s u f f i c i e n t l y  l a r g e ,  s i n c e  the  t i m e  t ,  w i l l  t h e n  be s m a l l ,  a l -  
though a t  t h e  expense o f  some i n c r e a s e  i n  t h e  wavelength,  which 
i s  u n d e s i r a b l e .  Usua l ly ,  an e f f o r t  i s  made t o  reduce  wavelength.  
For  t h i s  purpose ,  i t  i s  necessa ry  to i n c r e a s e  t h e  s t a b i l i z i n g  
moment, which, i n  t u r n ,  has t h e  des i r ab le  e f f e c t  o f  lower ing  t h e  
o s c i l l a t i o n  ampl i tudes  

Above, w e  examined t h e  c a s e  i n  which t h e  body has s t a t i c  
s t a b i l i t y ,  which a l s o  endows i t  w i t h  l o n g i t u d i n a l  o s c i l l a t o r y  
s t a b i l i t y .  A s i m i l a r  a n a l y s i s  might  be  c a r r i e d  out for a body 
tha t  does n o t  have s t a t i c  s t a b i l i t y ,  i . e . ,  f o r  which t h e  d e r i v a -  
t i v e  ma > 0 .  

X 

So lv ing  (I-6-g),  w e  o b t a i n  a r e l a t i o n  f o r  a t h a t  i n d i c a t e s  
1 nondamping a p e r i o d i c  motion,  which w i l l  now no l o n g e r  b e  o s c i l l a -  

t o r y .  With t i m e ,  t he  a t t a c k  a n g l e  w i l l  i n c r e a s e  wi thou t  l i m i t .  
I n  t h i s  c a s e ,  t h e  body has l o n g i t u d i n a l  dynamic i n s t a b i l i t y .  

An e x p r e s s i o n  more g e n e r a l  t h a n  (1-6-10)  f o r  t h e  a t t a c k  a n g l e  o f  
a b a l l i s t i c  m i s s i l e  i s  c i t e d  i n  [55] and t a k e s  t he  form 

G e n e r a l i z e d  method f o r  s t a b i l i t y  a n a l y s i s  o f  v e h i c l e  m o t i o n .  

where J , ( v )  and Y , ( v )  a r e  zero-order  Bessel  f u n c t i o n s  o f  t h e  
f i r s t  and second k i n d s ,  r e s p e c t i v e l y ,  o f  t h e  argument 

The parameter  2 ,  i s  t h e  "dynamic s t a b i l i t y "  f a c t o r :  

w h i l e  t h e  parameter  2, i s  t h e  " s t a t i c  s t a b i l i t y "  f a c t o r :  

(1-6-18) 

(1-6-19) 

(1-6-20 ) 

I n  these  r e l a t i o n s h i p s ,  G i s  t h e  weight  o f  t h e  v e h i c l e ,  0 ,  i s  t h e  
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i n i t i a l  i n c l i n a t i o n  o f  t h e  t r a j e c t o r y  to t he  h o r i z o n ,  xb i s  t h e  

i s  i t s  r a d i u s  o f  i n e r t i a ,  and ca and l e n g t h  o f  t h e  v e h i c l e ,  Rro 
m 
= a m z / a a .  

g i v e n  by t h e  e x p r e s s i o n s  

Y 
ca = ac  / a a ,  m: = Q are t h e  d e r i v a t i v e s  w i t h  r e s p e c t  t o a :  

Z Y Y 

The o t h e r  two d e r i v a t i v e s  o f  t h e  moment c o e f f i c i e n t  a re  

w i t h  

(1-6-21) 

(1-6-22) 

S o l u t i o n  (1-6-17) w a s  d e r i v e d  f o r  nonuniform f l i g h t  condi-  
t i o n s  of  t h e  b a l l i s t i c  m i s s i l e  i n  t h e  atmosphere,  i n  which t h e  
d e n s i t y  v a r i a t i o n  i s  d e f i n e d  b y  an  e x p o n e n t i a l  l a w :  

where p i s  t h e  d e n s i t y  a t  sea l e v e l ,  f3 i s  t h e  a l t i t u d e  g r a d i e n t  
o f  d e n s i t y ,  which i s  assumed c o n s t a n t ,  and i s  t h e  a l t i t u d e  above 
sea l e v e l .  

g 

The c o n s t a n t s  o f  i n t e g r a t i o n  C ,  and C ,  i n  (1-6-17)  are de te r -  
mined by  t h e  i n i t i a l  c o n d i t i o n s  a t  e n t r y  i n t o  t h e  dense  a tmospher ic  
l a y e r s .  I f  t h e  i n i t i a l  a n g u l a r  v e l o c i t y  o f  r o t a t i o n  R = 0 ,  and 
t h e  a t t a c k  a n g l e  a = a ,  # 0 ,  t h e  c o n s t a n t  C ,  = 0 ,  and t h e  s o l u t i o n  
assumes the  form 

ZO 

(1-6-23) 

I n  t h e  most common c a s e s ,  t h e  s t a t i c  s t a b i l i t y  f a c t o r  R ,  i s  
o f  t h e  o r d e r  o f  % l o 5 .  

The dynamic s t a b i l i t y  f a c t o r  R ,  may d i f f e r  m a r k e d l y  from t h e  
v a l u e  i n d i c a t e d .  For example, when damping has a s t r o n g  e f f e c t  on 
o s c i l l a t o r y  mot ion ,  R, may become n e g a t i v e  ( e . g . ,  R, = - 1 0 ) .  As 
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a l t i t u d e  d e c r e a s e s  i n  t h i s  c a s e ,  t h e  a t t a c k  a n g l e  w i l l  o s c i l l a t e  
around z e r o  w i t h  s h a r p l y  reduced ,  nea r -ze ro  ampl i tude .  If t h e  
dynamic s t a b i l i t y  f a c t o r  R, = 0 ,  t h e  o s c i l l a t i o n s  w i l l  damp more 
s lowly  and t h e  ampl i tude  may b e  nonzero a t  t h e  ground. 

undamped motion i n  which damping c e a s e s  a t  a c e r t a i n  a l t i t u d e  and 
a marked ampl i tude  i n c r e a s e  i s  observed  w i t h  t h e  approach to 
t h e  ground.  

F o r  R ,  > 0 ( e . g . ,  R ,  =: lo), w e  have a c a s e  of  p r a c t i c a l l y  

The e f f e c t  of v e h i c l e  o s c i l l a t i o n s  can b e  t a k e n  i n t o  account  
i n  computing heat  t r a n s f e r ,  t h e  r a t e  o f  which v a r i e s  somewhat 
from t h e  r a t e  i n  t h e  absence  o f  o s c i l l a t i o n s .  Th i s  change i n  
hea t  t r a n s f e r  can ,  o f  cour se ,  b e  t a k e n  i n t o  c o n s i d e r a t i o n  by t h e  
d e s i g n  o f  an  a p p r o p r i a t e  c o o l i n g  system. 

$1-7. A E R O D Y N A M I C  CHARACTERISTICS O F  VEHICLES I N  NONSTEADY M O T I O N  

General r e l a t i o n  f o r  f o r c e  o r  moment. Above, w e  examined re- 

/37 

l a t i o n s h i p s  de t e rmln ing  f o r c e s ,  moments, and t h e i r  c o e f f i c i e n t s .  
These r e l a t i o n s h i p s  answered 
only  t h e  q u e s t i o n  as to how an  
aerodynamic c h a r a c t e r i s t i c  can 
b e  found i f  t h e  d i s t r i b u t i o n s  
o f  normal p r e s s u r e  and tangen-  
t i a l  s t r e s s  a r e  known, and d i d  
n o t  t e l l  u s  t h e  c o n d i t i o n s  
under  which these  d i s t r i b u -  
t i o n s  o r i g i n a t e d .  At t h e  same 
t i m e ,  impor tance  a t t a c h e s  to 
t h e  p r i o r  h i s t o r y  of  t h e  mo- 
t i o n ,  i . e . ,  t h e  manner i n  
which t h e  body a r r i v e d  a t  a 
p a r t i c u l a r  p o s i t i o n  on i t s  
t r a j e c t o r y  as g iven  by a t t a c k  
and s l i p  a n g l e  v a l u e s ,  f o r  i n -  
v e s t i g a t i o n  of  t h e  r e a l  ve- 

F i g u r e  1-7-1. Diagram Showing 
A c t i o n  o f  R o t a t i o n a l  Moments. 

h i c l e ' s  aerodynamic c h a r a c t e r i s t i c s  and,  i n  p a r t i c u l a r ,  f o r  i n -  
v e s t i g a t i o n  o f  t h e  p r e s s u r e  and t a n g e n t i a l  s t r e s s  d i s t r i b u t i o n .  
For example,  w a s  t h e  a t t i t u d e  a r r i v e d  a t  under  c o n d i t i o n s  under  
which t h e r e  w a s  no r o t a t i o n  and t h e  body moved p r o g r e s s i v e l y  w i t h  
i t s  c e n t e r  o f  mass a t  c o n s t a n t  speed  on i t s  t r a j e c t o r y ,  o r  was i t  
reached  under  c o n d i t i o n s  i n  which t h e  body ' s  motion was c h a r a c t e r -  
i z e d  n o t  only by t h e  v e l o c i t y  of  i t s  c e n t e r  o f  mass, b u t  a l s o  b y  
an  a n g u l a r  v e l o c i t y  o f  r o t a t i o n  o f  t h e  body about  i t s  c e n t e r  o f  
mass. 

S t r i c t l y  speak ing ,  t h e  former c a s e  i s  no t  r e a l i z e d  i n  f l i g h t ,  
b u t  i t  can be  reproduced  i n  aerodynamic t e s t  i n s t a l l a t i o n s  and 
obv ious ly  co r re sponds  to s t e a d y - s t a t e  f low a t  f i x e d  a t t a c k  and 
s l i p  a n g l e s .  T h e  aerodynamic c o e f f i c i e n t s  o b t a i n e d  as a r e s u l t  
o f  t h e  exper iment  are  known as t h e  s t a t i c  c o e f f i c i e n t s .  - -  ~ 
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Nonsteady flow corresponds to the second case of motion 
of the body, that characterized by rotation. Flow of this type 
causes a change in the distribution of local forces from the 
steady-state distribution. Additional dynamic components of the 
aerodynamic forces and moments appear as a result. One such com- 
ponent is the damping moment, an expression f o r  which was de- 
rived f o r  the particular case of plane (zero-slip) motion char- 
acterized by constant translational velocity and angular 
velocity E z .  

In the most general case, nonsteady motion of a vehicle will 
be determined by the three components Vxl(t) ,  V , , ( t ) ,  VZi( t )  of the velo- 
city -Fact) of the center of gravity in the body system (Fig. 
1-7-11 and by the components cXl(i), Q , , ( t ) ,  QZl(t )  of the angular 
velocity c(t) in the same system, with all of these components 
dependent on time. 

Any force or moment can be represented in the form of a func- 
t ional relationship 

which indicates that the nonsteady aerodynamic characteristics /38 
are determined not only by the instantaneous dynamic state of the 
body, i. e. , the parameters I..,,. I . . . , ,  9.v,, <!ul, i!.., at the particular 
time on the trajectory, b u t  also by the first time derivatives of . . .  these parameters tSl, l’ul,l-:l. i?,v, ,  ‘.l:;l, G:,. 

In the particular case with smooth variation of the param- 
eters, we can limit ourselves t o  the functional relation 

In practice, nonsteady-flow problems are associated with changes 
in the geometric shapes of vehicles in flight due, in particular, 
to elastic strains. The influence of this shape change on the 
aerodynamic characteristics can be taken into account by intro- 
ducing a parameter 6 ( x l ,  y l ,  zl, t) equal in magnitude to the in- 
crement in local attack angle and the time derivative d6/dt of 
this parameter. 

Dimensionless  k inemat ic  parameters .  In investigation of the 
aerodynamic force and moment coefficients, these coefficients are 
regarded as functions o f  dimensionless kinematic parameters in 
the form 
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Here a, and Bs, are t h e  a t t a c k  and s l i p  a n g l e s ,  r e s p e c t i v e l y ,  and 
R i s  t h e  c h a r a c t e r i s t i c  l e n g t h .  

p i t c h i n g  moment 
For example,  w e  have f o r  t h e  c o e f f i c i e n t  o f  normal f o r c e  and 

S t a b i l i t y  d e r i v a t i v e s .  L e t  us assume t h a t  t h e  f u n c t i o n a l  
r e l a t i o n s h i p s  (1-7-4) and (1-7-5) can b e  expanded i n  Tay lo r  ser-  
i e s  w i t h  r e s p e c t  to a p o i n t  d e f i n e d  by c e r t a i n  i n i t i a l - v e l o c i t y  
v a l u e s  V m 0 ,  , v  v and z e r o  a n g u l a r  v e l o c i t y  Q o  = 0 .  x10 Y 1 0 '  2 1 0  

A l i n e a r  l a w  o f  v a r i a t i o n  of  t h e  aerodynamic c o e f f i c i e n t s  
w i t h  k inemat i c  p a r a m e t e r s i s l v a l i d  a t  s m a l l  nonsteady d i s t u r b -  
ances .  Then, e x c l u d i n g  t h e  pa rame te r s  6 and 6 from c o n s i d e r a t i o n ,  
: .e.,  d i s r e g a r d i n g  t h e  e f f e c t  o f  s t r a i n s ,  w e  o b t a i n  t h e  fo l lowing  
e x p r e s s i o n s  f o r  t h e  aerodynamic c o e f f i c i e n t s :  

- - The d e r i v a t i v e s  
b i l i t y  d e r i v a t i v e s .  

c ; < , - : d ~ . ~ / O u ,  c;;,. ~ I C . , ! ~ U  , e t c ,  a re  known as t h e  e- 

L e t  u s  examine the  accep ted  s t a b i l i t y - d e r i v a t i v e  c l a s s i f i c a -  /39 
t i o n .  S t a b i l i t y  d e r i v a t i v e s  o f  t h e  form c ; ; ,  c;.  d;. , e t c . ,  which 
are de termined  by d i f f e r e n t i a t i o n  o f  t h e  c o e f f i c i e n t s  w i t h  re-  
s p e c t  to g, a, and B S l ,  r e s p e c t i v e l y ,  are known as s t a t i c  
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s t a b i l i t y  d e r i v a t i v e s  and a r e  a s s i g n e d  to t he  f i r s t  group of 
d e r i v a t i v e s .  

The p a r t i a l  d e r i v a t i v e s  o f  t h e  c o e f f i c i e n t s  w i t h  r e s p e c t  to 
one of  t h e  v a r i a b l e s  wx, w 

and a r e  knowmas r o t a r y  - d e r i v a t i v e s  (e:-r, c,:!~, c : ; ~  e t c .  ) . 
w e t c . ,  form the  second group y '  z '  

The t h i r d  group o f  s t a b i l i t y  d e r i v a t i v e s  i s  made up of  t h e  
a c c e l e r a t i o n  d e r i v a t i v e s ,  which are d e f i n e d  as t h e  p a r t i a l  de- 
r i v a t i v e s  o f  t h e  c o e f f i c i e n t s  w i t h  r e s p e c t  to one of t h e  d e r i v a -  
t i v e s  u,  Q ~ ,  or w . - .  

Z 

- -  
Remembering t h a t  t h e  d e r i v a t i v e s  c;,, c!. , e t c . ,  a r e  computed 

by d i f f e r e n t i a t i n g  t h e  aerodynamic c o e f f i c i e n t s  a l s o  w i t h  r e s p e c t  
t o  d e r i v a t i v e s  ( i n  t h i s  c a s e  w i t h  r e s p e c t  to a,  PSI  , e t c . ) ,  we 
s h a l l  a r b i t r a r i l y  c l a s s i f y  t h e s e  s t a b i l i t y  d e r i v a t i v e s  among t h e  
a c c e l e r a t i o n  d e r i v a t i v e s .  Thus, t h i s  group i n c l u d e s  t h e  d e r i v a -  
t i v e s  c;;., c?, c 2 ,  c; , e t c .  

. .  - __ 

- . . .  - 

Since  t h e  number o f  aerodynamic f o r c e  and moment c o e f f i c i e n t s  
i s  s i x ,  t h e  f i r s t  group embraces 1 8  s t a t i c  s t a b i l i t y  d e r i v a t i v e s  
and t h e  second 18  r o t a r y  . d e r i v a t i v e s .  The t h i r d  group w i l l  
number 36 a c c e l e r a t i o n  d e r i v a t i v e s .  

I f  t h e  n o n s t a t i o n a r y  d i s t u r b a n c e s  cease  to be small ,  t h e  non- 
l i n e a r i t y  of t h e  r e l a t i o n s h i p s  c h a r a c t e r i z i n g  f l o w  over  t h e  body 
becomes an  e s s e n t i a l  f e a t u r e .  I n  t h i s  c a s e ,  i t  i s  necessa ry  to 
l e a v e  terms of o r d e r  h i g h e r  t h a n  t h e  f i r s t  i n  t h e  expans ions  
(1-7-6) and (1-7-7). For example, on r e t a i n i n g  q u a d r a t i c  t e rms ,  
w e  o b t a i n  second-order  d e r i v a t i v e s  such a s  ? ~ z ~ ' ~ . ~ = ~ ~ / ~ z ~ ~ ~ ~ ~ ( ~ , ~  u and 
o t h e r s .  

S t u d i e s  have shown t h a t  only some o f  t h e  f i r s t - o r d e r  d e r i v a -  
t i v e s  and a f e w  of t h e  second-order  d e r i v a t i v e s  a r e  of p r a c t i c a l  
impor tance .  These d e r i v a t i v e s  a r e  l i s t e d  i n  Table  1-7-1. 

Some of t h e  s t a b i l i t y  d e r i v a t i v e s  g iven  i n  Table  1-7-1 a r e  
of s p e c i a l  i n t e r e s t  f o r  i n v e s t i g a t i o n  of v e h i c l e  dynamic proper -  
t i e s  and have s p e c i f i c  names. Among t h e s e  d e r i v a t i v e s ,  w e  might  
mention t h e  s t a t i c  s t a b i l i t y  d e r i v a t i v e s  p r e v i o u s l y  d e a l t  w i t h ,  

in;, IIZ$ ~?i!, which c h a r a c t e r i z e  impor t an t  p r o p e r t i e s  l i k e  t h e  " s t i f f -  

nesses ' '  o f  t h e  v e h i c l e ' s  l o n g i t u d i n a l ,  l a t e r a l ,  and t r a n s v e r s e  
o s c i l l a t o r y  mot ions ,  r e s p e c t i v e l y ,  and de termine  t h e  f r e q u e n c i e s  
of t h e s e  o s c i l l a t i o n s .  

The d e r i v a t i v e  m g  i s  o f t e n  c a l l e d  t h e  s t a t i c  l o n g i t u d i n a l  .. -- .-. ___ 
s t a b i l i t y  d e r i v a t i v e ,  -_ mB t h e  s t a t i c  d i r e c t i o n a l  .- s t a b i l i t y  

Y - 
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d e r i v a t i v e  - o r  t h e  weathercock --A_ __  s t a b i l i t y  ~- c o e f f i c i e n t ,  and m! t he  

s t a t i c  .--- t r a n s v e r s e  -- s t a b i l i t y  d e r i v a t i v e .  

TABLE 1-74. STATIC DERIVATIVES 
. . . . . .  -- ... ~ 

... . -  . .. - .  

The r o t a r y  
on the motion as 
t i v e s  I I L ; : ,  ITZ? a r e  

.- -- . . . -. - - . . . I ---*- 

Static derivatives 

Rotary derivatives 

Acceleration derivatives 

X 

. .I__ 
I 

Second acceleration derivatives 

ma% 
Y 

d e r i v a t i v e s  and a c c e l e r a t i o n  d e r i v a t i v e s  a c t  
damping p a r a m e t e r s .  Accord ingly ,  t he  d e r i v a -  
known as the  l g n g i t u d i n a l _  - ~ - damping c o e f f i c i e n t s  

m:!', U L ~  as t h e  yaw damping c o e f f i - c i e n t s ,  and w:;v i s  c a l l e d  t h e  

r o l l  damping c o e f f i c i e n t .  
~~ 

The Magnus e f f e c t  i s  impor t an t  f o r  t h e  r o t a t i o n a l  motion.  
It c o n s i s t s  i n  t h e  appearance  o f  a f o r c e  and moment p r o p o r t i o n a l  
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to t he  p roduc t  anx or BslQx on a body i n  l o n g i t u d i n a l  r o t a t i o n  
a t  a n g u l a r  v e l o c i t y  Rx and i n  t he  p r e s e n c e  of  a n  a t t a c k  or s l i p  
a n g l e ,  w i t h  these  f o r c e s  d i r e c t e d  p e r p e n d i c u l a r  to t h e  p l a n e s  i n  
which the  a n g l e s  a and Bs, l i e .  

o f  these  f o r c e s  (moments) a r e  p r o p o r t i o n a l  toolwx and Bslwx, r e -  
s p e c t i v e l y .  Hence the  d e r i v a t i v e s  of  t h e  c o e f f i c i e n t s  w i t h  re- 
s p e c t  to awx and Bs lwx ,  e . g . ,  c$G, ckxox, m$%, n E ~ ~ ~ % ,  are  known as t h e  

Magnus s t a b i l i t y  d e r i v a t i v e s .  

The f o r c e s  and moments of  t h e  o t h e r  group a re  a s s o c i a t e d  w i t h  
s imu l t aneous  r o t a t i o n  o f  t h e  v e h i c l e  about  two axes  and are the re -  
f o r e  gy roscop ic  i n  n a t u r e .  The gy roscop ic  f o r c e s  and moments are  
p r o p o r t i o n a l  to t h e  p r o d u c t  o f  t h e  two a n g u l a r  v e l o c i t i e s .  
example, i n  s imul t aneous  r o t a t i o n  about  t h e  x - . and  y-axes,  these 
a d d i t i o n a l  f o r c e s  and moments are p r o p o r t i o n a l  to t he  p roduc t  
R R and t h e  co r re spond ing  aerodynamic c o e f f i c i e n t s  to t h e  pro-  
d u c t  w w . Hence t h e  d e r i v a t i v e s  of  t h e  c o e f f i c i e n t s  w i t h  re-  
s p e c t  to O , Q ~  ( c ~ ~ u ,  m;.P~, e t c .  ) are known as t h e  gy roscop ic  s ta-  
b i l i t y  d e r Q a t i v e s .  

t h e  s t a b i l i t y  c h a r a c t e r i s t i c s ,  w e  can use  a method i n  which t h e  
composi te  motion o f  t h e  v e h i c l e  i s  broken down i n t o  i t s  i n d i -  
v i d u a l  components. I n  each  such  p a r t i c u l a r  c a s e  o f  mot ion ,  sta- 
b i l i t y  i s  s t u d i e d  independen t ly  o f  o t h e r  forms of  motion.  T h i s  
method presupposes  i s o l a t i o n  o f  i n d i v i d u a l  c h a r a c t e r i s t i c  motion 
forms or combina t ions  t h e r e o f  t h a t  are d e t e r m i n i n g  as r e g a r d s  
s t a b i l i t y  e v a l u a t i o n  o f  t h e  v e h i c l e  as a whole. 

The aerodynamic C o e f f i c i e n t s  - /40 

For 

X Y  

X Y  

P a r t i c u l a r  c a s e s  o f  m o t i o n .  To s i m p l i f y  i n v e s t i g a t i o n  o f  /41 

_- ~ - .  

Velocity components 

v* V,(B,1) 

Form of motion _ _ _ ~  
- 
- Pitch and roll + + + Pitch, no roll + 

Roll. no pitch + + No roll, no pitch. 

- - 
- - 

1- Qz Qy Qz 

i + - 
- 4- 

+ 
- - - - - - 

4% 



T a b l e  1-7-2 p r e s e n t s  c e r t a i n  c h a r a c t e r i s t i c  motion forms 
whose i n v e s t i g a t i o n  i s  o f  p r a c t i c a l  impor t ance .  

I n v e s t i g a t i o n  of a p a r t i c u l a r  mot ion  form can  b e  s i m p l i -  
f i e d  b y  e x c l u d i n g  the  e f f e c t  of  a c c e l e r a t i o n s .  T h i s  i s  j u s t i -  
f i e d  i n  p r a c t i c e  when t h e  v e h i c l e ' s  mot ion  deve lops  s lowly  enough. 
If i t  i s  n e c e s s a r y  to c o n s i d e r  a c c e l e r a t i o n ,  a c o r r e c t i o n  can  be 
a p p l i e d  to t h e  aerodynamic c o e f f i c i e n t  i n  t h e  form o f  a t e r m  
e q u a l  to t he  p roduc t  o f  t h e  f i r s t  s t a b i l i t y  d e r i v a t i v e  w i t h  re-  
s p e c t  to t h e  a c c e l e r a t i o n  and t h e  c o r r e s p o n d i n g  d i m e n s i o n l e s s  ac -  
c e l e r a t i o n  p a r a m e t e r .  

Thus,  f o r  example,  w e  might  s t u d y  t h e  s t a b i l i t y  of p i t c h i n g  
mot ion ,  which i s  sometimes known as t h e  prin_ci..al motion form. 
P i t ch ing -mot ion  s t a b i l i t y  ( o r  l o n g i t u d i n a l  s t a b - i l i t y )  i s  d e t e r -  
mined by l o n g i t u d i n a l  damping, which,  i n  t u r n ,  depends on the  

d e r i v a t i v e s  m: and m;:.. 

Sometimes,  t h e  d e r i v a t i v e s  7:: and m:Ozs are confused ,  on t h e  

a s sumpt ion  t h a t  t h e r e  i s  no d i f f e r e n c e  between them. T h i s  d i f -  
f e r e n c e  can  b e  e s t ab l i shed  if w e  examine two motion forms,  one 
of which i s  c h a r a c t e r i z e d  b y  t h e  c o n d i t i o n  & = O , C ~ ~ # O ,  and t h e  
o t h e r  by  t h e  c o n d i t i o n  &#O, Q z = O .  

The f i r s t  motion form ( F i g .  1-7-2) i s  c h a r a c t e r i z e d  by t h e  
f a c t  t h a t  t h e  a t t a c k  a n g l e ,  which i s  e q u a l  to t h e  a n g l e  between 
t h e  i n s t a n t a n e o u s  v e c t o r  vm and a body a x i s ,  does  n o t  change,  s o  
t ha t  t h e  d e r i v a t i v e  &=O. I n  t h i s  mot ion ,  however,  a v a r i a b l e  
a n g l e  6 forms between a c e r t a i n  f i x e d  d i r e c t i o n  and t h e  body 
a x i s  . Hence S2z = d6:dt + 0. 

I n  t h e  p a r t i c u l a r  c a s e  when SIz = c o n s t ,  t h e  t r a j e c t o r y  i n  
F i g .  I -7-2a  c h a r a c t e r i z e s  t h e  mot ion  of a v e h i c l e  e x e c u t i n g  a 
l o o p .  

F i g u r e  I-7-2b s h o w s - t h e  second motion form,  which c o r r e -  
T h i s  mot ion  may a r i s e  sponds t o  t h e  c o n d i t i o n  a # 0 ,  SIZ = 0 .  

i n  f r e e  f a l l  w i t h  c o n s t a n t  a c c e l e r a t i o n .  Dur ing  f a l l ,  t he  a n g l e  
6 between t h e  f i x e d  d i r e c t i o n  and the  body a x i s  r ema ins  c o n s t a n t ,  
w h i l e  t h e  a n g l e  a between t h e  i n s t a n t a n e o u s  v e l o c i t y  v e c t o r  and 
t h e  body a x i s  v a r i e s .  

Thus,  t h e  d e r i v a t i v e  ~ . z . - ! ! z . : O ,  and t h e  t i m e  d e r i v a t i v e  o f  
a t t a c k  a n g l e  & + O .  I n  t h i s  c a s e ,  t h i s  d e r i v a t i v e  a = c o n s t .  

Nei ther  o f  t hese  mot ion  forms i s  o f t e n  encoun te red  i n  i s o -  
l a t i o n .  L o n g i t u d i n a l  o s c i l l a t i o n s  t h a t  r e p r e s e n t  combina t ions  o f  
t hese  two mot ions  u s u a l l y  o c c u r .  These o s c i l l a t i o n s  are n i c e l y  
d e s c r i b e d  by s i n u s o i d a l  r e l a t i o n s h i p s  for t h e  d e r i v a t i v e s  ti or 
*=n,. 
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c 

Figure 1-7-2. Forms of Nonsteady Motion. 

+&Tm: G = = L V G : ~ )  body axis; 2) fixed direction; 
3) instantaneous direction of  flight. 

a) & = o ,  ~ = R : = c o n s t :  b) ~ = c o n s t , $ = ~ ~ = = O ;  a=ao+Aa=a++ 

Figure 1-7-3. Forms of Nonsteady Motion. 
a) cz=0.6-n;=nsrnq<; b) ~ = A s l n o f , d = R , = O :  C) &L-i=As lhot  

/42 

where A and B are the amplitudes of the oscillations and w and 
$I are their frequencies. 
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Equa t ions  (1-7-8) d e f i n e  t h e  harmonic l a w  o f  v a r i a t i o n  o f  
t h e  d e r i v a t i v e s  &, 4. We can  c o n s i d e r  t h r e e  motion forms each  o f  
which i s  d e s c r i b e d  by such  a l a w .  The f i r s t  mot ion  form ( F i g .  
I -7-3a)  c o r r e s p o n d s  to t h e  c o n d i t i o n  a = 0 , 6 = Q z - B s i n @ .  I n  t h i s  
motion form, t h e  body a x i s  c o i n c i d i n g  w i t h  t h e  d i r e c t i o n  o f  f l i g h t  
( a  = 0 )  per fo rms  o s c i l l a t i o n s  a l o n g  t h e  t r a j e c t o r y  i n  acco rdance  

w i t h  t h e  harmonic l a w  $=Bsincpt. 

The  second mot ion  form ( F i g .  1-7-3b) i s  c h a r a c t e r i z e d  by 
absence  of  change i n  the. o r i e n t a t i o n  o f  t h e  body a x i s  a l o n g  t h e  
t r a j e c t o r y ,  s o  t h a t  52,=6=0. Here, owing to t h e  p r e s e n c e  o f  a 
v e r t i c a l  v e l o c i t y ,  t h e  a t t a c k  a n g l e  y a r i e s  i n  acco rdance  w i t h  
t he  harmonic l a w  f o r  t h e  d e r i v a t i v e  a .  

F i n a l l y ,  t h e  t h i r d  motion form, t h a t  shown i n  F i g .  1-7-3c, 
ar ises  i n  t h e  c a s e  of a r e c t i l i n e a r  t r a j e c t o r y  o f  t h e  b o d y ' s  
c e n t e r  of mass when t h e  i n c l i n a t i o n  o f  t h e  body a x i s  to t he  
d i r e c t i o n  of f l i g h t  v a r i e s  h a r m o n i c a l l y .  I n  t h i s  c a s e ,  t h e  

a n g l e s  a and 19 c o i n c i d e ,  s o  t h a t  ;=6, and t h e  t o t a l  l o n g i t u d i n a l  

damping d e r i v a t i v e  i s  mT+-m~z. 

If t h e  p i t c h i n g  mot ion  i s  accompanied by a motion i n  roll, 

t h e  e f f e c t  of t h e  ro l l -damping  d e r i v a t i v e  1n74-772: must be t a k e n  
i n t o  c o n s i d e r a t i o n  i n  i n v e s t i g a t i n g  r o l l i n g  s t a b i l i t y .  

The c o r r e s p o n d i n g  d a m p i n g - c o e f f i c i e n t  v a l u e s  are found i n  

t h e  form of  t h e  d e r i v a t i v e s  ( m F t - 7 n 3 E  and ( m 5 f m ~ ~ ) a ,  where t h e  
d e r i v a t i v e  a, i s  de te rmined  from t h e  harmonic l a w  (1-7-8) .  I n t r o -  
duc ing  t h e  nomencla ture  a ,  = A/RZ, Sh = RZR/V,, we o b t a i n  

aoSh a=- sin oL. (1-7-9 1 

The d i m e n s i o n l e s s  pa rame te r  Sh = QZR/V, i s  known as t h e  

S t r o u h a l  __ number and i s  an  i m p o r t a n t  s i m i l a r i t y  c r i t e r i o n  f o r  non- 
s t e a d y  f low.  

t i  
i s  

C o n v e r s i o n  o f  s t a b i l i t y  d e r i v a t i v e s  w i t h  a c h a n a e  i n  r educ -  
on p o i n t  p o s i t i o n .  I n  d e t e r m i n i n g  o v e r - a l l  nons t eady  c h a r a c t e r -  
t i c s  from known v a l u e s  o f  t h e s e  c h a r a c t e r i s t i c s  f o r  i n d i v i d u a l  

e l e m e n t s  o f  a v e h i c l e ,  i t  i s  n e c e s s a r y  t o  r e d u c e  each  o f  t h e s e  
v a l u e s  to a s i n g l e  r e d u c t i o n  p o i n t  s e l e c t e d  for t h e  v e h i c l e  as a 
whole.  Thus,  a s t a b i l i t y  d e r i v a t i v e  must be  c o n v e r t e d  from one 



r educ t ion  p o i n t  to ano the r .  

Let us assume tha t  t h e  aerodynamic c h a r a c t e r i s i i c s  and s ta-  
b i l i t y  d e r i v a t i v e s ,  c a l c u l a t e d  f o r  a c e r t a i n  r educ t ion  po in t  0 
( s e e  F ig .  I-2-2), a r e  known f o r  a c e r t a i n  l i f t i n g  s u r f a c e .  It i s  
r e q u i r e d  to f i n d  t h e  corresponding c h a r a c t e r i s t i c s  w i t h  r e s p e c t  
to another  p o i n t  0, a t  a d i s t a n c e  x = x: f r o m  p o i n t  0.  

To s impl i fy  t h e  problem, l e t  us assume t h a t  c = m = 0 /44 N o  zo 
and tha t  t he  aerodynamic-coeff ic ient  components governed by t h e  
v a r i a t i o n  of t h e  t r a n s l a t i o n a l  v e l o c i t y  are a l s o  zero ,  i . e . ,  

C;IL =- c i .G-~~?! i=-~Ct .  With t h e s e  assumptions,  
. .  . .  

(1-7-10) 

(1-7-11) 

where t h e  d e r i v a t i v e s  a r e  known f o r  r e f e r e n c e  p o i n t  0. 

The  corresponding c o e f f i c i e n t s  a r e  found f o r  t h e  new reduc- 
t i o n  p o i n t  0, i n  t h e  form 

(1-7-109 

A s  we see  f rom F i g .  1-2-2, 

- 
where wz = Qzb/2V,, x = x;/B, and then  

.L 2 . -  
ai = a -2209; wLi = 0,; oZi = wz. (1-7-12) 

- 
Let u s  now apply t h e  i d e n t i t i e s  cN = c and m = m - c x. 

1 N 21 z N 
In t roducing  Expressions (1-7-12)  i n t o  t h e  l e f t  members of t he  iden- 

t i t i e s  and equat ing  t h e  corresponding c o e f f i c i e n t s  of a, G, U2, &, 
we o b t a i n  t h e  fol lowing r e l a t i o n s h i p s  f o r  t h e  s t a b i l i t y  d e r i v a t i v e s  : 

5 2  
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Chapter I1 - /45 

SHAPES OF T H E  V E H I C L E S  AND T H E I R  ELEMENTS 

P 

The b a s i c  elements composing t h e  modern f l i g h t  v e h i c l e  a r e  
t h e  frame, powerplant,  equipment, and payload. 

The frame i s  t h e  b a s i c  o b j e c t  of aerodynamic r e sea rch  lead-  
i n g  t o  de te rmina t ion  of t h e  f o r c e s  e x e r t e d  by t h e  atmospheric 
medium. The frame of a v e h i c l e  (or simply t h e  v e h i c l e )  incorpo-  
ra tes  i t s  body, wings, t a i l p l a n e s ,  c o n t r o l s ,  and c e r t a i n  o t h e r  
devices  known c o l l e c t i v e l y  as s u p e r s t r u c t u r a l  elements.  

S ince  t h e  aerodynamic c h a r a c t e r i s t i c s  of a v e h i c l e  a r e  de- 
termined to a major degree by t h e  aerodynamic c h a r a c t e r i s t i c s  of 
i t s  i s o l a t e d  par t s  - body,  wings, e t c .  - i n t e r e s t  a t t a c h e s  to con- 
s i d e r a t i o n  of t h e  shape and c e r t a i n  of t h e  most gene ra l  aerody- 
namic p r o p e r t i e s  of t h e s e  p a r t s .  

$11-1. SHAPES OF VEHICLE BODIES 

I n  most ca ses ,  t h e  body of a v e h i c l e  i s  a s o l i d  of revolu-  
t i o n  and c o n s i s t s  of t h r e e  elements:  nose-, m i d - ,  and r e a r  (or 
t a i l )  s e c t i o n s ,  t h e  l a t t e r  sometimes known as t h e  s t e r n .  

Nose  s e c t i o n .  Figure  11-1-1 shows p o s s i b l e  nose-sec t ion  
des igns  r e p r e s e n t i n g  t ape red  s o l i d s  of r e v o l u t i o n ,  s o l i d  or w i t h  
a flow passage.  Nose-section shapes of t h i s  type  reduce t h e  aero-  
dynamic drag  of t h e  body, b u t  a l s o  reduce i t s  u s e f u l  volume. Nose 
s e c t i o n s , a r e  u s u a l l y  c o n i c a l ,  o g i v a l ,  or p a r a b o l i c  i n  shape,  and 
sometimes r e p r e s e n t  combinations of t h e s e  fo rms .  

The g e n e r a t r i x  of t h e  o g i v a l  nose t a k e s  t h e  form of an a r c  
of a c i r c l e  w i t h  a c e r t a i n  r a d i u s  (F ig .  1 1 - 1 - 2 ) .  The nose may 
meet t h e  c y l i n d r i c a l  s e c t i o n  e i t h e r  t a n g e n t i a l l y  o r  a t  a c e r t a i n  
angle  B # 0 .  The o g i v a l  curve i s  s a i d  to be tangent  i n  t h e  f o r -  
mer case  and secan t  i n  t h e  l a t t e r .  The equat ion  of t h e  o g i v a l  
curve i n  dimensionless  form i s  

(11-1-1) 

) i s  t h e  f i n e n e s s  r a t i o  of /46  - where = R / ( 2 r m i d ) ,  A m i d  - Xmid/  ( 2 r m i d  - - 
t h e  nose s e c t i o n  (xmid i s  i t s  abso lu te  l e n g t h ) ,  x = x/xmid, and 
r = r/rmid. 
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F i g u r e  11-1-1. Shapes o f  
Tapered Nose S e c t i o n s  ( s o l i d  
and w i t h  f low p a s s a g e ) .  a )  
cone;  b )  o g i v a l  ( p a r a b o l i c  ) 
t a n g e n t  nose  s e c t i o n ;  c )  o g i -  
v a l  ( p a r a b o l i c )  s e c a n t  nose  
s e c t i o n ;  d )  composi te  nose 
s e c t i o n  (cone  w i t h  o g i v e ) .  

F i g u r e  11-1-2 .  Shape 
and Geomet r i c  Param-  
e t e r s  o f  O g i v a l  Nose 
S e c t i o n  of  S o l i d  o f  
R e v o l u t i o n .  1) t an -  
g e n t  o g i v a l  cu rve  ( B  = 
= 0 a t  p o i n t  A ) ;  2 )  
s e c a n t  o g i v a l  cu rve  
( B  # 0 a t  p o i n t  A ) .  

The r e l a t i o n  between t h e  
f i n e n e s s  X and t h e  dimension-  m i d  

less r a d i u s  E of  t h e  o g i v a l  g e n e r a t r i x  can  b e  found d i r e c t l y  from 
F i g .  1 1 - 1 - 2 :  

I --- 
h mid --.I 1,' R - 0.25. (11-1-2)  

I n  i n v e s t i g a t i n g  f low o v e r  o g i v a l  s u r f a c e s ,  i t  i s  n e c e s s a r y  
to know how t h e  s l o p e  of  t h e  t a n g e n t  v a r i e s  a l o n g  t h e  g e n e r a t r i x .  
To  f i n d  t h e  l a w  of  t h i s  v a r i a t i o n ,  w e  d i f f e r e n t i a t e  (11-1-1): 

(11-1-3) 

T h i s  e x p r e s s i o n  can  be  used to f i n d ,  among o t h e r  t h i n g s ,  t h e  
s l o p e  o f  t he  t a n g e n t  a t  t h e  p o i n t  of  t h e  body: 

(11-1-3 ) 
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L e t  u s  examine a p a r a b o l i c  nose  s e c t i o n  whose c h a r a c t e r i s -  
t i c  g e o m e t r i c  p a r a m e t e r s  are t h e  same as i n  F i g .  11-1-2.  I n  t h e  
g e n e r a l  c a s e ,  t h e  c o o r d i n a t e s  o f  p o i n t s  on a p a r a b o l i c  cu rve  
s a t i s f y  t h e  e q u a t i o n  

r=s (a+bs+cs2+.  . .). (11-1-4)  

I n  t h e  c l a s s  of p a r a b o l i c  g e n e r a t r i c e s ,  w e  s h a l l  c o n s i d e r  
t h e  p a r t i c u l a r  form o b t a i n e d  from Eq. (11-1-l), i n  which t h e  
d i m e n s i o n l e s s  r a d i u s  ff i s  assumed q u i t e  l a r g e .  I n  t h i s  c a s e ,  
t h e  0 . 2 5  i n  (11-1-2) can  b e  d i s r e g a r d e d .  I f ,  f o r  example,  t h e  
p e r m i s s i b l e  e r r o r  does  n o t  exceed  3%,  t h i s  can  be done f o r  E - > 4 .  

s t i t u t i n g  i t  i n  (11-1-1) and s i m p l i f y i n g ,  w e  o b t a i n  t h e  e q u a t i o n  
of a p a r a b o l i c  g e n e r a t r i x ,  which,  i n  d i m e n s i o n l e s s  form, t a k e s  
t h e  form 

A s  a r e s u l t ,  we f i n d  t h e  approx ima te  r e l a t i o n  E = Amid.  ' Sub- 

- -  - r = z  (2 -x)- (11-1-5) 

D i f f e r e n t i a t i n g  w i t h  r e s p e c t  to x ,  w e  f i n d  t h e  t a n g e n t  o f  
t h e  a n g l e  between t h e  body a x i s  and the t a n g e n t  to t h e  g e n e r a t r i x :  

(11-1-6) 

We t h e n  have f o r  t h e  i n c l i n a t i o n  o f  t h e  t a n g e n t  a t  t he  p o i n t  
t a n  B o  = (dr /dx)x,O - - l / A m i d .  With t h i s  e x p r e s s i o n  i n  mind, w e  
t r a n s f o r m  Eq. (11-1-6) to 

- - dr =- tgBo(1-5). 
d I 

(11-1-6 ' ) 

Like  t h e  o g i v a l  c u r v e ,  t h e  p a r a b o l i c  g e n e r a t r i x  may b e  t a n -  
g e n t  or s e c a n t .  Bodies  w i t h  p a r a b o l i c  g e n e r a t r i c e s  have an  impor- 
t a n t  p r o p e r t y  t h a t  p roceeds  from (11-1-5) and c o n s i s t s  i n  t h e  f a c t  
t h a t  t h e  e n t i r e  i n f i n i t e  v a r i e t y  of  t h e s e  b o d i e s  i s  c h a r a c t e r i z e d  
by t h e  same dependence o f  t h e  t h i c k n e s s  r a t i o  r/r 
m e n s i o n l e s s  c o o r d i n a t e  x/xmid. 

whose l i n e a r  d imens ions  d i f f e r  by t h e  same f a c t o r .  Obvious ly ,  
such  b o d i e s  have t h e  same f i n e n e s s  r a t i o  and can  b e  p l a c e d  i n  

on t h e  d i -  m i d  

T h i s  p o p u l a t i o n  may i n c l u d e  g e o m e t r i c a l l y  s imilar  b o d i e s  /47 



congruence w i t h  one a n o t h e r  by uni form d e f o r m a t i o n ,  : . e . ,  d e f o r -  
mat ion  t h a t  i s  t h e  same f o r  a l l  d i r e c t i o n s .  

F i g u r e  11-1-3. Shapes 
o f  B lun t  Nose Sec- 
t i o n s .  a )  t r u n c a t e d  
cone;  b )  s t e p p e d  t r u n -  
c a t e d  cone;  c )  cone 
w i t h  t a n g e n t  s p h e r i -  
c a l  nose ;  d )  c y l i n d e r  
w i t h  t a n g e n t  s p h e r i -  
c a l  nose ;  e )  cone 
w i t h  s e c a n t  s p h e r i c a l  
nose ;  f) c y l i n d e r  
w i t h  s e c a n t  s p h e r i c a l  
nose ;  g )  t r u n c a t e d  
o g i v a l  ( p a r a b o l i c )  
nose  s e c t i o n ;  h )  com- 
p o s i t e  nose s e c t i o n  
(cone  w i t h  o g i v e ) ,  
t r u n c a t e d ;  i )  o g i v a l  
( p a r a b o l i d )  nose  s e c -  
t i o n  w i t h  t a n g e n t  
s p h e r i c a l  n o s e ;  k )  
o g i v a l  ( p a r a b o l i c )  
nose s e c t i o n  w i t h  
s e c a n t  s p h e r i c a l  
nose .  

However, t he  p o p u l a t i o n  o f  p a r a -  
b o l i c  b o d i e s  a l s o  i n c l u d e s  forms t h a t  
can  be  b rough t  i n t o  c o i n c i d e n c e  on ly  
by nonuniform d e f o r m a t i o n .  Take, f o r  
example,  b o d i e s  w i t h  d i f f e r e n t  f i n e n e s s  
r a t i o s .  I n t r o d u c i n g  a new s c a l e  f o r  
t h e  r a d i a l  c o o r d i n a t e ,  w e  can  deform a 
body i n  t h e  v e r t i c a l  d i r e c t i o n ,  b u t  
t h i s  w i l l  n o t  produce p e r f e c t  congru-  
e n c e ,  which r e q u i r e s  a n o t h e r  s c a l e  f o r  
t h e  a x i a l  c o o r d i n a t e .  Such a t r a n s f o r -  
ma t ion  o f  one body i n t o  a n o t h e r  i s  
c a l l e d  a f f i n e .  Accord ing ly ,  b o d i e s  
w i t h  p a r a b o l i c  g e n e r a t r i c e s  are said to 
be  a f f i n e - t r a n s f o r m e d  or a f f i n e - s i m i l a r  
Obvious ly ,  c o n i c a l  s o l i d s  whose gene ra -  
t r i c e s  are  g i v e n  by- t h e  d i m e n s i o n l e s s -  
form e q u a t i o n  r = x a r e  c h a r a c t e r i z e d  
b y  t h e  same t h i c k n e s s - r a t i o  d i s t r i b u -  
t i o n  and ,  c o n s e q u e n t l y ,  w i l l  b e  a f f i n e -  
s i m i  l a r  . 

Unl ike  p a r a b o l i c  and c o n i c a l  b o d i e s ,  
o g i v a l  nose  s e c t i o n s  have t h i c k n e s s  
r a t i o s  whose l e n g t h w i s e  d i s t r i b u t i o n  
changes w i t h  a change i n  f i n e n e s s  r a t i o ,  
as p roceeds  d i r e c t l y  from (11-1-1). A s  
a r e s u l t ,  one o g i v a l  nose  canno t  be  
a f f i n e l y  t r ans fo rmed  i n t o  a n o t h e r .  Thus,  
b o d i e s  of  o g i v a l  form are  n o t  a f f i n e -  
s i m i l a r ,  e x c e p t  f o r  t h o s e  c a s e s  i n  
which t h e  nose s e c t i o n s  have t h e  same 
f i n e n e s s  r a t i o ,  i . e . ,  are  g e o m e t r i c a l l y  
s i m i l a r .  However, i n  c a s e s  i n  which 
t h e  f i n e n e s s  r a t i o s  a r e  l a r g e  ( A m i d  

> 2 ) ,  t h e  o g i v a l  shape  d i f f e r s  i n s i g -  
n i f i c a n t l y  from t h e  p a r a b o l i c ,  as w e  
have n o t e d .  Hence t h e  change i n  t h i c k -  
n e s s - r a t i o  d i s t r i b u t i o n  o v e r  t h e i r  
l e n g t h  can  b e  d i s r e g a r d e d  on c o n v e r s i o n  
from one s o l i d  to a n o t h e r ,  and t h e  o g i -  
v a l  nose  s e c t i o n s  may be  r e g a r d e d  as 
af f i n e - s  i m i  l a r  . 

> 

Many v e h i c l e  d e s i g n s  may have 
b l u n t e d  n o s e s .  They a re  used p r i m a r i l y  a t  ve ry  h i g h  s p e e d s ,  when 
the  b a s i c  r e q u i r e m e n t  made o f  t h e  nose s e c t i o n  i s  a b i l i t y  to w i t h -  
s t a n d  ve ry  h i g h  t e m p e r a t u r e s .  However, v e h i c l e s  c a p a b l e  of  
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modera te  s p e e d s  ve ry  o f t e n  have b l u f f  s h a p e s ,  p e r h a p s  because  of 
d e s i g n  f e a t u r e s ,  t h e  a p p l i c a t i o n  of  t h e  equipment ,  e t c .  

In p r a c t i c e ,  i t  i s  a l w a y s  n e c e s s a r y  to dea l  w i t h  a b l u f f  
body, s i n c e  i t  i s  i m p o s s i b l e  f o r  t e c h n o l o g i c a l  r e a s o n s  t o  pro-  
duce an a b s o l u t e l y  s h a r p  nose .  

F i g u r e  11-1-3 shows v a r i o u s  shapes  o f  b l u n t  t i p s  on c o n i c a l  
nose  s e c t i o n s  and some nose  s e c t i o n s  w i t h  c u r v i l i n e a r  form. The 
b l u n t  nose  t i p  may b e  made as a power-law nose  s e c t i o n  whose 
g e n e r a t r i x  i s  g i v e n  by t h e  e q u a t i o n  

- /48 

where t h e  exponent  0 < n < 1. 

F i g u r e  11-1-4. Nose S e c t i o n s  w i t h  
S p h e r i c a l  T i p s .  1) C u r v i l i n e a r  gene- 
r a t r i x ;  2 )  s p h e r i c a l  nose ;  3) t a n g e n t  
r e c t i l i n e a r  g e n e r a t r i x ;  4) s e c a n t  r e c -  
t i l i n e a r  g e n e r a t r i x .  

The s p h e r i c a l  
body,  whose g e n e r a t r i x  
e q u a t i o n  d e r i v e s  from 
(11-1-7) w i t h  t h e  con- 
d i t i o n  t h a t  n = 0 ,  i s  
a v a r i e t y  o f  t h e  power- 
l a w  nose .  

V e h i c l e s  made i n  
t h e  form o f  a s p h e r e  or 
h a v i n g  a s p h e r i c a l  nose  
cap are  ve ry  commonly 
e n c o u n t e r e d .  Here t h e  
g e n e r a t r i x  of  t h e  main 
s e c t i o n  beh ind  t h e  
s p h e r i c a l  nose mag b e  
e i t h e r  c u r v i l i m e a r  or 
s t r a i g h t  ( F i g .  11-1-4). 

Bodies  w i t h  r e c t i l i n e a r  g e n e r a t r i c e s  i n  t h e  form o f  a cone are 
most common. The e q u a t i o n  o f  t h i s  g e n e r a t r i x  

(11-1-8) 

where r = Rb cos  6 x = Rb c o t  (3, cos  6,; Rb and 6 are ,  
r e s p e c t i v e l y ,  t h e  r a d i u s  o f  t h e  s p h e r e  and t h e  i n c l i n a t i o n  a n g l e  
of t h e  cone g e n e r a t r i x .  If a c y l i n d r i c a l  s e c t i o n  f o l l o w s  a s p h e r i -  
c a l  nose  ( F i g .  II-l-5), t h e n  6, = 0 and r = r 
s u r f a c e  of t h e  s p h e r i c a l  nose  i s  t a n g e n t  to t h e  c y l i n d e r .  

b c '  b C 

= R b ,  i . e . ,  t h e  b 
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F i g u r e  11-1-5. Cyl in-  
d r i c a l  Body w i t h  S p h e r i -  
c a l  Nose. 1) t a n g e n t  
g e n e r a t r i x ;  2 )  s e c a n t  
g e n e r a t r i c .  

The nose  of  a cone or c y l i n d e r  
may a l s o  b e  f i g u r e d  i n  such  a way 
t h a t  t h e i r  s u r f a c e s  are n o t  t a n g e n t  
to t h e  s p h e r e .  I n  t h i s  c a s e ,  t h e  
s p h e r i c a l  nose i s  s e c a n t  ( F i g .  
11-1-5). 

I n v e s t i g a t i o n  of f low o v e r  
s p h e r i c a l  nose t i p s  makes use  of  t h e  
g e n e r a t r i x  e q u a t i o n  o f  t h e  s p h e r i c a l  
n o s e ,  which can  b e  d e r i v e d  from t h e  
o g i v e  e q u a t i o n  (11-1-1) by s e t t i n g  - 

= R = R  Then m i d  b' = x  m i d  r 

- 
where r = r / R  x = x/Rb. b '  

The s l o p e  of  t h e  t a n g e n t  to a g i v e n  p o i n t  of  t h e  g e n e r a t r i x ,  
r e f e r r e d  to t h e  a x i s ,  i s  

(11 -1 -10)  

The s p h e r i c a l  b l u n t i n g  form i n c o r p o r a t e s  two fami l ies  o f  /49 
t i p s  made i n  t h e  form o f  s e c a n t  and t a n g e n t  s p h e r e s .  A t a n g e n t  
s p h e r i c a l  nose  i s  c h a r a c t e r i z e d  b y  t h e  s p h e r e  r a d i u s  R b .  If i t  
i s  z e r o ,  t h e  b l u n t n e s s  w i l l  be " z e r o "  and ,  c o n s e q u e n t l y ,  t h e  nose 
w i l l  b e  s h a r p  ( F i g .  11-1-6). The d imens ions  o f  t h e  nose t i p  i n -  
c r e a s e  w i t h  i n c r e a s i n g  r a d i u s .  Here t h e  maximum v a l u e  o f  t h i s  
r a d i u s  f o r  g i v e n  r m i d  and B e  i s  Rb = rmid/cos 6,. 

If w e  c o n s i d e r  a f l a t  f a c e  
on a cone or c y l i n d e r ,  a b l u n t e d  
nose  c o n s t r u c t e d  on t h i s  f l a t  
f a c e  w i t h  r a d i u s  Rb h a s ,  i n  t h e  
g e n e r a l  c a s e ,  t h e  shape  o f  a se- 
c a n t  s p h e r e  w i t h  v a r i o u s  r a d i i  
( F i g .  1 1 - 1 - 7 ) .  I t s  smallest  
s i z e  i s  R = rb / cos  B e  or Rb = 

= rb ,  w i t h  t h e  former  v a l u e  c o r -  
r e s p o n d i n g  to a s p h e r i c a l  nose  
t a n g e n t  to t h e  s u r f a c e  of  a cone 

b 
F i g u r e  11-1-6. Cone w i t h  V a r -  
i o u s  Degrees o f  S p h e r i c a l  
B l u n t n e s s .  
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and t h e  l a t t e r  to a 
s p h e r i c a l  nose  t a n g e n t  
to a c y l i n d r i c a l  s u r f a c e .  

I f  t h e  b l u n t  s u r -  
f a c e  i s  f l a t ,  i . e . ,  made 
i n  t h e  form o f  a f l a t  
f a c e  ( F i g .  I I - 1 - 7 ) ,  i t  can  
be  r e g a r d e d  as a s p h e r e  
of  i n f i n i t e  r a d i u s .  F i g u r e  11-1-7. Cone ( a )  and 

C y l i n d e r  ( b )  w i t h  S p h e r i c a l  and 
F ' l a t  B l u n t n e s s . 1 )  s e c a n t  s p h e r i -  
c a l  n o s e ;  2 )  t a n g e n t  s p h e r i c a l  
n o s e ;  3) f l a t  f a c e .  s h a p e s  t h a t  can  be  

a r i e s  o f  t h e  r ange  c o n t a i n i n g  t h e  o t h e r  p o s s i b l e  s h a p e s .  

The t a n g e n t  s p h e r i c a l  
nose  and t h e  f l a t  f a c e  are  
two c h a r a c t e r i s t i c  b l u n t  

r e p r e s e n t e d  as t h e  bound- 

These two c h a r a c t e r i s t i c  forms a re  a l s o  o f  i n t e r e s t  i n  i n -  
v e s t i g a t i o n  o f  t h e  aerodynamics o f  b l u n t  b o d i e s  w i t h  i n t e r m e d i a t e  
nose  s h a p e s ,  s i n c e  t h e y  e n a b l e  us  to e v a l u a t e  t h e  ex t reme v a l u e s  
o f  t h e  v a r i o u s  aerodynamic p a r a m e t e r s  t h a t  t h e y  p o s s e s s .  

The s p h e r i c a l  nose and t h e  f l a t  f a c e  may be r e g a r d e d  as p a r -  
t i c u l a r  c a s e s  of  t h e  e l l i p t i c a l  s u r f a c e .  F i g u r e  11-1-8 r e p r e -  
s e n t s  a cone and a c y l i n d e r  w i t h  t h i s  t y p e  o f b l u n t n e s s .  The geo- 
m e t r i c a l  c h a r a c t e r i s t i c s  of  t h e  e l l i p t i c a l  nose are  i t s  ma jo r  and 
minor  a x e s ,  which may b e  d i f f e r e n t l y  o r i e n t e d .  F i g u r e  11-1-8 
shows t h e  p a r t i c u l a r  c a s e  i n  which t h e  major  a x i s  i s  pe rpend icu -  
l a r  to t h e  a x i s  of  t h e  body. I f  t h e  two axes  a re  e q u a l ,  t h e  
ellipticalbluntnessbecomes s p h e r i c a l .  When t h e  minor  a x i s  i s  
z e r o ,  t he  e l l i p t i c a l  s u r f a c e  d e g e n e r a t e s  i n t o  a p l a n e .  

L ike  a s p h e r i c a l b l u n t n e s s , t h e  e l l i p t i c a l  nose  may b e  e i t h e r  
s e c a n t  o r  t a n g e n t .  I n  t h e  l a t t e r  c a s e ,  t h e  r a d i u s  Rb o f  t h e  
smaller  base of t h e  cone i s  n o t ,  g e n e r a l l y  s p e a k i n g ,  e q u a l  to t h e  / 5 O  
s e m i a x i s  a p p l y i n g  to i t .  T h i s  e q u a l i t y  i s  obse rved  s t r i c t l y  when - 
t h e  nose  i s  f a i r e d  i n t o  t h e  c y l i n d e r .  It can  a l s o  b e  used i n  ap- 
p r o x i m a t i o n  f o r  a cone w i t h  a small  a n g l e  B . 

C 

Yet a n o t h e r  s u r f a c e  form,  t ha t  shown i n  F i g .  11-1-9, may b e  
c . i t ed  a l o n g  w i t h  t h e  b l u n t n e s s  forms i n d i c a t e d  above.  The b l u n t -  
n e s s  shown h e r e  t a k e s  t h e  form o f  a f l a t  f a c e  w i t h  a c i r c u l a r  b e v e l  
of r a d i u s  r. - When r = rb ,  t h e b l u n t n e s s  becomes s p h e r i c a l ;  when 
r = 0 ,  t h e  s u r f a c e  becomes a f l a t  f a c e .  

Fo r  a g i v e n  nose  t y p e ,  t h e  aerodynamic c h a r a c t e r i s t i c s  o f  a 
b l u n t  body depend s t r o n g l y  on t h e b l u n t n e s s r a t i o ,  a t e r m  t h a t  w e  
s h a l l  h e n c e f o r t h  a p p l y  to t h e  r a t i o  o f  t h e  nose  base r a d i u s  r to 
t h e  r a d i u s  rmid of  t h e  b o d y ' s  l a r g e s t  c r o s s  s e c t i o n .  

b 
A l s o  
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F i g u r e  11-1-8. Cone ( a )  and 
Cy l inde r  ( b )  w i t h  E l l i p t i -  
c a l  B l u n t n e s s .  

F i g u r e  11-1-9. Cone ( a )  and 
C y l i n d e r  ( b )  w i t h  B l u n t n e s s  
i n  t h e  Form of  a F l a t  Face  
w i t h  a C i r c u l a r  Bevel .  

t ha t  t h e  q u a n t i t y  r = r/rb, 

i m p o r t a n t  i s  t h e  g e o m e t r i c a l  
pa rame te r  o f  t h e  b l u n t n e s s  i t s e l f .  
For  a s p h e r i c a l  nose ,  t h i s  param- 
e t e r  i s  t h e  r a t i o  ( R b ) t a n  R b ,  

where ( R b l t a n  i s  t h e  r a d i u s  of  
t h e  t a n g e n t  s p h e r i c a l  nose .  T h i s  
pa rame te r  v a r i e s  from 1 to 0 .  For  
an  e l l i p t i c a l  nose ,  t h i s  param- 
e t e r  might  b e  t h e  s e m i a x i s  r a t i o  
5 = b/a ,  which v a r i e s  f o r  a c y l i n -  
d r i c a l  body i n  t h e  range  0 < b - < 1 
and f o r  a c o n i c a l  body i n  t s e  
r ange  0 < b < 1. 

For s m a l l  a n g l e s  8, o f  con i -  
c a l  b o d i e s ,  i t  i s  conven ien t  t o  
t ake  t h e  nose h e i g h t  A ( s e e  F i g .  
11-1-7) as one of  i t s  c h a r a c t e r i s -  

b t i c  dimensions and t h e  r a d i u s  r 
as t h e  o t h e r .  Then t h e  b l u n t n e s s  
pa rame te r  can b e  d e f i n e d  as the  
r a t i o  A = A / r b ,  which can vary  i n  
t h e  r ange  0 - < - < 1. 

We see from F i g .  11-1-9 
which w i l l  va ry  i n  t he  range  1 - < r - < 

- < 0 f o r  c y l i n d r i c a l  b o d i e s  and c o n i c a l  b o d i e s  w i t h  s m a l l  can  
be  t a k e n  as t h e  pa rame te r  f o r b l u n t n e s s i n  t h e  form of  a f l a t  f a c e  

F i g u r e  11-1-10. Forms of  V e h i c l e  Bodies  
w i t h  A i r  I n t a k e s .  a )  c i r c u l a r ;  b )  s e m i -  
c i r c u l a r ;  e )  a n n u l a r .  

w i t h  a c i r c u l a r  b e v e l .  

C e n t e r  s e c t i o n .  The c e n t e r  s e c t i o n  o f  t h e  body i s  u s u a l l y  
made i n  t h e  form o f  a c y l i n d e r .  A t  t h e  same t i m e ,  i t  may b e  made 
i n  some c a s e s  i n  t h e  form of a t r u n c a t e d  cone w i t h  a s m a l l  
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g e n e r a t r i x  i n c l i n a t i o n .  On v e h i c l e s  w i t h  j e t  e n g i n e s  ( J E ) ,  t h e  
body c e n t e r  s e c t i o n  may have e i t h e r  a n  a n n u l a r  s h o u l d e r  or one 
or more s e c t o r  s h o u l d e r s  t o  p r o v i d e  f o r  accomodat ion  05' a i r  i n -  
t a k e s  ( F i g .  11 -1 -10) .  

1 

F i g u r e  11-1-11. Oval 
Body Form w i t h  Two. 
A i r  1 . n t a k e s .  

a )  b )  

F i g u r e  11-1-12.  Shapes 
o f  T a p e r i n g  T a i l  S e c -  
t i o n .  a )  cone;  b )  t a n -  
g e n t  o g i v a l  ( p a r a b o l i c )  
t a i l  s e c t i o n ;  c )  se- 
c a n t  o g i v a l  ( p a r a b o l i c )  
t a i l  s e c t i o n ;  d )  combi- 

F i g u r e  11-1-13. 
Shape of  Expand- 
i n g  T a i l  S e c t i o n .  
a )  c o n i c a l ;  b )  
o g i v a l .  

n a t i o n  o f  og ive  and cone .  

The body c e n t e r  s e c t i o n  need n o t  b e  symmet r i ca l .  Fo r  ex- 
ample , ' . a  body o f  o v a l  r a t h e r  t h a n  c i r c u l a r  c r o s s  s e c t i o n  ( F i g .  
11-1-11) i s  used  t o  accomodate J E  a i r  i n t a k e s  1. 

T a i l  sec t ion  ( s t e r n ) .  
T h i s  s e c t i o n  s t a n d s  
o u t  from t h e  body as 
t h e  e lement  o f  t h e  body 
whose diameter p r o g r e s -  

_--____ s i v e l y  d e c r e a s e s  (or i n -  
c r e a s e s )  toward t h e  base 0 p@ 

b) s e c t i o n .  

The  main f u n c t i o n  o f  
t h e  t a p e r i n g  t a i l  s e c t i o n  
i s  t o  r e d u c e  t o t a l  d r a g .  
T a p e r i n g  t a i l  shapes  are  

F i g u r e  1 1 - 1 - 1 4 .  Base-Sec t ion  Shapes  shown i n  F i g .  11-1-12 .  
f o r  S o l i d  Bod ies  and Bod ies  w i t h  
Flow P a s s a g e .  a )  c y l i n d r i c a l  s e c -  I n  some c a s e s ,  t h e  
t i o n ;  b )  t a p e r i n g  c o n i c a l  s e c t i o n .  shape  o f  t h e  t a i l  s e c t i o n  

i s  a r r i v e d  a t  from d e s i g n  
c o n s i d e r a t i o n s .  It may 

even  expand. I n  t h e  l a t t e r  c a s e  ( F i g .  11-1-13), t h e  t a i l  s e c t i o n  
h e l p s  improve t h e  s t a b i l i t y  o f  t h e  v e h i c l e ,  a l t h o u g h  i t  i n c r e a s e s  
d r a g .  
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The base s e c t i o n  bounds t h e  body o r  i t s  t a i l  s e c t i o n .  It 
may be . e i t h e r  a c l o s e d  f a c e  s u r f a c e  o r  a f l a t  r i n g  ( F i g .  11-1-14]. 
Sometimes t h e  body i s  p h y s i c a l l y  s o  d e s i g n e d  t h a t  t h e r e  i s  no 
d i s t i n c t  base s e c t i o n .  I n  t h i s  c a s e ,  t h e  base component may p r e -  /52 
s e n t  a s u r f a c e  of  a r b i t r a r y  shape .  Fo r  example,  t h e  powerplan t  
n o z z l e  u n i t  i n f l u e n c e s  t h e  shape  o f  t h e  base s e c t i o n .  F i g u r e  
11-1-15 p r e s e n t s  c e r t a i n  p o s s i b l e  forms of  body base s e c t i o n s  w i t h  
n o z z l e s .  

The forms of  b l u n t e d  and 
s h a r p  nose  s e c t i o n s  and ,  i n  gene- 
r a l ,  t h e  body shapes  t h a t  w e  have 
examined do n o t ,  o f  c o u r s e ,  ex- 
h a u s t  t h e  e n t i r e  v a r i e t y .  We have 
p r e s e n t e d  h e r e  on ly  t h e  s i m p l e s t  
s h a p e s ,  which do ,  t o  a c e r t a i n  de- 
g r e e ,  r e f l e c t  t h i s  v a r i e t y  and are 
t y p i c a l  of  i t .  

a >  

.. . . 
. __ 

$11-2. SHAPES OF LIFTING, CONTROL- F i g u r e  11-1-15. Shapes o f  
Body T a i l  S e c t i o n s  w i t h  
Nozzles .  a )  s i n g l e - n o z z l e  
u n i t ;  b )  fou r -nozz le  u n i t .  

L I N G ,  STABILIZING, AND 
A U X I L I A R Y  SURFACES 

Profile. To a c o n s i d e r a b l e  
d e g r e e ,  t h e  aerodynamic p r o p e r t i e s  

of  a wing are de te rmined  b y  i t s  p r o f i l e  - t h e  c o n t o u r  o f  t h e  wing 
i n  a s e c t i o n  p a s s e d  p e r p e n d i c u l a r  t o  i t s  p l a n e .  T h e  o r i e n t a t i o n  
of  t h e  c u t t i n g  p l a n e  i s  to a c e r t a i n  d e g r e e  a r b i t r a r y :  i t  may be 
p e r p e n d i c u l a r  t o  t h e  l e a d i n g  edge ,  c o i n c i d e  i n  d i r e c t i o n  w i t h  t h e  

Y lu = fU(+) C e n t e r l i n e  
Y1, + Y11 

“n =-z 

4 

/ 

XCf  

4 
p- 

G 
4 -  

F i g u r e  11-2-1 .  A r b i t r a r y  Wing P r o f i l e  i n  Uniform 
Und i s tu rbed  Flow a t  Angle of  A t t ack  a .  

r o o t  chord ,  e t c .  

I n  g e n e r a l ,  a p r o f i l e  may have a c u r v i l i n e a r  shape  and no 

= f U ( x l )  and y l l  = f l ( x  ) o f  the  upper  and lower 
symmetry ( F i g .  1 1 - 2 - 1 ) .  The shape  of  a p r o f i l e  i s  g i v e n  b y  t h e  
e q u a t i o n s  y 
p a r t s ,  r e s p e c t i v e l y ,  o f  i t s  c o n t o u r .  

l U  1 
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The p r i n c i p a l  g e o m e t r i c  p a r a m e t e r s  o f  t h e  p r o f i l e  a r e  i n d i -  
c a t e d  i n  F i g .  11-2-1. We u s u a l l y  d e a l  w i t h  d i m e n s i o n l e s s  param- 
e t e r s :  t h e  maximum t h i c k n e s s  r a t i o  b = A/b; t h e  d i m e n s i o n l e s s  d i s -  
t a n c e  t o  t h e  p o i n t  of maximum t h i c k n e s s  x = xc/b; t h e  camber 

C 
= A /b and t h e  d i m e n s i o n l e s s  d i s t a n c e  t o  i t  x = x / b .  

1 1 c1 c1 

F i g u r e  11-2-2 .  P r o f i l e s  o f  S u p e r s o n i c  L i f t i n g  
and S t a b i l i z i n g  S u r f a c e s .  a )  rhomboid; b )  modi- 
f i e d  rhomboid; c )  l e n t i c u l a r .  

With h o r i z o n t a l  symmetry, t h e  
e q u a t i o n s  of t h e  upper  and lower  
c o n t o u r s  t a k e  t h e  form ( y l )  
= + f ( x , ) ,  where t h e  p l u s  s i g n  ap- 
p l i e s  t o  t h e  upper  c o n t o u r  and t h e  
minus s i g n  t o  t h e  lower .  The cen- 
t e r l i n e  c o i n c i d e s  w i t h  t h e  chord  
and t h e  camber i s  z e r o .  

- - 
u , l  

I n  modern h igh-speed  v e h i c l e  
d e s i g n s ,  t h e  l i f t i n g  and s t a b i l i z -  
i n g  s u r f a c e s  may have one o f  t h e  
f o l l o w i n g  p r o f i l e s :  rhomboid, modi- 
f i e d  rhomboid, or l e n t i c u l a r  ( F i g .  

F i g u r e  11-2-3. Main Geo- 11-2-2) [ 2 3 ] .  
m e t r i c  Parameters o f  Gene- 
r a l i z e d  Wing Planform.  The f i r s t  two p r o f i l e s  are d i s -  

t i n g u i s h e d  b y  s i m p l i c i t y  o f  manu- 
f a c t u r e .  The rhomboid shape  h a s  a n  

advantage  i n  t h a t  i t  makes t h e  wing more r i g i d  t h a n  t h e  mod i f i ed  
shape .  From t h e  aerodynamic s t a n d p o i n t ,  t h e  mod i f i ed  p r o f i l e  h a s  
some a d v a n t a g e s ,  s i n c e  i t  o f f e r s  less d r a g  and a h i g h e r  l i f t / d r a g  
r a t i o  a t  t h e  same w i d t h  as t h e  rhomboid p r o f i l e .  

The  l e n t i c u l a r  p r o f i l e  o f f e r s  even  l e s s  d r a g  t h a n  the  modi- 
f i e d  rhomboid ( a t  a g i v e n  t h i c k n e s s  r a t i o ) .  The wing can  be made 
q u i t e  r i g i d  by a d j u s t i n g  t h e  l e a d i n g -  and t r a i l i n g - e d g e  t a p e r  
a n g l e s .  

When t h e  leading-edge  t a p e r  a n g l e s  a r e  i n c r e a s e d ,  t h e  p o s s i -  
b i l i t y  o f  i n c r e a s e d  wave d r a g  must be  c o n s i d e r e d ,  as w e l l  as i n -  
c r e a s e d  s e n s i t i v i t y  o f  t h e  f low t o  a t t a c k - a n g l e  v a r i a t i o n .  Thus,  
i n c r e a s i n g  t h e  t a p e r  a n g l e s  r e d u c e s  t h e  a t t a c k  a n g l e s  a t  which 
camber a p p e a r s ,  a t  which p o i n t  d r a g  i n c r e a s e s  s h a r p l y ,  f low t e n d s  
to s e p a r a t e ,  and f l i g h t  s t a b i l i t y  d e t e r i o r a t e s .  
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T h e  b a s i c  d i f f e r e n c e  between s u p e r s o n i c  and s u b s o n i c  p ro -  
f i l e s  i s  t h a t  t h e  former  are  symmet r i ca l  w i t h  r e s p e c t  t o  t h e  
chord  w h i l e  t h e  l e a d i n g  edge i s  s h a r p .  The n a t u r e  o f  the  f low and 
t h e  p r e s s u r e  d i s t r i b u t i o n  a t  s u p e r s o n i c  s p e e d s  i s  such  t h a t  cam- 
b e r i n g  of  t h e  p r o f i l e  c e n t e r l i n e ,  which i s  advantageous  a t  sub- 
s o n i c  s p e e d s ,  has no p a r t i c u l a r  m e r i t .  

Planform. Modern a i r c r a f t  have wings w i t h  a wide v a r i e t y  
o f  p l an fo rms .  S e l e c t i o n  o f  t h i s  form depends on the  pu rpose  o f  
t h e  v e h i c l e  and i t s  speed  r a n g e .  I n  s p e c i f y i n g  a wing p l an fo rm,  
n o t  o n l y  i t s  c o n t o u r ,  b u t  a l s o  a11 g e o m e t r i c a l  p a r a m e t e r s ,  b o t h  

' p r i n c i p a l  g e o m e t r i c a l  p a r a m e t e r s  can  b e  o b t a i n e d  from F i g .  11-2-3, 
d i m e n s i o n a l  and d i m e n s i o n l e s s ,  are d e f i n e d .  A n o t i o n  o f  t h e  /54 
which shows a d iagram o f  t h e  wing of  a modern a i r p l a n e .  

The  aerodynamic c o e f f i c i e n t s  o f  a wing o f  s p e c i f i e d  p lanform 
t and a t  a g i v e n  f l i g h t  speed  depend on t h e  sweep a n g l e s  and K 

of t h e  l e a d i n g  and t r a i l i n g  e d g e s ,  r e s p e c t i v e l y ;  t h e  wing a s p e c t  
i s  t h e  wing p l an fo rm)  ; r a t i o  X = R/bmn or X = R2/Swg (Swg 

t h e  root and t i p  chord  r a t i o s .  ( r e s p e c t i v e l y  br t  = brt/bmn, b tp 
= Rbmn - - 

- - btp/bmn).  

A most i m p o r t a n t  g e o m e t r i c a l  c h a r a c t e r i s t i c  w ide ly  used i n  
aerodynamic r e s e a r c h  i s  t h e  mean aerodynamic chord  ( M A C ) .  The 
MAC i s  t h e  chord  o f  a n  e q u i v a l e n t  wing o f  r e c t a n g u l a r  p l an fo rm 
t h a t  has aerodynamic c h a r a c t e r i s t i c s  i d e n t i c a l  to t h o s e  o f  t h e  
g i v e n  wing when i t s  p l an fo rm i s  t h e  same. 

The moment c o e f f i c i e n t  o f  t h e  e q u i v a l e n t  wing 

where x and y are t h e  c o o r d i n a t e s  of  t h e  equ iva len t -wing  l e a d i n g  
edge as reckoned from a I z -ax i s  t h a t  p a s s e s  a c r o s s  t h e  l e a d i n g  edge 
o f  t h e  g i v e n  wing ( F i g .  11-2-3). 

A A 

(1-!5-16'), w e  o b t a i n  
z wg E q u a t i n g  me t o  m 

z wg 
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Thus, t h e  MAC and the  c o o r d i n a t e s  xA and yA w i l l ,  s t r i c t l y  
s p e a k i n g ,  depend as i n t e g r a l  q u a n t i t i e s  on t h e  d i s t r i b u t i o n  o f  
l o c a l  aerodynamic p a r a m e t e r s  o v e r  t h e  wingspan.  I n  p r a c t i c e ,  i t  
i s  assumed t h a t  t h e  MAC and t h e  c o o r d i n a t e s  x A and yA depend o n l y  
on t h e  g e o m e t r i c a l  c h a r a c t e r i s t i c s  o f  t h e  wing. Accord ingly ,  t h e  
mean aerodynamic chord  

and t h e  c o o r d i n a t e s  

For  a swept wing w i t h  t i p  edges  p a r a l l e l  t o  t h e  r o o t  c h o r d ,  

where T-I = bYt/btp i s  t h e  r e c i p r o c a l  t a p e r  o f  t h e  wing. 

The r e l a t i v e  c o o r d i n a t e  

where A i s  t h e  wing a s p e c t  r a t i o .  

T h e  lead ing-edge  sweep a n g l e  x, i s  r e l a t ed  as f o l l o w s  t o  t h e  /55 - 
I 

sweep a n g l e  xn  on an  n th-of -chord  - l i n e  (see F i g .  11-2-3):  
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The  c e n t e r  o f  p r e s s u r e  or t h e  wing aerodynamic c e n t e r  i s  
reckoned i n  p r a c t i c e  from t h e  o r i g i n  of  a mean aerodynamic chord 
r u n n i n g  a l o n g  t h e  w i n g ' s  root chord  ( see  F i g .  11-2-31. 

F i g u r e  11-2-4. T y p i c a l  Wing Planforms of  
Modern High-speed A i r c r a f t .  

U s e  o f  t h e  mean aerodynamic chord  as a c h a r a c t e r i s t i c  geo- 

I 
m e t r i c a l  p a r a m e t e r  i s  c o n v e n i e n t  i n  t h a t  t h e  l e n g t h  of  t h i s  chord  
and t h e  p o s i t i o n  o f  t h e  aerodynamic ( p r e s s u r e )  c e n t e r  w i t h  r e -  
s p e c t  to i t s  l e a d i n g  edge remain  a lmos t  unchanged w i t h  changes i n  

~ wing p lan fo rm i f  wing area i s  p r e s e r v e d .  

T y p i c a l  wing p lanforms o f  modern high-speed a i r c r a f t  a p p e a r  
i n  F i g .  11-2-4. A c h a r a c t e r i s t i c  f e a t u r e  of  a l l  wings i s  t h e  p r e -  
s ence  o f  l ead ing -edge  sweep, whose p r i n c i p a l  pu rpose  i s  to lower  
d r a g  by l o w e r i n g  t h e  normal  v e l o c i t y  component o f  t h e  u n d i s t u r b e d  
oncoming f low (Van = Vw cos  x). 

For v e h i c l e s  d e s i g n e d  f o r  s u b s o n i c  f l i g h t ,  a g e n e r a l  d e c r e a s e  
i n  d r a g  s h i f t s  shock s t a l l  ( t h e  "sound b a r r i e r " )  to h i g h e r  s p e e d s .  

I For s u p e r s o n i c  a i r c r a f t  w i t h  s t r o n g l y  swept wings ,  t h e  p a s s -  
age th rough  t h e  sound b a r r i e r  i s  smoother ,  w i t h o u t  any s u b s t a n t i a l  
i n c r e a s e  i n  d r a g ;  t h i s  i s  p a r t i c u l a r l y  i m p o r t a n t  to p r e s e r v e  
f l i g h t  s t a b i l i t y .  

A t  s u p e r s o n i c  s p e e d s ,  wing aerodynamic c h a r a c t e r i s t i c s  depend 
s t r o n g l y  on whether  t h e  l e a d i n g  edge i s  s u b s o n i c  or s u p e r s o n i c .  

A l e a d i n g  edge i s  c a l l e d  s u b s o n i c  i s  i t  l i e s  i n s i d e  a Mach 
cone w i t h  i t s  apex a t  t h e  fo rward  p o i n t  o f  t h e  wing ( F i g .  11-2-5), 
s i n c e  t h e  oncoming-flow v e l o c i t y  component normal  to t h e  edge w i l l  
t h e n  b e  smal le r  t h a n  t h e  speed  o f  sound ( V  < anm, Mnm < 1). nm 

Thus,  t h e  wing i s  i n  subson ic - f low c o n d i t i o n s ,  i n  which a 
s h a r p  l e a d i n g  edge i s  n o t  advan tageous .  Flow c o n d i t i o n s  can  b e  
improved and b e t t e r  aerodynamic c h a r a c t e r i s t i c s ,  e . g . ,  a l a r g e r  
l i f t / d r a g  r a t i o ,  can  b e  o b t a i n e d  by r o u n d i n g  t h e  l e a d i n g  edge 
s l i g h t l y  . 



Aerodynamic c h a r a c t e r i s t i c s  w i l l  improve owing to t h e  f o r -  
ma t ion  of a vacuum i n  t h e  v i c i n i t y  o f  t h e  l e a d i n g  edge ,  l e a d i n g  
to t he  fo rma t ion  of a s u c t i o n  f o r c e  and ,  c o n s e q u e n t l y ,  r e d u c e d  
d r a g .  

It s h o u l d  b e  remembered 
t h a t  d r a g  can  b e  lowered on ly  

which depends on a t t a c k  a n g l e ,  
h a s  been  p r o p e r l y  s e l e c t e d .  On 

v a l u e s  o f  these  p a r a m e t e r s ,  no 
r e d u c t i o n  of  d r a g  i s  o b t a i n e d .  
T h i s  i s  b e c a u s e ,  f o r  example,  a t  
r educed  r a d i i  o f  c u r v a t u r e  and 
l a r g e r  a t t a c k  a n g l e s ,  f low 
s e p a r a t e s  and d r a g  r i ses .  

tLn>a .&Ls~ i f  t h e  r a d i u s  o f  c u r v a t u r e ,  
a >  b )  

ILn-,(M,,<j yT\ -_ !z -.. //CC d e v i a t i o n  from c e r t a i n  optimum 
Vm G 

A wing leading edge i s  

F i g u r e  11-2-5.  Na tu re  of  Wing 
Edges i n  S u p e r s o n i c  F l i g h t .  
a )  l e a d i n g ,  t r a i l i n g ,  and 
l a t e r a l  edges  s u b s o n i c ;  b )  
same edges  s u p e r s o n i c .  

c a l l e d  s u p e r s o n i c  if i t  l i e s  
o u t s i d e  t h e  Mach cone (see F i g .  
I I - 2 - 5 b ) ,  s i n c e  t h e  Mach number 
of t h e  f low w i l l  t h e n  be  g r e a t e r  
t h a n  u n i t y  i n  t h e  d i r e c t i o n  o f  
t h e  normal  to t h e  edge .  I n  
view of t h e  p e c u l i a r r t i e s  o f  
s u p e r s o n i c  f l o w ,  i t  i s  d e s i r -  

ab le  t h a t  t h e  l e a d i n g  edge  be  s h a r p .  

L i k e  t h e  l e a d i n g  e d g e ,  t h e  t r a i l i n g  and l a t e r a l  edges  may 
a l s o  b e  s u b s o n i c  or s u p e r s o n i c ,  w i t h  s t r o n g  e f f e c t s  on f low o v e r  
t h e  wing. 

Mach a n g l e  ( s e e  F i g .  11-2-5a) w i t h  t h e  w i n g ' s  h o r i z o n t a l  a x i s  o f  
symmetry. The d i s t r i b u t i o n  of  v e l o c i t y  and p r e s s u r e  on t h e  wing 
i n s i d e  t h e  Mach a n g l e  depends on t h e  t i p  l o s s e s  a s s o c i a t e d  w i t h  
f low o f  a i r  a c r o s s  t h e  s i d e  edge when i t  i s  s u b s o n i c  (see F i g .  
II-2-5aY l a t e r a l  s u b s o n i c  edge i n s i d e  Mach c o n e ) .  T h i s  ove r f low 
e f f e c t  r e d u c e s  l i f t  i n  t h i s  p a r t  o f  t h e  wing. 

A s u b s o n i c  t r a i l i n g  edge forms a n  a n g l e  smaller t h a n  t h e  

To e l i m i n a t e  t h e  u n f a v o r a b l e  e f f e c t  o f  t h e  l a t e r a l  edge ,  i t  
i s  made s u p e r s o n i c ,  i . e . ,  p l a c e d  o u t s i d e  t h e  Mach cone (see F i g .  
11-2-5b). 

Another  e f f e c t  a s s o c i a t e d  w i t h  t h e  p r e s e n c e  o f  a s u b s o n i c  
edge c o n s i s t s  i n  i t s  h a v i n g  an  i n f l u e n c e ,  i n  many c a s e s  unfavor-  
ab l e ,  ove r  t h e  e n t i r e  s e c t i o n  o f  t h e  wing i n s i d e  t h e  Mach a n g l e .  
To e l i m i n a t e  t h i s  e f f e c t ,  t h e  t r a i l i n g  edge i s  made s u p e r s o n i c  by 
g i v i n g  i t  a n  i n c l i n a t i o n  a n g l e  l a r g e r  t h a n  t h e  Mach a n g l e  ( see  
F i g .  11-2-5b) .  
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W e  may conclude  from t h e  above t h a t  w i t h  an  a p p r o p r i a t e l y  
s e l e c t e d  wing p l an fo rm,  t h e  n e c e s s a r y  aerodynamic c h a r a c t e r i s t i c s  
can  b e  s e c u r e d .  A s  w e  see from F i g .  1 1 - 2 - 4 ,  v a r i o u s  wing forms 
w i t h  s t r a i g h t  l e a d i n g  edges  can  b e  o b t a i n e d  b y  a p p r o p r i a t e  t r a n s -  
f o r m a t i o n  o f  t h e  d e l t a  wing ( see  F i g .  1 1 - 2 - 4 a ) .  The d e l t a  wing 
h a s  a l l  o f  t h e  d e s i r a b l e  p r o p e r t i e s  o f  wings w i t h  swept l e a d i n g  
edges  and ,  i n  a d d i t i o n ,  a number of  advan tages  t h a t  become impor- 
t a n t  under  c e r t a i n  c o n d i t i o n s  o f  f l i g h t .  

Thus,  i t  has been  e s t a b l i s h e d  t h a t  t h e  s h i f t  o f  t h e  wing 
p r e s s u r e  c e n t e r  i s  v e r y  s m a l l  i n  t h e  t r a n s o n i c  r a n g e ,  s o  t h a t  
t h e  v e h i c l e  i s  eas ie r  to s t a b i l i z e  and c o n t r o l .  The l i f t / d r a g  
r a t i o  of t h e  d e l t a  wing a t  s u p e r s o n i c  s p e e d s  i s  h i g h e r  t h a n  t h o s e  
of c e r t a i n  o t h e r  wings ,  and i n  p a r t i c u l a r  t h a t  o f  t h e  o r d i n a r y  
swept wing ( F i g .  I I - 2 - 4 e ) ,  s i n c e  t h e r e  i s  no d e t r i m e n t a l  t i p  e f -  /57 
f e e t .  F i n a l l y ,  t h e  d e l t a  wing has  c e r t a i n  d e s i g n  advan tages  t h a t  
make i s  p o s s i b l e  to o b t a i n  a s t r o n g e r  and more r i g i d  wing and 
u t i l i z e  t h e  r a t h e r  l a r g e  i n t e r n a l  space  to accomodate equipment 
and f u e l .  S i n c e  t h e  c o n t r o l s  a r e  p l a c e d  a l o n g  t h e  t r a i l i n g  edge ,  
which i s  p e r p e n d i c u l a r  to t h e  a x i s  o f  t he  v e h i c l e ,  t h e y  a r e  more 
e f f e c t i v e .  

A l l  o f  t h e  above advan tages  o f  t h e  d e l t a  wing and c e r t a i n  
o t h e r s  n a t u r a l l y  make t h e i r  appea rance  under  c e r t a i n  f l i g h t  con- 
d i t i o n s .  D e l t a  wings are u s u a l l y  used  f o r  h igh-speed  s u p e r s o n i c  
a i r c r a f t .  W i t h a c h a n g e  i n  f l i g h t  c o n d i t i o n s  or i n  m i s s i o n  of  t h e  
v e h i c l e ,  d e l t a  wings may b e  found i n e f f e c t i v e  and o t h e r  wings m a y  
b e  c a l l e d  f o r .  

F i g u r e  1 1 - 2 - 4  shows p o s s i b l e  wing d e s i g n s  o t h e r  t h a n  t h e  
d e l t a  wing. Each o f  t h e s e  may b e  r e g a r d e d  as an improved v e r s i o n  
o f  t h e  d e l t a .  

F i g u r e s  1 1 - 2 - 4 ,  b and e ,  show t e t r a g o n a l  wings.  The  p r e s s u r e  
c e n t e r  has been  s h i f t g d  forward  i n  t h e  f i r s t  wing and a f t  i n  t h e  
second .  The  f i r s t  wing has t h e  s m a l l e r  l i f t ,  and t h e  second a 
somewhat l a r g e r  l i f t .  

The p e n t a g o n a l  wing shown i n  F i g .  11-2-4d has p r o p e r t i e s  
q u i t e  s i m i l a r  to t h o s e  of t h e  d e l t a  i f  t h e  t i p  rake i s  s m a l l .  A l -  
though i t  does  r e d u c e  t h e  l i f t i n g - s u r f a c e  area s l i g h t l y ,  t h i s  
rake e l i m i n a t e s  t h e  s h a r p  t i p ,  which i s  n o t  on ly  s t r u c t u r a l l y  
weak b u t  i s  s t r o n g l y  a f f e c t e d  by h e a t i n g .  

Two o t h e r  m o d i f i c a t i o n s  ( s e e  F i g s .  11-2-4 ,  e and f) are  
c l a s s e d  as hexagona l  wings ,  which have c h a r a c t e r y s t i c s s i m i l a r  to 
t h o s e  o f  t h e  t e t r a g o n  i f  t h e  t i p  rake i s  s m a l l .  

An i m p o r t a n t  p r o p e r t y  o f  p e n t a g o n a l  and hexagonal  wings w i t h  
a d e q u a t e l y  deve loped  t i p  chords  c o n s i s t s  i n  t h e  f a c t  t h a t  t h e  
f low o v e r  areas of  t he  wing n e a r  t h e  t r a i l i n g  edges  w i l l  depend 
t o  a ma jo r  d e g r e e  on t h e  f low ove r  t h e  l a t e r a l  edges ;  t h i s  must 
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be t a k e n  i n t o  accoun t  i n  d e s i g n i n g  t h e s e  wings .  

F i g u r e  11-2-4gshows a d iagram of  an  o c t a g o n a l  wing w i t h  a 
b r o k e n - l i n e  l e a d i n g  edge .  T h i s  wing may be r e g a r d e d  as a combi- 
n a t i o n  of swept  and d e l t a  wings .  It has t h e  p r o p e r t y  t h a t  t h e  
p o s i t i o n  of  t h e  c e n t e r  o f  p r e s s u r e  undergoes  p r a c t i c a l l y  no 
change i n  t r a n s o n i c  f l i g h t ,  i n  c o n t r a s t  to t h e  c a s e  o f  t h e  o r d i -  
n a r y  swept  wing, i n  which t h e  c e n t e r  of  p r e s s u r e  s h i f t s  toward 
t h e  l e a d i n g  edge w i t h  i n c r e a s i n g  speed .  

R e c t a n g u l a r  wings w i t h  t h e  u s u a l  a s p e c t  r a t i o s  are  n o t  w ide ly  
used .  The b a s i c  r e a s o n s  f o r  t h i s  a re  t h e i r  s u b s t a n t i a l  d r a g ,  
which r i s e s  s h a r p l y  w i t h  t h e  approach  of  t h e  sound b a r r i e r ,  which 
i s  obse rved  a t  c o m p a r a t i v e l y  low MW < 1, p l u s  t h e  s u b s t a n t i a l  
s h i f t  o f  t h e  c e n t e r  o f  p r e s s u r e  i n  t h e  t r a n s o n i c  spee.d r a n g e .  

R e c t a n g u l a r  wings o f  s m a l l  a s p e c t  r a t i o  have r e c e n t l y  come 
i n t o  use as l i f t i n g  and c o n t r o l l i n g  e l e m e n t s  i n  d e s i g n s  f o r  h igh-  
speed  a i r c r a f t .  Owing to t h e  f a v o r a b l e  i n t e r f e r e n c e  w i t h  t h e  
body, such  wings have q u i t e  good aerodynamic c h a r a c t e r i s t i c s .  

S e l e c t i o n  o f  t he  wing p l an fo rm i s  one o f  t h e  most c r i t i c a l  
p o i n t s  i n  e l a b o r a t i o n  o f  a v e h i c l e  d e s i g n ;  i t  must be  based  on 
thorough t h e o r e t i c a l  and e x p e r i m e n t a l  s t u d i e s  t h a t  t a k e  accoun t  
o f  t he  v e h i c l e ' s  m i s s i o n  and i t s  s p e c i f i c  f l i g h t  c o n d i t i o n s .  

The a n n u l a r  wing.  Annular  wings are used  as t a i l  and l i f t -  
i n n  s u r f a c e s  ( F i g .  11-2-6). Such a wing i s  c h a r a c t e r i z e d  by t h e  

- /58 
p r G f i l e  s e t t i n g  a n g l e  a ,  w i t h  r e s p e c t  to t h e  l o n g i t u d i n a l  a x i s  of  
symmetry, by t h e  r a d i u s  r, o f  t h e  c i r c l e  p a s s i n g  a c r o s s  t h e  t r a i l -  
i n g  edges  of  t h e  s e c t i o n s  ( t h e  "base" r a d i u s ) ,  and by t h e  a s p e c t  
r a t i o  2 r , / b  ( b  - i s  the  p r o f i l e  c h o r d ) .  The v e h i c l e  can  be made 
smaller t r a n s v e r s e l y  a t  a g i v e n  l i f t  by u s i n g  t h e  a n n u l a r  wing. 
The r i g i d i t y  of t h e  wing p r a c t i c a l l y  e l i m i n a t e s  f l u t t e r .  

The l o n g i t u d i n a l  
symmetry o f  t h e  wing 
makes it easy to c r e a t e  
c o n t r o l l i n g  f o r c e s  i n  any 
d i r e c t i o n  w i t h  no r o l l ,  
s o  t h a t  m a n e u v e r a b i l i t y  
i s  h i g h .  The l a r g e  c r i t -  
i c a l  a t t a c k  a n g l e s  a l l o w  
r e l i a b l e  per formance  o v e r  
a b road  r ange  of  a t t a c k  
a n g l e s .  The p l a t e  (py- I 

F i g u r e  11-4-6. Annular  Wing. l o n )  wing mounts t e n d  to 
i n c r e a s e  t h e  l i f t  of  t h e  
a n n u l a r  wing.  The py lons  

a l s o  a c t  as s t a b i l i z e r s  f o r  weathercock  and l o n g i t u d i n a l  s t a t i c  
s t a b i l i t y .  



The advan tages  o f  t h e  a n n u l a r  wing become p a r t i c u l a r l y  sen-  
s i b l e  when i t  i s  mounted on a j e t - e n g i n e d  v e h i c l e ;  i t  i s  t h e n  
used  s i m u l t a n e o u s l y  as a d e v i c e  to t a k e  i n  a tmosphe r i c  a i r .  It 
i s  a l s o  h e l p f u l  f o r  v e h i c l e s  t ha t  t a k e  o f f  v e r t i c a l l y  o r  from 
s m a l l  areas.  

The d i s a d v a n t a g e s  o f  t h e  a n n u l a r  wing i n c l u d e  t h e  weaker ( b y  
comparison w i t h  t h e  f l a t  wing)  dependence of l i f t  on a t t a c k  a n g l e  
and t h e  d r a g  i n c r e a s e  from t h e  p y l o n s .  The a n n u l a r  wing does  n o t  
e n s u r e  t r a n s v e r s e  s t a b i l i t y  o f  t h e  v e h i c l e .  Its l i f t  i s  lowered 
owing t o  u n f a v o r a b l e  i n t e r f e r e n c e  w i t h  t h e  body. T h i s  a d v e r s e  
e f f e c t  becomes more pronounced t h e  c l o s e r  t ne  wing t o  t h e  body. 

W i n g  t w i s t .  The aerodynamic c h a r a c t e r i s t i c s  o f  a wing may 
be improved w i t h  t h e  a i d  of  t w i s t ,  which takes two forms - a e r o -  
dynamic and g e o m e t r i c .  

T h e  aerodynamic- twis t  method c o n s i s t s  i n  s h i f t i n g  t h e  p o i n t  
o f  g r e a t e s t  p r o f i l e  t h i c k n e s s  a l o n g  t h e  span  of  t he  wing ( w i t h  
r e s p e c t  - t o  t h e  l e a d i n g  e d g e ) ,  i . e . ,  i n  v a r y i n g  t h e  d i s t a n c e  r a t i o  
x = xc/b ( s e e  F i g .  11-2-1). T h e  wing remains  f l a t .  

In g e o m e t r i c  t w i s t ,  t h e  r e l a t i v e  d imens ions  o f  t h e  p r o f i l e  
r ema in  c o n s t a n t ,  b u t  t h e  a n g l e  formed by t h e  p r o f i l e  chord  w i t h  
t he  d i r e c t i o n  of  t h e  root chord i s  v a r i e d  a l o n g  t h e  span .  Thus,  
t h e  wing i s  " t w i s t e d , "  a c q u i r i n g  t h e  shape  o f  a curved  s u r f a c e .  

C 

The b a s i c  pu rpose  of  t h e  t w i s t  i s  to c r e a t e  b e t t e r  f low con- /59 
d i t i o n s  o v e r  t h e  t i p  areas of t h e  wing,  c o n d i t i o n s  t h a t  p r o v i d e  
a more f a v o r a b l e  p r e s s u r e  d i s t r i b u t i o n  and ,  as a consequence,  a 
l a r g e r  l i f t / d r a g  r a t i o  of  t h e  wing and improved s t a b i l i t y  cha r -  
a c t e r i s t i c s .  T h e  same purpose  i s  s e r v e d  b y  c e r t a i n  a u x i l i a r y  
s u r f a c e s  mounted on t h e  wing,  such as t h e  boundary- layer  f e n c e  
and t h e  lead ing-edge  d o g l e g .  

F i g u r e  11-2-7. Half-Wing F i g u r e  11-2-8. Shape of  
(1) w i t h  Boundary-Layer Wing w i t h  Dogleg. 1) dog- 
Fences ( 2 ) .  l e g ;  2 )  "bead."  



Boundary-layer fences a r e  s m a l l  p r o j e c t i o n s  on t h e  t o p  of  t h e  
wing, r u n n i n g  p a r a l l e l  to t h e  v e h i c l e  l o n g i t u d i n a l  a x i s  ( F i g .  
1 1 - 2 - 7 ) .  Each h a l f  o f  t h e  wing c a r r i e s  2-3 such  f e n c e s .  T h e i r  
pu rpose  i s  to p r e v e n t  t h e  boundary l a y e r  from o v e r f l o w i n g  span-  
wise and to r e d u c e  t i p  s e p a r a t i o n .  

The boundary- layer  f e n c e s  may b e  r e p l a c e d  by a n o t h e r  d e v i c e ,  
a "dogleg"  on t h e  f r o n t  o f  t h e  wing ( F i g .  11-2-8) t h a t  a l s o  p r e -  
v e n t s  c r o s s f l o w  of  t h e  boundary l a y e r .  The f r o n t  o f  t h e  ou tboa rd  
p a r t  o f  t h e  d o g l e g  i s  l i p p e d  ("beaded")  t o  p r o v i d e  smoother  f low 
w i t h o u t  boundary- layer  s e p a r a t i o n  a t  l a r g e  a n g l e s  o f  a t t a c k .  

A u x i l i a r y  s u r f a c e s  and aerodynamic and g e o m e t r i c  twis t  may 
be used  e i t h e r  i n d e p e n d e n t l y  o r  i n  combina t ion  w i t h  one a n o t h e r .  
For  example,  t h e  t w i s t  may be  combined - a e r o d y n a m i c  and g e o m e t r i c  
s i m u l t a n e o u s l y .  These ways to improve wing e f f i c i e n c y  are  used  
b a s i c a l l y  f o r  s u b s o n i c  v e h i c l e s  and a r e  n o t  e f f e c t i v e  enough a t  
s u p e r s o n i c  s p e e d s .  

S u p e r s o n i c  wings are u s u a l l y  f l a t  and may, i n  some c a s e s ,  
have a s l i g h t  aerodynamic t w i s t .  

Placement of wings a n d  tailplanes on body. On v e h i c l e s  t h a t  
are n o t  d e s i g n e d  f o r  e x t e n s i v e  midcourse  maneuvering and have t h e  
c o n v e n t i o n a l  s o - c a l l e d  a i r p l a n e  l a y o u t ,  t h e  r u l e  i s  to use  t h e  
monoplane a r rangement  o f  t h e  wings on t h e  body ( F i g .  11-2-gc) .  
The wings may be p i v o t e d  or f i t t e d  w i t h  a i l e r o n s  to c r e a t e  con- 
t r o l l i n g  f o r c e s  f o r  d i r e c t i o n a l  maneuvering w i t h  a s i m u l t a n e o u s  
r o l l i n g  mot ion .  

Of t h e  f o u r  forms of t h e  monoplane c o n f i g u r a t i o n  - low-wing, 
mid-wind, high-wing and p a r a s o l  ( s e e  F i g .  11-2-9 ,  b2 1, d, e> - 
t h e  mid-wing c o n f i g u r a t i o n  i s  most o f t e n  e n c o u n t e r e d  i n  h igh -  
speed  d e s i g n s .  It p r o v i d e s  b e t t e r  f low c o n d i t i o n s  where t h e  wing 
meets  t h e  body, w i t h  l e s s  tendency  to boundary- layer  s e p a r a t i o n .  

1 -  i / 6 0  

The monoplane c o n f i g u r a t i o n  can b e  improved b y  i n t r o d u c i n g  
d i h e d r a l  - p o s i t i v e  or n e g a t i v e  ( s e e  F i g .  1 1 - 2 - 9 ,  f. a n d a ) .  A 
p o s i t i v e  d i h e d r a l  a id s  i n  improving  s t a t i c  t r a n s v e r s e  s t a b i l i t y ,  
w h i l e  n e g a t i v e  d i h e d r a l  t e n d s  to r educe  i t .  Nega t ive  d i h e d r a l  i s  
used f o r  swept wings i n  o r d e r  to b r i n g  down t h e  h i g h  d e g r e e  o f  
t r a n s v e r s e  s t a b i l i t y  c r e a t e d  by the  wing and t h u s  make c o n t r o l  
eas ie r .  

To  pe rmi t  b road  maneuvering i n  s p a c e ,  v e h i c l e s  a re  f i t t e d  
w i t h  wings i n  t h e  s o - c a l l e d  normal  or c r o s s  (+ )  and X c o n f i g u r a -  
t i o n s  ( s e e  F i g .  1 1 - 2 - 9 ,  h and i ) .  These wings a c t  s i m u l t a n e o u s l y  
as c o n t r o l s  o r  a r e  used 50 mouEt c o n t r o l  s u r f a c e s .  I n  t h e  normal  
and X c o n f i g u r a t i o n s ,  d i r e c t i o n a l  maneuvers can  b e  execu ted  w i t h -  

7 2  



F i g u r e  11-2-9. V a r i a n t s  o f  Wing P o s i t i o n i n g  on 
V e h i c l e  Body. a )  b i p l a n e ;  b )  low-wing monoplane; 
c )  mid-wing monoplane; d )  high-wing monoplane; 
e )  p a r a s o l  monoplane; f )  p o s i t i v e  d i h e d r a l ;  g )  
n e g a t i v e  dih.edra1;  h) X ;  i )  c r o s s ;  ( k )  tandem. 

It must be  remembered tha t  n e i t h e r  scheme g i v e s  a l i f t  ad- 
v a n t a g e .  However, t h e  X-wings have c e r t a i n  advan tages  as c o n t r o l s .  
I n  p r a c t i c a l  c a s e s ,  t h e  c o n f i g u r a t i o n  s e l e c t e d  i s  o f t e n  l a r g e l y  
de t e rmined  by s t r u c t u r a l  c o n s i d e r a t i o n s .  

U s u a l l y ,  t h e  wings are mounted symmet r i ca l ly  i n  t h e s e  con- 
f i g u r a t i o n s  and have s h o r t  s p a n s  and s m a l l  areas.  T h e i r  s m a l l  
area p r e d e t e r m i n e s  the  u s e  o f  such  wings f o r  h igh-speed  v e h i c l e s  
w i t h  which c o n s i d e r a b l e  l i f t i n g  and c o n t r o l l i n g  f o r c e s  are gene- 
ra ted .  

When i f  i s  n e c e s s a r y  to i n c r e a s e  l i f t  a t  a g i v e n  wing area 
and s p a n ,  t h e  tandem ar rangement  of  t h e  s u r f a c e s  i s  used ( see  F i g .  
11-2-gk).  Here t h e  r ea r  wings may s i m u l t a n e o u s l y  pe r fo rm t h e  
f u n c t i o n s  o f  t a i l  s u r f a c e s .  

T h e  schemes o f  a t t a c h m e n t  off t h e  t a i l p l a n e s  to t h e  body are  
more v a r i e d  t h a n  t h o s e  f o r  t h e  wings .  T h i s  i s  because  o f  t h e  
s p e c i a l  f u n c t i o n  of t h e  t a i l p l a n e s  as s t a b i l i z i n g  and c o n t r o l l i n g  /61 
e lemen t s  whose shape  and p o s i t i o n i n g  may change s u b s t a n t i a l l y  on 
even  s l i g h t  changes i n  t h e  l a y o u t  o f  t h e  body, wings ,  e n g i n e s ,  
and o t h e r  e l emen t s  of  the  v e h i c l e .  

O f  t h i s  wide v a r i e t y ,  w e  might  s i n g l e  o u t  t h e  two b a s i c  l a y -  
o u t s  - t h e  normal  (+>  and X c o n f i g u r a t i o n s ,  which are used  inde -  
p e n d e n t l y  and ,  i n  a d d i t i o n ,  s e r v e  as a k i n d  of base f o r  t h e  con- 
s t r u c t i o n  o f  o t h e r  schemes ( F i g .  11-2-10, a and i ) .  N a t u c a l l y ,  
t h e  g e n e r a l  aerodynamic p r o p e r t i e s  o f  t h e  y s o l a t g d  t a i l p l a n e  are 
i d e n t i c a l  to t h o s e  o f  wings .  However, i n  combina t ion  w i t h  t h e  
o t h e r  e l emen t s  on the  body, these  p r o p e r t i e s  of t h e  t a i l p l a n e  may 
change s u b s t a n t i a l l y ,  and t h i s  i n f l u e n c e s  s e l e c t i o n  of  t h e  s p e c i f -  
i c  c o n f i g u r a t i o n  by c a l l i n g  for d e p a r t u r e s  from t h e  o r d i n a r y  
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F i g u r e  1 1 - 2 - 1 0 .  Diagrams o f  V a r -  
i o u s  Attachments  of T a i l p l a n e  to 
V e h i c l e  Body. 

F i g u r e  11-2-11 .  Rela- 
t i v e  P o s i t i o n s  o f  Wings 
(1) and t a i l p l a n e s  ( 2 )  
on v e h i c l e  body. 

normal  or X c o n f i g u r a t i o n s .  

F i g u r e  11-2 -10 ,  b-k shows v a r i a t i o n s  from t h e  normal  scheme 
t h a t  r e f l e c t  t h e  tendency  to move t h e  h o r i z o n t a l  or v e r t i c a l  t a i l -  
p l a n e s  upward o r  to t h e  s i d e  i n  o r d e r  to r educe  t h e  a d v e r s e  e f f e c t  
o f  t h e  d i s t u r b e d  f low from t h e  wings or j e t - e n g i n e  e x h a u s t .  The 
X-conf igu ra t ion  and i t s  m o d i f i c a t i o n s  (see F i g .  11-2-10, - -  i - m )  may 
a l s o  b e  used f o r  t h i s  p u r p o s e .  

I n  many c a s e s ,  a t a i l  w i t h  v e r t i c a l  symmetry may n o t  have 
h o r i z o n t a l  symmetry, as w e  see  from F i g .  11-2-10 ,  b-g. - -  C e r t a i n  
i n a d e q u a t e l y  e f f e c t i v e  e l emen t s  of t h e  normal  or X-conf igu ra t ion  
are e l i m i n a t e d  i n  t h e  h o r i z o n t a l l y  unsymmetr ica l  t a i l .  For  ex- 
ample,  t he  v e n t r a l  f i n  i s  a b s e n t  i n  d iagrams d-g o f  F i g .  11-2-10;  
i n  k ,  one f i n  i s  l a c k i n g  and t h e  r ema in ing  f i n  i s  o r i e n t e d  ve r -  
t i c a l l y  downward; t h e  two v e n t r a l  f i n s  are m i s s i n g  i n  d iagram - 1. 

Prope r  o r i e n t a t i o n  o f  t he  t a i l  w i t h  r e s p e c t  to t h e  wings,  as 
w e l l  as to t h e  body and e n g i n e ,  i s  of  g r e a t  impor t ance  i n  s e c u r -  
i n g  t h e  d e s i r e d  v e h i c l e  aerodynamic c h a r a c t e r i s t i c s .  

I n  p l a c i n g  t h e  t a i l  and i t s  i n d i v i d u a l  e l emen t s  on t h e  body, 
i t  must b e  made c e r t a i n  t h a t  t h e  d e t r i m e n t a l  i n f l u e n c e  of t h e  
body i t s e l f ,  as w e l l  as t h a t  o f  t h e  wings and e n g i n e ,  i s  minimal .  
For  example,  t he  X-conf igu ra t ion  t a i l  may b e  s e l e c t e d  i n  o r d e r  to 
r e d u c e  i n t e r f e r e n c e  from a normal  wing ( F i g .  11 -2 -11) .  

$11-3. CONTROLS 

B a s i c  t y p e s  o f  c o n t r o l s .  The t r a j e c t o r y  o f  a n  ungu ided  ve- 
h i c l e  a c t e d  upon on ly  by d r a g  and g r a v i t y  i s  u s u a l l y  sa id  to b e  
n a t u r a l  or b a l l i s t i c .  The absence  o f  any a r t i f i c i a l l y  c r e a t e d  
c o n t r o l l i n g  aerodynamic or o t h e r  f o r c e  normal  to t h e  t r a j e c t o r y  
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~ ~ i s  c h a r a c t e r i s t i c  f o r  such  a t r a j e c t o r y .  The t r a j e c t o r y  t h a t  a 
guided  v e h i c l e  must f o l l o w  to e x e c u t e  a g i v e n  maneuver w i l l  d i f -  
f e r  from t h e  n a t u r a l  t r a j e c t o r y  owing to an  a d d i t i o n a l  c o n t r o l l i n g  
e f f o r t  t ha t  c o i n c i d e s  w i t h  t h e  normal  to t h e  f l i g h t - s p e e d  v e c t o r .  
Devices  t h p t  deve lop  t h e  r e q u i r e d  c o n t r o l l i n g  f o r c e s  are  known as 
c o n t r o l s .  The c o n t r o l s  are p a r t  o f  t h e  sys tem g u i d i n g  t h e  mot ion  
o f  t h e  v e h i c l e ,  which i s  unde r s tood  to i n c l u d e  t h e  a g g r e g a t e  o f  
a p p a r a t u s  and d e v i c e s  t h a t  p r o v i d e  f o r  measurement o f  t h e  d e v i a -  
t i o n s  o f  t h e  v e h i c l e ' s  a c t u a l  mot ion  from nominal ,  shape  a n  appro-  
p r i a t e  s i g n a l ,  and g e n e r a t e  t h e  c o n t r o l l i n g  f o r c e .  

Depending on t h e  p h y s i c a l  n a t u r e  of  t h e  c o n t r o l l i n g  f o r c e ,  
controls may b e  c l a s s i f i e d  i n t o  t h r e e  b a s i c  t y p e s :  aerodynamic,  
gasdynamic,  and combined. 

Aerodynamic c o n t r o l s  c r e a t e  t h e  c o n t r o l l i n g  f o r c e  by  chang- 
i n g  t h e  e x t e r n a l - f l o w  c o n d i t i o n s  and ,  c o n s e q u e n t l y ,  p r o d u c i n g  a 
c o n t r o l l i n g  f o r c e  o f  aerodynamic o r i g i n .  The c o n t r o l  i s  a d e v i c e  
t h a t  changes t h e  magnitude and d i r e c t i o n  o f  t h e  aerodynamic- force  
v e c t o r .  

The a c t i o n  o f  gasdynamic c o n t r o l s  i s  based on u t i l i z a t i o n  
o f  t h e  e f f e c t  produced b y  a change i n  t h e  d i r e c t i o n  o f  t h e  gas 
J e t  i s s u i n g  from t h e  n o z z l e  of  a r e a c t i o n  e n g i n e .  The c o n t r o l l i n g  
f o r c e  a r i s e s  as a r e s u l t  o f  d e f l e c t i o n  o f  t h e  t h r u s t  v e c t o r  from 
t h e  d i r e c t i o n  of t h e  t a n g e n t  to t h e  t r a j e c t o r y .  

S p e c i a l  t h r u s t e r  j e t  e n g i n e s  are  used i n  some gasdynamic 
c o n t r o l  d e s i g n s .  

Combined c o n t r o l s  u se  t h e  e f f e c t s  o f  aerodynamic and gas-  
dynamic c o n t r o l s  s i m u l t a n e o u s l y  i n  d e v e l o p i n g  t h e  c o n t r o l l i n g  
f o r c e .  

A e r o d y n a m i c  c o n t r o l s .  C o n t r o l s  of  t h i s  t y p e  are  used f o r  
v e h i c l e s  moving i n  r a the r  dense  l a y e r s  o f  t h e  a tmosphere .  T h e y  
can be  c l a s s i f i e d  i n t o  t h e  f o l l o w i n g  g roups :  c o n t r o l  s u r f a c e s ,  
r o l l e r o n s ,  s p o i l e r s ,  p i v o t i n g  wings,  and wing f l a p s .  

C o n t r o l  ~~- ~~~ s u r f a c e s ,  mounted a t  v a r i o u s  l o c a t i o n s  on t h e  ve- 
h i c l e ,  may be  c l a s s i f i e d  as f o l l o w s  ( F i g .  11-3-1):  a )  al l -moving-  
t a i l  c o n t r o l s ;  b )  t i p  c o n t r o l s ;  c )  c o n t r o l s  p l a c e d  a l o n g  t h e  
t r a i l i n g  edge o f  a l i f t i n g  s u r f a c e .  

I n  t u r n ,  t i p  c o n t r o l s  can  b e  s u b d i v i d e d  i n t o  o r d i n a r y  t i p  
c o n t r o l s  and compensa t ing  c o n t r o l s  ( F i g .  11-3-2) .  

C o n t r o l s  s i t u a t e d  a l o n g  t h e  t r a i l i n g  edge may b e  i n b o a r d  or 
o u t b o a r d  and t ake  up p a r t  of t h e  edge or the  e n t i r e  span  ( F i g .  
1 1 - 3 4 ) .  
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V e h i c l e  c o n t r o l  s u r f a c e s  s e r v e  as r u d d e r s ,  e l e v a t o r s ,  a i l e -  

I n  n e u t r a l ,  r u d d e r s  l i e  a l o n g  t h e  l o n g i t u d i n a l  a x e s  of t h e  

r o n s  and e l e v o n s .  

v e h i c l e s .  D e f l e c t i o n s  from n e u t r a l  cause  t h e  v e h i c l e  to t u r n  
to the  r i g h t  or l e f t .  

/63 

F i g u r e  11-3-1. B a s i c  Types F i g u r e  11-3-2. Types 
o f  C o n t r o l  S u r f a c e s .  a )  a l l -  of  T ip  C o n t r o l s .  a )  o r -  
moving; b )  t i p ;  e )  t r a i l i n g -  d i n a r y  t i p  c o n t r o l s ;  b )  
edge .  w i t h  compensa t ion .  

E l e v a t o r s  are  p e r p e n d i c u l a r  
to r u d d e r s .  They are  d e f l e c t e d  
to change t h e  d i r e c t i o n  o f  f l i g h t  
i n  t h e  v e r t i c a l  p l a n e  and ,  conse-  
q u e n t l y ,  a l t i t u d e .  The rudde r -  
a n d - e l e v a t o r  combina t ion  makes i t  
p o s s i b l e  to c o n t r o l  t h e  v e h i c l e  ;+ ++ ++: s i m u l t a n e o u s l y  i n  two m u t u a l l y  
p e r p e n d i c u l a r  p l a n e s ,  i . e . ,  to 
e x e c u t e  p r a c t i c a l l y  any maneuver 

a> [e; e: 
F i g u r e  11-3-3. Types of  i n  s p a c e .  

There i s  a n o t h e r  scheme f o r  
c o n t r o l l i n g  t h e  v e h i c l e  i n  s p a c e  
- t h a t  i n  which e l e v a t o r s  and 
a i l e r o n s  ( r o l l i n g  s u r f a c e s )  are 
used .  The a i l e r o n s  are  a p a i r  
o f  c o n t r o l  s u r f a c e s  t h a t  are 
s i t u a t e d  on t h e  t r a i l i n g  edges  

On s i m u l t a n e o u s  r o t a t i o n  of  t h e  e l e v a t o r ,  

T ra i l i ng -Edge  C o n t r o l  Sur -  
f a c e s .  a )  c o n s t a n t - c h o r d ;  
b )  w i t h  i n v e r s e  t a p e r .  1) 
i n b o a r d  c o n t r o l  s u r f a c e ;  
2 )  o u t b o a r d ;  3 )  f u l l - s p a n .  

o f  t h e  wing h a l v e s  and can  be d e f l e c t e d  i n  e i t h e r  d i r e c t i o n ,  t h u s  
r o l l i n g  t h e  v e h i c l e .  
a h o r i z o n t a l  c o n t r o l l i n g - f o r c e  component a p p e a r s  and t u r n s  t h e  
v e h i c l e  i n  t h e  d e s i r e d  d i r e c t i o n .  

Un l ike  a i l e r o n s ,  e l e v o n s  can  be  d e f l e c t e d  i n  e i t h e r  d i r e c -  
t i o n  i n d e p e n d e n t l y  o f  one a n o t h e r ,  and are t h e r e f o r e  used s imul-  
t a n e o u s l y  as roll c o n t r o l s  and e l e v a t o r s .  



R o l l e r o n s .  The  c o n t r o l  d e v i c e  known as t h e  r o l l e r o n  i s  a 
v a r i a t i o n  o f  t h e  a i l e r o n .  Unl ike  t h e  c o n v e n t i o n a l  a i l e r o n ,  t h e  
r o l l e r o n  has a c o n t r o l l i n g  p l a n e  t h a t  i s  r o t a t e d  owing to t h e  
g y r o s c o p i c  e f f e c t  t h a t  a r i ses  when a d i s k  l o c a t e d  i n s i d e  t h e  
s u r f a c e  r o t a t e s  ( F i g .  11-3-4).  The d i s k  r o t a t i o n  a x i s  y ,  i s  p e r -  
p e n d i c u l a r  to t h e  p l a n e  of t h e  r o l l e r o n ,  which t u r n s  f r e e l y  abou t  
a z , - a x i s  r i g i d l y  bound to t h e  wing o r  t a i l .  Before  f l i g h t ,  t h e  
d i s k  i s  spun up to t h e  r e q u i r e d  a n g u l a r  v e l o c i t y ,  and t h i s  v e l o -  
c i t y  i s  h e l d  c o n s t a n t  d u r i n g  f l i g h t  by t h e  a c t i o n  o f  t h e  s l i p -  
stream on t h e  t e e t h  o f  t h e  d i s k ,  which e x t e n d  o u t s i d e  o f  t h e  a i l e -  
r o n .  On r o t a t i o n  o f  t h e  r o l l e r o n  t o g e t h e r  w i t h  t h e  wing abou t  t h e  
v e h i c l e  l o n g i t u d i n a l  a x i s  x,  (unde r  t h e  a c t i o n  o f  a d i s t u r b i n g  
r o l l i n g  moment), a g y r o s c o p i c  t o r q u e  M ar ises  ( F i g .  11-3-4) and 

z , - a x i s .  D e f l e c t i o n  o f  t h e  r o l l e r o n  p l a n e  o u t  o f  t h e  wing p l a n e  
s e t s  up a moment t h a t  w i l l  c o u n t e r  t h e  rol l ing-moment  d i s t u r b a n c e .  
Thus,  r o l l e r o n s  may a l s o  b e  used  as roll s t a b i l i z e r s  f o r  t h e  ve- 
h i c l e  [81] .  

g 
t e n d s  to t u r n  t h e  r o l l e r o n  th rough  a c e r t a i n  a n g l e  6 r  abou t  t h e  /64 

/ 
3 

F i g u r e  11-3-5. Diagram 
I l l u s t r a t i n g  F u n c t i o n  
o f  S p o i l e r  C o n t r o l .  1) 
s p o i l e r ;  2 )  c e n t e r  o f  
o s c i l l a t i o n  o f  s p o i l e r ;  
3 )  wing. 

W L J r  An s p o i l e r  i s  a t h i n  p l a t e  
mounted i n  t h e  wing and c a p a b l e  
o f  p r o j e c t i n g  up above i t s  sur- 
f a c e  ( F i g .  11-3-5) .  T h e  con- 

- %lg 

F i g u r e  11-3-4. Diagram t r o l l i n g  e f f e c t  i s  due to f low 
Showing F u n c t i o n  o f  R o l l -  s t a g n a t i o n  when t h e  s p o i l e r  i s  
e r o n .  1) body; 2 )  wing; deployed  [231.  
3 )  r o l l e r o n ;  4 )  d i s k ;  5 )  
r o l l e r o n  a x i s ;  6 )  d i s k  At s t a g n a t i o n ,  t h e  p r e s s u r e  
a x i s .  on t h e  p a r t  o f  t h e  wing i n  f r o n t  

o f  t h e  s p o i l e r  r i s e s ;  t h e  s p o i l e r  
a l s o  t e n d s  to i n c r e a s e  t h e  speed  

of f low ove r  t h e  o p p o s i t e  s i d e  of  t he  wing, w i t h  a consequent  
s l i g h t  d e c r e a s e  i n  p r e s s u r e ,  s o  t ha t  t h e  r e s u l t a n t  c o n t r o l  e f f o r t  
i s  i n c r e a s e d .  T h e  c o n t r o l l i n g  e f f e c t  o f  t h e  s p o i l e r  i s  r educed  to 
some d e g r e e  b y  t h e  lower  p r e s s u r e  beh ind  i t  t h a t  r e s u l t s  from 
t u r b u l i z a t i o n  of t h e  boundary l a y e r ,  an i n c r e a s e  i n  i t s  t h i c k n e s s ,  
and ,  c o n s e q u e n t l y ,  s e p a r a t i o n ,  t h e  zone o f  which e x t e n d s  to t h e  
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1 
t r a i l i n g  edge when t h e  s p o i l e r  i s  extended f a r  enough. T h i s  un- 
d e s i r a b l e  e f f e c t  i s  not  s e r i o u s  when t h e  a r e a  behind t h e  s p o i l e r  
i s  comparatively s m a l l .  

A t  supersonic  speeds ,  t h e  p a t t e r n  of flow over t h e  deployed 
s p o i l e r  changes (F ig .  11-3-6a) (1761 ,  1 9 6 2 ,  No. 4-5) .  Flow 
s e p a r a t e s  be fo re  and a f t e r  t h e  s p o i l e r  and s t a g n a t i o n  zones form. 
T h e  e x t e r n a l  flow moves around t h e s e  zones l i k e  flow around, i m -  
permeable wedges, forming a system of shock and expansion waves. 
The  p r e s s u r e - d i s t r i b u t i o n  diagram i n  F ig .  11-3-6b i n d i c a t e s  t h a t ,  
d e s p i t e  t h e  vacuum behind t h e  s p o i l e r ,  a downward-directed con- 
t r o l l i n g  e f f o r t  does appear .  

To improve c o n t r o l  e f f e c t i v e n e s s ,  s p o i l e r s  a r e  s e t  i n  o s c i l l a -  
t o r y  motion whose amplitude and frequency i s  not  u s u a l l y  r e g u l a t e d .  
The  c o n t r o l l i n g  f o r c e  i s  a d j u s t e d  b y  s h i f t i n g  t h e  c e n t e r  of o s c i l -  
l a t i o n .  The c l o s e r  t h e  c e n t e r  i s  to t h e  wing s u r f a c e ,  t h e  longer  
i s  t h e  time dur ing  which t h e  s p o i l e r  w i l l  b e  "out , "  and, conse- 
quen t ly ,  t h e  g r e a t e r  w i l l  t h e  c o n t r o l l i n g  f o r c e  be.  

l ower  weight ( i n c l u d i n g  t h e  d r i v e  mechanism). For t h i s  reason ,  
s p o i l e r s  a r e  u s u a l l y  used on l i g h t  a i r c r a f t .  

. 
S p o i l e r s  have an advantage over c o n t r o l  s u r f a c e s  i n  t h e i r  

A de f i c i ency  of s p o i l e r  c o n t r o l  i s  t h a t  i t  does not  g ive  t h e  
a i r c r a f t  a sharp  maneuvering c a p a b i l i t y  and i n c r e a s e s  f r o n t a l  
d rag .  

The  p i v o t i n g  wing i s  an ord inary  wing t h a t  can be r o t a t e d  
r e l a t i v e  to t h e  body about t h e  v e h i c l e ' s  t r a n s v e r s e  a x i s .  Such 
a c o n t r o l  has an advantage i n  t ha t  i t  d e l i v e r s  a l a r g e  c o n t r o l l i n g  
e f f o r t  a t  smal l  d e f l e c t i o n  ang le s .  

The pivoting-wing v e h i c l e  has  t h e  a b i l i t y  to maneuver quick ly  
on t r a j e c t o r y ,  with t h e  maneuver s t a r t i n g  immediately on de f l ec -  
t i o n  of t h e  wings, s i n c e  i t  i s  unnecessary to t u r n  t h e  body w i t h  
i t s  l a r g e  moment o f  i n e r t i a .  

The p i v o t i n g  wing may combine t h e  c o n t r o l  func t ions  for 
p i t c h  and r o l l  o f  t h e  v e h i c l e .  

The shortcomings of t h e  p i v o t i n g  wing inc lude  t h e  l a r g e  hinge 
moments necessary to d r i v e  i t ,  al though t h e  d r i v e  power i s  not  
very l a r g e  s i n c e  t h e  p i v o t i n g  angles  and speeds a r e  small. An- 
o t h e r  shortcoming i s  a c e r t a i n  i n c r e a s e  i n  t h e  v e h i c l e ' s  f r o n t a l  
d rag  owing to t h e  gaps between t h e  p i v o t i n g  wings and t h e  body.  

Wing load  i n c r e a s e s  s u b s t a n t i a l l y  on p i v o t i n g  through l a r g e  
angles  f o r  sha rp  maneuvers, and t h i s  g ives  r i s e  to a l a r g e  bend- 
i n g  moment app l i ed  to t h e  b o d y .  Consequently, a pivoting-wing 
a i r c r a f t - m u s t  have h ighe r  t han  normal s t r e n g t h .  

78 



a) 3 

1 2 

- Q4 

F i g u r e  1 1 . 3 . 6 .  P a t t e r n  
o f  Supe r son ic  Flow o v e r  
S p o i l e r .  a )  p a t t e r n  o f  
f low o v e r  deployed  
s p o i l e r  ( f iow-sepa ra -  
t i o n  zones 1 and 2 ,  com- 
p res s ion - shock  sys t em,  
3 ,4 ,5 ,  and e x p a n s i o n  
shock 6 ) ;  b )  d i s t r i b u -  
t i o n  of e x c e s s  p r e s s u r e  
o v e r  wing s u r f a c e  a round 
s p o i l e r .  

a) b )  

F i g u r e  11-3-7. Systems t h a t  
Improve Wing Aerodynamic Char- 
a c t e r i s t i c s .  a )  s l a t ;  b )  
p l a i n  f l a p ;  c )  s p l i t  f l a p ;  
d )  lead ing-edge  f l a p .  

F l a p s .  Var ious  t y p e s  o f  
f l a p s  occupy a s p e c i a l  p o s i t i o n  
among t h e  aerodynamic c o n t r o l s ,  
i n  t h a t  t h e y  make i t  p o s s i b l e  
to vary  t h e  aerodynamic c h a r -  
a c t e r i s t i c s  o f  t he  v e h i c l e  [23]  

F l a p s  are mounted a t  va r -  
i o u s  p o i n t s  on t h e  s t r u c t u r e  
and u s u a l l y  s e r v e  to c o n t r o l  
a c e r t a i n  aerodynamic cha r -  
a c t e r i s t i c .  L e t  us  c o n s i d e r  
t h e  group o f  wing f l a p s  whose 
f u n c t i o n  i t  i s  to c o n t r o l  l i f t .  
They  i n c l u d e  s l a t s ,  p l a i n  f l a p s ,  
s p l i t  f l a p s ,  and o t h e r  d e v i c e s .  
The  g e n e r a l  e f f e c t  of u s i n g  
these  d e v i c e s  c o n s i s t s  i n  t h e  
f a c t  t h a t  t h e y  i n c r e a s e  l i f t  a t  

l a r g e  a t t a c k  a n g l e s  w i t h  a c o m p a r a t i v e l y  s m a l l  i n c r e a s e  i n  f r o n t a l  
d r a g .  

S l a t s  ( F i g .  11-3-7a) are  s m a l l  areas of  t h e  wing i n  t h e  
l e a d i n g  edge of  t h e  main l i f t i n g  s u r f a c e  t ha t  can  b e  s h i f t e d  f o r -  
ward a t  l a r g e  a n g l e s  o f  a t t a c k .  A stream o f  a i r  t e n d s  to f low i n t o  
t h e  r e s u l t i n g  slot from bot tom t o  t o p ,  t h u s  e n s u r i n g  smoother  
f low o v e r  t h e  t o p  s i d e  of t h e  p r o f i l e ,  s i n c e  t h e  k i n e t i c  energy  
o f  t h e  a i r  i n  t h e  boundary l a y e r  i s  i n c r e a s e d  and s e p a r a t i o n  i s  
i n h i b i t e d .  Thus,  f low s e p a r a t i o n  i s  moved to a t t a c k  a n g l e s  l a r g e r  
t h a n  t h o s e  a t  which i t  a p p e a r s  w i t h o u t  t he  s l a t s .  S l a t s  are  some- 
t i m e s  made n o t  o v e r  t h e  e n t i r e  l e n g t h  o f  t h e  wing h a l f ,  b u t  on ly  
i n  f r o n t  o f  t he  d e f l e c t i n g  c o n t r o l  s u r f a c e s  i n  o r d e r  to p r e v e n t  
detachment  of  f low from t h e s e  s u r f a c e s  and make t h e m  work more 
e f f e c t i v e l y  a t  l a r g e  d e f l e c t i o n  a n g l e s .  
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P l a i n  f l a p s  ( F i g .  11-3-7b) a re ,  
l i k e  s l a t s ,  s m a l l  areas o f  t h e  wing, 

<-\ ,_ .- 

:,, . ',, ,' 
,. . 

F i g u r e  11-3-8. Wing 
Boundary L a y e r  Con- 
trol. a )  s u c t i o n ;  b )  
blowing; c )  i n c r e a s e  
i n  l i f t  c o e f f i c i e n t  
c and c r i t i c a l  a t -  
t a c k  a n g l e  acr w i t h  
i n c r e a s i n g  boundary 
l a y e r  s u c t i o n  C1) 
wi thou t  s u c t i o n ;  
2 )  weak s u c t i o n ;  
3 )  s t r o n g  s u c t i o n ] .  

Y 

b u t  u n l i k e  t h e  l a  t e r  t h e y  are s i t u -  
a ted  a t  t h e  t r a i l i n g  edge of  t h e  main 
l i f t i n g  s u r f a c e ,  as a k i n d  of e x t e n s i o n  
of  i t .  The f l a p s  are d e f l e c t e d  down- 
ward, c r e a t i n g  a n  a d d i t i o n a l  head under  
t h e  wing and t h e r e b y  i n c r e a s i n g  i t s  
l i f t .  A slot may b e  p rov ided  between 
t h e  p l a i n  f l a p  and t h e  wing, making i t  
p o s s i b l e  t o  improve f low ove r  t he  t o p  
of t h e  wing and s e c u r e  a n  a d d i t i o n a l  
l i f t  i nc remen t .  

S p l i t  f l a p s  ( F i g .  11-3-7c) are sec -  
t i o n s  of  t h e  bot tom of  t h e  wing t h a t  can  
b e  d e f l e c t e d  downward. The d e f l e c t e d  
f l a p  c r e a t e s  a head under  t h e  wing and 
i n c r e a s e s  l ift.  A s t a g n a n t  zone of  
v o r t i c i t y  w i t h  some u n d e r p r e s s u r e  forms 
between t h e  d e f l e c t e d  s p l i t  f l a p  and t h e  
wing. The r e s u l t  i s  boundary l a y e r  sue-  
t i o n ,  which p r e v e n t s  s e p a r a t i o n  of t h e  
l aye r  and improves t h e  c h a r a c t e r i s t i c s  
of  t h e  wing a t  l a r g e  a n g l e s  of a t t a c k .  

Unl ike  s p l i t  f l a p s ,  l ead ing-edge  
f l a p s  ( F i g .  I I -3-7d)  are  p l a c e d  on t h e  
wing l e a d i n g  edges .  I n  subson ic  f l i g h t ,  
d e f l e c t i o n  of t h e  leading-edge f l a p s  a t  
l a r g e  a t t a c k  a n g l e s  makes i t  p o s s i b l e  to 
p r e v e n t  f low s e p a r a t i o n  from t h e  s h a r p  
wing l e a d i n g  edges used on s u p e r s o n i c  
v e h i c l e s .  

Boundary-layer s u c t i o n >  and blowing.  
Boundary-layer s u c t i o n a n d  biowing de- 

v i c e s  t h a t  p r e v e n t  boundary- layer  s e p a r a t i o n ,  e n s u r e  smoother 
f low ove r  t h e  s u r f a c e  and,  as a consequence,  i n c r e a s e  wing l i f t  
may be i n c l u d e d  among t h e  h i g h - l i f t  d e v i c e s .  

slot or s y s t e m  o f  h o l e s  ( F i g .  11-3-8a) l o c a t e d  n e a r  t h e  p o i n t  a t  
which boundary- layer  s e p a r a t i o n  would b e  expec ted .  

Boundary l aye r s  are blown ( F i g .  11-3-8b) w i t h  d i s c h a r g e  
pumps, a l s o  working th rough  slots and h o l e s .  The  l a t t e r  are 
p l a c e d  somewhat ups t ream o f  t h e  expec ted  p o i n t  of  boundary- layer  
s e p a r a t i o n .  The slot and h o l e  axes  shou ld  form a n  a c u t e  a n g l e  
w i t h  t h e  t a n g e n t  to t h e  p r o f i l e  c o n t o u r .  

S u c t i o n  i s  s e c u r e d  u s i n g  vacuum pumps working through a 
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The p h y s i c a l  e f f e c t  i s  t h e  same f o r  s u c t i o n  and blowing,  a n d .  
c o n s i s t s  o f  an  i n c r e a s e  i n  k i n e t i c  energy  of t h e  a i r  p a r t i c l e s  i n  
t h e  boundary l a y e r ,  s o  t h a t  t h e y  are  s t a g n a t e d  t o  a l e s s e r  d e g r e e .  
I n  the  former  c a s e ,  t h i s  e f f e c t  i s  a c h i e v e d  b a s i c a l l y  b y  i n c r e a s -  /67 
i n g  t h e i r  v e l o c i t y ,  and i n  the  l a t t e r  a l s o  by an  i n c r e a s e  i n  t h e  
mass o f  a i r  f lowing  th rough  t h e  boundary l a y e r .  

F i g u r e  11-3-9. A i r c r a f t  
w i t h  Variable  Geometry 
Wing. 

The e f f e c t i v e n e s s  o f  boundary- 
l a y e r  s u c t i o n  or blowing  i s  e v i d e n t  
f rom F i g .  11-3-8c. 

Variable-sweep ( swing)  wing. 
One way to vary  t he  l i f t  o f  an a i r -  
c r a f t  i s  to u s e  a d e v i c e  t h a t  
changes t h e  sweep o f  t h e  wing o r  
t a i l  i n  f l i g h t  ( F i g .  11-3-9) .  Such 
a d e v i c e  may b e  u s e f u l  f o r  winged 
v e h i c l e s  w i t h  a b road  r a n g e  o f  
speeds  ( f rom s u b s o n i c  to h i g h  s u p e r -  
s o n i c ) ,  s i n c e  it p r o v i d e s  optimum 
c o n d i t i o n s  f o r  mot ion .  For example,  
to break  th rough  t h e  sound b a r r i e r  
w i t h  minimum d r a g  and to p r e v e n t  
f l u t t e r ,  t h e  wings are swept back 
to t h e  maximum a n g l e .  I n  t h e r a n g e s  
of  h i g h  s u b s o n i c  and s u p e r s o n i c  
s p e e d s ,  t h e  wings are ex tended  to a 
p o s i t i o n  c o r r e s p o n d i n g  to a smaller 
sweep a n g l e .  At low s p e e d s ,  as dur-  

i n g  t a k e o f f ,  t h e  v e h i c l e  i s  f lown w i t h  t h e  wings s t r a i g h t .  Chang- 
i n g  t h e  sweep i n c r e a s e s  l i f t  and improves t he  e f f e c t i v e n e s s  o f  t h e  
aerodynamic c o n t r o l s .  C o n t r o l  i s  made more e f f e c t i v e  owing to a 
c e r t a i n  forward  s h i f t  o f  t h e  c e n t e r  of p r e s s u r e .  

F i g u r e  11-3-10. Braking  Dev ices .  a )  speed  
b r a k e s  on wing t r a i l i n g  edge;  b )  speed  
brakes on body t a i l  s e c t i o n ;  c )  s t r i n g s  o f  
metal  d i s k s .  

Brak ing  f l a p s .  S p e c i a l  d r a g - i n c r e a s i n g  d e v i c e s  known as 
b r a k i n g ,  s p e e d ,  or d r a g  f l a p s  are  used  to r educe  speed .  They may 
b e  mounted on t h e  t r a i l i n g  edge of  t h e  a i r c r a f t ' s  wing ( F i g .  
11-3-loa) or a t  t h e  t a i l  o f  t h e  body ( F i g .  11-3- lob) .  The l a r g e  
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s lowing  drag  a r i ses  when these f laps  are de f l ec t ed  through l a r g e  
a n g l e s ,  around 9 0 ' .  

c h u t e s  are  a l s o  to b e  c i t e d  among aerodynamic b r a k i n g  d e v i c e s .  

s lowing  p r o c e s s ,  a f t e r  b r a k i n g  w i t h  t h e  f l a p s  or d i s k s  (or w i t h  
f l a p s  and d i s k s  s i m u l t a n e o u s l y ) .  

dynamic c o n t r o l s  are i n e f f e c t i v e ,  as i n  t h i n  l aye r s  o f  t h e  a t -  
mosphere or a t  low speeds  of  t h e  v e h i c l e  ( e . g . ,  a t  l a u n c h ) .  

Metal d i s k s  j o i n e d  by a c a b l e  ( F i g .  11-3-lOc) and drag p a r a -  

Usua l ly ,  t h e  p a r a c h u t e  i s  deployed  i n  t he  f i n a l  s t a g e  o f  the  

Gasdynamic  c o n t r o l s  are used under  c o n d i t i o n s  i n  which a e r o -  

1 I/ f )  

fPtat = 3P 

F i g u r e  11-3-11. Diagrams of  Gasdy- 
namic C o n t r o l s .  a )  swiveled s u s t a i n e r  
eng ine ;  b )  p i v o t e d  v e r n i e r  engine ;  
c )  o p e r a t i o n  of  f i x e d  t h r u s t e r s ;  d )  
v e c t o r e d  n o z z l e ;  e )  v e c t o r e d  hood; 
f )  j e t  vanes ;  g )  d e f l e c t o r s ;  h )  i n -  
j e c t i o n  o f  f l u i d  i n t o  s u p e r s o n i c  
n o z z l e  s e c t i o n ;  i )  r e d i s t r i b u t i o n  
of  t h r u s t  b y  nozz le  c l o s i n g  i n  c l u s -  
t e r  ( n o z z l e  1 open, n o z z l e s  2 
c l o s e d ) .  

The r o t a r y  hood c i r c l e s  t h e  j e t  of t h e  

F i g u r e  11-3-11 shows 
d e v i c e s  t h a t  s e t  up a 
c o n t r o l l i n g  e f f o r t  by 
p i v o t i n g  t h e  e n t i r e  en- 
g i n e  ( F i g .  1 1 - 3 - l l a )  and 
by p i v o t i n g  only  t h e  
n o z z l e  ( F i g .  1 1 - 3 - l l d ) .  

P i v o t i n g  t h e  main 
eng ine  even through small  
a n g l e s  se t s  up large con- 
t r o l l i n g  f o r c e s .  How- 
e v e r ,  c o n s i d e r a b l e  e f -  
fort must b e  expended t o  
t u r n  t h e  eng ine .  

Use of  a p i v o t i n g  
n o z z l e  makes it p o s s i b l e  
t o  reduce  t h e  e f f o r t  
n e c e s s a r y  f o r  r o t a t i o n ,  
b u t  t h i s  g i v e s  r i s e  t o  a 
number of d i f f i c u l t i e s  
a s s o c i a t e d ,  i n  p a r t i c u l a r ,  
w i t h  f o u l i n g  and sco rch -  
i n g  of  t h e  movable j o i n t  
between t h e  n o z z l e  and 
the .  eng ine  chamber, w i t h  
t he  r e s u l t  t ha t  t h e  en- 
t i r e  c o n t r o l  i s  u n r e l i -  
ab l e .  

S impler  d e s i g n s  are 
t h e  c o n t r o l s  t h a t  use  
r o t a r y  a t t achmen t s  and 
t h e  s o - c a l l e d  d e f l e c t o r s  
( F i g .  11-3-11, e and 9 ) .  

main eng ine  and is t h u s  a t  
a l l  t i m e s "  b e i n g  a c t e d  upon by  combustion p r o d u c t s .  Such hoods 
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per fo rm q u i t e  e f f e c t i v e l y ,  b u t  t h e y  r e q u i r e  f r e q u e n t  r ep lacemen t  
owing to f o u l i n g  and s c o r c h i n g .  D e f l e c t o r s  are i n t r o d u c e d  i n t o  
t h e  g a s  j e t  on ly  when i t  i s  n e c e s s a r y  to deve lop  t h e  c o n t r o l l i n g  
f o r c e .  Hence t h e y  are more r e l i a b l e  and l a s t  l o n g e r .  

J e t  vanes p l a c e d  a t  t h e  end o f  t h e  s u s t a i n e r  n o z z l e  ( F i g .  
I I - 3 - l l f )  can  b e  used  as c o n t r o l s .  D e f l e c t i o n  o f  t h e  gas  j e t  /69 
by t h e s e  vanes p roduces  r a t h e r  l a r g e  c o n t r o l l i n g  f o r c e s .  A l -  
though g a s  vanes  are an  e f f e c t i v e  c o n t r o l  f a c i l i t y ,  t h e y  have 
s u b s t a n t i a l  sho r t comings .  S i n c e  t h e y  o f f e r  s u b s t a n t i a l  r e s i s t -  
ance  to t h e  stream o f  g a s e s ,  t h e y  lower  t h e  e f f e c t i v e  t h r u s t .  
They a l s o  bu rn  o u t  q u i c k l y  under  exposure  to t h e  h i g h  tempera-  
t u r e s  and v e l o c i t i e s  o f  t h e  g a s .  

b 

F i g u r e  11-3-12. D i a -  
gram o f  Combinat ion 
C o n t r o l .  a )  s l o t t e d  
n o z z l e ;  b )  j e t ;  P )  
j e t  r e a c t i o n  ; 
v e r t i c a l  component 
o f  j e t  r e a c t i o n ;  
A Y )  a d d i t i o n a l  l i f t  
of  wing owing to re -  
d i s t r i b u t i o n  o f  
p r e s s u r e  o v e r  wing 
c o n t o u r ;  P h )  h o r i -  

p V )  

One of t h e  modern gasdynamic-con- 
t r o l  d e s i g n s  i s  based on t h e  p r i n c i p l e  
o f  chang ing  t h e  d i r e c t i o n  of  t h e  sus -  
t a i n e r - e n g i n e  t h r u s t  v e c t o r  by i n j e c t -  
i n g  a l i q u i d  o r  g a s  i n t o  t h e  n o z z l e  
( F i g .  11-3-11h).  

The mechanism b y  which t h e  c o n t r o l -  
l i n g  e f f o r t  a r i s e s  i s  as f o l l o w s .  The  
s t r e a m  o f  l i q u i d  or g a s  i n j e c t e d  i n t o  
t h e  s u p e r s o n i c  s e c t i o n  o f  t h e  n o z z l e  
t h r o u g h  h o l e  1 i n t e r a c t s  w i t h  t h e  s u p e r -  
s o n i c  f low of  gaseous  combust ion p ro -  
d u c t s  and i s  d e f l e c t e d  from i t s  o r i g i n a l  
d i r e c t i o n  to f low i n  r e g i o n  2 .  

A s  t h e  main f low moves o v e r  t h i s  
zone,  a compress ion  shock 3 forms ,  t h e  
f low i s  r o t a t e d  beh ind  i t ,  and,  as a 
consequence ,  t h e  p r e s s u r e  i s  r a i sed .  
T h e  r e s u l t  i s  t h e  l a t e r a l  c o n t r o l  f o r c e  
5' 

T h e  magnitude o f  t he  c o n t r o l  f o r c e  
can  b e  r e g u l a t e d  b y  v a r y i n g  t h e  f low o f  
i n j e c t e d  l i q u i d .  I t s  d i r e c t i o n  can  be 
changed b y  i n j e c t i n g  t h e  l i q u i d  t h r o u g h  

z o n t a l  component of  
j e t  r e a c t i o n .  

d i f f e r e n t  h o l e s  p l a c e d  a round  t h e  c i r c u m f e r e n c e  of  t h e  n o z z l e  
c r o s s  s e c t i o n .  

It i s  c h a r a c t e r i s t i c  o f  t h i s  c o n t r o l  t h a t  t h e  c o n t r o l l i n g  
f o r c e  i s  g e n e r a t e d  w i t h  p r a c t i c a l l y  no l o s s  o f  main-engine t h r u s t .  
T h i s  i s  because  t h e  t h r u s t  loss t h a t  r e s u l t s  from l o s s  o f  mechani- 
c a l  ene rgy  by t h e  g a s  f low as i t  p a s s e s  th rough  t h e  compress ion  
shock i s  compensated by an  i n c r e a s e  i n  t h r u s t  due to t h e  i n c r e a s e d  
mass o f  o u t f l o w i n g  g a s e s .  I n  a d d i t i o n ,  t h r u s t  may be i n c r e a s e d  
s l i g h t l y  i f  t he  i n j e c t e d  f l u i d  . is  an  o x i d i z e r  t ha t  r e a c t s  chemi- 
c a l l y  w i t h  t h e  unburned f u e l  to improve combust ion e f f i c i e n c y .  
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Vehic l e s  can be c o n t r o l l e d  by r e d i s t r i b u t i n g  t h r u s t  b y  c l o s -  

i n g  one or more o f  a c i r c u l a r  c l u s t e r  o f  s u s t a i n e r - e n g i n e  n o z z l e s  
( F i g .  I I - 3 - l l i ) .  The r e s u l t  i s  e c c e n t r i c i t y  of  t h e  r e a c t i o n  f o r c e  
and a c o n t r o l l i n g  moment. 

The above gasdynamic c o n t r o l s  can a l l  be c l a s s e d  as c o n t r o l s  
based on use  o f  t h e  s u s t a i n e r  e n g i n e .  A second c l a s s  i s  t ha t  o f  
c o n t r o l s  t h a t  t a k e  t h e  form o f  s p e c i a l  c o n t r o l  e n g i n e s .  One such 
d e v i c e  ( F i g .  11 -3 - l lb )  i s  t h e  s i d e - n o z z l e  r o t a r y  ( " v e r n i e r " )  j e t  
eng ine .  

A c o n t r o l l i n g  f o r c e  can a l s o  b e  c r e a t e d  by s p e c i a l  f i x e d  en- 
g i n e s  w i t h  n o z z l e s  p e r p e n d i c u l a r  to t h e  v e h i c l e  a x i s  ( F i g .  
1 1 - 3 - 1 1 ~ ) .  

Combined controls. A diagram of  a combined c o n t r o l  appea r s  
i n  F i g .  11-3-12. The b a s i c  e lement  i n  t h e  c o n t r o l  i s  a r o t a r y  
n o z z l e  mounted on t h e  t r a i l i n g  edge of t h e  wing or t a i l  and made 
i n  t h e  form of a narrow slot of  a c e r t a i n  l e n g t h .  The c o n t r o l l i n g  
f o r c e  a r i s e s  as a r e s u l t  o f  ou t f low of a i r  from t h e  n o z z l e ,  
which i s  i n c l i n e d  a t  a c e r t a i n  a n g l e  to t h e  wing chord.  T h i s  
f o r c e  has two components. One o f  them i s  e q u a l  to t h e  normal 
component Pv of  t h e  t h r u s t  c r e a t e d  b y  t h e  r o t a r y  slot. The o t h e r  
i s  e q u a l  to t h e  normal aerodynamic-force component A Y  t h a t  ar ises  
from r e d i s t r i b u t i o n  of t he  p r e s s u r e  on t h e  l i f t i n g  s u r f a c e  b y  t h e  
i n t e r a c t i o n  of  t h e  oncoming f low and t h e  a i r  j e t  i s s u i n g  through 
t h e  slot [ 8 0 ] .  

The s o - c a l l e d  j e t  s p o i l e r  o p e r a t e s  b a s i c a l l y  on t h i s  p r i n -  
c i p l e .  I t s  gas j e t  i s  d i r e c t e d  upward or downward through a slot 
i n  t h e  wing. L i f t  i s  a f f e c t e d  bo th  by t h e  r e a c t i o n  f o r c e  of t he  
s p o i l e r  and by p r e s s u r e  r e d i s t r i b u t i o n .  

A shortcoming of t h e  combined c o n t r o l s  i s  inadequa te  e f f e c -  
t i v e n e s s  i n  t h e  upper atmosphere and a t  low speeds .  I n  s p i t e  o f  
t h e i r  a p p a r e n t  s i m p l i c i t y ,  t hey  a r e  a c t u a l l y  q u i t e  compl ica ted  as 
r e g a r d s  d e s i g n  and a r e  compl ica ted  to use  owing to t h e  need f o r  a 
compressed-gas or l i q u i d  s o u r c e .  

$11-4. AERODYNAMIC CONFIGURATIONS OF AIRCRAFT 

To o b t a i n  t h e  r e q u i r e d  r a n g e ,  s t a b i l i t y ,  and c o n t r o l l a b i l i t y  
and to s a t i s f y  a number o f  o t h e r  t a c t i c a l - t e c h n i c a l  r equ i r emen t s ,  
an  a p p r o p r i a t e  aerodynamic c o n f i g u r a t i o n  of  t h e  a i r c r a f t  must be 
a r r i v e d  a t .  

By aerodynamic c o n f i g u r a t i o n  or l a y o u t ,  we mean r a t i o n a l  
s e l e c t i o n  of t h e  dimensions,  e x t e r n a l  shapes ,  and r e l a t i v e  p o s i -  
t i o n s  o f  t h e  v e h i c l e ' s  body, wings,  t a i l ,  c o n t r o l s ,  and o t h e r  e l e -  
ments.  
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I n  f i n a l  e l a b o r a t i o n  of the  d e s i g n ,  t hese  problems must b e  , $& 
s o l v e d  t o g e t h e r  i n  o r d e r  to match d imens ions ,  s h a p e s ,  and rela- b i b ;  

.~;* 

t i v e  p o s i t i o n s .  A t  t he  i n i t i a l  s t a g e  of  a d e s i g n ,  however,  t h e  
l a y o u t  can  be  s e l e c t e d  and t h e  c a l c u l a t i o n s  per formed s e p a r a t e l y .  
Moreover ,  t h e  fundamental  aerodynamic l a y o u t  may b e  o u t l i n e d  on 
t h e  basis of t a c t i c a l  and t e c h n i c a l  r e q u i r e m e n t s ,  w i t h o u t  s p e c i f -  
i c  forms f o r  t h e  i n d i v i d u a l  e l e m e n t s .  

The p r o p e r  aerodynamic l a y o u t  f o r  a v e h i c l e  can  be  s e l e c t e d  
w i t h  c o n s i d e r a t i o n  of p r a c t i c a l  e x p e r i e n c e  accumula ted  i n  a e r o -  
n a u t i c a l  and r o c k e t  e n g i n e e r i n g  and use  o f  a v a i l a b l e  t h e o r e t i c a l  
and  e x p e r i m e n t a l  data .  

V e h i c l e  aerodynamic c o n f i g u r a t i o n s  are  d i v i d e d  i n t o  two 
c lasses .  

Class One i n c l u d e s  t he  aerodynamic c o n f i g u r a t i o n s  o f  t a i l -  
l e s s  v e h i c l e s .  The b o d i e s  o f  such  v e h i c l e s  have no conspicuous  
p r o j e c t i n g  s u r f a c e s .  The aerodynamic l a y o u t s  o f  t a i l l e s s  v e h i c l e s  
are c l a s s i f i ed  on t h e  bas i s  of whether t h e  v e h i c l e  i s  gu ided  o r  
ungu ided .  

A long-range m i s s i l e  w i t h  a s e p a r a t i n g  nose  cone i s  a t a i l -  
l ess  v e h i c l e  ( F i g .  11-4-la).  The mis s i l e  i s  s t a b i l i z e d  on t h e  
powered p a r t  o f  i t s  t r a j e c t o r y  by t h e  u s e  o f  gasdynamic c o n t r o l s  
( f o r  example,  p i v o t i n g  n o z z l e s  1). 

Unguided t a i l l e s s  v e h i c l e s  i n c l u d e  t h e  s o - c a l l e d  t u r b o j e t  
m i s s i l e s  ( F i g .  1 1 - b l b )  , which are s p i n - s t a b i l i z e d .  

Class Two i n c l u d e s t a i l e d  v e h i c l e s ,  whose b o d i e s  may c a r r y  
l i f t i n g  and s t a b i l i z i n g  s u r f a c e s .  

T h e  aerodynamic l a y o u t s  o f  t a i l e d  v e h i c l e s  can  be  c l a s s i f i e d  /71 
as w i n g l e s s  and winged o r  as combined wing-and- t a i l  l a y o u t s .  

Wingless  t a i l e d  v e h i c l e  l a y o u t s  i n c l u d e  t h o s e  of  unguided 
and  g u i d e d  v e h i c l e s .  

F i g u r e  11-4-le shows a r o c k e t  w i t h  t h e  c o n f i g u r a t i o n  o f  a n  
ungu ided  w i n g l e s s  t a i l e d  v e h i c l e .  The t a i l  on t h e  body i s  f i x e d  
and  a c t s  as a s t a b i l i z e r .  The guided  v e h i c l e  ( F i g .  11-4- ld)  may 
b e  f i t t e d  w i t h  p i v o t i n g  f i n s  (1) o r  u s e  gasdynamic c o n t r o l s .  

V e h i c l e s  w i t h  t h e  wing-and- ta i l  c o n f i g u r a t i o n  ( F i g .  1 1 - 4 - l f )  
a n d  w i t h  t h e  combined wing and t a i l  1 ( F i g .  11-4-lg) are  gu ided  
and  can  b e  c l a s s e d  i n  t h e  same group:  winged gu ided  v e h i c l e s .  

Guided winged v e h i c l e  c o n f i g u r a t i o n s  can  b e  c l a s s i f i e d  as 
norma l ,  c a n a r d ,  and t a i l l e s s ,  depending  on t h e  method used for 
g u i d a n c e .  
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F i g u r e  11-4-1. V e h i c l e  Aerodynamic C o n f i g u r a t i o n s .  
a )  t a i l l e s s  gu ided  m i s s i l e ;  b )  t u r b o j e t  m i s s i l e ;  
c )  w i n g l e s s  unguided v e h i c l e ;  d )  w i n g l e s s  gu ided  
v e h i c l e ;  e )  "canard"  c o n f i g u r a t i o n ;  f )  "normal" 
c o n f i g u r a t i o n ;  g )  " t a i l l e s s "  c o n f i g u r a t i o n ;  h )  
" t a i l l e s s "  c o n f i g u r a t i o n  w i t h  d e s t a b i l i z e r ;  i )  
" t a i l l e s s "  c o n f i g u r a t i o n  w i t h  s t a b i l i z e r ;  k )  " f l y -  
i n g  wing" c o n f i g u r a t i o n .  

I n  t h e  normal  c o n f i g u r a -  
t i o n  ( F i g .  I I - o - l f ) ,  t h e  
s t e e r i n g  t a i l p l a n e s  1 are 
p l a c e d  beh ind  t h e  wing 2 on 

\ t h e  v e h i c l e ' s  t a i l  s e c t i o n ,  
which endows i t  w i t h  a num- 

a- - -- -+ - 

b e r  o f  aerodynamic and s t r u c -  
t u r a l  advan tages  [80]. 

When t h e  c o n t r o l  s u r -  YB 
Y- Yc f a c e s  are s o  p o s i t i o n e d ,  t h e  

d i s t u r b a n c e s  t h a t  t h e y  gene- 

F i g u r e  r a t e  do n o t  a f f e c t  t h e  wing 
and ,  c o n s e q u e n t l y ,  t h e  cond i -  
t i o n s  o f  f low o v e r  i t  are  t i o n  C o n t r o l  of  V e h i c l e .  a )  a t t i -  

t u d e  p r i o r  to r o t a t i o n ;  b )  a t t i -  more advan tageous .  These 
c o n t r o l s  can  b e  used f o r  t u d e  a f t e r  r o t a t i o n  of  v e h i c l e .  

11-4-2 .  Normal-Configura- 

s h a r p  maneuvering o f  t h e  ve- 
h i c l e  w i t h  r e t e n t i o n  o f  

smooth f low over  them. T h i s  i s  done by r o t a t i n g  t h e  c o n t r o l  /72 
s u r f a c e  t h r o u g h  a ra ther  l a r g e  i n i t i a l  a t t a c k  a n g l e  6 ( F i g .  
1 1 - 4 - 2 ) ,  which i s  t h e n  r educed  i n  f l i g h t  b y  t h e  v e h i c l e ' s  a t t a c k  
a n g l e  a to a i d  i n  p r e v e n t i n g  f low s e p a r a t i o n .  

wg 
T a i l - s e c t i o n  c o n t r o l  s u r f a c e s  can b e  s o  d e s i g n e d  as to pro -  

v i d e  f o r  d i f f e r e n t i a l  d e f l e c t i o n  of  t h e  h o r i z o n t a l  f i n s  as neces-  
s a r y  to roll t h e  v e h i c l e .  
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We might c o n s i d e r  a l a y o u t  i n  which the  rear  s u r f a c e s  work 
i n  p a i r s ,  l i k e  e l e v a t o r s  and r u d d e r s ,  t h e r e b y  p r o v i d i n g  p i t c h  and 
yaw c o n t r o l ,  w h i l e  a p a i r  o f  s u r f a c e s  on t h e  wings a c t s  as a i l e -  
r o n s .  A l a y o u t  w i t h  f i x e d  rear  s u r f a c e s ,  i n  which p i t c h ,  yaw,  
and roll c o n t r o l  i s  o b t a i n e d  by a p p r o p r i a t e  d e f l e c t i o n s  of  t h e  
wings,  i s  a l s o  used .  S u f f i c i e n t l y  r e l i a b l e  roll s t a b i l i z a t i o n  
i s  o b t a i n e d  i n  t h i s  c o n f i g u r a t i o n  by d e f l e c t i n g  a p a i r  o f  fo rward  
c o n t r o l  s u r f a c e s  i n  o p p o s i t e  d i r e c t i o n s .  

These c o n f i g u r a t i o n s  make C G  t r i m  l e s s  c r i t i c a l  and a l l o w  
much freedom i n  l o c a t i n g  t h e  aerodynamic s u r f a c e s  and s p e c i f y i n g  
t h e i r  r e l a t i v e  d imens ions ,  as w e l l  as p r o v i d i n g  a wider  r ange  o f  
gu idance-sys tem o p t i o n s .  With t h e  s u r f a c e s  a f t ,  a c e r t a i n  
s t r e n g t h  advan tage  i s  o b t a i n e d ,  s i n c e  t h e  bend ing  moments a p p l i e d  
to t h e  body are  c o m p a r a t i v e l y  s m a l l .  

The d i s a d v a n t a g e s  o f  t he  normal  c o n f i g u r a t i o n  must a l so  
be c o n s i d e r e d .  

1. The empennage, which i s  s i t u a t e d  i n  a d i s t u r b e d - f l o w  zone 
beh ind  t h e  wing, i s  s u b j e c t  to t h e  a c t i o n  o f  a d v e r s e  f o r c e s ,  
u s u a l l y  i n  t h e  form o f  p e r i o d i c  s h o c k s .  A s  a r e s u l t ,  t h e  empen- 
nage shakes s e v e r e l y ,  i n  t h e  phenomenon known as b u f f e t i n g .  With 
a view to p r e v e n t i n g  b u f f e t i n g ,  t h e r e  i s  a tendency  to s h i f t  t h e  
empennage upward from t h e  p l a n e  o f  t h e  wing to g e t  i t  o u t s i d e  o f  
t h e  d i s t u r b e d - f l o w  zone,  even though t h i s  r e s u l t s  i n  a loss of  
r i g i d i t y  t h a t  may cause  f l u t t e r  o f  t h e  t a i l p l a n e s .  

2 .  S i n c e  t h e  wing and c o n t r o l - s u r f a c e  a t t a c k  a n g l e s  are o f  
o p p o s i t e  s i g n s ,  and ,  c o n s e q u e n t l y ,  t h e  l i f t i n g  f o r c e s  t h a t  t h e y  
deve lop  are o p p o s i t e l y  d i r e c t e d ,  t h e  o v e r - a l l  l i f t  o f  t h e  v e h i c l e  
i s  somewhat l ower .  

3.  For  t h i s  r e a s o n ,  a d e s t a b i l i z i n g  e f f e c t  a p p e a r s  on d e f l e c -  
t i o n  of  t h e  c o n t r o l s ,  w i t h  t h e  r e s u l t  t h a t  t h e  d i s t a n c e  between 
t h e  v e h i c l e ' s  c e n t e r s  o f  g r a v i t y  and p r e s s u r e  i s  made s h o r t e r .  
T h i s  i s  somewhat d e t r i m e n t a l  to s t a t i c  s t a b i l i t y .  F u r t h e r ,  if t h e  
c o n t r o l  s u r f a c e s  a r e  s i t u a t e d  a t  a s h o r t  d i s t a n c e  from t h e  c e n t e r  
of  g r a v i t y ,  t h i s  may lower t h e  t a i l  damping moment and ,  conse-  
q u e n t l y ,  i m p a i r  dynamic s t a b i l i t y ;  t h e  p e r i o d i c  o s c i l l a t i o n s  t h a t  
a r i s e  on t h e  t r a j e c t o r y  w i l l  damp more s l o w l y .  

I n  t h e  "cana rd"  c o n f i g u r a t i o n  (see F i g .  11-Q- le) ,  t h e  s teer -  
i n g  t a i l  1 i s  fo rward  of  t h e  wing 2 on t h e  nose  s e c t i o n  o f  t h e  
v e h i c l e  and ahead of  t h e  c e n t e r  o f  g r a v i t y .  The advan tages  o f  
t h i s  l a y o u t  are m a n i f e s t e d  i n  t he  f a c t  t h a t  t h e  c o n t r o l s  a r e  n o t  
d i s t u r b e d  by t h e  wings and are  t h e r e f o r e  more. e f f e c t i v e .  Because 
the  s i g n s  o f  t h e  c o n t r o l - s u r f a c e  and wing a t t a c k  a n g l e s  are t h e  
same and t h e i r  l i f t s  are  i n  t h e  same d i r e c t i o n ,  t h e  o v e r - a l l  ve- 
h i c l e  l i f t  i n c r e a s e s  [ 8 0 ] .  
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S i n c e  t h e  d e s t a b i l i z i n g  moment i s  reduced  when t h e  c o n t r o l  
s u r f a c e  i s  d e f l e c t e d ,  s t a t i c  s t a b i l i t y  i s  somewhat improved ove r  
t h e  normal c o n f i g u r a t i o n .  Damping c h a r a c t e r i s t i c s  are a l s o  i m -  
proved owing to t h e  f a c t  t h a t  t h e  c o n t r o l  d e v i c e  i s  u s u a l l y  f a r  
from t h e  c e n t e r  of g r a v i t y .  

C e r t a i n  d e s i g n  advantages  o f  t h e  canard  are a s s o c i a t e d  w i t h  /73 
t h e  f a c t  t h a t  t h e  c o n t r o l  s u r f a c e s  are  compara t ive ly  small and 
t h e r e f o r e  have s m a l l  h inge  moments. I n  addr i t ion ,  w i t h  t h e  con- 
trol s u r f a c e s  and a s s o c i a t e d  equipment fo rward ,  i t  i s  eas ie r  t o  
accomodate f u e l  t a n k s  and e n g i n e s  i n  t he  c e n t e r  and t a i l  s e c t i o n s .  

- 

a) 
The  d e f i c i e n c i e s  tha t  

l i m i t  p r a c t i c a l  a p p l i c a t i o n  
CP of  t h i s  c o n f i g u r a t i o n  are as - 

f o l l o w s .  
! 

1. The wing comes i n t o  i 

downwash from t h e  c o n t r o l  
s u r f a c e s ,  s o  t h a t  t he  t r u e  

l i f t  i s  reduced .  T h i s  ef-  
f e c t  becomes s t r o n g e r  f o r  
small  wing a s p e c t  r a t i o s ,  
when a lmost  t h e  e n t i r e  wing 
s u r f a c e  i s  i n  downwash. 

IC- a n g l e  of  a t t a c k  i s s m a l l e r a n d  
b )  - 

--___ ---___-___ _ _ _ _ _ _ _ _ _  __--- $--J--,-q Y + Yc 

/\J Y, 

2. It i s  n o t  conven ien t  F i g u r e  11-4-3. C o n t r o l  of  Canard- 
C o n f i g u r a t i o n  V e h i c l e .  a )  a t t i -  
t u d e  p r i o r  to r o t a t i o n ;  b )  a t t i -  
t u d e  a f t e r  r o t a t i o n  of  v e h i c l e .  

to use  t h e  c o n t r o l  s u r f a c e s  
as a i l e r o n s  f o r  roll c o n t r o l ,  
s i n c e  the  downwash behind  
them causes  t h e  wings to s e t  
up a n  opposed r o l l i n g  moment 

and t h e  a i l e r o n s  are r e n d e r e d  p r a c t i c a l l y  i n e f f e c t i v e .  Moreover, 
because  of t h e  s h o r t  a r m ,  t h e  a i l e r o n  moment may even b e  smaller 
t h a n  t h e  r o l l i n g  moment t h a t  a r i ses  as a r e s u l t  of downwash. T h i s  
d e f i c i e n c y  can b e  c o r r e c t e d  by p r o v i d i n g  t h e  f i x e d  wings w i t h  
a i l e r o n s  t h a t  a re  c o n t r o l l e d  independen t ly  of  t he  forward sur- 
f a c e s ,  a l t h o u g h  t h i s  r e s u l t s  i n  d e s i g n  d i f f i c u l t i e s  and a weight  
p e n a l t y .  

3. Flow c o n d i t i o n s  ove r  t h e  c o n t r o l s  are u n f a v o r a b l e  be-  
cause  of t h e  l a r g e  a t t a c k  a n g l e s ,  which are  e q u a l  to t h e  sums of  
t h e  wing a t t a c k  a n g l e  a and t h e  c o n t r o l - s u r f a c e  d e f l e c t i o n  6 

( F i g .  11-44). 
wg 

Flow s e p a r a t e s  from t h e  s u r f a c e s  a t  large a n g l e s  o f  a t t a c k ,  
and o b s e r v a t i o n s  have shown t h a t  i t  i s  accompanied b y  p i t c h i n g  
o s c i l l a t i o n s  of t h e  v e h i c l e .  
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4 .  P l a c i n g  t h e  c o n t r o l  s u r f a c e s  forward of  t h e  c e n t e r  of  
g r a v i t y  g i v e s  r i s e  t o  a c e r t a i n  d e s t a b i l i z i n g  e f f e c t .  Here t h e  
p o s i t i o n  of t h e  c e n t e r  of p r e s s u r e  v a r i e s  as a f u n c t i o n  of  s u r -  
f a c e  d e f l e c t i o n ,  and t h i s  makes i t  d i f f i c u l t  t o  p r e s e r v e  a g i v e n  
r a n g e  of v a r i a t i o n  of  CP c o o r d i n a t e s .  

5 .  The  l o a d s  on t h e  c o n t r o l s  and t h e  bending  moments a p p l i e d  
t o  t h e  body ar'e l a r g e r  t h a n  i n  t h e  normal c o n f i g u r a t i o n ,  s i n c e  
t h e  c o n t r o l  s u r f a c e s  have l a r g e  a t t a c k  a n g l e s .  

6 .  It i s  d i f f i c u l t  t o  p r o v i d e  d i r e c t i o n a l  s t a b i l i t y  i n  t h e  
cana rd  c o n f i g u r a t i o n ,  which presupposes  use  of a long  body nose 
s e c t i o n  t o  c a r r y  t h e  c o n t r o l  s u r f a c e s .  Th i s  d i f f i c u l t y  a r i ses  
from t h e  l a r g e  d e s t a b i l i z i n g  moments of t h e  nose and t h e  need t o  
have a n  expanded v e r t i c a l  t a i l p l a n e  w i t h  a l o n g  a r m  t o  t h e  c e n t e r  
of  g r a v i t y .  

I n  t h e  t a i l l e s s  c o n f i g u r a t i o n ,  there  i s  no s e p e a r a t e  con- 
t r o l l i n g  t a i l ,  and t h e  c o n t r o l s  1 are p l a c e d  on t h e  t r a i l i n g  
edge of  l i f t i n g  s u r f a c e  2 ,  which f u n c t i o n s  as a combined wing 
and s t a b i l i z i n g  t a i l p l a n e  (see F i g .  11-4-1h) , whose f u n c t i o n s  

p o s s i b l e  t o  use  gasdynamic c o n t r o l s  a t  t h e  s t e r n  of  a t a i l l e s s  
c o n f i g u r a t i o n .  T h i s  i n c r e a s e s  t h e  v e h i c l e ' s  m a n e u v e r a b i l i t y ,  
s i n c e  t h e  f o r c e s  a p p l i e d  t o  t h e  c o n t r o l  e lement  a c t  a t  t h e  end 
of a long  a r m .  

may a l s o  be performed by  a wing (see F i g .  1 1 - 4 - l i ) .  It i s  a l s o  /74 

If t h e  aerodynamic s u r  c e s  have a l a r g e  area,  t h e  m i s s i l e  
i s  s a i d  t o  b e  winged; i f  t liFa e y  are small ,  t h e y  a c t  as s t a b i l i z e r s ,  
and t h e  v e h i c l e  becomes t h e  o r d i n a r y  b a l l i s t i c  m i s s i l e .  I n  t h e  
d iagram o f  F i g .  II-4-1g, t h e  v e h i c l e  may have a f i x e d  h o r i z o n t a l  
d e l t a  o r  t r a p a z o i d a l  wing and d i r e c t i o n a l  c o n t r o l  may b e  o b t a i n e d  
by d e f l e c t i n g  t h e  v e r t i c a l  s u r f a c e s .  P i t c h  and roll c o n t r o l  i s  
p rov ided  b y  s u r f a c e s  on t h e  wing t r a i l i n g  edge tha t  can b e  de- 
f l e c t e d  i n  o p p o s i t e  d i r e c t i o n s .  

Freedom from downwash, which lowers  c o n t r o l - s u r f a c e  and 
wing e f f e c t i v e n e s s ,  i s  an  advantage  of  t h i s  aerodynamic l a y o u t .  
U s e  o f  c o n t r o l  s u r f a c e s  on t h e  h o r i z o n t a l  wings makes roll con- 
t r o l  more dependable ,  s i n c e  t h e  p o s s i b i l i t y  o f  a n e g a t i v e  roll 
e f f e c t  i s  e l i m i n a t e d .  S t a t i c  s t a b i l i t y  i s  q u i t e  independent  of  
mot ion  i n  p i t c h ,  yaw, and roll. 

Vehic l e s  w i t h  t h e  t a i l l e s s  c o n f i g u r a t i o n  may have a f i x e d  
f i n  e i t h e r  forward  or a f t  of  t h e  c e n t e r  of  mass. 

Such f i n s  are n e c e s s a r y  t o  improve s t a b i l i t y  and damping 
c h a r a c t e r i s t i c s .  T h e  v e h i c l e  shown i n  F i g .  11-4-11.1 has f i x e d  
s u r f a c e s  a t  i t s  nose  t h a t  a c t  as d e s t a b i l i z e r s  ( 3 )  and r educe  t h e  
e x c e s s i v e  s t a t i c  s t a b i l i t y  c o n f e r r e d  by t h e  s t r o n g  expans ion  o f  
t h e  l i f t i n g  s u r f a c e  toward t h e  t a i l .  The d e s t a b i l i z e r  a c t s  s imul-  
t a n e o u s l y  as a damper. 



I n  F ig .  1 1 - b - l i ,  we s e e  t h a t  t h e  f i x e d  f i n  1 may b e  p laced  
a f t  of a p i v o t i n g  wing 2 .  It provides  s t a t i c  s t a b i l i t y  and i m -  
p roves  t h e  damping p r o p e r t i e s  of t h e  v e h i c l e .  

t a i l l e s s  conf igu ra t ion  i n  which t h e  body of t h e  v e h i c l e  i s  al-  
most completely i n s c r i b e d  i n t o  t h e  wing o u t l i n e .  

T h e  " f l y i n g  wing" ( s e e  Fig.  1 1 - b l k )  i s  a v a r i e t y  of t h e  

The " t a i l l e s s "  veh ic l e  conf igu ra t ion  compares favorably  from 
t h e  des ign  s tandpoin t  i n  i t s  compactness and t h e  comparative s i m -  
p l i c i t y  o f  i t s  e x t e r n a l  form. The absence o f  a s e p a r a t e  c o n t r o l -  
l i n g  t a i l  lowers  f r o n t a l  drag and reduces des ign  weight .  For t h i s  
r eason ,  t he  wing i s  not adverse ly  a f f e c t e d  by downwash. 

The t a i l l e s s  conf igu ra t ion  has a number of i n h e r e n t  d i sad-  
van tages .  

1. A v e h i c l e  w i t h  t h i s  conf igu ra t ion  i s  not  capable  of sha rp  
maneuvering, s i n c e  t h e  c o n t r o l  su r f aces  are u s u a l l y  c l o s e  t o  t h e  
c e n t e r  of  g r a v i t y  and cannot develop l a r g e  c o n t r o l l i n g  moments. 
A l a r g e  c o n t r o l l i n g  moment can be s e t  up by i n c r e a s i n g  t h e  con- 
trol l i f t ,  which can b e  done by i n c r e a s i n g  t h e  a r e a  o f  t h e  s u r -  
f a c e  or t h e i r  d e f l e c t i o n s .  However, t h i s  i n c r e a s e s  t he  power r e -  
q u i r e d  to t u r n  t h e  c o n t r o l s  and hence t h e  weight o f  t h e  v e h i c l e .  

2 .  Since t h e  cen te r  o f  g r a v i t y  of wing a r e a  and t h e  des ign  
c e n t e r  of g r a v i t y  a r e  c lose  t o g e t h e r ,  t h e  damping moment i s  s m a l l  
and t h e  v e h i c l e  does not  have good damping c h a r a c t e r i s t i c s .  

3. S t a b i l i t y  and c o n t r o l l a b i l i t y  d e t e r i o r a t e  because of t h e  - /75 
s t r o n g  v e l o c i t y  dependence of t h e  center -of -pressure  coord ina te .  
For example, f o r  one o f  t h e  t a i l l e s s  des igns ,  t h e  s t a b i l i t y  m a r -  
g i n  a t  MW = 1 . 5  i s  2.5-3 times g r e a t e r  t h a n  a t  subsonic  speed, 
w i t h  t h e  r e s u l t  t h a t  c o n t r o l l a b i l i t y  d e t e r i o r a t e s  s h a r p l y ,  whi le  
tiiis i n c r e a s e  i s  only 1 .3-1 .5  f o r  canard v e h i c l e s .  

Conf igura t ions  o f  mul t i s t age  v e h i c l e s .  These c o n f i g u r a t i o n s  
are no d i f f e r e n t  i n  p r i n c i p l e  f rom those  tha t  we have a l r eady  de- 
s c r i b e d .  Before s t a g i n g ,  t h e  conf igu ra t ion  of a m u l t i s t a g e  ve- 
h i c l e  may be regarded as guided-unfinned ( s e e  F ig .  1 1 - b l a )  o r  
guided f inned  (F ig .  1 1 - 4 - 4 ) .  The l a t t e r  c o n f i g u r a t i o n  may b e  
used i n  t h e  var ious modi f ica t ions  d iscussed  above. The same 
c l a s s i f i c a t i o n  can b e  extended t o  t h e  par t s  of t he  v e h i c l e  t h a t  
remain a f t e r  s epa ra t ion .  

However, c e r t a i n  aerodynamic-layout p e c u l i a r i t i e s  a r e  char- 
a c t e r i s t i c  of  mul t i s taged  veh ic l e s ;  they a r i s e  from t h e  t a c t i c a l  
and t e c h n i c a l  requirements made o f  t he  v e h i c l e  as a whole (be- 
f o r e  s e p a r a t i o n )  and o f  i t s  i n d i v i d u a l  s t a g e s .  



F i g u r e  1 1 - 4 - 4 .  Aerodynamic F i g u r e  11-4-5. Scheme 
Layouts  of  M u l t i s t a g e  Ve-  o f  M u l t i s t a g e  Rocket .  
h i c l e s .  a )  second s t a g e  1,2,3) f i r s t ,  second ,  
w i t h o u t  f i n s ;  b )  second and t h i r d  s t a g e s ,  re- 
s t a g e  w i t h  f i n s ;  c )  second s p e c t i v e l y .  
s t a g e  winged; 1) f i r s t  
s t a g e ;  2 )  second s t a g e .  

T h e  v e h i c l e  as a whole 
must be s t a b l e  and c o n t r o l l -  

a b l e .  Gasdynamic c o n t r o l s  are  p r o v i d e d  i n  t h e  c o n f i g u r a t i o n  of 
t h e  gu ided  un f inned  v e h i c l e  ( F i g .  11-4-5) f o r  t h i s  p u r p o s e .  The 
f i n l e s s  body need n o t  p o s s e s s  s t a t i c  s t a b i l i t y  i n  t he  aerodynamic 
s e n s e .  F i g u r e  11-4 -4  shows a c o n f i g u r a t i o n  w i t h  f i n s  t h a t  s e rve  
to p r o v i d e  s t a b i l i t y  and c o n t r o l l a b i l i t y .  Some d e s i g n s  have 
supplementary  gasdynamic c o n t r o l s  t h a t  f u n c t i o n  d u r i n g  the  powered 
p a r t  o f  t he  f l i g h t .  

T h e  aerodynamic c o n f i g u r a t i o n  of t h e  v e h i c l e  t h a t  r ema ins  
a f t e r  s e p a r a t i o n  of a . s t a g e  may be t h e  same, as shown i n  F i g .  
1 1 - 4 - 4 ,  o r  d i f f e r e n t ,  depending  on t h e  pu rpose  o f  t h e  s t a g e  and 
t h e  c o n d i t i o n s  o f  i t s  f l i g h t .  F i g u r e  1 1 - 4 - 4  shows how t h e  p a r t  
t h a t  remains  a f t e r  s e p a r a t i o n  of t h e  f i r s t  s t a g e  may have un f inned  
( F i g .  11-4-4a), f i n n e d  w i n g l e s s  ( F i g .  I I - h - Q b ) ,  and winged ( F i g .  
11-4-4c) c o n f i g u r a t i o n s .  

I n  t h e  f i r s t  c a s e ,  t h e  r e m a i n i n g  s t a g e  may be  t h e  l a s t  s t a g e  
and pe r fo rm t h e  f u n c t i o n s  of  a s e p a r a t i n g  nose  cone.  I n  t h e  - / 7 6  
second c a s e ,  t h e  r ema inde r  may pe r fo rm s i m i l a r  f u n c t i o n s  ( t h e  
o n l y  d i f f e r e n c e  b e i n g  t h a t  t h e  nose  s e c t i o n  i s  f i n n e d )  o r  a c t  as 
a second s t a g e  f o r  a n  u n f i n n e d  s e p a r a t i n g  nose  s e c t i o n .  F i n a l l y ,  
t h e  r e m a i n i n g  s t a g e  i n  t h e  t h i r d  c a s e  i s  t h e  l a s t  s t a g e  and func-  
t i o n s  as a n  independen t  v e h i c l e  ( a n t i a i r c r a f t  r o c k e t ,  l i f t i n g  
body) .  



An u n f i n n e d  s e p a r a t i n g  nose  s e c t i o n  ( l a s t  s t a g e )  may be a 
guided  o r  unguided v e h i c l e  and may b e  equipped  w i t h  s t a b i l i z i n g  
d e v i c e s  o r  l e f t  s t a t i c a l l y  u n s t a b l e  i n  i t s  mot ion  i n  t h e  d e n s e r  
a t m o s p h e r i c  l a y e r s .  

a x i s .  The o v e r - a l l  aerodynamic l a y o u t  o f  a v e h i c l e  i s  cha r -  
a c t e r i z e d  b y  t h e  d e g r e e  o f  i t s  symmetry abou t  i t s  l o n g i t u d i n a l  
a x i s ,  i . e . ,  t h e  a n g l e  t h r o u g h  which i t  must b e  t u r n e d  f o r  s e l f -  
c o i n c i d e n c e  o f  i t s  o u t l i n e s .  

Degree o f  symmetry o f  t h e  v e h i c l e  a b o u t  i t s  l o n g i t u d i n a l  

A i r c r a f t  or r o c k e t s  w i t h  t h e  s o - c a l l e d  a i r p l a n e  c o n f i g u r a -  
t i o n  have o u t l i n e s  t h a t  r e t u r n  to c o i n c i d e n c e  o n l y  on a 360" r o t a -  
t i o n .  T h i s  shape  c o r r e s p o n d s  to t h e  ex t reme c a s e  of  no  symmetry 
abou t  t h e  l o n g i t u d i n a l  a x i s .  The re  are v e h i c l e s  f o r  which shape  
c o i n c i d e n c e  o c c u r s  on r o t a t i o n  th rough  180° ( c o n f i g u r a t i o n s  w i t h  
180" symmetry abou t  t h e  l o n g i t u d i n a l  a x i s ) .  

Rocket aerodynamic l a y o u t s  are  c h a r a c t e r i z e d  by h i g h e r  de- 
g r e e s  o f  symmetry. These v e h i c l e s  have symmetry a t  l e s s  t h a n  
180". Those w i t h  c o n f i g u r a t i o n s  h a v i n g  1 2 0  o r  90" s y m m e t r y  a b o u t  
t h e  l o n g i t u d i n a l  a x i s  are  t y p i c a l .  The c o n f i g u r a t i o n  w i t h  90" 
symmetry i s  p a r t i c u l a r l y  common ( t h e  s o - c a l l e d  c r o s s  or X con- 
f i g u r a t i o n ) .  They have a n  aerodynamic advan tage  o v e r  t h e  a i r -  
p l a n e  c o n f i g u r a t i o n  i n  t ha t  l a r g e  l a t e r a l  c o n t r o l l i n g  f o r c e s  can  
b e  o b t a i n e d  w i t h o u t  f i r s t  r o l l i n g  t h e  v e h i c l e .  T h i s  makes pos-  
s i b l e  h i g h  maneuvering speeds  i n  any p l a n e ,  a l t h o u g h  i t  does  i n -  
c r e a s e  t h e  d r a g  and we igh t  o f  t h e  s t r u c t u r e .  By v i r t u e  o f  sym- 
m e t r y ,  t h e  r e s u l t a n t  aerodynamic f o r c e  on t h e  v e h i c l e  when it  i s  
i n c l i n e d  to i t s  v e l o c i t y  v e c t o r  a lways l i e s  i n  t h e  p l a n e  of t h e  
l o n g i t u d i n a l  a x i s  and t h e  v e l o c i t y  v e c t o r ,  s o  t h a t  t h e  co r re spond-  
i n g  l o n g i t u d i n a l  and l a t e r a l  s t a b i l i t y  d e r i v a t i v e s  are e q u a l .  

One o f  t h e  e s s e n t i a l  f e a t u r e s  o f  r o c k e t  l a y o u t s  c o n s i s t s  i n  
t h e  use  o f  c o n f i g u r a t i o n s  w i t h  s m a l l - a s p e c t - r a t i o  aerodynamic 
s u r f a c e s .  T h i s  c a u s e s  n o n l i n e a r i t y  of t h e  aerodynamic c h a r a c t e r -  
i s t i c s ,  which i s  a g g r a v a t e d  by i n t e r f e r e n c e  between v a r i o u s  e l e -  
ments o f  t h e  v e h i c l e  (be tween t h e  wing and t a i l ,  wing and body, 
e t c . )  and b y  t h e  p r e s e n c e  of  l a r g e  a n g u l a r  v e l o c i t i e s .  

$11-5. INFLUENCE OF MISSION AND TACTICAL-TECHNICAL REQUIREMENTS 
ON SELECTION OF VEHICLE AERODYNAMIC LAYOUTS 

The s e l e c t i o n  of one or a n o t h e r  aerodynamic l a y o u t  i s  c l o s e l y  
t i e d  i n  w i t h  t h e  m i s s i o n  o f  t h e  v e h i c l e  and i t s  t a c t i c a l  and t e c h -  
n i c a l  s p e c i f i c a t i o n s ,  i n  acco rdance  w i t h  which t h e  r e l a t i v e  p o s i -  
t i o n s  of  t h e  l aunch  and t a r g e t  p o i n t s ,  t h e  shape  o f  t h e  t r a j e c t o r y ,  
t h e  t y p e  of powerplan t  and c o n t r o l  s y s t e m ,  and c h a r a c t e r i s t i c  de- /77 
s i g n  f e a t u r e s  a re  e s t a b l i s h e d .  Thus,  a s p e c i f i c  aerodynamic l a y -  
o u t  t h a t  meets  t a c t i c a l  and t e c h n i c a l  s p e c i f i c a t i o n s  c o r r e s p o n d s  
to a g i v e n  v e h i c l e .  
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Vehicle-TEe and  Aerodpamic Layout Fea tu res  

Let us examine va r ious  modern veh ic l e  t ypes  and t h e  cor re-  
sponding aerodynamic l ayou t s .  We s h a l l  t ake  t h e  r e l a t i v e  pos i -  

t i o n s  o f  t h e  launch and ta r -  
g e t  p o i n t s  as t h e  f a c t o r  de- 
te rmining  v e h i c l e  type .  Here, 
w e  s h a l l  use t h e  accepted no- 
menclature for v e h i c l e  types ,  
such as "space-to-space" 
( launch  and t a r g e t  p o i n t s  i n  

( launch p o i n t  i n  space ,  t a r g e t  

b )  

vp s p a c e ) ,  "space-to-ground" 

F igure  11-5-1. Forms of Space- 
to-Ground Vehic les .  a )  f i n -  
less ;  b )  winged v e h i c l e .  

on ground) ,  e t c .  

" S p a c e -  t o - s p a c e .  I' Since 
t h e  motion t a k e s  p l ace  i n  a i r -  
l e s s  space ,  t h e  shape of t h e  
v e h i c l e  has p r a c t i c a l l y  no i n -  

f l uence  on i t s  aerodynamic c h a r a c t e r i s t i c s  nor ,  consequent ly ,  on 
t h e  parameters  of t h e  t r a j e c t o r y .  I n  t h i s  ca se ,  t h e r e f o r e ,  s e l e c -  
t i o n  of t h e  optimum aerodynamic layout  i n  t h e  ord inary  sense ,  as 
i t  a p p l i e s  f o r  cond i t ions  o f  f l i g h t  i n  t h e  dense atmosphere, i s  
meaningless .  The shape o f  t h e  v e h i c l e  i s  determined b y  des ign  
c o n s i d e r a t i o n s .  It may be guided or unguided. Gasdynamic con- 
trols are used to provide  o r i e n t a t i o n  i n  space and t r a j e c t o r y  cor- 
r e c t i o n s .  

" S p a c e - t o - g r o u n d . "  The d i s t i n c t i v e  proper ty  o f  t h e s e  ve- 
h i c l e s  c o n s i s t s  i n  t h e  f a c t  t h a t  they e n t e r  t h e  atmosphere a t  
very h igh  speed and are t h e r e f o r e  s u b j e c t  to seve re  aerodynamic 
h e a t i n g .  The b a s i c  requirement  c o n s i s t s  i n  reducing t h i s  h e a t i n g  
and p r o t e c t i n g  t h e  v e h i c l e  f r o m  d e s t r u c t i o n .  F o r  t h i s  purpose,  
t h e  aerodynamic layout  makes use o f  hea t  s h i e l d s  on t h e  nose sec- 
t i o n s  and wing edges and employs r e t r o r o c k e t s  to lower speed and, 
w i t h  i t ,  hea t  t r a n s f e r .  C e r t a i n  a r e a s  on t h e  v e h i c l e ' s  s u r f a c e  
a r e  p r o t e c t e d  f r o m  overhea t ing  b y  provid ing  cond i t ions  t h a t  r e -  
s u l t  i n  premature boundary-layer s e p a r a t i o n  from t h e s e  areas.  

f i n l e s s  (F ig .  11-5-la) or winged (F ig .  11-5-lb)  veh ic l e .  
The  "space-to-ground" v e h i c l e  may be a guided or unguided 

The unguided v e h i c l e s  are s t a b i l i z e d  b y  s t a b i l i z i n g  s k i r t s  
i n  t h e  form o f  hollow t a i l  s e c t i o n s .  Gasdynamic and aerodynamic 
c o n t r o l s  a r e  used. 

" A i r - t o - g r o u n d "  a n d  " a i r - t o - a i r . "  The aerodynamic l ayou t s  
of v e h i c l e s  of t h e s e  types  must s a t i s f y  cond i t ions  f o r  motion i n  
t h e  dense l a y e r s  of  t h e  atmosphere a t  speeds a t  which a l l  aero-  
dynamic e f f e c t s  a r e  q u i t e  s t r o n g l y  i n  evidence,  except  for aero-  
dynamic h e a t i n g ,  which i s  not  e s s e n t i a l  i n  t h i s  case .  Most com- 
monly used a r e  t h e  s i n g l e - s t a g e  f inned  wingless  and winged guided 
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and unguided aerodynamic configurations. /78 

The controls are usually of 
1 2  3 the combined or aerodynamic type. 

Guided missiles are sometimes 
subject to more rigid maneuver- 
ability requirements. The aero- 
dynamic configurations therefore 
provide strong control elements. 

In arriving at an aerodynam- 
ic layout, consideration must be 
given to the conditions of 

Figure 11-5-2. Shapes of 
Intercontinental Trajec- 
tories. 1) ballistic; 2) 
soaring; 3) skipping; 4 )  
grazing. 

launching from the carrier ve- 
hicle, which is flying at a cer- 
tain speed. If the missile is 
launched in the direction in 
which the carrier is traveling, 
it is necessary t o  provide mea- 
sures to prevent the missile 
from turning back on the carrier. 

When the missile is launched at an angle t o  the direction of 
carrier flight, a crossflow effect arises from the vehicle's extra 
velocity component, possibly to the detriment of stability and 
targeting. Hence the stabilizing and control elements must be 
capable of eliminating the adverse consequences of this crossflow. 

One of the aerodynamic-layout features may be an umbrella- 
type empennage used as a tail stabilizer because of the limited 
space available for the launcher. 

" G r o u n d - t o - g r o u n d .  I' Because of the great variety of aero- 
dynamic layouts used in "ground-to-ground" vehicles, it will be 
advisable to consider these layouts after classifying them on 
the basis of range and trajectory type. 

Intercontinental ranges. Ballistic trajectories (Fig. 
11-5-2, trajectory 1). As a rule, vehicles with such trajec- 
tories are multistage and finless, with a separating nose sec- 
tion. Control and stabilization are provided on the powered part 
of the trajectory by gasdynamic controls, and on the unpowered 
part by rocket thrusters that give the last stage (separating 
nose section) the necessary stability and permit correcting the 
trajectory.([69] 1968, No. 1) C801. 

The nose-section aerodynamic layouts of these vehicles must 
meet the same requirements as "space-to-ground" vehicles. To re- 
duce the drag of the blunt nose section during ascent through the 
dense layers of the atmosphere, these configurations may be sup- 
plemented by a sharp ballistic cap, which is jettisoned at high 
altitude. 
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When a "ground-to-ground" v e h i c l e  i s  made s i n g l e - s t a g e ,  w i t h -  
o u t  a s e p a r a t i n g  nose  s e c t i o n ,  f i n s  are p r o v i d e d  t o  g i v e  r e l i a b l e  
s t a b i l i z a t i o n  on t h e  c o a s t i n g  p a r t  o f  t h e  t r a j e c t o r y .  S t a b i l i t y  
and c o n t r o l  can  be p r o v i d e d  by gasdynamic d e v i c e s  on t h e  powered 
segment .  

I n  some c a s e s ,  t h e  aerodynamic l a y o u t  of  a gu ided  b a l l i s t i c  
m i s s i l e  w i t h  a s e p a r a t i n g  nose  s e c t i o n  may a l s o  b e  f i n n e d .  F i n s  
are p rov ided  when s t a b i l i z a t i o n  of a s t a t i c a l l y  u n s t a b l e  m i s s i l e  
on i t s  t r a j e c t o r y  would r e q u i r e  gasdynamic c o n t r o l s  s o  large as 
t o  be  i m p r a c t i c a l .  The miss i le ' s  t a i l  f i n s  make i t  p o s s i b l e  to 
move t h e  c e n t e r  of  p r e s s u r e  c l o s e r  t o  t h e  c e n t e r  o f  g r a v i t y  and 
r e d u c e  t h e  m i s s i l e ' s  s t a t i c  i n s t a b i l i t y .  T h i s  makes i t  p o s s i b l e  
to d e s i g n  gasdynamic c o n t r o l s  o f  a c c e p t a b l e  s i z e  and w e i g h t .  

F i g u r e  11-5-3. Aero- 
dynamic Drag o f  B a l -  
l i s t i c  Missi le  and 
i t s  Nose S e c t i o n .  

F i g u r e  11-5-4. P o l a r  
Curve o f  Winged Ve- 
h i c l e .  

A b a l l i s t i c  m i s s i l e  i s  s u b j e c t  t o  s e v e r e  aerodynamic h e a t i n g .  
The c o n v e c t i v e  h e a t  f low t o  t h e  v e h i c l e  i s  ve ry  l a r g e ,  and on ly  a 
c o m p a r a t i v e l y  s m a l l  p a r t  o f  i t  can  be  d i s s i p a t e d  i n t o  t h e  atmos- 
p h e r e  as r a d i a n t  e n e r g y .  To p r e s e r v e  the  v e h i c l e ,  i t  i s  neces -  
s a r y  t ha t  t h e  smallest  p o s s i b l e  amount o f  k i n e t i c  ene rgy  b e  t r a n s -  
f e r r ed  to it as h e a t .  For  t h i s  p u r p o s e ,  t h e  nose  s e c t i o n s  are 
made i n  t h e  form of  p o o r l y  s t r eaml ined  ( b l u n t )  b o d i e s  w i t h  h i g h  
p r e s s u r e  d r a g  and low t o t a l  f r i c t i o n  d r a g ,  which r e d u c e s  convec- 
t i v e  heat t r a n s f e r .  

F i g u r e  11-5-3 shows Mach-number c u r v e s  of  t h e  f r o n t a l - d r a g  
c o e f f i c i e n t  of a t y p i c a l  b a l l i s t i c  m i s s i l e  ( l o w e r  c u r v e )  and  a 
nose  s e c t i o n  t h a t  can  b e  used  f o r  s t ee red  d e c e l e r a t e d  r e e n t r y  
C781. 

S o a r i n g  t r a j e c t o r i e s  ( F i g .  11-5-2, t r a j e c t o r y  2 ) .  V e h i c l e s  
w i t h  this t r a j e c t o r y = &  w i t h o u t  u s e  of t h r u s t  i n  t h e  dense  
l a y e r s  of  t h e  a tmosphere .  T h e  speed  of t he  v e h i c l e  a t  e n g i n e  
shutdown must b e  s u f f i c i e n t  to produce  a l i f t  e q u a l  t o  t h e  
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d i f f e r e n c e  between weight and c e n t r i f u g a l  f o r c e .  The  aerody- 
namic layout  must provide  wings t h q t  produce t h e  necessary  l i f t  
and a maximum l i f t / d r a g  r a t i o  i n  o rde r  to o b t a i n  maximum range .  

The v e h i c l e s  are m u l t i s t a g e  or s ing le - s t age  w i t h  c o n t r o l  and 
s t a b i l i z a t i o n  elements .  I n  t h e  m u l t i s t a g e  l a y o u t ,  t he  wings a r e  
a t t a c h e d  to t h e  l a s t  s t a g e ,  which executes  s o a r i n g  f l i g h t  on t h e  
descending branch o f  t he  t r a j e c t o r y .  

S ince  s o a r i n g  f l i g h t  i n  t h e  dense l a y e r s  of t h e  atmosphere 
t a k e s  p l ace  a t  h igh  speed,  t h e  v e h i c l e  i s  s u b j e c t  to l a r g e  hea t  
f lows f o r  cons ide rab le  l eng ths  o f  t ime.  T h i s  imposes a d d i t i o n a l  
requirements  on t h e  aerodynamic l ayou t  i n  connect ion w i t h  reduced 
hea t  t r a n s f e r  and s u r f a c e  h e a t i n g .  

However, withdrawal  of hea t  i s  a less  complex problem f o r  
s o a r i n g  r o c k e t s ,  s i n c e  k i n e t i c  energy i s  converted i n t o  hea t  
g radua l ly  dur ing  t h e  g l i d e  and, i n  c o n t r a s t  to t h e  b a l l i s t i c  
m i s s i l e ,  t h e  r a t e  of  convect ive hea t  t r a n s f e r  i s  low. Conse- 
quen t ly ,  a cons ide rab le  p a r t  o f  t h e  h e a t  may be r a d i a t e d  i n t o  t h e  
environment a t  w a l l  temperatures  t h a t  a r e  accep tab le  from t h e  
s t andpo in t  o f  material s t r e n g t h .  

Skipping t r a g c t o r i e s  ( s e e  F ig .  11-5-2, t r a j e c t o r y  3 ) .  Ve-  
h i c l e s  w i t h  t h e s e  t r a j e c t o r i e s  a r e  in t e rmed ia t e  between t h e  two - /80 
t ypes  d i scussed  above. The nose s e c t i o n  t a k e s  t h e  form of a 
guided winged v e h i c l e ,  s o  t h a t  i t  can s k i p  on t h e  unpowered par t  
of  t h e  t r a j e c t o r y ,  a l t e r n a t i n g  between dense and r a r e f i e d  l a y e r s  
of t h e  atmosphere. T h i s  makes i t  p o s s i b l e  to o b t a i n  ra ther  long 
ranges .  

To o b t a i n  maximum range ,  i t  i s  necessary that  t h e  l i f t  coef-  
f i c i e n t  conform to t h e  optimum c /ex dur ing  t h e  t imes i n  which 
t h e  sk ipping  mis s i l e  i s  i n  t h e  dense atmospheric l a y e r s .  

Y 

During t h e  motion i n  t h e  t h i n n e r  l a y e r s ,  hea t  t r a n s f e r  t o  
t h e  s u r f a c e  i s  reduced. The r a t e  of hea t  i n f low r ises  sha rp ly  
du r ing  a s k i p ,  s i n c e  t h e  t i m e  spent  i n  t h e  dense l a y e r  i s  s h o r t .  
Here t h e  h e a t - t r a n s f e r  cond i t ions  a r e  p r a c t i c a l l y  t h e  same as 
f o r  a b a l l i s t i c  mi s s i l e .  To lower t h e  maximum r a t e  o f  h e a t  t r a n s -  
f e r  and the  t o t a l  amount of hea t  t r a n s m i t t e d  du r ing  e n t r y  i n t o  
t h e  dense atmospheric l ayers ,  t h e  l ead ing  edges of  t h e  wing and 
body must be b lun ted .  To avoid i n c r e a s i n g  drag,  t h e  l ead ing  
edges must be s h a r p l y  raked .  It  i s  t h e r e f o r e  adv i sab le  to use 
t h e  d e l t a  wing f o r  sk ipp ing  and s o a r i n g  hypersonic  v e h i c l e s .  
F igure  11-5-4 [78]  shows a t y p i c a l  p o l a r  curve f o r  a wing of t h i s  
t ype .  For small a t t a c k  angles  and very l a r g e  Mach numbers, t h e  
induced-drag c o e f f i c i e n t  cxi = Ken tends  toward i t s  l i m i t  cxi = 

Y 
= c3/2JF* 

Y 



I 
Grazing tradectories (see Fig. 11-5-2, trajectory 4). Con- 

ventional aircraft and winged missiles whose speeds may be either 
subsonic or supersonic are among the vehicles using this trajec- 
tory. Their aerodynamic layouts include a wing as a necessary 
element for compensation of gravity. Since they fly in dense 
layers of the atmosphere, combined or aerodynamic controls are 
used. 

The aerodynamic layout must provide devices for stabiliza- 
tion and control when the missile is launched with rocket 
boosters. The stability necessary for in-flight refueling must 
be provided. 

Intermediate ranges. Intermediate-range flights are made 
either on a ballistic trajectory (ballistic missiles) or a graz- 
ing trajectory (airplanes and winged missiles). The layout may 
be multistage, and in its most general form is that of the guided 
finned winged aerodynamic configuration. Occasional designs may 
be made with wide departures from this layout, e.g., the ballis- 
tic missile, which uses the simpler layouts described above. 

Intermediate ranges mean additional simplification because 
of the lower speeds on the descending branch of the trajectory 
and the consequent smaller heat flows. As a result, protection 
from aerodynamic heating is easier and the sharp nose section can 
be retained. 

This nose-section shape means lower drag and, consequently, 
higher speed and a shorter time in flight. The shorter time on 
trajectory increases aiming accuracy, since the time for which 
the vehicle is subject to the adverse effects of wind and air 
temperature and density variation is shorter and, consequently, 
the deviation from the nominal trajectory is smaller. 

Short ranges. Ballistic trajectories. Vehicles describing - /81 
these trajectories are unguided finned wingless or unfinned types. 
The aerodynamic layout must provide for means to improve aiming 
accuracy. These devices include pitched tail fins by means of 
which rotation of the finned vehicle about its longitudinal axis 
is set up during flight and the target pattern is improved. The 
same effect can be produced with tangential jet-engine nozzles. 

The aerodynamic forces and moments of a vehicle with this 
layout must be determined with consideration of spin and the de- 
sign features associated with the oblique positions of the fins 
and the presence of tangential nozzles, and with consideration of 
the effect of the jet on external flow. 

Grazing trajectories. Antitank rockets and artillery mis- 
siles intended for use on stationary and moving ground targets 
use these trajectories. 
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F i g u r e  11-5-5. Finned 
M i s s i l e s .  a )  mor t a r  round; 
b )  s u b c a l i b e r  m i s s i l e  
( S  i s  a s p l i t  s h a c k l e ) .  

An t i t ank  r o c k e t s  use  t h e  
winged guided  aerodynamic l a y -  
o u t ,  and a r t i l l e r y  m i s s i l e s  t h e  
unguided f i n n e d  and f i n l e s s  con- 
f i g u r a t i o n s .  

Unguided f i n n e d  missiles 
( s h e l l s )  may have v a r i a t i o n s  de- 
f i n e d  by t he  span  o f  t h e  f i n s  as 
compared t o  t h e  t r a n s v e r s e  dimen- 
s i o n  o f  t h e  body. I f  t h e  f i n  span  
i s  e q u a l  to or s m a l l e r  t h a n  t h e  
d i ame te r  o f  t h e  l a r g e s t  body c r o s s  
s e c t i o n ,  t h e  c o n f i g u r a t i o n  i s  sa id  
t o  be  s u b c a l i b e r  ( low-ve loc i ty  
s h e l l s ,  F i g .  11-5-5a); i f  larger ,  

t h e  c o n f i g u r a t i o n  i s  s u p e r c a l i b e r  (F ig .  11-5-5b) (C691, 1 9 6 0 ,  No. 
2 ) .  

"Ground-to-ai r "  a n d  "ground- to - space ."  V e h i c l e s  o f  t h e s e  
t y p e s  are used f o r  a n t i a i r c r a f t  and a n t i m i s s i l e  d e f e n s e ,  as w e l l  
as f o r  a tmospher ic  and space  r e s e a r c h .  

I f  t hey  a r e  t o  f l y  a t  h igh  a l t i t u d e s ,  t h e y  a r e  made m u l t i -  
s t a g e .  For f l i g h t  over  modest r a n g e s ,  a s i n g l e - s t a g e  v e r s i o n  
w i t h  d u a l - t h r u s t  eng ine  o p e r a t i o n  i s  p o s s i b l e ;  h e r e  t h e  t h r u s t  
i s  h igh  a t  t h e  t ime of  launch  and i s  reduced  s h a r p l y  when a ce r -  
t a i n  a l t i t u d e  (or s p e e d )  has been r eached .  

Space v e h i c l e s  are u s u a l l y  of  t h e  guided  f i n l e s s  t y p e .  

The aerodynamic l a y o u t  of  a "ground-to-air"  miss i le  must pro-  
v i d e  f o r  high m a n e u v e r a b i l i t y .  It i s  t h e r e f o r e  p rov ided  w i t h  
wings,  f i n s ,  and powerfu l  c o n t r o l s ,  which may be a p p l i e d  i n  t h e  
normal ,  cana rd ,  or t a i l l e s s  c o n f i g u r a t i o n .  P i v o t i n g  wings a r e  
o f t e n  used i n  t h e  l a t t e r  c o n f i g u r a t i o n .  

S p e c i a l  r e s e a r c h  r o c k e t s  (wea the r ,  g e o p h y s i c a l ,  medicobio- 
l o g i c a l )  a r e  used f o r  a tmosphe r i c  and space  r e s e a r c h .  

Such r o c k e t s  may have a wide v a r i e t y  of  l a y o u t s  depending on 
t h e  s p e c i f i c  mis s ion  f o r  which t h e y  a r e  des igned .  F igu re  11-5-6 
shows s i n g l e -  and two-stage v e h i c l e s .  

For s i n g l e - s t a g e  r o c k e t s ,  a t h r e e - f i n  s t a b i l i z e r  1 may be 
adequate  ( F i g .  11-5-6a).  For  a two-stage r o c k e t ,  t h e  launch-  - /82 
engine  > s t a b i l i z e r  1 may c o n s i s t  o f  t h r e e  f i n s  and tha t  of  t h e  
main s t a g e  2 of  f o u r  ( F i g .  11-5-6b) .  

Research r o c k e t s  may be guided  or unguided. C o n t r o l  can be 
o b t a i n e d  w i t h  j e t  vanes or b y  s w i v e l l i n g  t h e  combustion chamber. 
S p e c i a l  j e t  n o z z l e s  a r e  used f o r  a n g u l a r  o r i e n t a t i o n  o f  t he  
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m i s s i l e  abou t  i t s  l o n g i -  
t u d i n a l  a x i s .  

The r o c k e t s  may have 
s p e c i f i c  f e a t u r e s  a s s o -  
c i a t e d  w i t h  t h e  p r e s e n c e  
o f  a sys t em f o r  r e c o v e r -  
i n g  t h e  nose  w i t h  i t s  
package o f  measu r ing  i n -  
s t r u m e n t s .  A s e p a r a t i n g  
nose  s e c t i o n  i s  t h e r e f o r e  
i n c l u d e d  i n  t h e  aerody-  
namic c o n f i g u r a t i o n  ( see  
F i g .  11-3- lob) .  It i s  

F i g u r e  11-5-6. Aerodynamic Layouts  
o f  Weather Rocke t s .  a )  s i n g l e -  
s t a g e ;  b )  two-s t age .  

d e c e l e r a t e d  on r e e n t r y  b y  
s p e c i a l  d r a g  d e v i c e s ,  

such  as s t r i n g  o f  b r a k i n g  d i s k s ,  s p e e d  f l a p s  t h a t  are dep loyed  
a f t e r  s e p a r a t i o n ,  and p a r a c h u t e s .  

"Underwater-to-underwater." V e h i c l e s  o f  t h i s  t y p e  a re  de- 
s i g n e d  t o  move i n  water .  However, t h e y  have  t h e  gu ided  f i n n e d  
w i n g l e s s  aerodynamic l a y o u t .  C o n t r o l  i s  aerodynamic ( o r ,  more 
p r e c i s e l y ,  hydrodynamic) ,  p e r h a p s  w i t h  t h e  c o n t r o l s  coup led  to 
an  a u t o m a t i c  homing sys t em.  

T h e  l a y o u t  must t a k e  accoun t  of  how t h e  aerodynamic (hydro-  
dynamic) c h a r a c t e r i s t i c s  o f  t he  v e h i c l e  are a f f e c t e d  by t h e  water 
i n t a k e s  used when water i s  one of  t h e  p r o p e l l a n t s .  

"Air (ground)-to-underwater." V e h i c l e s  o f  t h i s  t y p e  must 
e n t e r  t h e  water a t  c o m p a r a t i v e l y  low s p e e d .  Otherwise ,  t h e  l a r g e  
g - f o r c e s  encoun te red  on impact  would r e q u i r e  s t r e n g t h e n i n g  t h e  
body and o t h e r  p a r t s  of t h e  v e h i c l e ,  w i t h  t h e  a t t e n d a n t  we igh t  
p e n a l t y .  

D r a g - i n c r e a s i n g  measures  a r e  t a k e n  to r educe  speed .  Fo r  
t h i s  p u r p o s e ,  t h e  warhead i s  b l u n t e d  and t h e  v e h i c l e  i s  equ ipped  
w i t h  d r a g  p a r a c h u t e s  and f l a p s  t h a t  open d u r i n g  t h e  approach  t o  
t h e  water .  

The  b a s i c  l a y o u t  of  v e h i c l e s  o f  t h i s  t y p e  i s  t h e  same as 
t h a t  o f  v e h i c l e s  of t h e  "underwater - to-underwater"  t y p e .  

Powerplan t  -- Type and  Aerodynamic-Layout F e a t u r e s  

The rocket powerplant. S i n c e  t h e  r o c k e t  e n g i n e  does  n o t  u s e  
a t m o s p h e r i c  oxygen, i t  does  n o t  have a i r  i n t a k e s  among t h e  e l e -  
ments o f  i t s  aerodynamic l a y o u t .  

T h e  e n g i n e  i n s t a l l a t i o n  i s  most o f t e n  p l a c e d  i n  t he  s t e r n  of  /83 
t h e  v e h i c l e ,  a f e a t u r e  t h a t  i n f l u e n c e s  t h e  CG p o s i t i o n  of  t h e  
v e h i c l e ,  t h e  r e l a t i v e  p o s i t i o n s  o f  t h e  g r a v i t y  and p r e s s u r e  
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e r s ,  and,  consequen t ly ,  s t a b i l i t y  and c o n t r o l l a b i l i t y .  I n  
t i o n ,  t h e  d i s t r i b u t i o n  of n o z z l e s  i n f l u e n c e s  t h e  shape  o f  
t a i l  s e c t i o n  and t h e  c o n d i t i o n s  o f  f low ove r  it. 

F i g u r e  11-5-8. D i a g r a m  
Showing Placement of  A i r  
I n t a k e s  a t  Root of  Wing. 

S i g n i  f i c a n t  ae rody nami c - 
l a y o u t  p e c u l i a r i t i e s  are asso- 
c i a t e d  w i t h  t h e  use  of  s e v e r a l  
e n g i n e s  " c l u s t e r e d "  around t h e  

F i g u r e  11-5-7. Engine body of  t h e  v e h i c l e  ( F i g .  
Placement on V e h i c l e s .  a )  11-5-7) and w i t h  t h e  use  of  
" c l u s t e r "  o f  r o c k e t  r o c k e t s  as l aunch  b o o s t e r s .  
g i n e s  around v e h i c l e  body; These eng ine  a r rangements  re-  
b )  j e t  e n g i n e s  w i t h  a i r  q u i r e  a d d i t i o n a l  s t a b i l i z a t i o n  
i n t a k e s  p l a c e d  i n  pods on measures .  
p y l o n s .  

I n  b o t h  c a s e s ,  t h e  en- 
g i n e s  are j e t t i s o n e d  a f t e r  

bu rn .  The aerodynamic l a y o u t  must t h e r e f o r e  p r o v i d e  t h e  neces-  
s a r y  s t a b i l i t y  and c o n t r o l l a b i l i t y  a t  t h e  t i m e  o f  s e p a r a t i o n .  
The f r o n t a l  d r a g  of t h e  eng ine  i n s t a l l a t i o n  must be adequa te  to 
s e p a r a t e  i t  q u i c k l y  from t h e  body. 

oxygen from t h e  a i r ,  which e n t e r s  t h rough  a i r  i n t a k e s  mounted on 
t h e  v e h i c l e .  

J e t  powerplant. Engines of  t h i s  t y p e  ( ramje t ,  t u r b o j e t )  use  

The dimensions o f  the  a i r  i n t a k e s ,  t h e i r  number, t h e i r  man- 
n e r  of p lacement ,  and t h e i r  o p e r a t i n g  mode have s u b s t a n t i a l  i n -  
f l u e n c e  on t h e  flow c o n d i t i o n s  and aerodynamic p r o p e r t i e s  o f  t h e  
v e h i c l e ,  and t h i s ,  i n  t u r n ,  i n f l u e n c e s  t h e  t h r u s t  and economy 
c h a r a c t e r i s t i c s  o f  t h e  e .ngines .  

To minimize t o t a l - p r e s s u r e  l o s e s  and t h e r e b y  c r e a t e  b e t t e r  
o p e r a t i n g  c o n d i t i o n s  f o r  t h e  e n g i n e s ,  t h e  a i r  i n t a k e s  shou ld  be 
mounted on t h e  v e h i c l e  i n  such  a way t h a t  t h e y  do n o t  b l a n k e t  t h e  
wings,  f i n s ,  or o t h e r  p r o j e c t i n g  p a r t s ,  i . e . ,  i n  such  a way t h a t  
t h e  f low w i l l  e x p e r i e n c e  as l i t t l e  d i s t u r b a n c e  as p o s s i b l e  where 
i t  e n t e r s  t h e  i n t a k e .  
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For  this p u r p o s e ,  i t  i s  n o t  des i r ab le  
to p l a c e  t h e  a i r  i n t a k e  n e a r  t h e  sur- 
f a c e  o f  t he  body and f a r  from t h e  nose 
if t h e  i n t a k e  p a s s a g e  i s  found to be i n -  
s i d e  a t h i c k  boundary l a y e r  and t h e  i n -  
coming a i r  would l o s e  a g r e a t  dea l  o f  
t o t a l  p r e s s u r e .  

T h e  aerodynamic- layout  form o f  a /84 
j e t - e n g i n e d  v e h i c l e  depends on a i r - i n -  
t ake  p lacemen t .  F igure ,  11-1-10, a and 
b shows c o n f i g u r a t i o n s  w i t h  l a t e r a l  a i r  
TAtakes, and F i g .  11-1-lOc an a n n u l a r -  
i n t a k e  c o n f i g u r a t i o n ;  F i g s .  11-5-8 and 
11-1-11 show l a y o u t s  w i t h  a i r  i n t a k e s  1 
p l a c e d  a t  t h e  wing root and i n  a body o f  
n o n c i r c u l a r  c r o s s  s e c t i o n ,  r e s p e c t i v e l y .  

F i g u r e  11-5-9, a_ and b_, shows t h e  
p o s i t i o n i n g  o f  a i r  i n t a k e s  l e n g t h w i s e  
a l o n g  t h e  v e h i c l e .  If t h e  i n t a k e  i s  
f a r  from t h e  n o s e ,  boundary- layer -sue-  
t i o n  d e v i c e s  must b e  p r o v i d e d  i n  f r o n t  
o f  i t .  It i s  p o s s i b l e  to e x t e n d  t h e  
e n t r y  s e c t i o n  o f  t h e  a i r  i n t a k e  o u t s i d e  
t h e  boundary l a y e r  ( F i g .  I I - 5 - 9 b ) .  A l l  
o f  t h e s e  measures  p r e v e n t  a i r f l o w  sep-  
a r a t i o n  and improve t h e  working cha r -  
a c t e r i s t i c s  o f  t h e  i n t a k e s .  

F i g u r e  11-5-9. Pos -  
s i b l e  Arrangements 
o f  A i r  I n t a k e s  Along 
Length of V e h i c l e .  g i n e  e f f i c i e n c y ,  t h e  a i r  i n t a k e s ,  to- 
a )  a n n u l a r  a i r  i n -  g e t h e r  w i t h  t h e  e n g i n e s ,  may be  p l a c e d  
take  1; b )  f o u r  i n  pods on t h e  wings o r  on s p e c i a l  py- 
s e m i c i r c u l a r  l a t e r a l  l o n s  ( s e e  F i g .  11-5-7) .  I n  t h i s  l a y o u t ,  
a i r  i n t a k e s  2 ,  w i t h  t a i l  f i n s  a re  p r o v i d e d  to improve sta- 
e n t r y  cross s e c t i o n s  b i l i t y  and c o n t r o l l a b i l i t y .  
moved o u t s i d e  of 
boundary l a y e r .  A l a y o u t  f e a t u r e  o f  s u p e r s o n i c  r a m -  

used f o r  a c c e l e r a t i o n  to t h e  speed  a t  which t h e  ramjet  can  b e g i n  
to f u n c t i o n  . s t a b l y . .  T h i s  makes t h e  d e s i g n  t a i l h e a v y  and r e q u i r e s  
i n s t a l l a t i o n  o f  s t a b i l i z e r s  f o r  t h e  n e c e s s a r y  s t a b i l i t y .  

To lower  t h e  p r e s s u r e  l o s s e s  o f  t h e  
a i r  e n t e r i n g  the  e n g i n e  and improve en- 

j e t  (RJ) v e h i c l e s  stems from t h e  p r e -  
s e n c e  of  t h e  s p e c i a l  b o o s t e r  e n g i n e s  

10 1 



Chapter I11 

F U N D A M E N T A L  R E L A T I O N S H I P S  I N  T H E  T H E O R Y  
OF G A S  FLOWS 

$111-1. PECULIARITIES OF GAS FLOW AT VERY H I G H  SPEEDS 

Change i n  Phxsicochemical P r g p e r t i e s  - ___I and Thermodynamic Character-  - 

i s t i c s  of A i r  ~~ with  Temperature 

S p e c i f i c  h e a t s .  S u b s t a n t i a l  i n c r e a s e s  i n  t h e  speeds o f  a i r -  
c r a f t  have made i t  necessary  f o r  aerodynamic r e s e a r c h  to t ake  ac- 
count of t h e  s p e c i f i c  p e c u l i a r i t i e s  of gas flows tha t  r e s u l t  f r o m  
changes i n  t h e  physicochemical p r o p e r t i e s  of a i r .  While t h e  com- 
p r e s s i b i l i t y  p rope r ty  was considered i n  "convent ional"  supe r son ic  
aerodynamics a s  t h e  most  important  man i fe s t a t ion  o f  t h e  p e c u l i a r i -  
t i e s  of high-speed f lows,  and t h e  in f luence  o f  temperature  on t h e  
thermodynamic v a r i a b l e s ,  e s p e c i a l l y  t h e  s p e c i f i c  h e a t s ,  w a s  d i s -  
regarded ,  p e c u l i a r i t i e s  a s s o c i a t e d  w i t h  high temperature  behind 
shockwaves and i n  t h e  boundary l a y e r  come i n t o  t h e  foreground a t  
hypersonic  speeds .  T h i s  e f f e c t  i n c r e a s e s  t h e  hea t  c a p a c i t i e s  of 
t h e  gas as a r e s u l t  o f  e x c i t a t i o n  of v i b r a t i o n a l  in te rna l -energy  
l e v e l s .  

Research on shockwaves ,and t h e  boundary l a y e r  has shown t h a t  
a l l  of  t h e  r e l a t i o n s h i p s  of convent iona l  aerodynamics are q u i t e  
r e l i a b l e  as long as t h e  flow cond i t ions  of t h e  gas do not  d i f f e r  
substantially from those  f o r  which t h e  assumption of cons tan t  
heat c a p a c i t i e s  i s  v a l i d  and i t  i s  p o s s i b l e  to use t h e  idea l -gas  
equa t ion  of s t a t e  p = R p T ,  where R i s  t h e  abso lu te  gas cons tan t  
and p and T a r e  t h e  gas d e n s i t y  and temperature ,  r e s p e c t i v e l y .  
It becomes necessary  to cons ider  t h e  temperature  v a r i a t i o n  of 
h e a t  capac i ty  be fo re  i t  i s  necessary to use an equa t ion  of s t a t e  
d i f f e r e n t  from t h a t  f o r  t h e  i d e a l  gas .  For example, r e s e a r c h  
has  shown t h a t  i t  becomes advantageous to cons ide r  t h e  tempera- 
t u r e  v a r i a t i o n  of s p e c i f i c  h e a t s  on passage ac ross  a normal shock 
beginning a t  f ree-s t ream Mach numbers Ma o f  t h e  o rde r  of 3-4. 
The idea l -gas  equat ion  of s t a t e  can be r e t a i n e d  up to Ma = 6-7, 
a long  w i t h  t h e  equat ion  f o r  t h e  speed of sound a2  = kRT ( k  = 
= c /ev i s  t h e  a d i a b a t i c  exponent,  which i s  equal  to t h e  r a t i o  of 
t h e  s p e c i f i c  hea t  a t  cons tan t  p re s su re  c to t h e  s p e c i f i c  hea t  a t  
cons t an t  volume c v ) .  

to c a l c u l a t e  t r u e  s p e c i f i c  h e a t s  as func t ions  o f  temperature .  
These formulas,  de r ived  f o r  thermodynamic equ i l ib r ium cond i t ions  
on t h e  assumption t h a t  t h e  s p e c i f i c  h e a t s  a r e  l i n e a r  func t ions  

P 
P 

Thermodynamic t a b l e s  or i n t e r p o l a t i o n  formulas can be used 
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of  t e m p e r a t u r e ,  t a k e  t h e  form 

c p  = 0.2317 + 0.0002212'; c, = 0.1G47 $- 0.0002212', (111-1-1) 

where c and c are i n  k c a l / k g * d e g .  

f e c t  on s p e c i f i c  h e a t  at p = c o n s t ,  

P V 

According to an approximate  estimate o f  t h e  t e m p e r a t u r e  e f -  

"P 
" p  00 

(111-1-2)  

where 4 depends on t e m p e r a t u r e  ( F i g .  111-1-l), and t h e  s u b s c r i p t  /86 
1 I " f l  cor re sponds  to t h e  free-stream v a r i a b l e s  o r  any o t h e r  i n i t i a l  
c o n d i t i o n s .  

F i g u r e  111-1-1. V a r i a -  
t i o n  of  Exponents 41, 
2, and K i n  Formulas 
f o r  D e t e r m i n a t i o n  o f  
Heat C a p a c i t y ,  V i s -  
c o s i t y ,  and Thermal 
C o n d u c t i v i t y .  

t h e  power-law r e l a t i o n  

For  T > 1000°K, w e  may t a k e  $ = 
= 0.1. For  To> = 288OK, t h e  h e a t  capa- 
c i t y  c = 0 . 2 4  k c a l / k g * d e g  (lo3 J /kg  x 

x d e g ) .  Formula (111-1 -2 )  i s  used up 
to T = 2000-2500°K, a t  which t h e  v i b r a -  
t i o n a l  d e g r e e s  o f  freedom are  found to 
be  f u l l y  e x c i t e d .  

P" 

Ki net i c coe f f i c i e n  t s . F r i c t i o n  
and h e a t  t r a n s f e r  i n  t h e  boundary 
l a y e r  depend on such  k i n e t i c  c o e f f i -  
c i e n t s  of  t h e  gas  as i t s  c o e f f i c i e n t s  
o f  dynamic v i s c o s i t y  1-1 and t h e r m a l  con- 
d u c t i v i t y  A .  I t  h a s  been e s t a b l i s h e d  
t h a t  i n  t h e  absence  o f  d i s s o c i a t i o n ,  
t h e  v i s c o s i t y  o f  a i r  depends on ly  on 
t e m p e r a t u r e  and i s  p r a c t i c a l l y  i n d e -  
pendent  of p r e s s u r e .  There  are 
s e v e r a l  r e l a t i o n s h i p s  l i n k i n g  v i s -  
c o s i t y  and t e m p e r a t u r e .  Fo r  example,  

(111-1-3) 

I n  t u r n ,  t h e  exponent  n depends on t e m p e r a t u r e  (F ig .111-1 -1 ) .  
F o r  c o m p a r a t i v e l y  low t e m p e r a t u r e ,  w e  may t a k e  n = 0 . 7 6  ( o r  3/41. 
According to t h e  d iagram i n  F i g .  111-1-1, n 2 0 . 7  on t h e  a v e r a g e  
o v e r  a r a t h e r  b road  t e m p e r a t u r e  r a n g e .  Here t h e  a c t u a l  v a l u e  o f  

I 1111111111 1111111111 1 1 1 1 1 1 1 . 1 1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 . 1  1 1 . 1 1 . . 1 . 1 1 - - ~ ~ 1 1 - . - ~ -  .- . . 1 



v may be  p u t  e q u a l  to 1-1 
which co r re sponds  t o  T,-= 288OK. 

= 1.82-10-6kg-s/m2 (1.79-10’5 N*s/m2), 

I n  approximate c a l c u l a t i o n s ,  Formula (111-1-3) can be ap- 
p l i e d  a t  t e m p e r a t u r e s  up t o  t h e  o r d e r  o f  2000-2300°K, i . e . ,  u n t i l  
d i s s o c i a t i o n  i n t e r v e n e s .  A t  t e m p e r a t u r e s  below 1500°K, t h e  
S u t h e r l a n d  formula  

( 1 1 1 - 1 - 4 )  

g i v e s  somewhat b e t t e r  r e s u l t s .  

Like v i s c o s i t y ,  t h e r m a l  c o n d u c t i v i t y  i s  p r a c t i c a l l y  i n d e -  
pendent  o f  p r e s s u r e  below 2 0 0 0 O K  and can  be  de te rmined  as a func-  
t i o n  of v i s c o s i t y  and s p e c i f i c  h e a t :  

(111-1-5) 

where c and c have t h e  dimensions kca l /kg*deg  and 1-1 and A have 

t h e  r e s p e c t i v e  dimensions kg*s/m2 and kca l /m*deg*s  ( o r  Ns/m2 and 
W/m*deg). 

P p, 

The power-law formula  

(111-1-6) 

i s  s i m p l e r ;  t h e  exponent  K depends i n  t u r n  ( F i g .  11-1-1) on t e m -  
p e r a t u r e .  
A, = 5 . 5 3 0 1 0 ’ ~  kca l /m*s*deg  ( 2 3 . 2  W/m*deg) f o r  T, = 2 6 1 O K .  

For  approximate  c a l c u l a t i o n s ,  w e  may s e t  K = 0.85 and 

D i s s o c i a t i o n  and I o n i z a t i o n  

Thermodynamic f u n c t i o n s  o f  a i r  a t  high temperatures.  With 
i n c r e a s i n g  f l i g h t  speed ,  t he  a i r  behind  t h e  shock wave or i n  t h e  
boundary l a y e r  i s  hea ted  t o  an e x t e n t  such  tha t  t h e  v i b r a t i o n a l  
degrees o f  freedom are f u l l y  e x c i t e d .  With a f u r t h e r  t e m p e r a t u r e  
i n c r e a s e ,  t h e  atoms overcome t h e i r  i n t r a m o l e c u l a r  f o r c e s ,  w i t h  
t h e  r e s u l t  t h a t  a d i a t o m i c  molecule  d i s s o c i a t e s  i n t o  two s e p a r -  
a t e  monatomic molecu le s .  T h i s  d i s s o c i a t i o n  p r o c e s s  i s  c h a r a c t e r -  
i z e d  by t h e  f r a c t i o n  by weight  of  t h e  monatomic gas, a = G , / G  ( G ,  
i s  t h e  weight  of t h a t  p a r t  o f  t h e  gas t h a t  i s  i n  t h e  a tomic  s t a t e  
and G i s  t h e  t o t a l  weight  o f  g a s ) .  The pa rame te r  a i s  known as 

104 



t h e  d e g r e e  of  d i s s o c i a t i o n .  

F i g u r e  111-1 -2 .  Molar and Atomic 
C o n c e n t r a t i o n s  o f  Components o f  A i r  
(Oxygen and N i t r o g e n )  as F u n c t i o n s  
o f  Temperature  and P r e s s u r e  ( t h e  
P r e s s u r e  i n  Atmospheres i s  I n d i -  
c a t e d  i n  t h e  P a r e n t h e s e s ) .  

A t  a s t i l l  h i g h e r  
a i r  t e m p e r a t u r e ,  i o n i z a -  
t i o n  o f  t h e  a i r  takes 
p l a c e  i n  a d d i t i o n  to d i s -  
s o c i a t i o n ,  which i s  com- 
p l e t e  a t  a t e m p e r a t u r e  
a round 6 0 0 0 ~ ~ .  The b a s i c  
c a u s e  of  i o n i z a t i o n  i s  
c o l l i s i o n  between mole- 
c u l e s  i n  t h e  c o u r s e  o f  
t h e i r  thermal  mot ion .  
T h i s  p r o c e s s  i s  t h e r e -  
f o r e  known as 
i o n i z a t i o n .  I 
c h a r a c t e r i z e d  

thermal  
t s  r a t e  i s  
by t h e  de- 

g r e e  o f  i o n i z a t i o n ,  which 
i s  e q u a l  t o  t h e  r a t i o  o f  
t h e  number o f  i o n i z e d  
atoms t o  t h e  t o t a l  number. 

Research  has shown 
t h a t  hydrogen and n i t r o -  
gen ,  f o r  example,  a r e  
f u l l y  t h e r m a l l y  i o n i z e d  
(degree o f  i o n i z a t i o n  

e q u a l  t o  u n i t y )  a t  t e m p e r a t u r e s  o f  1 0 , 0 0 0  and 17,000°,  r e s p e c -  
t i v e l y ,  and a p r e s s u r e  o f  1 atmosphere .  

On d i s s o c i a t i o n  and i o n i z a t i o n ,  a i r  d e p a r t s  markedly from 
t h e  ideal-gas e q u a t i o n  o f  s t a t e .  The  h y p o t h e s i s  o f  c o n s t a n t  s t a g -  
n a t i o n  t e m p e r a t u r e ,  which i s  t h e  bas i s ,  f o r  example,  f o r  t h e  o r d i -  
n a r y  e q u a t i o n s  o f  t h e  shock  wave, c e a s e s  t o  a p p l y .  These equa- 
t i o n s  must t h e r e f o r e  b e  o b t a i n e d  w i t h  c o n s i d e r a t i o n  o f  t h e  p h y s i -  
cochemica l  t r a n s f o r m a t i o n s  of  a i r  a t  h i g h  t e m p e r a t u r e s .  

An i m p o r t a n t  e lement  i n  c a l c u l a t i o n  of  t hese  flows i s  de t e r -  
m i n a t i o n  of  t h e  thermodynamic p a r a m e t e r s  and k i n e t i c  c o e f f i c i e n t s  
o f  d i s s o c i a t e d  and i o n i z e d  a i r  and i t s  compos i t ion .  W e  now have 
q u i t e  de t a i l ed  data on t h e s e  p a r a m e t e r s  and c o e f f i c i e n t s  and on 
t h e  compos i t ion  o f  a i r  a t  thermodynamic e q u i l i b r i u m  a t  tempera-  
t u r e s  from 1 0 0 0  to 20,000°K and p r e s s u r e s  from 0 . 0 0 1 t o  1 0 0 0  a t m ,  
t h a n k s  to computer work done by a group o f  S o v i e t  s c i e n t i s t s  
headed by Corresponding  Member o f  t h e  USSR Academy o f  S c i e n c e s  
Prof. A.S. P r e d v o d i t e l e v  C281. T h e  c a l c u l a t i o n s  have been  c a r -  
r i e d  o u t  f o r  t e m p e r a t u r e s  from 1 0 0 0  t o  6 0 0 0 ~ ~  w i t h o u t  c o n s i d e r a -  
t i o n  of i o n i z a t i o n ,  s i n c e  i t s  i n f l u e n c e  i s  n e g l i g i b l e  i n  t h i s  
t e m p e r a t u r e  r a n g e .  I n  t h e  r ange  from 6000 t o  20,000°K, t h e  i n -  
f l u e n c e  o f  i o n i z a t i o n  was t a k e n  i n t o  a c c o u n t .  The  c a l c u l a t i o n s  
were s i m p l i f i e d  by use  o f  t h e  h y p o t h e t i c a l  " s i n g l e - i o n i z a t i o n "  
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scheme, i n  which i o n i z a t i o n  i s  assumed t o  be  complete  a t  T = 
= 1 2 , 0 0 0 ° K  and p = 0 . 0 0 1  a t m .  

- 1  ." U "  
- 

F i g u r e  1 1 1 - 1 - 4 .  Parameters of  A i r  a t  
High Tempera tures  Under Thermodynamic- 
E q u i l i b r i u m  C o n d i t i o n s .  A m  = 1 . 2 9 3  
kg/m3; Tm = 273.2OK; R = 2 9 . 2 7  kg x 
x m/kg*deg; RTm = 8 * 1 0 3  kg-m/kg. 

g r e e  of d i s s o c i a t i o n :  

where P S T T  * and u Q T ,  a re ,  r e s p e c t i v e l y ,  t h e  

The  r e s u l t s  ob- 
t a i n e d  were used  t o  
c o n s t r u c t  c u r v e s  of 
t h e  a tomic  and mole- 
c u l a r  c o n c e n t r a t i o n s  
( F i g .  111-1 -2 )  and t h e  
i - S  d iagram ( e n t h a l p y -  
e n t r o p y  d i ag ram)  shown 
i n  F i g .  111-1-3, which 
a l s o  g i v e s  t h e  p = c o n s t  
and T = c o n s t  c u r v e s  
C281. 

I n  F i g .  1 1 - 1 - 4 ,  
these  c u r v e s  have been  
r e p l o t t e d  to show den- 
s i t y  i n s t e a d  o f  p r e s -  
s u r e  and t h e  dimension-  
l e s s  e n t h a l p y  i / R T m  and  
e n t r o p y  S/R i n s t e a d  of 
t h e  a b s o l u t e  v a l u e s .  

Diagrams ( F i g .  - /9 3 
111-1-5) t h a t  e n a b l e  us  
to d e t e r m i n e  the  mole- 
c u l a r  weight  p o f  av  
d i s s o c i a t e d  and i o n i z e d  
a i r  as a f u n c t i o n  of 
t e m p e r a t u r e  and p r e s -  
s u r e  are  i m p o r t a n t  for 
p r a c t i c a l  c a l c u l a t i o n s .  
A s  w e  s e e  from t h e  dia-  
grams, a v e r a g e  m o l e c u l a r  
weight  d e c r e a s e s  w i t h  
t e m p e r a t u r e .  

Examining a model 
of  a i r  i n  t h e  form o f  a 
homogeneous d i a t o m i c  g a s ,  
w e  can  a p p l y  t h e  D a l t o n  
fo rmula  to d e t e r m i n e  de- 

(111-1-7) 

a v e r a g e  m o l e c u l a r  
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Figure  111-1-6. Speed o f  Sound i n  Gas a t  High Temperatures.  
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Tempera tures .  



w'eights o f  n o n d i s s o c i a t e d  a i r  ( t h e  d i a tomic  g a s )  and t h e  d i s s o -  
c i a t e d  m e d i u m .  
as a f u n c t i o n  o f  E and T from t h e  diagrams i n  F i g .  111-1-5. 

The v a l u e  o f  p a v a 0  = 29 ,  and pav i s  de te rmined  

The speed of sound can be  found as a f u n c t i o n  of  T and p b y  

K i n e t i c  c o e f f i c i e n t s .  An approximate a n a l y s i s  has  shown 

use of a n o t h e r  f a m i l y  of c u r v e s ,  t h a t  shown i n  F i g .  111-1-6. 

t h a t  a t  h igh  t e m p e r a t u r e s ,  t h e  v i s c o s i t y  of  a i r  a t  e q u i l i b r i u m  
can be de te rmined  a c c u r a t e  t o  10% up t o  9000°K b y  use  o f  t he  
S u t h e r l a n d  formula  ( 1 1 1 - 1 - 4 ) .  However, more e x a c t  i n v e s t i g a t i o n s  
i n d i c a t e  t h a t  f o r  d i s s o c i a t e d  a i r ,  p depends n o t  on ly  on tempera- 
t u r e ,  b u t  a l s o  on p r e s s u r e .  Th i s  i s  t a k e n  i n t o ' c o n s i d e r a t i o n  by 
t h e  improved S u t h e r l a n d  formula  

(111-1-8) 

where cM and cA are t h e  molecule  and atom c o n c e n t r a t i o n s ,  r e spec -  
t i v e l y ,  w i th  cM + cA = 1 f o r  t h e  b i n a r y  mix tu re .  

The  d e g r e e  o f  d i s s o c i a t i o n  a can b e  s u b s t i t u t e d  f o r  t h e  con- 
c e n t r a t i o n s ,  namely, cA = a and cM = 1 - a. 
d i s s o c i a t i o n  (a = O ) ,  t h e  r e l a t i o n  (111-1-8) becomes t h e  o r d i n a r y  
S u t h e r l a n d  formula .  A t  complete  d i s s o c i a t i o n  (a = l), t h e  t e rm i n  
p a r e n t h e s e s  i n  (111-1-8) i s  e q u a l - t o  1 . 4 2 ,  s o  t h a t  t h e  v i s c o s i t y  
i n c r e a s e  ove r  t h e  n o n d i s s o c i a t e d  m e d i u m  i s  42%.  

I n  t h e  absence  of  

Like t h e  c o e f f i c i e n t  p, t h e  t h e r m a l  c o n d u c t i v i t y  c o e f f i c i e n t  
F i g u r e  depends on t empera tu re  and p r e s s u r e  a t  h igh  t empera tu res .  

111-1-7 shows t h e  r e s u l t s  o f  a t h e o r e t i c a l  i n v e s t i g a t i o n  o f  t h e  
the rma l  c o n d u c t i v i t y  c o e f f i c i e n t  on t h e  assumption t h a t  a i r  i s  a 
r e g u l a r  b i n a r y  mix tu re  of g a s e s .  The data g iven  i n  E131 on t h e  
k i n e t i c  c o e f f i c i e n t s  and v a r i a b l e s  of  s t a t e  o f  a i r  may be found 
h i g h l y  u s e f u l  i n  s t u d y  o f  h i g h - v e l o c i t y  f lows .  

Bas i c  ~.~ R e l a t i o n s h i p s  __. f o r  -. _a--Diatomic ~ D i s s o c i a t i n g  G a s  

D e g r e e  o f  d i s s o c i a t i o n .  To s i m p l i f y  s t u d y  o f  d i s s o c i a t i o n ,  
a i r  may be t r e a t e d  as a c o n v e n t i o n a l  d i a tomic  gas  c o n s i s t i n g  o f  
symmetr ical  molecules  of  one t y p e  tha t  d i s s o c i a t e  i n t o  two atoms 
as a r e s u l t  of b i n a r y  c o l l i s i o n s .  I n  t u r n ,  t h e  atoms may recom- 
b i n e  i n t o  molecules  by t e r n a r y  c o l l i s i o n s .  T h i s  scheme e n a b l e s  
us t o  s tudy  t h e  d i s s o c i a t i o n  mechanism o f  a pu re  d i s s o c i a t i n g  
d i a tomic  gas  [ 7 3 ,  1957,  No. 11. 
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Equilibrium dissociation is assumed. This means that in the 
chemical reaction defined, for example, by the elementary equa- 
tion of the binary process - 194 

Ind Ud U d v  
Element 

kcal/kg m2/s2  

'n 

'H 
A + A ,  

Pd. d C m 3  

m / s  i000<T<5000°K 
Vd' 

(111-1-9 ) 

the rates of the reactions from left to right rD and from right 
to left rR (the dissociation and recombination rates, respec- 
tively) are the same. 

Study of dissociating-medium flows involves determination 
of the equilibrium degree of dissociation a. To simplify the 
calculation, the air can be regarded as a mechanical mixture con- 
sisting of the pure dissociating components, namely nitrogen N, 
and oxygen 0,. 

The equilibrium degree of dissociation c1 is determined in 
chemical thermodynamics by the relationship 

where 

a2 Td - __ PI1 - - ---e T ,  1-a p 
(111-1-10) 

(111-1-11) 

Here nA is the number of atoms of element A in a certain volume 
and nA is the number of molecules of gas A, in the same volume. 

2 

TABLE 111-1-1. CHARACTERISTIC PARAMETERS OF DISSOCIATION 
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Figure 111-1-8. Diagram for Determination 
of Degree of Dissociation of a Diatomic Gas 
as a Function of the Ratio i/ud and the 
Parameter log (pd/p). 

- - Since the component concentration ci = pi/p, i.e., c1 - cA - 
- - c1 = pA/p, and c, = c 
cular components, respectively,. we find the equation of state from 
(111-1-13) for the condition that mM = 2mA: 

= 1 - c1 = pM/p for the atomic and mole- M 

(111-1-14) 

where k/(2mA) is the gas constant for 1 gram of component A, in 
the mixture. 

Applying (111-1-14) to the state defined by the characteris- 
tic parameters, we obtain the relation for the characteristic 
pressure p = 0.5kpdTd/mA. Since the dissociation energy of the 
A, molecule is D = kTd, it is obvious that pd = 0.5Dpd/mA. 

mined by the formula Vd = ufi/'. 
and Vd for oxygen and nitrogen are given in Table 111-1-1. 

tain thermodynamic equations of the diatomic dissociating gas. 
particular, the equation for the internal energy of a unit mass 
of the gas takes the form 

d 

The characteristic velocity that we mentioned above is deter- 
The corresponding values of p d 

T h e  e q u a t i o n s  o f  t h e r m o d y n a m i c s .  Interest attaches t o  cer- 
In 
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(111-1-15) 

We can change t h i s  e q u a t i o n  t o  d imens ion le s s  form b y  d i v i d -  /96 
i n g  - u and T b y  t h e  co r re spond ing  c h a r a c t e r i s t i c  pa rame te r s  ud and 
Td : 

- 
ut=3T+a; (111-1-15') 

where u = u/ud, 

a g a i n  i n  d imens ion le s s  form: 

= T/Td. 

Along w i t h  ( I I - l - l 5 * ) ,  w e  can w r i t e  t h e  e n t h a l p y  e q u a t i o n ,  

(111-1-16)  

- - 
where 

reduce  t h e  e q u a t i o n  o f  s t a t e  ( 1 1 1 - 1 - 1 4 )  t o  d imens ion le s s  form: 

= i / u d ,  p = p/pd, p = p / p d .  

Applying t h e  c h a r a c t e r i s t i c - p a r a m e t e r  concep t ,  we can a l s o  

- -- ( 1 1 1 - 1 - 1 4 ' )  P = PT (1 + a). 
I n t r o d u c i n g  Expres s ion  (111-1-15')  f o r  i n t o  (111-1-16) and 

a p p l y i n g  (III-1-14'), we o b t a i n  for t h e  e n t h a l p y  

( 1 1 1 - 1 - 1 6 ' )  

M i x t u r e  o f  d i a t o m i c  g a s e s .  Since  hydrogen and oxygen have 
s imi l a r  molecu la r  w e i g h t s ,  t h e  model o f  a i r  as an  a d d i t i v e  mix- 
t u r e  of d i a t o m i c  g a s e s  may be r ega rded  as j u s t i f i e d  to a degree .  
Here t h e  d i f f e r e n c e  between t h e  c h a r a c t e r i s t l c  t empera tu res  o f  
n i t r o g e n  and oxygen can b e  t a k e n  i n t o  c o n s i d e r a t i o n .  

Oxygen b e g i n s  t o  d i s s o c i a t e  a t  much lower t empera tu res  t h a n  
n i t r o g e n ,  and i t s  d i s s o c i a t i o n  i s  complete when n i t r o g e n  i s  e n t e r -  
i n g  the  s t a g e  i n  which d i s s o c i a t i o n  deve lops .  

I f  w e  t a k e  350O0K as t h e  i n i t i a l  t empera tu re  o f  N, d i s s o c i a -  
t i o n ,  t h e  d e g r e e  of d i s s o c i a t i o n  of t h e  d i a t o m i c  a i r  model w i l l  
be  de te rmined  a t  t h i s  t empera tu re  by  t h e  r e l a t i v e  mass o f  oxygen 



in the mixture, i.e., 0.235. 

For T > 35OO0K, the degree of dissociation of the air model 

a = 0.235aq, (111-1-17) 

where a. 

T > 35OO0K, a = 1 and the degree of dissociation of the air 

is the degree of dissociation of pure oxygen. 

On completion of the dissociation of 0, at temperatures 
2 

02 

a = 0.235 + 0.765aN1,. (111-1-18) 

where aN 
is the fraction by volume of N, in air. 

is the degree of dissociation of pure nitrogen and 0.765 
2 

For  fully dissociated air, a = c1 = 1 and, consequently, 
a = 1. 0 2  N Z  

Thus, a simplified mass composition of undissociated air, 
76.5% N 2  and 23.5% 0,, is used in approximate calculation of the 
degree of dissociation and other variables (the 1% of inert gases 
are included arbitrarily in the atmospheric nitrogen). 

Along with Formulas (111-1-17) and (III-1-18), we can make 
use of an approximate method based on determination of effective 
values of the characteristic dissociation parameters of air in 
accordance with the mass fractions of nitrogen and oxygen. For  
example, the effective characteristic dissociation pressure 

(111-1-19) 

are . .  the characteristic dissociation pressures d N,' 'd 0, where p 
of nitrogen and oxygen, respectively. 

Effective values of other characteristic parameters can be - 197 
calculated in a similar manner. 

Effective values of pd, ud, and Vd calculated for air in 
this way are listed in Table 111-1-1. 

E n t h a l p y  o f  e q u i l i b r i u m  d i s s o c i a t i o n .  If air is regarded as 
a mixture of nitrogen and oxygen, the enthalpy of the mixture 
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(111-1-20) 

where t h e  d i s s o c i a t i o n  e n t h a l p y  o f  t h e  k- th  component i s  e q u a l ,  
a c c o r d i n g  to (111-1 -12) ,  t o  iRk = Dk/ (2mk7-=  udk. 

Values  of  iRk are g i v e n  i n  Tab le  111-1-1, and the  concen t r a -  
t i o n s  on t h e  diagram of F i g .  111-1-2.  For  a d i a t o m i c  model o f  
t h e  g a s  

where a is t h e  deg ree  o f  d i s s o c i a t i o n  of  t h e  gas  model and ud = 

= iR is t h e  c h a r a c t e r i s t i c  d i s s o c i a t i o n  energy  o f  1 gram-molecule 
o f  a i r .  If w e  assume t h a t  a l l  of  t h e  oxygen has d i s s o c i a t e d  be- 
f o r e  t h e  n i t r o g e n  b e g i n s  to d i s s o c i a t e ,  t h e  a tomic  c o n c e n t r a t i o n  
is governed only  by decomposi t ion  of oxygen and ,  consequen t ly ,  
c = a = 0.235. 

Accord ingly ,  

io = 0.235 (iR)O,. 

I f  c o n d i t i o n s  are such  t h a t  t h e  oxygen does n o t  d i s s o c i a t e  
comple t e ly ,  t h e n  iD < 0 . 2 3 5 ( i  ) and t h e  c o n c e n t r a t i o n  (mix tu re  
deg ree  of  d i s s o c i a t i o n )  c = a <  0 . 2 3 5 .  

R 0 2  

At high  t e m p e r a t u r e s  and low p r e s s u r e s ,  d i s s o c i a t i o n  of 
n i t r o g e n  f o l l o w s  i m m e d i a t e l y  upon t h a t  o f  t h e  oxygen. T h e  mix- 
t u r e  d i s s o c i a t i o n  e n t h a l p y  

~ B c  = iBa = i D  = 0.235 ( i R ) o s  + (c- 0.235) (iR)x,. (111-1-21)  

For a rough est imate  of iD, w e  can r e f e r  to t ab l e s  or curves  
o f  t h e  thermodynamic f u n c t i o n s .  
i s  found from t h e  t e m p e r a t u r e  T and p r e s s u r e  2 w i t h  c o n s i d e r a t i o n  
o f  d i s s o c i a t i o n  and iD i s  de termined  as t h e  d i f f e r e n c e  

I n  t h i s  c a s e ,  t h e  e n t h a l p y  ia 

i D  = i, - i k0 ,  



where ia=o i s  t h e  en tha lpy  a t  t he  same temperature  but  without  
cons ide r ing  d i s s o c i a t i o n .  

For approximate c a l c u l a t i o n s  of the  en tha lpy ,  we can use t h e  
formula 

T Q  i a = O  = cp0 .( -) T, TO 

i n  which the  exponent 4 = 0 . 1  f o r  T > l O O O O K  and t h e  s p e c i f i c  h e a t  
c i s  t aken  as 0 . 2 4  kcal /kg*deg f o r  T o  = 273OK. 

Po 
Determinat ion of  t h e  c h a r a c t e r i s t i c  parameters  o f  a i r  as a 

model of a diatomic pure d i s s o c i a t i n g  gas  composing a mixture  of 
N, and 0 ,  g ives  r i s e  to t h e  p e c u l i a r i t y  t h a t  t h e  gaseous medium 
under c o n s i d e r a t i o n  i s ,  as i t  were, p rehea ted  i n  i t s  i n i t i a l  
( u n d i s s o c i a t e d )  s t a t e .  A s p e c i f i c  h e a t s  r a t i o  k = 1 . 3 3  co r re -  
sponds to t h i s  s t a t e  w i t h  t h e  v i b r a t i o n a l  energy l e v e l s  e x c i t e d .  

S t r i c t l y  speaking,  t h i s  medium i s  not  r e a l  f o r  o rd ina ry  
f l i g h t  c o n d i t i o n s .  Never the less ,  t h e  r e l a t i o n s h i p s  given above 
have p r a c t i c a l  u ses .  T h i s  i s  because passage through t h e  shock 
wave tha t  forms ahead of t h e  body i s  a nonequi l ibr ium p rocess .  

I n  p r a c t i c e ,  i t  may b e  assumed t h a t  even a t  very h igh  /98 
v e l o c i t i e s  and, consequent ly ,  h igh  tempera tures  behind t h e  shock, 
t h e  d i s s o c i a t i o n  immediately behind t h e  wave i s  zero ,  a l though 
t h e  v i b r a t i o n a l  l e v e l s  a r e  e x c i t e d .  Thus, t h e  p r o p e r t i e s  of t h e  
r ea l  and h y p o t h e t i c a l  gases agree behind. t h e  shock wave. 

Here t h e  accuracy o f  c a l c u l a t i o n s  i n c r e a s e s  w i t h  i n c r e a s i n g  
f l i g h t  speed as t h e  gas behind t h e  shock i s  hea ted  t o  very h igh  
tempera tures .  

Relaxa t ion  E f f e c t s  

Nonequ i  1 i b r i  u m  f 1 ows . The above methods f o r  computing 
thermodynamic v a r i a b l e s  w i t h  c o n s i d e r a t i o n  o f  physicochemical 
t r ans fo rma t ions  r e f l e c t  t h e  assumed equ i l ib r ium n a t u r e  o f  t h e  
p rocesses .  T h i s  hypothes is  c o n s i s t s  i n  conformity of t h e  i n t e r -  
nal-degree-of-freedom l e v e l s  to t h e  parameters  c h a r a c t e r i z i n g  t h e  
s t a t e  o f  t h e  gas. A t  comparatively low temperatures  (low s p e e d s ) ,  
f o r  example, equ i l ib r ium i s  e s t a b l i s h e d  between temperature  and 
t h e  v i b r a t i o n a l  degree of  freedom, and t h i s  corresponds to equi-  
l i b r i u m  between temperature  and s p e c i f i c  h e a t .  At high tempera- 
t u r e s  (h igh  s p e e d s ) ,  when t h e  gas d i s s o c i a t e s ,  t h e  equ i l ib r ium 
process  i s  c h a r a c t e r i z e d  by  agreement between t h e  degree of  d i s -  
s o c i a t i o n  on the  one hand, and temperature  and p res su re  on t h e  
o t h e r .  
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F i n a l l y ,  a t  even  h i g h e r  t e m p e r a t u r e s  ( v e r y  h i g h  s p e e d s ) ,  w e  
may speak  of e q u i l i b r i u m  e l e c t r o n - l e v e l  e x c i t a t i o n  and i o n i z a t i o n  
p r o c e s s e s .  

The c o r r e s p o n d i n g  i n t e r n a l  degrees of  f reedom are a l s o  es tab-  
l i s h e d  i n s t a n t a n e o u s l y  on a sudden change i n  t e m p e r a t u r e  i n  e q u i -  
l i b r i u m  f low,  i n  which c a s e  w e  can  r e g a r d  d i s s o c i a t i o n  and i o n i z a -  
t i o n  as m a n i f e s t a t i o n s  o f  new d e g r e e s  of  f reedom. Thus,  t h e r e  i s  
no l a g  i n  e s t a b l i s h m e n t  o f  t h e  d e g r e e s  o f  f reedom i n  t h e s e  c a s e s ,  
i . e . ,  t h e  t i m e  to a r r i v e  a t  e q u i l i b r i u m  i s  z e r o .  

P r a c t i c a l l y  e q u i l i b r i u m  flow i s  obse rved  i n  s u p e r s o n i c  fl'ow 
o v e r  b o d i e s  a t  Ma > 4-5 under  c o n d i t i o n s  c o r r e s p o n d i n g  to a l t i -  
t u d e s  of  10-15 k m  or l e s s .  T h e  e x p l a n a t i o n  f o r  t h i s  i s  t h a t  a t  
t h e  maximum t e m p e r a t u r e s  t h a t  a r i s e  under  t h e s e  c o n d i t i o n s  - o f  
t h e  o r d e r  of 1000-1500°K - m o s t  o f  t he  i n t e r n a l  energy  goes i n t o  
t r a n s l a t i o n a l  and r o t a t i o n a l  d e g r e e s  o f  f reedom, which are  es tab-  
l i s h e d  p r a c t i c a l l y  i n s t a n t a n e o u s l y  on sudden t e m p e r a t u r e  changes ,  
s i n c e  on ly  a f e w  m o l e c u l a r  c o l l i s i o n s  are  enough to e s t a b l i s h  
e q u i l i b r i u m .  For  t h i s  r e a s o n ,  t h e  t r a n s l a t i o n a l  and r o t a t i o n a l  
d e g r e e s  o f  freedom are  u s u a l l y  known as " a c t i v e . "  

t u r e ,  much of t h e  i n t e r n a l  energy  goes  i n t o  v i b r a t i o n s ,  and t h e n  
i n t o  d i s s o c i a t i o n ,  e x c i t a t i o n  of e l e c t r o n i c  l e v e l s ,  and i o n i z a t i o n .  
The p r o c e s s e s  t h a t  a c t u a l l y  u n f o l d  are  such  t h a t  t h e s e  ene rgy  
l e v e l s  are  e s t a b l i s h e d  more s l o w l y  t h a n  t h e  t r a n s l a t i o n a l  and 
r o t a t i o n a l  o n e s ,  s i n c e  a s u b s t a n t i a l l y  l a r g e r  number o f  c o l l i -  
s i o n s  i s  r e q u i r e d .  Hence t h e  v i b r a t i o n a l  and d i s s o c i a t i o n  d e g r e e s  
are sometimes known as " i n e r t . "  Thus,  a l a g  i n  a r r i v a l  a t  e q u i l i b -  
rium, known as r e l a x a t i o n ,  i s  i n h e r e n t  to t h e  i n e r t  d e g r e e s .  The 
t ime  d u r i n g  which e q u i l i b r i u m  i s  e s t a b l i s h e d ,  i . e . ,  con fo rmi ty  i s  
a r r i v e d  a t  between t e m p e r a t u r e  and energy  l e v e l ,  i s  known as t h e  
r e l a x a t i o n  t i m e .  

With i n c r e a s i n g  s p e e d  and ,  c o n s e q u e n t l y ,  i n c r e a s i n g  tempera-  

R e l a x a t i o n  p r o c e s s e s  a r e  de t e rmined  by t h e  d e g r e e  o f  f reedom 
e x c i t e d .  If v i b r a t i o n s  a r i s e  on a sudden  t e m p e r a t u r e  change,  t h e  
c o r r e s p o n d i n g  n o n e q u i l i b r i u m  p r o c e s s  i s  c a l l e d  v i b r a t i o n a l  r e l a x a -  
p t i o n .  It i s  c h a r a c t e r i z e d  by t h e  l a g  o f  heat  c a p a c i t y  on a t e m -  
p e r a t u r e  change.  If t h e  t e m p e r a t u r e  r i s e s ,  heat  c a p a c i t y  i n -  
creases as a r e s u l t  o f  t h e  change i n  t h e  m o l e c u l a r  motion from 
t r a n s l a t i o n  and r o t a t i o n  to t r a n s l a t i o n ,  r o t a t i o n ,  and v i b r a t i o n .  
The t i m e  d u r i n g  which t h e  v i b r a t i o n a l  mot ion  comes to e q u i l i b r i u m  
i s  known as t h e  _ _ _ I  v i b r a t i o n a l  r e l a x a t i o n  . ~ . . .  t i m e . .  I n  a n o n e q u i l i b r i u m  
d i s s o c i a t i n g  g a s ,  t h e  change i n  d e g r e e  of  d i s s o c i a t i o n  l a g s  be-  
h i n d  a sudden change i n  t e m p e r a t u r e .  T h i s  i s  e x p l a i n e d ,  i n  p a r -  
t i c u l a r ,  by t h e  f a c t  t h a t  t h e  r a t e  of  f o r m a t i o n  of  atoms exceeds  
t h e  r a t e  of t h e i r  d i s a p p e a r a n c e  on a r a p i d  t e m p e r a t u r e  i n c r e a s e ,  
i . e . ,  t h e  d i s s o c i a t i o n  r a t e  i s  h i g h e r  t h a n  t h e  r e c o m b i n a t i o n  r a t e .  
From t h e  ene rgy  s t a n d p o i n t ,  a r e l a t i v e l y  small number of c o l l i -  
s i o n s  i s  r e q u i r e d  to c a u s e  d i s s o c i a t i o n .  And t h e  c o m p a r a t i v e l y  
ra re  t h r e e - p a r t i c l e  c o l l i s i o n s  a r e  r e q u i r e d  to e f f e c t  recombinatLon. 



With t i m e ,  t h e  r a t e s  of t h e  forward  and r e v e r s e  r e a c t i o n s  
e q u a l i z e .  The  t i m e  r e q u i r e d  t o  a r r i v e  a t  the  e q u i l i b r i u m  con- 
c e n t r a t i o n  (or degree of  d i s s o c i a t i o n )  i s  known as t h e  d i s s o c i a -  
t i o n  r e l a x a t i o n  t i m e .  

A t  t e m p e r a t u r e s  up t o  approx ima te ly  10,OOO°K, t h e  v i b r a -  
t i o n a l  and d i s s o c i a t i o n  r e l a x a t i o n  p r o c e s s e s  are  b a s i c .  Relaxa-  
t i o n  phenomena a s s o c i a t e d  w i t h  e x c i t a t i o n  of molecu la r  and a tomic  
e l e c t r o n  l e v e l s  and w i t h  i o n i z a t i o n  can b e  disregarded,  s i n c e  a 
s m a l l  f r a c t i o n  of  t h e  i n t e r n a l  energy  f a l l s  t o  these d e g r e e s  a t  
t hese  t e m p e r a t u r e s .  

N o n e q u i l i b r a t i o n  has a s u b s t a n t i a l  e f f e c t  on v a r i o u s  pro-  
c e s s e s  t h a t  accompany very-high-speed gas f lows .  Fo r  example, 
v i b r a t i o n a l  and d i s s o c i a t i o n  r e l a x a t i o n  changes t he  parameters 
of t h e  gas  on passage  th rough  shock waves and i n  f low o v e r  b o d i e s ,  
and t h i s ,  i n  t u r n ,  i n f l u e n c e s  p r o c e s s e s  o f  f r i c t i o n ,  hea t  t r a n s -  
f e r ,  and t h e  p r e s s u r e  r e d i s t r i b u t i o n .  

Chemical r e a c t i o n  r a t e  equa t ion .  Study of  n o n e q u i l i b r i u m  
f lows  c o n s i s t s  i n  s imul t aneous  i n v e s t i g a t i o n  of  t h e  motion o f  
t h e  medium and t h e  chemica l  p r o c e s s e s ,  which take p l a c e  a t  f i n i t e  
r a t e s .  Formal ly ,  t h i s  has i t s  e x p r e s s i o n  i n  a d d i t i o n  of  a n  equa- 
t i o n  f o r  t h e  c h e m i c a l - r e a c t i o n  r a t e  to t he  u s u a l  s y s t e m  of  gas- 
dynamic e q u a t i o n s .  

To  s i m p l i f y ,  w e  can u s e  t h e  e q u a t i o n  p e r t a i n i n g  t o  a s i m p l e  
b i n a r y  r e a c t i o n  of  d i s s o c i a t i o n  and r ecombina t ion  o f  a pu re  
d i s s o c i a t i n g  d i a t o m i c  gas ( 1 1 1 - 1 - g ) ,  i n  which the  d i s s o c i a t i o n  
and recombina t ion  r a t e s  are unequal ,  s o  t h a t  t he re  i s  a c e r t a i n  
n e t  r a t e  of  t h e  chemica l  r e a c t i o n .  E q u i l i b r i u m  p r e v a i l s  when t h e  
r a t e  o f  fo rma t ion  of new molecules  as a r e s u l t  of r ecombina t ion  
o f  atoms i s  e q u a l  t o  t h e  r a t e  o f  d i s a p p e a r a n c e  of molecules  t ha t  
d i s s o c i a t e  i n t o  atoms. Thus, t h e  t r u e  r a t e  of  t h e  d i s s o c i a t i o n  
r e a c t i o n  

da 
(111-1-22)  -- dt .-rJl-rR~ 

where a i s  t he  p r e s e n t  v a l u e  of  t h e  deg ree  o f  d i s s o c i a t i o n .  

To o b t a i n  g e n e r a l  e x p r e s s i o n s  f o r  t h e  d i s s o c i a t i o n  and re-  
combina t ion  ra tes ,  i t  i s  n e c e s s a r y  t o  app ly  r e l a t i o n s h i p s  from 
chemical  k i n e t i c s .  

Recombination of  two atoms of  A i n t o  a n  A, molecule  on c o l -  
l i s i o n  w i t h  a t h i r d  p a r t i c l e  B i s  e x p r e s s e d  by t h e  formula  
A + A + B - + A ~ - ~ B ,  where B i s  t h e  p a r t i c l e  c a r r y i n g  t h e  recombina- 

t i o n  energy  and kR i s  t h e  r ecombina t ion  ra te  c o n s t a n t .  
kR 

T h i s  
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cons tan t  i s  determined from t h e  recombinat ion-rate  equa t ion  

(111-1-23) 

The  square b r a c k e t s  i n d i c a t e  concen t r a t ion  i n  mole/cm3 u n i t s ,  / l o 0  
and kR has t h e  dimensions cm6/mole2*s.  

Figure 111-1-9.  Tem- 
p e r a t u r e  Curve of  Coef- 
f i c i e n t  of Recombina- 
t i o n  Rate i n  A i r .  

F igure  111-1-10. Curves 
of  Relaxa t ion  T i m e  a t  
Atmospheric Pressure .  
1,2) experimental  t imes 
o f  v i b r a t i o n a l  r e l axa -  
t i o n  of  0, and N , ,  r e -  
s p e c t i v e l y ;  3-4) calcu-  
la ted r e l a x a t i o n  t imes 
f o r  d i s s o c i a t i o n  of 0, 
and N , ,  r e s p e c t i v e l y .  

F o r  a b inary  mixture  o f  atoms and molecules ,  t h e  sum o f  t h e  
concen t r a t ions  c + cA = 1, s o  t h a t  M 

= 1 - a. In t roduc ing  ( 1 1 1 - 1 - 2 4 )  i n t o  (111-1-23), cM where cA = a, 
we o b t a i n  a r e l a t i o n  f o r  t h e  recombinat ion r a t e :  

(111-1-25) 

L e t  u s  cons ide r  a simple scheme of t h e  d i s s o c i a t i o n  r e a c t i o n ,  
A2 4- I32 A + A f B, which r e f l e c t s  t h e  process  of molecule decay 



resulting from pairwise collisions. Here, k is the dissociation 
rate constant and B is the second particle participating in the 
pairwise collision with the molecule and transmitting the disso- 
ciation energy to it. 

D 

In accordance with our scheme, the dissociation rate 

(111-1-26) 

Substituting (111-1-25)  and (111-1-26)  into (111-1-22) ,  we 
get 

dcr 1 
d t  'nA 
-=- l i R  (") (1 f a) [ K P  (1 - a) - 2ay, (111-1-22 ) 

where K = kD/kR. P 
For equilibrium processes, this quantity is defined as the 

thermodynamic equilibrium constant. With certain reservations, 
the constant also applies f o r  nonequilibrium reactions. 

Remembering this and setting da/dt = 0 in ( 1 1 1 - 1 - 2 2 I ) ,  we 
= 2crE/(l  - ae), where 

is the equilibrium degree of dissociation. Applying (111-1-10)  
find in the equilibrium case the value K 

ae 
we obtain 

P 

Substituting this expression in ( 1 1 1 - 1 - 2 2 I ) ,  we find 

where 

(111-1-27) 

(111-1-28)  

As we see from (111-1 -27) ,  it is important to know the re- 
combination rate coefficient to investigate nonequilibrium flows. 
This is sufficient for determination of the dissociation rate, 
since the thermodynamic equilibrium constant can be used. 

1 2 2  

i- 



I 1 -  

F i g u r e  111-1-9 shows ave raged  e x p e r i m e n t a l  v a l u e s  o f  t h e  re -  
combina t ion  r a t e  c o e f f i c i e n t  o b t a i n e d  for a p r e s s u r e  o f  a p p r o x i -  /lo1 
mate ly  one a tmosphere .  It i s  assumed t h a t  t hese  v a l u e s  c o r r e -  
spond t o  t h e  l o w e r - l i m i t  r e c o m b i n a t i o n  r a t e .  

R e l a x a t i o n  t ime.  E q u a t i o n  (111-1-27) can be m o d i f i e d  . 
s l i g h t l y .  For t h i s  p u r p o s e ,  w e  s h a l l  u s e  t h e  equ i l ib r ium-con-  
s t a n t  n o t i o n ,  which i s  u s e f u l  f o r  n o n e q u i l i b r i u m  and e q u i l i b r i u m  
f low c o n d i t i o n s .  Then t h e  r a t i o  e-'/T/p can  be r e p l a c e d  by 
ai/(l - ae)  which g i v e s  a f t e r  s u b s t i t u t i o n  i n t o  (111-1-27) 

da 
dz - u e  - -- a, (111-1-27') 

where 

(111-1-29) 

The  p a r a m e t e r  tD i s  t h e  r e l a x a t i o n  t i m e .  Its d e t e r m i n a t i o n  
i s  a major  problem i n  t h e  p h y s i c s  of r e l a x a t i o n  p r o c e s s e s .  Cer- 
t a i n  data on t h e  d i s s o c i a t i o n  r e l a x a t i o n  t i m e  f o r  oxygen and 
n i t r o g e n  have been o b t a i n e d  e x p e r i m e n t a l l y  i n  shock t u b e s  ( F i g .  
111-1-10). 

A n a l y s i s  shows t h a t  t h e  c a l c u l a t e d  r e l a x a t i o n  t i m e s  f o r  d i s -  
s o c i a t i o n  are  approx ima te ly  a n  o r d e r  smaller  t h a n  t h o s e  f o r  re -  
combina t ion .  Hence t h e  r e c o m b i n a t i o n  t i m e  i s  more r e l i a b l e  f o r  
u s e  i n  e v a l u a t i n g  r e l a x a t i o n  e f f e c t s ,  a l t h o u g h  a rough es t imate  
can  a l so  b e  o b t a i n e d  from the  t i m e  f o r  t h e  forward  r e a c t i o n .  

The same can  b e  s a id  o f  v i b r a t i o n a l  r e l a x a t i o n  i f  w e  r e m e m -  
b e r  t h a t  t h e  r e l a x a t i o n  t i m e  i s  smal le r  up to a g i v e n  t e m p e r a t u r e  
i n  r e a l  p r o c e s s e s  t h a n  t h e  t i m e  f o r  t h e  v i b r a t i o n s  to damp i n  t h e  
r e v e r s e  p r o c e s s  b e g i n n i n g  a t  t h e  same t e m p e r a t u r e .  

To es t imate  r e l a x a t i o n  t i m e  f o r  r e c o m b i n a t i o n  o f  oxygen o r  
n i t r o g e n ,  w e  may u s e  t h e  approximate  e x p r e s s i o n  

i - 
to = 7.7 10-7 I (+)2 ($)2, 

a (I - O.7a) 

where t h e  0 d e n o t e s  t h e  f i n a l  v a l u e s  o f  t h e  v a r i a b l e s .  

(111-1-30) 

We see from (111-1-30) t h a t  t h e  h i g h e r  t h e  i n i t i a l  d e n s i t y  
and t e m p e r a t u r e ,  t h e  f a s t e r  i s  t h e  r e a c t i o n  and ,  c o n s e q u e n t l y ,  t h e  



s h o r t e r  t h e  r e l a x a t i o n  t i m e .  The  same fo rmula  i n d i c a t e s  a de- 
c r e a s e  i n  t w i t h  i n c r e a s i n g  p r e s s u r e ,  which i s  conf i rmed by t h e  

c u r v e s  o f  F i g .  111-1-11. We see t h a t  a t h r e e - o r d e r  p r e s s u r e  i n -  
c r e a s e  c a u s e s  an  a p p r o x i m a t e l y  t e n f o l d  d e c r e a s e  i n  r e l a x a t i o n  
t i m e  ( t h e  p r e s s u r e  p i s  r e f e r r e d  on t h e  d iagram to t h e  sea- leve l  
a t m o s p h e r i c  p r e s s u r e  p ) .  S t u d i e s  have shown t h a t  t h e  r e l a x a t i o n  
t i m e s  f o r  d i s s o c i a t i o n  i n  a i r  are smaller  t h a n  t h o s e  i n  p u r e  
n i t r o g e n  or oxygen. 

D 

"g 

Equilibrium processes. E q u i l i b r i u m  f lows  have been  s t u d i e d  
more t h o r o u g h l y  t h a n  n o n e q u i l i b r i u m  f lows  i n  b o t h  t h e i r  q u a l i t a -  
t i v e  and q u a n t i t a t i v e  a s p e c t s .  

Because o f  t h e  d i s s i m i l a r  r e l a x a t i o n  t i m e s  f o r  d i f f e r e n t  
e x c i t a t i o n  l e v e l s ,  e q u i l i b r i u m  may be  e s t a b l i s h e d  i n  a g i v e n  
f low r e g i o n  i n  some d e g r e e s  o f  f reedom w h i l e  r e l a x a t i o n  phenomena 
are  obse rved  i n  o t h e r s .  

A s  app rox ima te  model o f  t h e  p r o c e s s  can  be  c o n s t r u c t e d  a round 
the  a s sumpt ion  t h a t  e q u i l i b r i u m  i s  r e a c h e d  p r o g r e s s i v e l y  t h r o u g h  
t h e  d e g r e e s  o f  f reedom, i . e . ,  i f  one d e g r e e  o f  f reedom i s  e s t a b -  
l i s h i n g  e q u i l i b r i u m ,  a l l  " lower"  d e g r e e s  o f  f reedom are f u l l y  ex- 
c i t e d  and t h e  " h i g h e r "  d e g r e e s  are  n o t  e x c i t e d  a t  a l l .  

The sequence  o f  e q u i l i b r i u m  w i t h  r i s i n g  t e m p e r a t u r e  can  be  
r e p r e s e n t e d  i n  t he  f o l l o w i n g  o r d e r  o f  d e g r e e s  o f  f reedom: t r a n s -  
l a t i o n a l ,  r o t a t i o n a l  and v i b r a t i o n a l  d e g r e e s ,  d i s s o c i a t i o n ,  e l e c -  
t r o n - l e v e l  e x c i t a t i o n ,  and i o n i z a t i o n .  I n  examining ,  f o r  example,  
t h e  r a n g e  of  e s t a b l i s h m e n t  o f  v i b r a t i o n a l  e q u i l i b r i u m ,  t h e  f i r s t  /lo2 
two d e g r e e s  of  freedom may b e  c o n s i d e r e d  f u l l y  e x c i t e d  and a l l  
subsequen t  d e g r e e s  as n o t . e x c i t e d .  

T h i s  scheme i s  n o t  a p p l i c a b l e  to 
c e r t a i n  g a s e s ,  e . g . ,  n i t r o g e n  a t  h i g h  
t e m p e r a t u r e s ,  s i n c e  i o n i z a t i o n  b e g i n s  
b e f o r e  d i s s o c i a t i o n  h a s  gone to comple- 
t i o n .  T h i s  i s  e x p l a i n e d  by t h e  f a c t  
t h a t  t h e  d i s s o c i a t i o n  and i o n i z a t i o n  
e n e r g i e s  o f  n i t r o g e n  d i f f e r  by a f a c t o r  
of o n l y  one and a h a l f .  

A s imilar  e f f e c t  i s  obse rved  i n  a i r  
a t  c o m p a r a t i v e l y  modera te  t e m p e r a t u r e s .  
We see from F i g .  111-1-11 t h a t  a t  t e m -  
p e r a t u r e s  above 3200°K, t h e  r e l a x a t i o n  
t i m e  f o r  t he  d i s s o c i a t i o n  o f  oxygen i s  

F i g u r e  111-1-11. R e -  
l a x a t i o n  T i m e  f o r  
D i s s o c i a t i o n  o f  
Oxygen. 

s h o r t e r  t h a n  t h a t  f o r  e s t a b l i s h m e n t  o f  
v i b r a t i o n s  i n  n i t r o g e n .  Consequen t ly ,  
e q u i l i b r i u m  w i l l  be r e a c h e d  i n  d i s s o c i a -  
t i o n  o f  oxygen b e f o r e  v i b r a t i o n s  are 
s e t  up i n  n i t r o g e n .  
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D i f f u s i o n  i- - E f f e c t s  -_ . i n  -. the  ._ Boundary . . L a y e r  
._ 

D i f f u s i v e  mass f l o w  a n d  h e a t  t r a n s f e r .  I n  s tudy  o f  phenomena 
a s s o c i a t e d  w i t h  high-speed flow ove r  b o d i e s ,  i t  i s  necessa ry  to 
deal  w i t h  nonuniform h e a t i n g ,  which r e s u l t s  i n  a th ree -d imens iona l  
d i s t r i b u t i o n  of  b o t h  gas t empera tu re  and gas composi t ion.  The 
t empera tu re  g r a d i e n t s  tha t  appear g i v e  r i s e  to a heat flow b y  
molecu la r  conduct ion .  And the  v a r i a b l e  c o n c e n t r a t i o n  of  atoms 
from d i s s o c i a t e d  molecules  r e s u l t s  i n  t r a n s f e r  of energy b y  d i f -  
f u s i o n  of atoms, which l i b e r a t e  heat on recombining i n t o  mole- 
c u l e s .  The  heat f low to t h e  s u r f a c e  i s  shaped from these  b a s i c  
components. 

A s  t h e y  t r a n s f e r  e n t h a l p y ,  t h e  d i f f u s i n g  components o f  t h e  
gas  a c t ,  i n  a manner of speak ing ,  as s o u r c e s  of a n  energy f low 
t h a t  may even exceed t h e  conduct ion  f low under  c e r t a i n  condi- 
t i o n s .  

The heat f low t h a t  arises on recombina t ion  o f  d i f f u s i n g  atoms 
of some component of t h e  a i r  

where Q i s  t h e  d i f f u s i v e  mass f low and iR i s  t h e  h e a t  of recombi- 
n a t i o n  of t h e  atoms i n t o  molecu le s ,  which i s  obvious ly  e q u a l  to 
t h e  heat of d i s s o c i a t i o n  of t he  air-component molecules .  

Below w e  s h a l l  c o n s i d e r  a s imple  b i n a r y  mix tu re  of  atoms and 
molecules  c h a r a c t e r i z e d  b y  a b i n a r y  d i f f u s i o n  c o e f f i c i e n t  [ m 2 / s ] .  

Assuming t h a t  c [kg/kg] s i g n i f i e s  t h e  mass c o n c e n t r a t i o n  of 
t h e  atomic componenr, w e  can de te rmine  i t s  d i f f u s i v e  f low a c r o s s  
the boundary l a y e r  

(111-1-32) UC - 
Q = : p D - .  

aY 

I n f l u e n c e  o f  r e a c t i o n  r a t e  i n  gaseous medium. D i f f u s i v e  heat  
t r a n s f e r  depends on t h e  r a t e  of t h e  boundary-layer  r e a c t i o n s .  I n  
t h e  g e n e r a l  c a s e ,  which i s  c h a r a c t e r i z e d  by  f i n i t e  r a t e  v a l u e s ,  
recombina t ion  takes p l a c e  i n  p a r t  i n  t h e  gaseous medium i t s e l f ,  
w h i l e  t he  remain ing  atoms d i f f u s e  toward t h e  w a l l .  Thus, heat  i s  
l i b e r a t e d  n o t  on ly  i n  t h e  i n t e r i o r  o f  t h e  boundary l a y e r ,  b u t  a l s o  
a t  t h e  s u r f a c e  o f  t he  body. 

I n v e s t i g a t i o n  of  two extreme c a s e s  i s  impor t an t  f o r  a n a l y s i s  /lo3 
o f  t h i s  p r o c e s s .  The f i r s t  i s  c h a r a c t e r i z e d  by  a n  i n f i n i t e  
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recombina t ion  r a t e ,  s o  t h a t  thermodynamic e q u i l i b r i u m  i s  estab- 
l i s h e d  a t  each  p o i n t  i n  t h e  f low and t h e r e  i s  no d i f f u s i o n  of 
mass toward t h e  w a l l .  The chemica l  r e a c t i o n  and,  consequen t ly ,  
t h e  e v o l u t i o n  o f  heat take p l a c e  i n  t h e  boundary l a y e r  i t s e l f .  
Here t h e  d i f f u s i v e  heat t r a n s f e r  i s  governed by t h e  e q u i l i b r i u m -  
c o n c e n t r a t i o n  p r o f i l e .  

I n  p r a c t i c a l  c a s e s ,  f low c o n d i t i o n s  s imilar  t o  t h i s  hypo- 
t h e t i c a l  " e q u i l i b r i u m "  boundary l a y e r .  w i l l  o ccu r  when t h e  d i f f u -  
s i o n  r a t e  i s  n e g l i g i b l y  small by comparison w i t h  t h e  d i s s o c i a t i o n  
and recombina t ion  ra tes  (and ,  i n  t h e  c a s e  o f  i o n i z a t i o n ,  a l s o  by 
comparison w i t h  t h e  ra te  o f  t he  e l e c t r o n i c  r e a c t i o n s ) .  

I n  t h e  second extreme c a s e ,  r ecombina t ion  takes p l a c e  i n -  
f i n i t e l y  s l o w l y ,  i . e . ,  chemica l  r e a c t i o n s  do n o t  occur .  Conse- 
q u e n t l y ,  d e s p i t e  t h e  f a c t  t h a t  t h e  atoms do d i f f u s e ,  there  i s  
no recombina t ion  and no energy i s  released i n  t h e  boundary l a y e r .  
I n  p r a c t i c e ,  t h i s  may occur  i n  a f low i f  t h e  chemica l  r e a c t i o n  
t i m e  i s  g r e a t  by comparison w i t h  t h e  c h a r a c t e r i s t i c  t i m e  o f  p a r -  
t i c l e  motion.  Such f lows  are sa id  t o  be  " f rozen . "  -- 

I n  a f r o z e n  f low,  t he  atoms formed on d i s s o c i a t i o n  d i f f u s e  
toward t h e  c o l d  wa l l ,  where t h e y  s u b s e q u e n t l y  recombine. The 
energy  l i b e r a t e d  here  depends on t h e  c a t a l y t i c  p r o p e r t i e s  o f  t h e  
w a l l ,  which m a n i f e s t  i n  v a r i o u s  c a t a l y t i c - r e c o m b i n a t i o n  rates.  

R e c o m b i n a t i o n  a t  t h e  wall. I n  t h e  g e n e r a l  c a s e ,  t h e  c a t a -  
l y t i c  e f f e c t  o f  the  w a l l  i s  c h a r a c t e r i z e d  by a f i n i t e . c a t a l y t i c  
r ecombina t ion  r e a c t i o n  r a t e .  The p r o p e r t i e s  of  t h e  w a l l  as a 
ca t a lys t  are m a n i f e s t e d  most s t r o n g l y  i n  t he  extreme t h e o r e t i c a l  
c a s e  of  i n f i n i t e l y  r a p i d  r ecombina t ion .  I n t h e  o t h e r  extreme c a s e ,  
i n  which t h e  ra te  i s  v a n i s h i n g l y  small ,  t h e  w a l l  i s  n o n c a t a l y t i c .  
I n  t h e  g e n e r a l  c a s e  of  a f i n i t e  r a t e ,  t h e  hea t  l i b e r a t e d  a t  t h e  
w a l l  i s  de te rmined  by t h e  s teady-s ta te  mass f low 

(111-1-33) 

where kwl i s  t h e  r a t e  c o n s t a n t  o f  t h e  c a t a l y t i c  r e a c t i o n  a t  t h e  

w a l l  and m i s  a n  exponent  t h a t  takes account  of  t h e  n a t u r e  of t h e  
c a t a l y t i c r e a c t i o n  (1 < m < 2 ) .  I n  t h e  p a r t i c u l a r  and s i m p l e s t  
c a s e  of  a f i r s t - o r d e r  FeacFion,  w e  may s e t  m = 1. 

According t o  t h e  law of c o n s e r v a t i o n  of  mass ( d i s r e g a r d i n g  
thermal d i f f u s i o n )  

(111-1-33')  
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It f o l l o w s  from (111-1-33) t h a t  i n  t h e  extreme c a s e  o f  d i f -  
f u s i o n  co r re spond ing  t o  a n  i n f i n i t e  recombina t ion  r a t e  (kwl Q m > ,  

atoms r e a c h  t h e  w a l l  even when t h e  c o n c e n t r a t i o n  a t  t h e  w a l l  i s  
z e r o  (ewl = 0 ) .  
atom f low i s  z e r o ,  s i n c e  c o n c e n t r a t i o n  i s  a l w a y s  f i n i t e .  Conse- 
q u e n t l y ,  t h e  heat  f low due to d i f f u s i o n  i s  z e r o .  I n t h e  f i r s t  ex- 
treme c a s e ,  c a t a l y s i s  t a k e s  p l a c e  a t  i n f i n i t e l y  h i g h  speed ,  wh i l e  
i n  t h e  second,  i t  i s  i n f i n i t e s i m a l l y  slow. 

Existence  c o n d i t i o n s  f o r  equi l ibr ium a n d  “ f r o z e n ”  f l o w .  
These c o n d i t i o n s  are de te rmined ,  on t h e  one hand, b y  t h e  ave rage  
t i m e  tdif f o r  d i f f u s i o n  o f  atoms to t h e  w a l l  and,  on t h e  o t h e r ,  
b y  t h e  mean l i f e t i m e  tchm o f  these  atoms. I f  tdif i s  subs t an -  
t i a l l y  l a r g e r  t h a n  tchm, t h e  chemica l  r e a c t i o n  w i l l  t a k e  p l a c e  
b e f o r e  t h e  atom r e a c h e s  t h e  w a l l ,  and l o c a l  thermodynamic e q u i l i -  / l o 4  
br ium w i l l  appea r  i n  t h e  boundary l a y e r .  Thus, t h e  e x i s t e n c e  
c o n d i t i o n  of  e q u i l i b r i u m  w i l l  be cdif 
r e l a t i v e  t i m e  tdif i s  known as t h e  cec_ombination - r a t e  pa rame te r .  

I n  t h e  c a s e  of a n o n c a t a l y t i c  w a l l  (kwl = 01, 

>> 1. The = tdif’tchm 

For small d i f f u s i o n  t i m e s  (Fdif << l), t h e  r e a c t i o n  takes 
p l a c e  s o  s lowly  t h a t  f o r  a l l  p r a c t i c a l  purposes  r ecombina t ion  be-  
g i n s  only  a t  t h e  w a l l  and ,  congequen t ly ,  t h e  gas  f low i s  f r o z e n .  

The  d i f f u s i o n  t i m e  tdif can b e  c a l c u l a t e d  as t h e  t i m e  f o r  
motion of  p a r t i c l e s  t h rough  t h e  boundary l a y e r  t o  t h e  w a l l .  A s  
f o r  t h e  l i f e t i m e  of  t h e  atom, d i f f i c u l t i e s  a r i s e  i n  i t s  eva lua -  
t i o n  owing to our  i n a d e q u a t e  knowledge of  t h e  chemica l  recombina- 

can be de te rmined  b y  For- t i o n  p r o c e s s e s .  I n  approx ima t ion ,  
mula ( I I I - l - 3 0 ) ,  i n  which t h e  v a r i a b l e s  T o  and p o  are  de termined  
f o r  t h e  u n d i s s o c i a t e d  medium and T and p f o r  t h e  gas  d i s s o c i a t i n g  
i n  e q u i l i b r i u m  a t  t h e  o u t e r  l i m i t  o f  t h e  boundary l a y e r .  A t  t h e  
same t i m e ,  t h e  f o l l o w i n g  e x p r e s s i o n  can be used t o  c a l c u l a t e  t h e  
r e l a t i v e  d i f f u s i o n  t i m e :  

tchm 

= ~ , ( P ~ ) ~ ( T ~ ) - ~ ” R , ~ X - ~ ,  ‘di f (111-1-3‘4) 

where R ,  i s  t h e  u n i v e r s a l  gas  c o n s t a n t ,  PI ,  and T i  are t h e  v a r i -  
ab les  of t h e  gas  a t  t h e  p o i n t  of  t o t a l  s t a g n a t i o n  of t h e  body, 
X i s  t h e  v e l o c i t y  g r a d i e n t  a t  t h i s  p o i n t  ( i t  w i l l  b e  d e f i n e d  be- 
l o w ) ,  and k, i s  t h e  r ecombina t ion  ra te  c o n s t a n t .  

s t a n t .  
V e r y  f e w  data  are a v a i l a b l e  on t h e  r ecombina t ion  r a t e  con- 

X .  



It i s  known, f o r  example, t h a t  t h e  product  k ,T- ' 05  = 5 0 1 0 ~  

The dimensionless  v a r i a b l e  Edif i s  a s i m i l a r i t y  c r i t e r i o n  
f o r  processes  t ha t  a r e  cha rac t ep ized  by recombination r a t e  and 
by  t h e  time f o r  an atom t o  d i f f u s e  through the  boundary l a y e r .  

a l t i t u d e s  and low speeds.  Here, i t  appears  t ha t  f r e e z i n g  may b e  
delayed by t h e  i n c r e a s e  i n  recombination ra tes  tha t  accompanies 
t h e  climb. 

cm6/mole2*s f o r  t h e  recombination of oxygen a t  T = 30O0K. 

Formula (111-1-34) i n d i c a t e s  t h a t  f rozen  flows e x i s t  a t  h igh  

Up t o  t h i s  p o i n t ,  we have been cons ide r ing  cases  i n  which 
t h e  gas i s  i n  thermodynamic equ i l ib r ium a t  t h e  o u t e r  l i m i t  of  
t h e  boundary l aye r .  I n  a r a r e f i e d  atmosphere, however, t h e  long 
d i s s o c i a t i o n - r e l a x a t i o n  t i m e s  may make i t  imposs ib le  f o r  a par -  
t i c l e  t o  reach  equ i l ib r ium i n  i t s  approach t o  t h e  l a y e r  boundary. 
T h i s  complicates  t h e  a n a l y s i s .  The i n v e s t i g a t i o n  can be s impl i -  
f i e d  b y  assuming t h a t  d i s s o c i a t i o n  w i l l  be  i n h i b i t e d  a t  low den- 
s i t y  and moderate speeds and, consequent ly ,  t h e  cond i t ions  of 
"frozen" flow w i l l  appear .  

I n  t h i s  case ,  w e  can d e l a y  t h e  i n c r e a s e  i n  h e a t  flow b y  us- 
i n g  a w a l l  made from n o n c a t a l y t i c  m a t e r i a l s .  A c e r t a i n  r i s e  i n  
hea t  flow w i l l  occur  owing t o  t r a n s f e r  o f  energy by molecules 
t ha t  have not  managed t o  d i s s o c i a t e .  

C r i t e r i o n  of  the  c a t a l y t i c  process .  For t h i s  c r i t e r i o n ,  w e  
use t h e  so -ca l l ed  recombinat ion ( o r  c a t a l y t i c )  capac i ty  y = NJN, 
where N i s  t h e  t o t a l  number o f  atoms s t r i k i n g  a u n i t  a r e a  p e r  
u n i t  time and Nr i s  t h e  f r a c t i o n  of recombining a toms.  

- According t o  (111-1-33), t h e  number of atoms Nr = Qwl/mA - 
= k  c a t  m = 1. The t o t a l  number of atoms N = 

= pA(2nm kT )-'I2. Since p = n kT and cwlpwl = nAmA, t h e  re- 
w 1 w 1 'w l l m A  

A w l  A A w l  
combination capac i ty  

(111-1-35) 

Figure 111-1-12 p r e s e n t s  exper imenta l  va lues  o f  t h e  ca t a -  
l y t i c  c a p a c i t i e s  o f  a number of materials. 
a r e  p l o t t e d  on t h e  same diagram. Study of oxygen recombination 
has shown t h a t  t h e  c a t a l y t i c  c a p a c i t i e s  of t h e  m a t e r i a l s  s t u d i e d  

t r a n s f e r .  Here, glass i s  h igh ly  e f f e c t i v e ,  whi le  t h e  c h l o r i d e s  

Lines of cons tan t  kwl 

a r e  s o  low t h a t  t h e y  can b e  used as coa t ings  t o  reduce hea t  / l o 5  
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are less  s o  owing to t h e  s t r o n g e r  t e m p e r a t u r e  dependence o f  t h e i r  
c a t a l y t i c  c a p a c i t i e s .  

Recombinat ion o f  a tomic  
n i t r o g e n  has been  s t u d i e d  a t  
v a r i o u s  m e t a l l i c  and non- 
m e t a l l i c  s u r f a c e s .  It  has 
been  found tha t  most metals  
have a s t r o n g  c a t a l y t i c  ac-  
t i o n  on a tomic  n i t r o g e n .  Non- 
m e t a l l i c  mater ia ls  have t h e  
o p p o s i t e  e f f e c t ,  and n i t r o g e n  
shows l i t t l e  c a p a c i t y  to re-  
combine. Fo r  example,  meas- 
u r e d  a t  a n i t r o  e n  p a r t i a l  
p r e s s u r e  of lo - ‘  a t m  on g l a s s ,  
y = 3-10’. 

F i g u r e  111-1 -12 .  C a t a l y t i c  
C a p a c i t i e s  o f  C e r t a i n  Mate- S t u d i e s  o f  t h e  recombina- 
r i a l s .  t i o n  o f  p u r e  n i t r o g e n  and oxy- 

gen are o f  g r e a t  p r a c t i c a l  i m -  
p o r t a n c e ,  s i n c e  t h e y  e n a b l e  us  

to est imate  e x p e c t e d  c a t a l y t i c  e f f e c t s  i n  s t u d y  o f  heat t r a n s f e r  
i n  a i r .  It may be assumed here  t h a t  r e c o m b i n a t i o n  o f  t h e  a i r  mix- 
t u r e  i s  a c c e l e r a t e d  by  i n t e r m e d i a t e  r e a c t i o n s  between oxygen and 
n i t r o g e n ,  s o  t h a t  the  t o t a l  c a t a l y t i c  c a p a c i t y  and ,  c o n s e q u e n t l y ,  
heat  t r a n s f e r  are i n c r e a s e d .  

$111-2.  THE SYSTEM OF FUNDAMENTAL EQUATIONS 

The problem of flow p a s t  a body c o n t a i n s  a number o f  unknowns. 
If w e  take t h e  f o u r  unknowns v e l o c i t y ,  p r e s s u r e ,  d e n s i t y ,  and 
t e m p e r a t u r e  as b a s i c ,  i t  i s  n e c e s s a r y  to have a sys t em o f  f o u r  
independen t  e q u a t i o n s  (one v e c t o r  and t h r e e  s c a l a r )  to f i n d  t h e m .  

Here i t  i s  o f t e n  found h e l p f u l  to go from t h i s  number of 
unknowns to a l a r g e r  number, w i t h  t h e  a t t e n d a n t  i n c r e a s e  i n  t he  
number o f  sys t em e q u a t i o n s .  Thus,  f o r  example,  i n s t e a d  o f  t o t a l  
v e l o c i t y ,  i t s  components i n  t h e  c o o r d i n a t e  sys tem most conven ien t  
f o r  s o l u t i o n  of t he  p a r t i c u l a r  problem are u s u a l l y  found.  I n  t h e  
g e n e r a l  c a s e ,  t h e r e  w i l l  be t h r e e  such  components and ,  conse-  
q u e n t l y ,  t he  number o f  e q u a t i o n s  i n  t h e  s y s t e m  w i l l  i n c r e a s e  to 
s i x .  The number o f  e q u a t i o n s  i s  i n c r e a s e d  b y  w r i t i n g  th ree  equa-  
t i o n s  i n  t he  p r o j e c t i o n s  o n t o  t h e  c o r r e s p o n d i n g  a x e s  i n s t e a d  o f  
t h e  s i n g l e  e q u a t i o n  o f  motion i n  v e c t o r  form. 

Along w i t h  t h e  b a s i c  unknowns, o t h e r  p a r a m e t e r s  u s u a l l y  ap- 
p e a r  i n  t h e  e q u a t i o n s  - such  as f r i c t i o n a l  s t ress ,  e n t h a l p y ,  en- 
t r o p y ,  s p e c i f i c  h e a t ,  t h e  speed  of  sound,  heat  f low,  and o t h e r s .  
Then t h e  e q u a t i o n  sys tem i s  complemented by a p p r o p r i a t e  e q u a t i o n s  
l i n k i n g  these  new unknowns w i t h  one a n o t h e r .  
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The r e s u l t i n g  e q u a t i o n  sys tem r e f l e c t s  t he  most i m p o r t a n t  
laws of gas  f lows i n  t h e i r  most g e n e r a l  form. T h e i r  d e r i v a t i o n  
i s  based on a s e t  o f  premises t ha t  d e f i n e  t h e  p h y s i c a l  scheme 
o f  t h e  p a r t i c u l a r  f low.  

i n  it i s  t h e  basis f o r  any aerodynamic problem, s i n c e  i t  e n a b l e s  
us t o  o b t a i n  maximum s i m p l i c i t y  i n  t h e  e q u a t i o n s  and use  a more 
o r  less  complex scheme i n  accordance  w i t h  t h e  n a t u r e  of  t h e  f low 
i t s e l f .  

Schemat i za t ion  o f  t h e  f low and t h e  p r o c e s s e s  t a k i n g  p l a c e  1106 

One o f  these  p h y s i c a l  schemes i s  based on t h e  P r a n d t l  t h e o r y ,  
i n  which t h e  f low p a s t  a body i s  regarded as i n v i s c i d  ( f ree  
stream) o u t s i d e  a t h i n  boundary l aye r  and v i s c i d  i n s i d e  i t .  T h i s  
scheme makes i t  p o s s i b l e  t o  s i m p l i f y  t h e  e q u a t i o n s  used t o  s t u d y  
the  phenomena i n  b o t h  p a r t s  o f  t h e  f low.  

Thus, i n  examining p a r t i c u l a r  c a s e s  of mot ion ,  w e  can  s i m -  
p l i f y  t he  e q u a t i o n s  d e s c r i b i n g  these  f lows.  

Below w e  s h a l l  c o n s i d e r  t h e  s y s t e m  o f  e q u a t i o n s  i n  i t s  most 
g e n e r a l  form and c i t e  p a r t i c u l a r  c a s e s  co r re spond ing  t o  f ree  f low 
and flow i n  a boundary l a y e r .  Equat ions  r e f l e c t i n g  v a r i o u s  
s p e c i f i c  p e c u l i a r i t i e s  ( p h y s i c a l  schemes) of  r e a l  f lows  w i l l  b e  
g i v e n  i n  each of  t h e  p a r t i c u l a r  c a s e s .  

Equa t ion  of  Motion 

G e n e r a l  fo rm o f  t h e  e q u a t i o n  o f  m o t i o n .  L e t  us examine t h e  
f i r s t  e q u a t i o n  o f  t he  s y s t e m ,  namely t h e  e q u a t i o n  o f  motion of  a 

/ f 

F i g u r e  111-2-1.  I l l u s t r a t i n g  D e r i v a t i o n  o f  Equa t ion  of  
Motion of a Gas. T i s  t h e  volume of  t h e  gas and S i s  
i t s  s u r f a c e  area.  The mass o f  gas i n  volume T i s  l i d r .  

(T) 



l i q u i d  p a r t i c l e .  It i s  d e r i v e d  from t h e  d ' A l e m b e r t  p r i n c i p l e .  
Applying t h i s  p r i n c i p l e  t o  a l i q u i d  p a r t i c l e  i n  t h e  form o f  an  
e l e m e n t a r y  p a r a l l e l e p i p e d  ( F i g .  111-2-1)  and l e a v i n g  mass f o r c e s  
o u t  o f  a c c o u n t ,  w e  can o b t a i n  t h e  e q u a t i o n  o f  mot ion  i n  v e c t o r  
form [14]: 

(111-2-1)  

- - 
can  be  r e p r e s e n t e d  i n  P y J  pz  The  s u r f a c e - f o r c e  v e c t o r s  cx, 

the  form 

where Pkx9 Pky, pkz a re  t h e  p r o j e c t i o n s  o f  t hese  v e c t o r s  o n t o  t h e  
x-, x-, a_nd - z-axes,  w i t h  k t a k i n g  t h e  s u c c e s s i v e  v a l u e s  x, x, 5 
and i , ,  i,, i, are  t h e  u n i t  v e c t o r s  on t h e  c o r r e s p o n d i n g  a x e s .  

The v e l o c i t y  v e c t o r  

where Vx, V 

d i n a t e  a x e s .  
Vz are t h e  p r o j e c t i o n s  o f  t h i s  v e c t o r  o n t o  t h e  coor-  Y '  

From (111-2 -1 )  i n  v e c t o r  form,  we can  c o n v e r t  t o  t h e  Navier -  
S t o k e s  e q u a t i o n s :  

where 

(111-2-1'  ) 
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These e q u a t i o n s  f o r  P r a n d t l ' s  p h y s i c a l  scheme of t h e  bound- 
a r y  l a y e r  t r a n s f o r m  to t h e  s o - c a l l e d  P r a n d t l  e q u a t i o n s  f o r  t h e  
boundary l a y e r  and,  o u t s i d e  i t ,  to t h e  E u l e r  e q u a t i o n s  f o r  a n  
i n v i s c i d  ( i d e a l )  gas.  

E q u a t i o n s  o f  m o t i o n  o f  a n  i d e a l  m e d i u m .  A b road  c l a s s  of  
problems i n v o l v e s  c a l c u l a t i o n  of  t h e  f l o w - v a r i a b l e  d i s t r i b u t i o n  
around v a r i o u s  b o d i e s  i n  f lows  o f  i n v i s c i d  ( i d e a l )  gases. The 
e q u a t i o n  of  motion of t h e  i d e a l  gas can be o b t a i n e d  from 
(111-2 -1 ' )  b y  d ropp ing  t h e  t e r m s  on t h e  r i g h t  t h a t  take  accoun t  
of  v i s c o s i t y .  A s  a result, w e  f i n d  

d v  i -= --ggradp, 
dt P 

where the  p r e s s u r e  g r a d i e n t  

a p  - a p  - a p  - grad p = - Liz i i  f -- dY i2 +- a2 is. 

(111-2-3) 

(111-2 -4 )  

T h i s  i s  t h e  E u l e r  e q u a t i o n .  Applying (111-2-4.) for t h e  pres -  
s u r e  g r a d i e n t  i n  C a r t e s i a n  c o o r d i n a t e s ,  t h e  E u l e r  e q u a t i o n  can be  
w r i t t e n  i n  expanded form: 

These e q u a t i o n s  are  used to s t u d y  s p a t i a l  ( t h r e e - d i m e n s i o n a l )  
nons teady  f lows o v e r  b o d i e s .  S o l v i n g  them, w e  o b t a i n  t h e  d i s t r i -  
b u t i o n  o f  t h e  s o - c a l l e d  i n v i s c i d  gasdynamic v a r i a b l e s .  

I n  s t u d y  o f  two-dimensional  nons teady  f low ( f o r  example, i n  
f low pas t  p r o f i l e s ) ,  two e q u a t i o n s  of  System (111-2-5) must be 
used .  I f  t h e  motion i s  s t e a d y ,  t h e  p a r t i a l  d e r i v a t i v e s  w i t h  re- 
s p e c t  to t i m e  are  z e r o .  

I n  i n v e s t i g a t i o n  of  f low ove r  solids of  r e v o l u t i o n ,  i t  i s  
convenient  to use  t h e  E u l e r  e q u a t i o n  i n  c y l i n d r i c a l  and s p h e r i c a l  
c o o r d i n a t e s .  

If fi, E, and y are t h e  c y l i n d r i c a l  c o o r d i n a t e s  (F ig .  
111-2 -2 ) ,  t h e n  t h e  p r e s s u r e  g r a d i e n t  



Then, d e n o t i n g  t h e  v e l o c i t y  components i n  c y l i n d r i c a l  coor-  
V w e  o b t a i n  t h e  e q u a t i o n  of  motion (111-2-3) d i n a t e s  by Vx, Vr,  

i n  p r o j e c t i o n s  o n t o  t h e  c o o r d i n a t e  axes  i n  t h e  form 
Y' 

These e q u a t i o n s  are  used 
to i n v e s t i g a t e  nons teady  f low 
p a s t  s o l i d s  of r e v o l u t i o n  of  
a r b i t r a r y  shape  under  an  a n g l e  
of a t t a c k  (unsymmetr ica l  f l o w ) .  

T h e  s y s t e m  w i l l  be  s i m p l i -  
* X  f i e d  for axisymmetr ic  f low,  

when t h e  a n g l e  of  a t t a c k  i s  z e r o  
( s p a t i a l  two-dimensional  f l o w ) ,  
s i n c e  the  d e r i v a t i v e s  w i t h  r e -  

F i g u r e  111-2 -2 .  Components of  s p e c t  to y and t h e  component 
Loca l  Flow V e l o c i t y  i n  Cyl in-  V w i l l  d rop  o u t .  
d r i c a l  C o o r d i n a t e s .  Y 

A p a r t i c u l a r  form o f  t h e  
e q u a t i o n  of  mot ion  correspond-  - 

F i g u r e  111-2-3.  I l l u s t r a t i n g  
D e r i v a t i o n  of Equa t ions  o f  Mo- 
t i o n  and C o n t i n u i t y  f o r  Gas 
Flows Behind a C y l i n d r i c a l  
Shock Wave. 

i n g  to p u r e l y  r a d i a l  f low f o l -  
lows from (111-2-6) : 

and i s  used to i n v e s t i g a t e  non- 
s t e a d y  motion of  a gas  behind  a 
c y l i n d r i c a l  shock wave 1. T h i s  
wave forms on expans ion  of  p i s -  
t o n  2 ,  which may b e  r e g a r d e d  as 
a k i n d  o f  impermeable moving 
s u r f a c e  ( F i g .  111-2-3). It 
w i l l  b e  shown below t h a t  a n  
analogy e x i s t s  between h igh-  
v e l o c i t y  f low p a s t  a s o l i d  of  
r e v o l u t i o n  and t h e  f low of  a 

t 
I 



I 
gas when i t  i s  d i sp laced  b y  t h e  p i s t o n ;  i t  i s  used i n  so lv ing  
problems i n  supersonic  aerodynamics. 

Let us now cons ider  t h e  equat ion  of motion i n  t h e  s p h e r i c a l  
coord ina te s  2, 0 ,  Q (F ig .  1 1 1 - 2 - 4 ) ,  as i t  i s  used, f o r  example, 
to i n v e s t i g a t e  supersonic  flow p a s t  cones. To o b t a i n  t h i s  equa- 
t i o n ,  we w r i t e  an expres s ion  for t h e  p r e s s u r e  g r a d i e n t  i n  sphe r i -  
c a l  coord ina te s :  

t 

/ l o g  

Denoting f u r t h e r  by  Vr ,  Vo,  V t h e  v e l o c i t y  components on t h e  Q 
r e s p e c t i v e  axes of our coord ina te  system, w e  o b t a i n  (111-2-3) i n  
expanded form: 

F igure  111-2-4.  Local Flow 
Veloc i ty  Components i n  
S p h e r i c a l  Coordinates .  

(111-2-8) 

I n  symmetrical  flow, t h e  
flow parameters  a r e  independent 
of t h e  v a r i a b l e  9 ;  hence t h e  Q 
d e r i v a t i v e s  and t h e  component V VJ 
drop o u t  of (111-2-8). 

Together wi th  t h e  systems 
cons idered  above, t h e  normal (or 
n a t u r a l )  coord ina te  system (F ig .  
111-2-5) i s  commonly encountered.  
I n  t h e  case  o f  p lane  flow or 
w i t h  a x i a l  symmetry of t h e  flow, 
one o f  t h e  axes of  t h i s  system 
co inc ides  w i t h  t h e  tangent  to 
t h e  s t r e a m l i n e  a r c  E, and t h e  

o t h e r  a long  t h e  normal n to t h e  s t r e a m l i n e  a t  t h e  p a r t i c u l a r  
p o i n t .  The  equat-ions o F m o t i o n  i n  the  axes o f  t h e  normal system 
can be  obta ined  by apply ing  (111-2-3) and r e p l a c i n g  t h e  p r e s s u r e  
g r a d i e n t  by 



and t h e  t o t a l - a c c e l e r a t i o n  v e c t o r  by  

where t h e  t a n g e n t i a l  component o f  a c c e l e r a t i o n  Ws = V s ( d V s / d s )  i n  
s t e a d y - s t a t e  motion and t h e  normal component Wn = V i ( d B / d s ) ,  where 
B i s  t h e  i n c l i n a t i o n  a n g l e  of t h e  s t r e a m l i n e .  Consequent ly ,  t h e  
e q u a t i o n s  o f  motion w i l l  t a k e  t h e  form 

(111-2-9 ) 

A c u r v i l i n e a r  c o o r d i n a t e  s y s t e m  i s  u s u a l l y  employed i n  bound- 
a r y - l a y e r  t h e o r y .  It has a l s o  been found convenient  t o  use t h e  
same system t o  s t u d y  f low i n  a t h i n  l a y e r  o f  i n v i s c i d  gas  between 

The p o s i t i o n  of a n  a r b i t r a r y  p o i n t  M i n  t h i s  s y s t e m  ( F i g .  111-2-6)  
i s  de te rmined  by t h e  d i s t a n c e s  a l o n g  the normal t o  t h e  s u r f a c e  
and - x a l o n g  t h e  g e n e r a t r i x .  

a shock wave and a curved s u r f a c e  a t  very h igh  f l i g h t  speeds .  / n o  

F i g u r e  111-2-5. Nor- 
m a l  ( N a t u r a l )  Coordi- 
n a t e  System. 1) 
s t r e a m l i n e .  

b 
F i g u r e  111-2-6. Curvi-  
l i n e a r  Coordina te  
System. 

t 
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F i g u r e  111-2-7.  I l l u s t r a t i n g  D e r i v a t i o n  of  
Equa t ion  o f  Motion of  Gas i n  Boundary Layer .  

I n  s t e a d y  f low p a s t  a f l a t  c o n t o u r  or symmet r i ca l  f low p a s t  
a s o l i d  o f  r e v o l u t i o n ,  t he  e q u a t i o n s  o f  motion are 

where R i s  t h e  r a d i u s  o f  c u r v a t u r e  o f  t h e  c o n t o u r .  

E q u a t i o n  of m o t i o n  i n  t h e  b o u n d a r y  l a y e r .  F i g u r e  111-2-6 
shows a diagram i l l u s t r a t i n g  d e r i v a t i o n  of  t h e  g e n e r a l i z e d  equa- 
t i o n  of motion f o r  t he  two-dimensional  s p a t i a l  ax isymmetr ic  and 
p l a n e  boundary l a y e r s .  An i m p o r t a n t  c o n d i t i o n  on which t h e  
d e r i v a t i o n  r e s t s  c o n s i s t s  i n  a small t h i c k n e s s  6 o f  t h e  boundary 
l a y e r  by  comparison w i t h  t h e  l i n e a r  dimensions o f  t h e  body ( i f  
t h e  c h a r a c t e r i s t i c  l i n e a r  dimension i s  L, t h e  s m a l l - 6  c o n d i t i o n  
w i l l  b e  6/L << 1). Here ap/ay = 0 ,  i . e . ,  p r e s s u r e  does n o t  
change i n s i d e  t h e  boundary l a y e r  a t  v a r i o u s  p o i n t s  a l o n g  the  nor-  
m a l  t o  t h e  con tour  of  t h e  body and i s  e q u a l  t o  t h e  p r e s s u r e  a t  
t h e  boundary o f  t h e  l a y e r .  Owing t o  t h e  small th ickness .  o f  t h e  
boundary l a y e r ,  w e  can a l s o  d i s r e g a r d  t h e  C o r i o l i s  a c c e l e r a t i o n .  
Then t h e  e q u a t i o n  of  motion i n  t h e  l a y e r  w i l l  be  

(111-2-11)  

where E = 0 if t h e  boundary l a y e r  i s  p l a n e  and. E = 1 i f  i t  i s  axi- 
symmetr ic .  



This equation is suitable for investigation of both laminar 
and turbulent boundary layers in which the parameters characteriz- 
ing flow in the layer are assumed to be averaged and pulsation 
values of the parameters are excluded. 
and p in (111-2-11) must be taken averaged and the frictional 
stress must be determined from the expression T = (p + pt)(aVx/ay). 
In this expression, pt is the coefficient of turbulent viscosity 
(in distinction from u, the coefficient of ordinary molecular 
viscosity in a laminar boundary layer). 

v P ,  Y' Accordingly, Vx, 

In the laminary boundary layer, pt = 0, the frictional stress 
T = p x (aVx/ay), and the equation of motion is rewritten 

(111-2-12) 

For the general case, when the gas undergoes physicochemical 
transformations, the coefficient 1-1 varies across the boundary 
layer. When there are no such transformations or they are negli- 
gible, we can assume u = const. Equations (111-2-11) and 
(111-2-121, from which the radius r must be excluded, are used 
to study the boundary layer about a plane contour. 
Continuity Equation 

Forms o f  t h e  c o n t i n u i t y  e q u a t i o n .  This equation is one of 
the fundamental equations of aerodynamics and is used together 
with the equation of motion to investigate flow past bodies. 

In mathematical form, it reflects the condition that if a 
gas passes through a certain fixed volume without forming 

vacuums or discontinuities, the total mass of gas [ p(i%)dS. pass- 
( S )  

ing per unit time across the surface S that bounds this volume 
is equal to the change in per-second mass in this volume - 

Sap'alds  (n is the outer normal to the surface). Accordingly, we 
(T) 

obtain the equation 

(111-2-13) 

which is known as the continuity equation. A full derivation 
will be found in [ 2 ] .  Factoring o u t  the expression in (111-2-13) 



(111-2-14) 

or, remembering t h a t  d p / d t  = a p / a t  + Vx(ap/ax)  + V Y ( a p / a y )  + 
+ V z ( a p / a z ) ,  w e  have 

- 3 f p  div V = 0. dt  

To o b t a i n  t h e  c o n t i n u i t y  e q u a t i o n  i n  c y l i n d r i c a l  c o o r d i -  /112 
n a t e s ,  w e  u s e  t he  e x p r e s s i o n  

Then t h e  c o n t i n u i t y  e q u a t i o n  

(111-2-15) 

From i t  f o l l o w s  t h e  p a r t i c u l a r  form 

T h i s  e q u a t i o n  i s  used  t o  i n v e s t i g a t e  nons t eady  f low o f  a gas 

L e t  u s  p r e s e n t  t h e  c o n t i n u i t y  e q u a t i o n  i n  s p h e r i c a l  c o o r d i -  

beh ind  a c y l i n d r i c a l  wave ( see  F i g .  111-2-3). 

n a t e s .  For t h i s  p u r p o s e ,  w e  u s e  t h e  e x p r e s s i o n  f o r  t h e  d i v e r g e n c e  

A f t e r  s u b s t i t u t i n g  t h i s  e x p r e s s i o n  i n  (III-2-l3), w e  o b t a i n  



The  e q u a t i o n s  o f  c o n t i n u i t y  f o r  p l a n e  and axisymmetr ic  f lows 
are  o b t a i n e d  from (111-2-14)  and (111-2-15) ,  r e s p e c t i v e l y :  

(111-2-18) 

where E = 0 f o r  p l a n e  f low and E = 1 f o r  s p a t i a l  two-dimensional  
v 1. r ,  vY = r f low ( y  = 

T h e  c o n t i n u i t y  e q u a t i o n  of  a s p a t i a l  two-dimensional  f low 
i n  s p h e r i c a l  c o o r d i n a t e s  i s  o b t a i n e d  from (111-2-17) b y  d ropp ing  
t h e  f o u r t h  t e r m  i n  t h e  l e f t  m e m b e r .  

The  c o n t i n u i t y  e q u a t i o n  f o r  s t eady  f low i n  t h e  normal coor- 
d i n a t e  s y s t e m  ( see  F i g .  111-2-5) i s  o b t a i n e d  as the  c o n d i t i o n  f o r  
c o n s e r v a t i o n  o f  f low r a t e  i n  f low o f  a g a s  between two c l o s e l y  
spaced  stream s u r f a c e s  ( s p a t i a l  two-dimensional  f l o w )  or stream- 
l i n e s  ( p l a n e  two-dimensional  f l o w ) .  

T h e  c o n t i n u i t y  e q u a t i o n  

(111-2 -19)  

where E = 0 f o r  t h e  p l a n e  f low and E = 1 f o r  t h e  s p a t i a l  f low.  

If w e  c o n s i d e r  t h e  c u r v i l i n e a r  c o o r d i n a t e  s y s t e m  (see F ig .  
111-2-6),  

I n  boundary- layer  i n v e s t i g a t i o n s ,  t h i s  e q u a t i o n  can b e  s i m -  
p l i f i e d  i f  w e  remember t h a t  t h e  l a y e r  i s  t h i n .  Dropping y/R as 
small compared t o  u n i t y ,  w e  f i n d  

T r a n s f o r m a t i o n  o f  t h e  c o n t i n u i t y  e q u a t i o n .  I n  p r a c t i c e ,  
f r e q u e n t  use i s  made o f  a n  e q u a t i o n  d e r i v e d  from t h e  c o n t i n u i t y  
e q u a t i o n  b y  e l i m i n a t i n g  d e n s i t y  from i t  w i t h  t h e  a id  o f  t h e  equa- /ll3 
t i o n  of motion.  Any c o o r d i n a t e  s y s t e m  may b e  used here .  



I f  we examine p o t e n t i a l  nonsteady flow i n  C a r t e s i a n  coordi-  
n a t e s ,  t h e  transformed c o n t i n u i t y  equa t ion  w i l l  be an equa t ion  i n  
Car t e s i an  coord ina te s  f o r  t h e  v e l o c i t y  p o t e n t i a l  $I [ 1 4 ] :  

The  analogous equa t ion  f o r  t h e  p o t e n t i a l  $I i n  c y l i n d r i c a l  
coord ina te s  takes t h e  form 

An equat ion  used to i n v e s t i g a t e  two-dimensional nonsteady 
p o t e n t i a l  flow (p lane  or s p a t i a l )  d e r i v e s  from (111-2 -22) :  

A l l  t e r m s  con ta in ing  p a r t i a l  time d e r i v a t i v e s  a r e  excluded 
from t h e  equat ions  i n  i n v e s t i g a t i o n  o f  s t e a d y  flow. 

S teady  s p a t i a l  p o t e n t i a l  flow can be s t u d i e d  wi th  an  equa- 
t i o n  f o r  t h e  v e l o c i t y  p o t e n t i a l  i n  s p h e r i c a l  coord ina te s :  

Fo r  s p a t i a l  two-dimensional flow (111-2-25)  i s  s i m p l i f i e d  i n  
v i r t u e  of t h e  f a c t  t h a t  t h e  J, d e r i v a t i v e s  a r e  zero .  

140 



The e q u a t i o n s  g i v e n  for t h e  v e l o c i t y  p o t e n t i a l  are funda- 
men ta l  i n  t h e  aerodynamics of isentropic'(irrotationa1) f l o w s ,  a 
d i s t i n c t i v e  p r o p e r t y  of which i s  cons tancy  of e n t r o p y  o v e r  t h e  
e n t i r e  r e g i o n  of t h e  f low.  

I f  w e  d i s r e g a r d  t h e  i n f l u e n c e  of v i s c o s i t y ,  d i s t u r b e d  sub- 
s o n i c  f low p a s t  a body has t h i s  p r o p e r t y .  Supe r son ic  d i s t u r b e d  
f low w i l l  a l s o  be i s e n t r o p i c  i f  i t  o c c u r s  beh ind  a normal com- 
p r e s s i o n  shock ,  s i n c e  t h e  e n t r o p y  behind  i t  i s  everywhere t h e  
same. 

I n  t he  c a s e  of smaller  Mm,  t h e  f low behind  a c u r v i l i n e a r  
shock a c t u a l l y  d i f f e r s  l i t t l e  from i s e n t r o p i c ;  w e  may t h e r e f o r e  
use  t h e  v e l o c i t y - p o t e n t i a l  e q u a t i o n  to s t u d y  i t .  S o l u t i o n  of  
t h i s  e q u a t i o n  g i v e s  b e t t e r  r e s u l t s  as t h e  body i n  t h e  f low be-  
comes more s l e n d e r .  

A t  l a r g e  Ma, s u p e r s o n i c  f low depends s u b s t a n t i a l l y  on t h e  
v o r t i c a l  n a t u r e  of gas  mot ion  behind  a c u r v i l i n e a r  compression 
shock;  i n  i n v e s t i g a t i n g  i t ,  t h e r e f o r e ,  w e  shou ld  proceed  from a 
c o n t i n u i t y  e q u a t i o n  t r ans fo rmed  w i t h  t he  a id  of t h e  genera l - form 
e q u a t i o n  of motion .  

We i n d i c a t e  t h e  form of t h i s  e q u a t i o n  f o r  t h e  v a r i o u s  coor- 
d i n a t e  sys t ems ,  w i t h  a view to t h e  c a s e  of s t e a d y  two-dimensional 
f low.  

C a r t e s i a n  and c y l i n d r i c a l  c o o r d i n a t e s :  

S p h e r i c a l  c o o r d i n a t e s :  

Normal ( n a t u r a l )  c o o r d i n a t e s :  

(111-2-28) 
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L i n e a r i z a t i o n  o f  t h e  e q u a t i  o n s .  The d i f f e r e n t i a l  e q u a t i o n s  
g i v e n  above are  n o n l i n e a r  and p e r t a i n  to t h e  g e n e r a l  c a s e  of d i s -  
t u r b e d  gas  f low,  whose pa rame te r s  may d i f f e r  s u b s t a n t i a l l y  from 
t h e  co r re spond ing  pa rame te r s  of t h e  u n d i s t u r b e d  f low.  I n  problems 
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o f  f low p a s t  b o d i e s ,  these e q u a t i o n s  are used t o  s t u d y  d i s t u r b e d  
flow when t h e  shapes  of t h e  b o d i e s  are a r b i t r a r y  and f low takes 
p l a c e  a t  a n  a r b i t r a r y  a n g l e  o f  a t t a c k .  

s l e n d e r  and t h e  a t tack  a n g l e s  s m a l l ;  hence the  d i s t u r b e d  flow 
p a s t  such  b o d i e s  d i f f e r s  l i t t l e  from t h e  u n d i s t u r b e d  f low.  The 
d i f f e r e n t i a l  e q u a t i o n s  can b e  l i n e a r i z e d  f o r  w e a k l y  d i s t u r b e d  
f low.  

I n  many c a s e s  t ha t  are o f  p r a c t i c a l  i n t e r e s t ,  t h e  b o d i e s  are  

I n  accordance  w i t h  t he  d e f i n i t i o n  o f  t h e  weakly  d i s t u r b e d  or 
l i n e a r i z e d  f low,  i t s  pa rame te r s  can be e x p r e s s e d  i n  t h e  form 

i 
- -  - 
V = V , + v ' ,  a=a,+a'; p = p w + p l ;  p=pw+p';  S=Sw+Sf, (111-2-29) 

where t h e  s u b s c r i p t  m i d e n t i f i e s  undis turbed-f low pa rame te r s  and 
t h e  pr ime s m a l l  increment  parameters t h a t  appea r  as a r e s u l t  o f  
t h e  d i s t u r b a n c e .  

It f o l l o w s  from t h e  e x p r e s s i o n  S = S + S f  t h a t  t h e  l i n e a r -  
i z e d  f low i s  c h a r a c t e r i z e d  by a new e n t r o F y .  However, r e s e a r c h  
has shown tha t  t h e  increment  S '  i s  s o  s m a l l  t h a t  i t  may b e  d i s -  
r e g a r d e d ,  s o  t h a t  t h e  l i n e a r i z e d  f low can b e  regarded as i s e n -  
t r o p i c .  T h i s  i m p l i e s  t h a t  t h e  c u r v i l i n e a r  compression shock de- 
g e n e r a t e s  i n t o  a d i s t u r b a n c e  wave o f  i n f i n i t e s i m a l  i n t e n s i t y  i n  
f r o n t  o f  a s l e n d e r  tapered body. 

The l i n e a r i z e d  f low may b e  c h a r a c t e r i z e d  by  t h e  p o t e n t i a l  
f u n c t i o n  cp.-cl,w+cp',which i s  composed of  t h e  p o t e n t i a l  of t h e  
u n d i s t u r b e d  f low and an  a d d i t i o n a l  p o t e n t i a l  9 '  of  t h e  d i s t u r b e d  
f low ( d i s t u r b a n c e  p o t e n t i a l ) ,  which i s  a small q u a n t i t y .  

and (111-2-23) w i t h  a p p l i c a t i o n  of  (111-2-29) and t h e  e x p r e s s i o n  
The l i n e a r i z e d  e q u a t i o n s  o b t a i n e d  by  t r a n s f o r m i n g  (111-2 -22)  

f o r  = fp- -!- , q'- have t h e  form [51] :  

(111-2-30) 

A s  a r e s u l t  of s i m p l i f y i n g  (111-2-24)  w i t h  e x c l u s i o n  of t h e  / l l 5  
t i m e  d e r i v a t i v e s ,  w e  o b t a i n  a l i n e a r i z e d  e q u a t i o n  f o r  s t e a d y  two- 
d imens iona l  ( p l a n e  or s p a t i a l )  f l ow:  

(111-2-32) 
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E q u a t i o n  f o r  t h e  s t r e a m  f u n c t i o n .  It is more convenient to 
use equations transformed to the variable $, which is known as 
the stream function, instead of (111-2-26) or (111-2-27) to in- 
vestigate nonisentropic flows. 

To transform (111-2-26), we use the relations 

(111-2-33) 

and f o r  (111-2-27) 

where p o  is the density at full isentropic stagnation. 

function I), to investigate bodies in supersonic flow. The form 
of this equation is [58] 

Below, we shall use (111-2-26), transformed to the stream 

- 
where the derivatives Q X X  = dz$:,lax2, Qxrm = 6?$'8x By, $:vu =&'$.'dy2, L'=V/V,,,a= 

(Vma, is the maximum velocity); the function 

(111-2-36) 

Here p o  is the pressure at full isentropic stagnation. 

If the stagnation'pressure does not vary along the shock, 
then dpo/d$ = 0 and, consequently, r ($)=o.  In this case (111-2-35) 
defines the stream function for potential (isentropic) flow. 

In the region behind a curvilinear compression shock, the 
stagnation pressure changes when we pass from one streamline to 
another, and, understandably, f ( $ ) # O .  Consequently, (111-2-35) 
describes nonisentropic (vortical) flow. 



S i n c e  t h e  v a r i a t i o n  o f  s t a g n a t i o n  p r e s s u r e  a c r o s s  stream- 
l i n e s  i s  governed  by t h e  v a r i a t i o n  o f  t h e  e n t r o p y  s ,  (111-2-35) 
can  be b r o u g h t  t o  a form t h a t  c o n t a i n s  t he  e n t r o p y  b y  u s e  of t h e  
e q u a t i o n  

1 dP0 k dS 
PO d* (k- I )  r p  d$ a 

(111-2-37) 

The D i f f u s i o n  E q u a t i o n  

D i f f u s i o n  p r o c e s s e s  t a k i n g  p l a c e  i n  t he  boundary l a y e r  depend 
on t h e  c o n c e n t r a t i o n  d i s t r i b u t i o n  of t h e  m i x t u r e  components.  One 
of  t h e  r e l a t i o n s h i p s  t h a t  d e t e r m i n e s  t h i s  d i s t r i b u t i o n  i s  t h e  d i f -  
f u s i o n  e q u a t i o n .  

e q u a t i o n ,  t h i s  t i m e  embodying t h e  c o n d i t i o n  o f  c o n s e r v a t i o n  of  
t h e  d i f f u s i n g  m i x t u r e  component. 

L i k e  t h e  c o n t i n u i t y  e q u a t i o n ,  i t  i s  a l s o  a mass -conse rva t ion  

L e t  us  assume t h a t  no chemica l  r e a c t i o n s  take p l a c e  and ,  
c o n s e q u e n t l y ,  t ha t  t h e  r a t e  W i  o f  f o r m a t i o n  o f  atoms o r  mole- 
c u l e s  by d i s s o c i a t i o n  o r  r e c o m b i n a t i o n  i s  z e r o .  Then, d i s r e -  
g a r d i n g  t h e  d i f f u s i v e  f low i n  t h e  d i r e c t i o n  o f  t h e  x -ax i s  and 
thermal  d i f f u s i o n ,  w e  can  d e r i v e  t h e  c o n t i n u i t y  e q u a t i o n  f o r  t h e  
i - t h  m i x t u r e  component ( t h e  d i f f u s i o n  e q u a t i o n )  f rom Eq. (111-2-21)  
b y r e p l a c i n g  p r E V x  by prEVXci, and p r E V  by p r E V  Y i  c - Qi, where 

i s  the  d i f f u s i o n  f low a c r o s s  t h e  boundary l a y e r .  I f ,  on t h e  Qi 
o t h e r  hand,  chemica l  r e a c t i o n s  do take  p l a c e  i n  t h e  g a s  and a re  
accompanied b y  t h e  f o r m a t i o n  o f  new p a r t i c l e s  o r  t h e  d i s a p p e a r -  
ance  of  o l d  o n e s ,  a term r E W i  a p p e a r s  i n  t h e  r i g h t  member of t h e  

r e s u l t i n g  e q u a t i o n  t o  take  accoun t  o f  t h e  a d d i t i o n a l  f low of t h e  
component. Thus,  t h e  i-e component d i f f u s i o n  e q u a t i o n  w i l l  be  
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Y 

(111-2-38) 

where t h e  d i f f u s i o n  c o e f f i c i e n t  5 is assumed t o  b e  t h e  same f o r  
each  p a i r  o f  d i f f u s i n g  components of  t h e  b i n a r y  m i x t u r e .  

Equa t ion  (111-2-38) i s  s i m p l i f i e d  i f  t h e  compos i t ion  o f  t h e  
g a s  i s  " f r o z e n "  and ,  c o n s e q u e n t l y ,  no chemica l  r e a c t i o n s  take 
p l a c e  i n  i t .  

We can  c o n v e r t  from c o n c e n t r a t i o n  t o  t h e  d e g r e e  o f  d i s s o c i a -  
t i o n  a o f  t h e  b i n a r y  m i x t u r e  i n  t h e  d i f f u s i o n  e q u a t i o n .  Fo r  t h i s  
p u r p o s e ,  w e  u s e  t h e  r e l a t i o n s h i p s  c 

I n  t h i s  c a s e ,  w e  must assume Wi = 0 .  

= a ,  c M = 1 - a .  For  example,  A 
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t h e  c o n t i n u i t y  e q u a t i o n  f o r  a n  a tomic  component i s  

(111-2-38' ) 

The above e q u a t i o n s  may r e f e r  t o  e i t h e g  l a m i n a r  or t u r b u -  
l e n t  boundary l a y e r s . -  I n  t h e  fo rmer  c a s e ,  D i s  t h e  c o e f f i c i e n t  
of l a m i n a r  d i f f u s i o n  D = DL and i s  d e f i n e d  as t h e  m o l e c u l a r  t r a n s -  
f e r  p a r a m e t e r .  I n  t h e  l a t t e r  c a s e ,  t h e  d i f f u s i o n  c o e f f i c i e n t  i s  
composed of t h e  c o e f f i c i e n t s  of  l a m i n a r  D and t u r b u l e n t  Dt d i f -  

f u s i o n ,  i . e . ,  E i n  t h e  e q u a t i o n  i s  r e p l a c e d  by DL + Et. 
gasdynamic p a r a m e t e r s  and c o n c e n t r a t i o n  s h o u l d  be regarded as a v e r -  
aged q u a n t i t i e s .  

L 
The o t h e r  

Equa t ion  o f  Momentum 

General  form of t h e  e q u a t i o n .  It  i s  sometimes c o n v e n i e n t  i n  
i n v e s t i g a t i n g  g a s  f lows  t o  use  a d i f f e r e n t  form o f  t h e  e q u a t i o n  o f  
mot ion  t h a t  can b e  d e r i v e d  b y  c o n s i d e r i n g  t h e  f low of  a g a s  
th rough  some s u r f a c e  or s e c t i o n .  

If w e  t ake  t h e  p a r a l l e l e p i p e d  s u r f a c e  shown i n  F i g .  111-2-1  
as t h i s  s u r f a c e  and a p p l y  t h e  momentum theorem, a c c o r d i n g  to 
which t h e  change i n  momentum i s  e q u a l  to t he  e x t e r n a l - f o r c e  i m -  
p u l s e ,  w e  o b t a i n  t h e  e q u a t i o n  of  momentum ( e q u a t i o n  o f  i m p u l s e s ) :  

S t e a d y - s t a t e  motion o f  an i d e a l  g a s .  S i n c e  t h e  p a r t i a l  t ime  
d e r i v a t i v e  i s  z e r o  i n  t h i s  c a s e ,  a n d . t h e r e  are  no v i s c o s i t y - d e -  1117 
penden t  f o r c e s ,  (111-2-39) becomes 

(111-2 -40)  

P r a c t i c a l  i n t e r e s t  a t t a c h e s  t o  t h e  momentum e q u a t i o n  o f  a gas 
i n  a c o n s t a n t - s e c t i o n  c h a n n e l ,  i . e . ,  f o r  t h e  one-d imens iona l  c a s e .  
It f o l l o w s  from (111-2-40) t h a t  dp/dx = - d(pVi ) /dx  i n  these  
c a s e s .  I n t e g r a t i n g  o v e r  - x between two a r b i t r a r y  s e c t i o n s  "1" and 
"2" ,  w e  o b t a i n  
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T h i s  l a w ,  t o g e t h e r  w i t h  t h e  o t h e r  two laws of  conse rva t ion  

E q u a t i o n  o f  momentum f o r  t h e  b o u n d a r y  l a y e r .  Let us examine 

of mass and energy, forms t h e  basis  o f  gas-flow t h e o r y .  

s t eady  motion i n  a two-dimensional boundary l a y e r  i n  which the  
cond i t ion  of small l a y e r  t h i c k n e s s  i s  s a t i s f i e d .  

A s  a r e s u l t  of j o i n t  t r ans fo rma t ion  of  t he  equat ions  of mo- 
t i o n  (111-2-11)  and c o n t i n u i t y  (111-2 -21) ,  i n  which t h e  r a d i u s  r 
assumes, f o r  a g iven  s e c t i o n  o f  t h e  l a y e r ,  a cons t an t  value e q u a l  
t o  i t s  value r o  a t  t h e  w a l l ,  we o b t a i n  t h e  fo l lowing  equa t ion  
C571: 

where T~ i s  t h e  f r i c t i o n a l  s t ress  a t  t h e  w a l l  and V6and p 6  a r e  
t h e  v e l o c i t y  and d e n s i t y  a t  t h e  layer  boundary. 

Phys ica l ly ,  t h e  l e f t  s i d e  determines t h e  change i n  momentum 
o f  a c e r t a i n  mass of  gas pas s ing  through a s e c t i o n  of t he  bound- 
a r y  l a y e r .  Equation (111-2 -42)  i s  t h e r e f o r e  known as t h e  momen- 
tum equa t ion  f o r  t h e  boundary l a y e r .  This  equa t ion  i s  a l s o  known 
as t h e  Karman i n t e g r a l  r e l a t i o n s h i p .  

The i n t e g r a l s  i n  t h e  l e f t  s i d e  of (111-2-42)  are very impor- 
t a n t  c h a r a c t e r i s t i c s  of t h e  boundary l a y e r :  

6 6 
PV* 6*= s ( I - - )  dy, a**= \ a FbVb ( I - % )  dy. (111-2-43) 

0 
F&V8 

0 

The parameters  6*  and 6 * *  a r e  known, r e s p e c t i v e l y ,  as t h e  
displacement  th i ckness  and t h e  momentum th i ckness .  The former 
c h a r a c t e r i z e s  t h e  decrease  i n  per-second f lowra te  and t h e  l a t t e r  
t h e  decrease  i n  momentum ( impulse)  on passage o f  t h e  gas through 
t h e  boundary-layer s e c t i o n  as a r e s u l t  o f  flow s t a g n a t i o n .  

The Energy Equat ion 

G e n e r a l  fo rm o f  t h e  e n e r g y  e q u a t i o n .  The energy equa t ion  i s  
one of t h e  b a s i c  equat ions  of aerodynamics. I n  mathematical  form, 
i t  r e f l e c t s  t h e  law of conserva t ion  of energy, accord ing  t o  which 
t h e  change i n  t h e  k i n e t i c  and i n t e r n a l  energy of a moving p a r t i -  
c l e  i s  equal  t o  t h e  work done by  t h e  e x t e r n a l  f o r c e s  p l u s  t h e  
energy i n f l u x  b y  t r a n s f e r  of hea t  from t h e  o u t s i d e .  

1 4 6  
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We s h a l l  assume t h a t  t he  work i s  done by s u r f a c e  f o r c e s  t h a t  
o r i g i n a t e  from normal  p r e s s u r e  and t a n g e n t i a l  s t ress .  A s  for 
heat  t r a n s f e r ,  i t  o c c u r s ,  i f  w e  d i s r e g a r d  d i f f u s i v e  hea t  conduc- 
t i o n ,  by m o l e c u l a r  heat c o n d u c t i o n ,  r a d i a t i o n ,  and d i f f u s i o n  o f  
g a s e s .  

Accord ing ly ,  t h e  ene rgy  e q u a t i o n  f o r  t h e  mass o f  g a s  en- /118 
c l o s e d  i n  a n  a r b i t r a r y  volume T ( see  F i g .  111-2-1) w i l l  t a k e  t h e  
form 

where qc and q 

d i f f u s i o n  p e r  u n i t  t i m e  and t h r o u g h  a u n i t  s u r f a c e ;  E i s  t h e  f l o w  
due t o  r a d i a t i o n  from a u n i t  m a s s  p e r  u n i t  t i m e ;  u i s  t h e  i n t e r -  

i s  t h e  sur - race- force  vec- n a l  energy  of  t h e  u n i t  mass o f  g a s ;  
t o r .  

are t h e  r e s p e c t i v e  heat f lows  by c o n d u c t i o n  and d 

- 
Pn 

E n e r g y  e q u a t i o n  f o r  t h e  b o u n d a r y  l a y e r .  L e t  us  f i r s t  ex- 
amine t h e  ene rgy  e q u a t i o n  f o r  a l a m i n a r  boundary l a y e r  i n  which 
chemica l  r e a c t i o n s  and d i f f u s i o n  t a k e  p l a c e .  For t h i s  p u r p o s e ,  w e  
s h a l l  u s e  t he  g e n e r a l  e q u a t i o n  (111-2-44). The  m o l e c u l a r  heat-  
c o n d u c t i o n  f low tha t  a p p e a r s  i n  i t  i s  de te rmined  from t h e  fo rmula  

The amount o f  heat  t r a n s f e r r e d  by t h e  d i f f u s i n g  g a s e s  i s  

9, = - x(aT /an ) .  

w i t h  t h e  e n t h a l p y  o f  t h e  i - t h  component - 

T - 
where c 

e n t h a l p y  as a n  i d e a l  g a s ,  and ( ichml i  i s  t h e  chemica l  ene rgy  o f  
f o r m a t i o n  of  t h e  component; i t  may b e  assumed e q u a l  t o  z e r o  f o r  
m o l e c u l e s .  

i s  t h e  s p e c i f i c  h e a t  o f  t h e  component, i i = S c p i d t  i s  i t s  
0 

P i  

I!: 



For atoms t h i s  q u a n t i t y  must b e  r e g a r d e d  as n e g a t i v e  and 
e q u a l  to ( i C h m j i  = - iR, where iR i s  t h e  d i s s o c i a t i o n  energy  
p e r  u n i t  mass o f  t h e  a tomic  components. 
of t h e  gas  mix tu re  i = x c i i i .  

Obviously,  t h e  e n t h a l p y  

i 

I f  w e  r e l a t e  (111-2-44)  to t h e  f low c o n d i t i o n s  i n  a two-di- 
mens iona l  boundary l a y e r  and use  c u r v i l i n e a r  c o o r d i n a t e s ,  t h e  
energy e q u a t i o n  i s  

where f o r  a b i n a r y  mix tu re  o f  atoms and molecules  

di = (cp) av dT +- I] ii dci, 
i 

where t h e  average  h e a t  c a p a c i t y  of t h e  mix tu re  i s  

The f i r s t  t e r m  on t h e  r i g h t  is t h e  molecu la r  component o f  
average  h e a t  c a p a c i t y ,  and t h e  second i s  t h e  a tomic  component. 

i o  = i + V 2 / 2  for t h e  s t a g n a t i o n  e n t h a l p y .  
Equat ion  (111-2-45)  can be  t r ans fo rmed  u s i n g  t h e  e x p r e s s i o n  

We o b t a i n  as a r e s u l t  

(111-2-46) 

We t r a n s f o r m  (111-2-46) as i t  a p p l i e s  to a b i n a r y  mix tu re  of  /119 
two components f o r  which t h e  c o n c e n t r a t i o n  sum cM + c A = 1 and,  
consequen t ly ,  acM/8y =-acA/ay. 
e n t h a l p y  of  t h e  m i x t u r e  i - x i l c i  and i t s  average  heat c a p a c i t y  

( c , - , ) ~ ~ - :  >lei ( C p ) i t  we p u t  f o r  t h e  b i n a r y  composi t ion 

Remembering t h a t  s i n c e  t h e  

i 

i 
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T h e  p a r t i a l  d e r i v a t i v e  aT/ay can be found from t h e  above. 
S u b s t i t u t i n g  i t  i n  (111-2-46) and a p p l y i n g  t h e  c o n t i n u i t y  equa- 
t i o n  (111-2-21) to t r a n s f o r m  t h e  r i g h t  m e m b e r ,  

where P r  = ~ ( c  / A  i s  t h e  P r a n d t l  number and Sc = p / ( p D )  i s  t h e  
Schmidt number. P a v  

The r a t i o  of these  numbers, Pr/Sc = L e ,  i s  known as t h e  

These pa rame te r s  are e n e r g y - t r a n s f e r  c r i t e r i a .  P r  de t e rmines  

Lewis-Semenov number. 

t h e  p a r t  o f  t h e  k i n e t i c  energy t h a t  i s  conve r t ed  i n t o  heat and,  
consequen t ly ,  for g a s e s  P r  < 1. The p h y s i c a l  s i g n i f i c a n c e  of t he  
Schmidt number i s  t h a t  i t  c h a r a c t e r i z e s  t h e  r e l a t i o n  between t h e  
k i n e t i c  energy  of t h e  p a r t i c l e s  and t h e  energy t r a n s f e r r e d  b y  
d i f f u s i o n .  L i k e  t h e  P r a n d t l  number, t h e  pa rame te r  Sc < 1, w i t h  
Sc < P r .  

The Lewis-Semenov number i s  t h e  r a t i o  of t h e  heat t r a n s f e r  
r a t e s  by  m a s s  t r a n s f e r  as a r e s u l t  of d i f f u s i o n  and h e a t  t r a n s -  
f e r  by conduc t ion .  I n  t h e  g e n e r a l  c a s e ,  L e  > 1. 

It may be assumed t h a t  t h e  P r a n d t l  and Schmidt numbers are 
e q u a l .  Then t h e  pa rame te r  Le  = 1 and t h e  two p r o c e s s e s  have 
i d e n t i c a l  ra tes .  Formal ly ,  t h e  l a s t  t e r m  i n  t he  r i g h t  member 
of (111-2-47) i s  dropped i n  t h i s  c a s e .  T h i s  i n d i c a t e s  t h a t  d i f -  
f u s i o n  has no i n f l u e n c e  i n  t h e  boundary l a y e r .  S ince  h e a t  con- 
d u c t i o n  and d i f f u s i o n  p r o c e s s e s  t a k e  p l a c e  a t  t h e  same i n t e n s i t y ,  
t h e  e x c e s s  chemica l  energy  a t  t h e  boundary of t h e  l a y e r  i s  con- 
v e r t e d  comple te ly  i n t o  h e a t  a t  t h e  w a l l .  

boundary l a y e r  and,  consequen t ly ,  L e  > 1. This  i n d i c a t e s  t h a t  
t h e  chemica l  energy  i s  c o n v e r t e d  incomple t e ly  i n t o  h e a t .  

Along w i t h  the  c a s e  L e  = 1, w e  might  examine t h e  t h e o r e t i c a l  
c a s e  i n  which P r  = 1. Equat ion  (111-2-47)  i s  t h e n  s i m p l i f i e d  
even f u r t h e r ,  s i n c e  t he  midd le  t e r m  on t h e  r i g h t  d rops  o u t .  It 
f o l l o w s  from p h y s i c a l  c o n s i d e r a t i o n  t h a t  a l l  of t h e  e x t e r n a l - f l o w  
k i n e t i c  energy  i s  conve r t ed  i n t o  heat  a t  t h e  w a l l  i n  t h i s  c a s e .  

The most g e n e r a l  c a s e  i s  c h a r a c t e r i z e d  by P r  > Sc i n  t h e  

I n v e s t i g a t i o n  of t h e  numer i ca l  v a l u e s  of t h e  above param- 
e t e r s  i s  of g r e a t  p r a c t i c a l  impor tance .  It has been  e s t a b l i s h e d  
t h e o r e t i c a l l y  t h a t  t h e  Schmidt number changes very  l i t t l e  ove r  a 
broad  t e m p e r a t u r e  r a n g e  for a two-component a tomic-molecular  



mixture.  For example, wh i l e  Sc = 0 . 4 9 5  a t  T = 252OK, Sc = 0.482 
a t  T = 3360OK. T h e  same may a l s o  be sa id  of t h e  manner i n  which 
t h e  P r a n d t l  number v a r i e s :  i t  remains a t  about 0 . 7 1 .  I f  w e  as- 
sume t h a t  t h e  Schmidt number i s  equa l  t o  i t s  average value Sc = 
= 0 . 4 9 ,  t h e n  t h e  Lewis number 

According t o  a v a i l a b l e  d a t a ,  t h i s  parameter  depends weakly /120  
on temperature  a l l  t h e  way up t o  T = gO00"K. 

I n  ana lyz ing  (111-2 -47) ,  t h e  p a r t i c u l a r  form corresponding 
t o  no d i f f u s i o n  must b e  kept  i n  mind. I n  t h i s  ca se ,  t h e  equa t ion  
w i l l  no t  have t h e  t h i r d  t e r m  on t h e  r i g h t ,  and i t  may be regarded  
as t h e  energy equa t ion  f o r  "frozen" flow. Here, t h e  s t a g n a t i o n  
en tha lpy  io  t h a t  appears  i n  i t  does not  t a k e  account of chemical 
energy l i b e r a t e d  on recombination of atoms. 

We can convert  f r o m  t h e  en tha lpy  io t o  t h e  s t a g n a t i o n  tem- 
p e r a t u r e ,  assuming t h a t  t h e  en tha lpy  i, - Without con- 
s i d e r a t i o n  of d i f f u s i o n ,  t h e r e f o r e ,  t h e  energy equa t ion  of a d i s -  
s o c i a t e d  gas w i l l  d i f f e r  f r o m  t h a t  of t h e  i d e a l  gas only i n  t h a t  
t h e  t o t a l  en tha lpy  w i l l  f i g u r e  i n  i t  i n s t e a d  o f  t h e  s t a g n a t i o n  
tempera ture .  

- cPTo* 

We may examine t h e  case  of low v e l o c i t i e s ,  which i s  char-  
a c t e r i z e d  by an i n s i g n i f i c a n t  c o m p r e s s i b i l i t y  e f f e c t  and a n e g l i -  
g i b l y  small amount of h e a t  l i b e r a t e d  by  f r i c t i o n  and conversion 
of k i n e t i c  energy. Then t h e  energy equa t ion  becomes 

(111-2-48) 

The energy equa t ion  for a t u r b u l e n t  boundary l a y e r  can be 
obta ined  by apply ing  c e r t a i n  formal t r ans fo rma t ions  i n  (111-2 -47)  
and i n t r o d u c i n g  parameters  c h a r a c t e r i z i n g  t r a n s f e r  processes  i n  
the  t u r b u l e n t  boundary l a y e r .  The r e s u l t  i s  

I 



where Pr 
Prandtl and Lewis-Semenov numbers, respectively, and A t  is the 
coefficient of turbulent thermal conductivity. 

= pt(cp)av/Xt and Let = pD(c ) / A t  are the turbulent 
t P av 

A l l  gasdynamic and thermodynamic parameters in (111-2-49) 
should be regarded as averages. 

Consideration of the diffusion effect necessitates solving 
(111-2-49). Here it is important to determine the turbulent 
Lewis-Semenov number. 
is approximately the same as for laminar flow, i.e., only 
slightly smaller. 

Certain studies have suggested that Let 

The -~ Equation -~ of State _ .  

The fundamental equations of aerodynamics include the equa- 
tion of state, which can be written as follows for a real medium: 

(111-2-50) 

where R is the absolute gas constant of the ideal gas and (P is a 
function that determines the deviation of the properties of the 
real from the ideal gas. 

If there is no such deviation and (P = 1, 

(111-2-51) p -= RpT.  

The inequality (P # 1 results from the change in the physico- /121 
chemical properties of air at very high pressures or on a sub- 
stantial rise in temperature. In the former case, intermolecular 
forces are an important factor and are taken into account by the 
familiar van der Waals equation. 

Processes in which dissociation and ionization occur as a 
result of a substantial temperature rise are also characteristic 
in aerodynamics. In this case, the function (P determines the gas 
constant Rn = (PR of the nonideal gas. Writing Rn as the ratio of 
the universal gas constant R o  to molecular weight, we find the ex- 
pression (P(p,T) = (p 
numerator is that of the undissociated air and that in the denomi- 
nator pertains to dissociated air. The function (P > 1, since the 
molecular weight of air decreases on dissociation. 

) /pav, where the molecular weight in the av 0 



I l l 1  IIIIIIII I1 

Remembering t ha t  t h e  a b s o l u t e  gas c o n s t a n t  R = R o / ( p a V  1 o ,  

t h e  e q u a t i o n  o f  s t a t e  o f  a d i s s o c i a t i n g  gas can  b e  w r i t t e n  

(111-2-52)  

I n  t h e  p a r t i c u l a r  c a s e  o f  a d i s s o c i a t i n g  d i a t o m i c  gas, t h e  
f u n c t i o n  4 can  be e x p r e s s e d  i n  terms o f  t h e  c o n c e n t r a t i o n  o f  t h e  
a tomic  component or, which i s  t h e  same t h i n g ,  i n  terms o f  t h e  
degree  o f  d i s s o c i a t i o n  a. L e t  t h e  mass c o n c e n t r a t i o n  o f  a n  a rb i -  
t r a r y  component be  ci and l e t  i t s  m o l e c u l a r  we igh t  b e  pi .  

o b v i o u s l y ,  t h e  a v e r a g e  m o l e c u l a r  we igh t  pav o f  t h e  m i x t u r e  w i l l  
be found from t h e  r e l a t i o n  pav x ( c i / p i ) = i ,  i n  which t h e  summation 

s i g n  d e t e r m i n e s  t h e  number o f  moles  o f  t h e  m i x t u r e .  F o r  a dia-  

tomic  d i s s o c i a t i n g  g a s  x c i = c i + c 2 = 1 .  Obvious ly ,  c 1  = c 
= CM = 1 - a, 2pA - - pM - - ( p a v ) o .  

Then, 

i 

= a, c 2  - - 
Consequen t ly ,  4 = ( ~ . l ~ ~ ) ~ / p ~ ~  = 

i A 

= 1 + a. 
On s u b s t i t u t i o n  o f  + i n t o  (111-2-50),  t h e  e q u a t i o n  of  s t a t e  

assumes t h e  form 

P = ( l + - a ) R p T ,  (111-2-53) 

where, i n  acco rdance  w i t h  (111-1-14], t h e  gas  c o n s t a n t  R = k / ( 2 m A ) .  

C o n d i t i o n  o f  Ent ropy  - C o n s e r v a t i o n  

I n  s t u d y  o f  i s e n t r o p i c  f l o w s ,  w e  s t a r t  from t h e  c o n d i t i o n  
a c c o r d i n g  to which e n t r o p y  remains  c o n s t a n t  a l o n g  a s t r e a m l i n e .  
T h i s  c o n d i t i o n  e q u a t e s  t o  zero t he  s c a l a r  p r o d u c t  o f  two v e c t o r s :  

- 
V grad S = 0, (111-2-54) 

where t h e  e n t r o p y  g r a d i e n t  ( t h e  v e c t o r  grad S )  i s  normal  to t h e  
t a n g e n t  to t h e  s t r e a m l i n e  a t  t h e  p a r t i c u l a r  p o i n t .  C o n d i t i o n  
(111-2 -54)  can  b e  expanded by u s i n g  a s p e c i f i c  c o o r d i n a t e  sys tem.  
Thus,  f o r  example,  i n  t h e  C a r t e s i a n  sys t em 

(111-2-55) 

. . . 



I f  o t h e r  s y s t e m s  are used ,  t h e  v e c t o r s  7 and g r a d  S are re-  
p r e s e n t e d  i n  a p p r o p r i a t e  form and t h e n  t h e  s c a l a r  p r o d u c t s  a r e  
de te rmined .  

I n i t i a l  and Boundary - C o n d i t i o n s  

The s o l u t i o n  o f  t h e  d i f f e r e n t i a l  e q u a t i o n s  d e s c r i b i n g -  f lows  
o v e r  b o d i e s  must s a t i s f y  c e r t a i n  i n i t i a l  and boundary c o n d i t i o n s  
o f  t h i s  f low.  The  i n i t i a l  c o n d i t i o n s  are de te rmined  by t h e  va r -  
i a b l e s  a t  t i m e  z e r o  o f  t h e  mot ion  and o b v i o u s l y  app ly  f o r  non- 
s t e a d y  f low.  

/ 1 2 2  The boundary c o n d i t i o n s  are superimposed on t h e  s o l u t i o n  of 
problem o f  g a s  motion and must b e  s a t i s f i e d  a t  any t i m e  dur -  
t h i s  mot ion;  t h e y  m a y ,  moveover, t ake  a wide v a r i e t y  o f  fof.ms. 

T h e  p r e s s u r e  boundary c o n d i t i o n ,  f o r  example,  d e t e r m i n e s  a known 
p r e s s u r e  v a l u e  a t  some boundary s u r f a c e .  T h i s  may be  the  bound- 
a r y  between t h e  d i s t u r b e d  and u n d i s t u r b e d  f l o w s ,  on which t h e  
free-stream p r e s s u r e  i s  known. Another  boundary i s  t h e  s u r f a c e  
o f  t h e  compression shock ,  beh ind  which t h e  p r e s s u r e  i s  a l s o  known. 
I n  t h e  r e g i o n  between t h e  shock and t h e  body i n  t h e  f low,  t h i s  
p r e s s u r e  d e t e r m i n e s  t h e  boundary c o n d i t i o n  i n  e x a c t l y  t h e  same 
way as t h e  p r e s s u r e  boundary c o n d i t i o n  i n  t h e  shock problem i s  
de te rmined  b y  t h e  free-stream p r e s s u r e .  

S o l u t i o n s  o f  t h e  supe r son ic - f low e q u a t i o n  must s a t i s f y  gas-  
f low c o n d i t i o n s  a t  t h e  body s u r f a c e  and c o n d i t i o n s  i n  t h e  f ree  
stream i n  f r o n t  o f  t h e  compress ion  shock (or t h e  c o n d i t i o n s  i m -  
m e d i a t e l y  beh ind  t h e  compress ion  s h o c k ) .  

L e t  u s  examine boundary c o n d i t i o n s  used  i n  s o l v i n g  f low 
problems.  I f  n o c s e p a r a t i o n  of  t h e  f low i s  a c o n d i t i o n ,  t h e  
v e l o c i t y  v e c t o r  V will be d i r e c t e d  t a n g e n t  t o  a s u r f a c e  w i t h  t h e  
e q u a t i o n  F ( x , y , z )  = 0 a t  any o f  its p o i n t s  and ,  c o n s e q u e n t l y ,  
t h e  s c a l a r  p r o d u c t  o f  t h e  v e c t o r s  V and g r a d  F w i l l  b e  z e r o ,  i . e . ,  

- 
1’ grad F = 0. (111-2-56)  

Reso lv ing  t h e  v e c t o r s  v and g r a d  F ,  w e  o b t a i n  the  boundary 
c o n d i t i o n  c o r r e s p o n d i n g  t o  n o n s e p a r a t i n g  f low i n  C a r t e s i a n  coor-  
d i n a t e s :  

aF aF aF 
J7 -+v ---+vz---=o. 

d r  y dy dZ 
(111-2-57) 

Analogous e x p r e s s i o n s  can  be o b t a i n e d  i n  o t h e r  c o o r d i n a t e  sys t ems .  
For two-dimensional  f l ow,  C o n d i t i o n  (111-2-57) becomes 

1 5  3 



(111-2-58) 

I n  n o n s e p a r a t i n g  p o t e n t i a l  f l o w ,  t h e  boundary c o n d i t i o n  i m -  
posed on t h e  p o t e n t i a l  $ i n  acco rdance  w i t h  E q u a l i t y  (111-2-57) 
assumes t h e  form 

I n  t h e  c a s e  of two-dimens iona l  f low 

(111-2-5'7') 

(111-2-58 ' )  

S w i t c h i n g  symbols ,  w e  o b t a i n  t h e  c o n d i t i o n  f o r  n o n s e p a r a t i n g  
f l o w p a s t  a s o l i d  o f  r e v o l u t i o n :  

or, f o r  p o t e n t i a l  f l ow,  

(111-2-59) 

(111-2-59 ' )  

These boundary c o n d i t i o n s  p e r t a i n  t o  t h e  c a s e  o f  i d e a l  f low 
o v e r  t h e  b o d i e s .  

I n  boundary- layer  r e s e a r c h ,  t h e  s o l u t i o n s  o f  t h e  v a r i o u s  
e q u a t i o n s  must s a t i s f y  c o n d i t i o n s  a t  t h e  w a l l  and a t  t h e  o u t e r  
l i m i t  o f  t h e  l a y e r .  The c o n d i t i o n s  a t  t h e  w a l l  c o n s i s t  i n  z e r o  
f low v e l o c i t y ,  i . e . ,  t h e  v e l o c i t y  V = 0 a t  y = 0 .  A t  t h e  o u t e r  
boundary,  i . e . ,  a t  y = 6 ,  t h e  v e l o c i t y  v i s  e q u a l  t o  i t s  f ree-  
stream v a l u e  and 'I = 0 .  

I n  s t u d y  o f  t h e r m a l  p r o c e s s e s ,  c o n d i t i o n s  are  a s s i g n e d  a t  1123  
t h e  wa l l  and t h e  boundary o f  t he  l a y e r  f o r  t h e  v a r i a b l e s  t h a t  de- 
t e r m i n e  h e a t  t r a n s f e r .  The c o n d i t i o n  f o r  t e m p e r a t u r e ,  f o r  ex- 
ample,  i s  t h a t  i t  b e  e q u a l  to t h e  wall  t e m p e r a t u r e  a t  t h e  bound- 
a r y  o f  the  body and e q u a l  to t h e  i n v i s c i d - f l o w  t e m p e r a t u r e  a t  
t h e  boundary o f  t h e  l a y e r .  The  hea t - f low d i s t r i b u t i o n  o v e r  t h e  



r 
t h i c k n e s s  o f  t h e  l a y e r  must b e  such  t ha t  i t  i s  z e r o  a t  t h e  l a y e r  
boundary.  

Boundary c o n d i t i o n s  are imposed on t h e  c o n c e n t r a t i o n  ci i n  
s t u d y  o f  d i f f u s i o n  phenomena. It i s  u s u a l l y  r e q u i r e d  t ha t  concen- 
t r a t i o n  assume a s s i g n e d  v a l u e s  a t  t he  l a y e r  and body b o u n d a r i e s .  

$111-3. ISENTROPIC FLOW 

The c a s e  o f  c o n s t a n t  h e a t  c a p a c i t i e s .  L e t  us c o n s i d e r  
s t e a d y  f low of  a c o m p r e s s i b l e  medium. For t h i s  c a s e ,  t h e  d i f -  
f e r e n t i a l  e q u a t i o n s  (111-2-51 ,  i n  which t h e  p a r t i a l  t i m e  d e r i v a -  
t i v e s  must b e  set  e q u a l  t o  z e r o ,  can  be  i n t e g r a t e d .  T h i s  i n t e -  
g r a l ,  which was f i r s t  d e r i v e d  by D .  B e r n o u l l i ,  t a k e s  t h e  form [ 2 ]  

(111-3-1) 

where - c has a c o n s t a n t  v a l u e  a l o n g  a s t r e a m l i n e .  

The i n t e g r a l  o f  (111-3-1) p e r t a i n s  t o  t h e  g e n e r a l  c a s e  o f  
n o n p o t e n t i a l  f l ow.  It i s  s i m p l i f i e d  i n  t h e  c a s e  o f  i s e n t r o p i c  
f low,  which admi t s  o f  a p p l i c a t i o n  o f  t h e  a d i a b a t i c  e q u a t i o n  dp = 
= (kp /p )dp ,  t r a n s f o r m e d  w i t h  c o n s i d e r a t i o n  o f  t h e  e n t h a l p y  e x p r e s -  
s i o n  i = Tc = c p / (pR)  t o  t h e  form dp = p d i .  A f t e r  s u b s t i t u t i o n  
i n  (111-3-1) ,  i n t e g r a t i o n ,  and d e t e r m i n a t i o n  of  t h e  c o n s t a n t  from 
t h e  t o t a l - s t a g n a t i o n  c o n d i t i o n ,  f o r  which t h i s  c o n s t a n t  i s  e q u a l  
t o  t h e  s t a g n a t i o n  e n t h a l p y  i o ,  w e  o b t a i n  t h e  B e r n o u l l i  e q u a t i o n  
i n  t he  form 

P P 

V' - + i = io. 2 
(111-3-2) 

R e l a t i n g  t h i s  e q u a t i o n  t o  t h e  oncoming f low c o n d i t i o n s ,  w e  
o b t a i n  

(111-3-2')  

Thus,  t h e  s t a g n a t i o n  e n t h a l p y  i i s  de te rmined  b y  t h e  en- 
t h a l p y  and v e l o c i t y  of  t h e  oncoming Flow. 
= cpp / (pR) ,  w e  o b t a i n  t h e  B e r n o u l l i  e q u a t i o n  i n  t he  form 

S u b s t i t u t i n g  i = 



The s t a g n a t i o n  e n t h a l p i e s  c o r r e s p o n d  to d e f i n i t e  v a l u e s  o f  
t h e  o t h e r  s t a g n a t i o n  p a r a m e t e r s ,  namely t h e  p r e s s u r e  p o ,  d e n s i t y  
p o ,  and t e m p e r a t u r e  T o .  

to i t s  v a l u e  under  t o t a l - s t a g n a t i o n  c o n d i t i o n s  and depends on 
l o c a l  v e l o c i t y .  

The p r e s e n t  v a l u e  o f  one or a n o t h e r  p a r a m e t e r  i s  p r o p o r t i o n a l  

The r e s p e c t i v e  fo rmulas  f o r  c a l c u l a t i o n  of p r e s s u r e ,  d e n s i t y ,  
and t e m p e r a t u r e  are  as f o l l o w s :  

h f - 
p 7-  pO--l''-l; p :.= po l i  h-1 ; 

from t h e  e x p r e s s  where i s  d e t e r m i n e (  

(111-3-4) 

w 

on A = - V 2 .  I n  t h i s  
w 

e x p r e s s i o n ,  we can p a s s  from t h e  d i m e n s i o n l e s s  v e l o c i t y  V = V/Vmax 

to t h e  l o c a l  Mach number M = V / a  or t h e  v e l o c i t y  r a t i o  X = V / a * ,  

where a* i s  t h e  c r i t i c a l  v e l o c i t y  and --= N.'* 1 /-IT k - - i '  I n  t h e  f o r -  /124 

m e r  c a s e ,  A=-.= (i- i-k.$)1~)-' , and i n  t h e  l a t t e r  . . I  .~ 1 

from comparison o f  these  v a l u e s  t h a t  X and M are l i n k e d  as f o l -  
lows: 

j.2 . We s e e  ( k ; l  k---' 1 

The c r i t i c a l  v e l o c i t y  can b e  de t e rmined  from X as a* = V/X. 

By comparing t h e - o t h e r  p a i r  o f  e x p r e s s i o n s  f o r  A ,  w e  can  f i n d  
t h e  r e l a t i o n  between V and M ,  namely 

(111-3-6) 

Approximate r e l a t i o n s h i p s  f o r  h y p e r s o n i c  v e l o c i t i e s  ( M  > > '  1) 
can be d e r i v e d  from t h e  fo rmulas  g i v e n  above:  



2k 2 

where B = M,/M. 

A s  f o r  Formula (111-3-6), i t  i s  a l s o  somewhat s i m p l i f i e d :  

(111-3-8) 

where ?a = Va/Vmax. 

The L a g r a n g i a n  i n t e g r a l .  For p o t e n t i a l  nons teady  motion of  
a compress ib l e  g a s ,  the  E u l e r  d i f f e r e n t i a l  e q u a t i o n s  can  be  t r a n s -  
formed t o  an  e x p r e s s i o n  known as t h e  Lagrangian  i n t e g r a l  C511: 

k Making t h e  s u b s t i t u t i o n  p = ( ~ p , / p - ) ’ / ~ ,  w e  f i n d  a formula 
f o r  t h e  p r e s s u r e  

(111-3-10) 

L e t  us  c o n s i d e r  t h e  c a s e  i n  which t h e  f low d i s t u r b a n c e s  are 
such t h a t  t h e  second t e r m  i n  t h e  s q u a r e  b r a c k e t s  i s  s m a l l  by com- 
p a r i s o n  w i t h  u n i t y .  Expanding by t h e  b inomia l  theorem and r e t a i n -  
i n g  only  t h e  f i r s t  two t e r m s ,  w e  o b t a i n  

(111-3-11) 

L e t  us p r e s e n t  V 2  i n  t h i s  formula  i n  t he  form V 2  = V: + 
+ 2v,Va + v2  + v;, where vx ,  v 
components, and s u b s t i t u t e  $ I ~  = 4;. 
c o e f f i c i e n t ,  w e  g e t  

v are  t h e  d i s t u r b a n c e  v e l o c i t y  
Y Y’  z 

Conver t ing  t o  t he  p r e s s u r e  



(111-3-11' ) 

For  s t e a d y  flow, 0; = 0 .  

The p r e s s u r e  c o e f f i c i e n t  can be expres sed  i n  terms o f  t h e  
v e l o c i t y  components vxl, v y l ,  v z l  i n  body c o o r d i n a t e s ;  t h i s  makes 
i t  p o s s i b l e  t o  e v a l u a t e  t h e  i n f l u e n c e  of  t h e  a t t a c k  and s l i p  
a n g l e s  [Sl]. We use  t h e  f o l l o w i n g  r e l a t i o n s h i p s  f o r  t h i s  purpose :  

I n t r o d u c i n g  these r e l a t i o n s h i p s  i n t o  (111-3-11') and r e t a i n -  /l25 
i n g  only  t he  q u a d r a t i c  terms v 2  and v2 we o b t a i n  

Y 1  z1' 

Here the  c o n s t a n t s  V 
v a l u e s  o f  t h e  ve loc iEy components and t h e  d e r i v a t i v e  0;. 
ducing  t h e  a t t a c k  and s l i p  a n g l e s  ci and 

and V; are i n c l u d e d ,  r e s p e c t i v e l y ,  i n  t h e  
I n t r o -  

B S l ,  w e  f i n d  

We may assume f o r  f low over  t h i n  wings t h a t  

- 
p =  -2v,,-22cp;. (111-3-13) 

For s t e a d y  f low,  0; = 0 and 

(111-3-13') - 
p = - 2Vrp 

I n  i n v e s t i g a t i n g  f low p a s t  s l e n d e r  s o l i d s  of  r e v o l u t i o n ,  i t  
i s  h e l p f u l  t o  conve r t  t o  c y l i n d r i c a l  c o o r d i n a t e s ,  s e t t i n g  V 2  = 
= V i  + 2V,vx + v i  + v 2  i n  (111-3-10). Y 

Accordingly ,  



- 
p = - 20,- (0: + u;) - 2q;.  (111-3-14) 

I s e n t r o p i c  f l o w  o f  a d i s s o c i a t i n g  and  i o n i z i n g  g a s .  I n  
s t u d y i n g  f lows  of a d i s s o c i a t i n g  and i o n i z i n g  gas, i t  i s  neces-  
s a r y  t o  take  accoun t  of b o t h  t h e  t e m p e r a t u r e  and p r e s s u r e  depen- 
dences  o f  t h e  thermodynamic v a r i a b l e s .  T a b l e s  and d iagrams o f  
t h e  thermodynamic f u n c t i o n s  o f  a i r  f o r  h i g h  t e m p e r a t u r e s  are used  
here.  Most i m p o r t a n t  among them i s  t h e  d iagram two v a r i a t i o n s  o f  
which a p p e a r  i n  F i g s .  111-1-3 and 1 1 1 - 1 - 4 .  E q u a t i o n  (111-3-2),  
which e n a b l e s  us  to d e t e r m i n e  the  l o c a l  i s e n t r o p i c  f low v e l o c i t y  
from a known e n t h a l p y  o r ,  c o n v e r s e l y ,  t o  c a l c u l a t e  t h e  e n t h a l p y  
from t h e  v e l o c i t y ,  i s  a supplement  to t h e  t ab les  or d iag rams .  I n  
t h e  p a r t i c u l a r  c a s e  of f low o f  a n o n d i s s o c i a t i n g  g a s  w i t h  v a r i -  
able h e a t  c a p a c i t i e s ,  t h e  thermodynamic p a r a m e t e r s  depend on ly  
on l o c a l  t e m p e r a t u r e .  

$111-4.  FUNDAMENTAL RELATIONSHIPS FOR DETERMINATION OF PARAMETERS 
BEHIND COMPRESSION SHOCK 

Equa t ions  o f  t h e  - Obl ique  Compression Shock 

L e t  u s  examine t h e  fundamenta l  r e l a t i o n s h i p s  t h a t  e n a b l e  us  
t o  c a l c u l a t e  t he  e q u i l i b r i u m  p a r a m e t e r s  o f  a d i s s o c i a t i n g  and 
i o n i z i n g  g a s  beh ind  a c u r v i l i n e a r  shock  wave. T h e  p a r a m e t e r s  
s u b j e c t  t o  d e t e r m i n a t i o n  w i l l  b e  t h e  p r e s s u r e  p, ,  d e n s i t y  p 2 ,  
t e m p e r a t u r e  T , ,  v e l o c i t y  V , ,  e n t h a l p y  i,, e n t r o p y  S , ,  t h e  speed  
o f  sound a,,  t h e  a v e r a g e  m o l e c u l a r  w e i g h t s  ( p a v ) 2 ,  and t h e  shock 
i n c l i n a t i o n  a n g l e  Os ( o r  t h e  stream d e f l e c t i o n  a n g l e  B S ) .  I n  ac-  
cordance  w i t h  t h e  number o f  unknown v a r i a b l e s ,  i t  i s  n e c e s s a r y  t o  
w r i t e  a sys tem o f  n i n e  e q u a t i o n s .  The p a r a m e t e r s  ahead o f  t h e  
shock w i l l  b e  t h e  knowns i n  these e q u a t i o n s .  

L e t  us  c o n s i d e r  i n  F i g .  1 1 1 - 4 - 1  t h e  scheme o f  a c u r v i l i n e a r  
shock wave, which may be  r e g a r d e d  as an  i n f i n i t e  sequence  o f  
o b l i q u e  shocks .  F o r  one o f  these  shocks ,  whose s u r f a c e  co in -  
c i d e s  w i t h  t h e  t a n g e n t  t o  t h e  s u r f a c e  o f  t h e  c u r v i l i n e a r  wave, 
w e  have c o n s t r u c t e d  t h e  v e l o c i t y  t r i a n g l e s  i n  f r o n t  o f  t h e  shock  
( p a r a m e t e r s  w i t h  s u b s c r i p t  1) and beh ind  i t  ( p a r a m e t e r s  w i t h  sub- 
s c r i p t  2 ) .  From t h e s e  t r i a n g l e s ,  w e  can  e a s i l y  d e t e r m i n e  a u x i l i -  
a r y  r e l a t i o n s h i p s  f o r  c a l c u l a t i o n  o f  t h e  normal  ( s u b s c r i p t  - n )  and 
t a n g e n t i a l  ( s u b s c r i p t  T) v e l o c i t y  components:  

I 

When t h e  a n g l e  w, which i s  e q u a l  t o  t h e  i n c l i n a t i o n  o f  t he  
shock  r a d i u s  of  c u r v a t u r e  Rs t o  t h e  oncoming-flow v e l o c i t y  ( F i g .  

/126 
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F i g u r e  111-4-1.  Diagram of  
C u r v i l i n e a r  Shock Wave. 

I I I - 4 - 1 ) ,  i s  used t o  ana lyze  a 
c u r v i l i n e a r  shock wave, t h e  sub- 
s t i t u t i o n  €lS = 1-r/2 - w must be 
made i n  ( 1 1 1 - 4 - 1 ) .  The r e l a t i o n  

can be d e r i v e d  from t h e s e  rela- 
t i o n s h i p s ;  i t  i s  based  on t h e  
f a c t  t h a t  t h e  t a n g . e n t i a 1  v e l o c i t y  
components b e f o r e  and a f t e r  t h e  - shock are e q u a l ,  i . e . ,  VTl - VT2. 

e q u a t i o n  of  t h e  s y s t e m  - e n a b l e s  us t o  f i n d  t h e  shock i n c l i n a t i o n  
a n g l e .  Three o t h e r  system e q u a t i o n s  are c o n s e r v a t i o n  e q u a t i o n s :  

f o r  mass ( f l o w )  

This r e l a t i o n  - t h e  f i r s t  

f o r  impulse  

and f o r  energy 

( 1 1 1 - 4 - 3 )  

(111-4 -4 )  

(111-4 -5 )  

Four more e q u a t i o n s ,  which e n a b l e  us t o  de te rmine  e n t h a l p y ,  
e n t r o p y ,  average  molecu la r  we igh t ,  and t h e  speed of  sound i n  t h e  
d i s s o c i a t i n g  gas, w i l l  be p r e s e n t e d  i n . t h e  form of  g e n e r a l  r e l a -  
t i o n s h i p s  f o r  these v a r i a b l e s  as f u n c t i o n s  of  p r e s s u r e  and tem- 
p e r a t u r e :  

(111-4 -6 )  
(111-4 -7 )  
(111-4 -8 )  
( 1 1 1 - 4 - 9 )  

These parameters  a r e  found from tables  or diagrams of  t h e  
thermodynamic f u n c t i o n s  f o r  a i r  f o r  known p r e s s u r e  and tempera- 
t u r e .  

The n i n t h  e q u a t i o n  i s  o b t a i n e d  from t h e  e q u a t i o n s  o f  s t a t e  
r e l a t e d  t o  t h e  c o n d i t i o n s  b e f o r e  and a f t e r  t h e  shock:  
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--pi Ro [ K T 2  p2Tz  -- p'T1 1 * (111-4-10) 

L e t  u s  p r e s e n t  the  b a s i c  p a r a m e t e r s  beh ind  t h e  shock wave i n  
t e r m s  o f  t h e  r e l a t i v e  change i n  t h e  normal  v e l o c i t y  components,  
i . e . ,  i n  t e rms  o f  

We f i n d  

fi = 1 - AV,,; 
P2 (111-4-11) 

where plVAl / p l  = k M 2  f o r  a n o n d i s s o c i a t i n g  oncoming f low.  
1 n l  

The  t e m p e r a t u r e  and e n t h a l p y  r a t i o s  are 

(111-4-13) 

( I I I - 4 - 147' 

The o t h e r  p a r a m e t e r s  can a l s o  be  e x p r e s s e d  i n t e r m s  o f  ATn 
and t h e  known v a r i a b l e s  o f  t h e  oncoming f low.  S i n c e ,  a c c o r d i n g  
t o  (111-4-11), t h i s  q u a n t i t y  i s  de te rmined  b y  t h e  d e n s i t y  r a t i o  
p / p l ,  t h e  o t h e r  unknown pa rame te r  r a t i o s ,  namely p2 /p1  i n  
(f11-4-12), T /T1 i n  (111-4-13), i2/il i n  (111-4-141, e t c . ,  can  
b e  r e p r e s e n t e 3  as f u n c t i o n s  of  p 2 / p l .  n l  
= V l s i n e s  and Mn 
i n s t e a d  o f  Vn and Mn , r e s p e c t i v e l y .  

Moreover,  t h e  v a l u e s  V = 

= M, s i n e s  can  b e  i n t r o d u c e d  i n t o  t h e  fo rmulas  
1 

Thus, s o l u t i o n  o f  t h e  
1 1 

obl ique-shock  problem for a known i n c l i n a t i o n  a n g l e  r e d u c e s  t o  
f i n d i n g  t h e  dens i ty_  r a t i o  p 2 / p 1  or, which i s  t h e  same t h i n g ,  t o  
d e t e r m i n a t i o n  o f  AVn w i t h  Eqs.  (111-4-13) and (111-4-14): 

AV'' = A + j f ~ 2 -  B ; (111-4-13 ' ) 
(111-4-14' ) 
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where 

Equat ions  (111-4-13') and ( 1 1 1 - 4 - 1 4 ' )  are s o l v e d  by succes-  
s i v e  approximat ions .  

I n  s o l v i n g  t h e  problem o f  a shock wave i n  a d i s s o c i a t e d  and 
i o n i z e d  g a s ,  t h e  pa rame te r s  of a i r  a t  some a l t i t u d e  H ( p r e s s u r e  
p , ,  t empera tu re  T , ,  d e n s i t y  p , ,  e t c . )  and the  normal v e l o c i t y  
component V are t a k e n  as t h e  i n i t i a l  da ta .  n l  

Ass igning  i n  f i r s t  approximat ion  t h e  va lue  AVn = 1, which 
cor responds  t o  t h e  assumption of  f u l l  f low s t a g n a t i o n  behind t h e  
shock ( V n 2  = 01, we f i n d  t h e  p r e s s u r e  p,  from (111-4-12)  and,  
from ( 1 1 1 - 4 - 1 4 1 ,  t h e  e n t h a l p y  i,, which i s  obv ious ly  e q u a l  to t h e  
s t a g n a t i o n  en tha lpy  io .  We t h e n  u s e  t h e  i -S  diagram to de te rmine  
t h e  t empera tu re  T, and F i g .  111-1-5 t o  f i n d  t h e  ave rage  molecu la r  
weight  ( v a v ) , .  
use  t h e  co r re spond ing  t a b l e s  of t h e  thermodynamic f u n c t i o n s  o f  
a i r ,  which w i l l  improve t h e  accuracy  of t h e  c a l c u l a t i o n s .  

Here, i n s t e a d -  o f  t h e  diagrams and c u r v e s ,  w e  can / 1 2 8  

F i g u r e  111-4-2 .  A i r  Temperature R a t i o s  A f t e r  
and Before Shock w i t h  C o n s i d e r a t i o n  of  D i s -  
s o c i a t i o n  and I o n i z a t i o n .  Unbroken l i n e :  T I =  
= 220OK; dashed l i n e :  T ,  = 35O0K. 

From t h e  v a l u e s  found f o r  p , ,  T,, (11 w e  can de termine  t h e  
d e n s i t y p ,  w i t h  t h e  e q u a t i o n  o f  s t a t e  and use  ( 1 1 1 - 4 - 1 1 )  t o  improve 

) a v  2 '  
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t h e  v a l u e  o f  ATn. W e  t h e n  use  t h i s  new v a l u e  i n  t h e  second ap- 
p rox ima t ion  w i t h  ( 1 1 1 - 4 - 1 2 )  and (111-4 -14)  t o  f i n d  t h e  p r e s s u r e  
and e n t h a l p y ,  r e s p e c t i v e l y ,  and improve the  t empera tu re  and ave r -  
age molecu la r  weight  w i t h  them, u s i n g  t h e  tab les  or diagrams.  
Having r e f i n e d  v a l u e s  of  p , ,  T,,  (pa,) , ,  w e  can  f i n d  t h e  d e n s i t y  
from t h e  e q u a t i o n  o f  s t a t e  i n  t h e  second approximat ion .  The ap- 
p rox ima t ions  are  broken o f f  when s a t i s f a c t o r y  accu racy  i s  ob- 
t a i n e d .  

Oblique-shock c a l c u l a t i o n s  can a l s o  be  made when t h e  oncom- 
ing-f low v a r i a b l e s  ( i n c l u d i n g  M I )  and t h e  a n g l e  8, are  a s s i g n e d .  

A s  t h e  f i r s t  approximat ion ,  t h e  s h o c k \ a n g l e  O s  i s  de termined  
f o r  a n o n d i s s o c i a t i n g  gas  (see be low) ;  t h e n  (III-4-11), (g11-4-12), 
( 1 1 1 - 4 - 1 4 )  a re  used  t o  f i n d  t h e  co r re spond ing  v a l u e s  of  AVn, p , ,  
and p,. Using t h e s e  v a l u e s ,  t h e  t e m p e r a t u r e  T, and t h e  ave rage  
molecu la r  weight  (paV) ,  are c a l c u l a t e d  from tab les  C291 or a dia-  

gram C131 

Then ATn i s  improved w i t h  (111-4-13')  and (111-4-15) ,  and 
t a n 0  and t h e  a n g l e  8 w i t h  ( 1 1 1 - 4 - 2 ) .  The remain ing  pa rame te r s  
are r e f i n e d  w i t h  t h e  above fo rmulas .  

S 

With d i s s o c i a t i o n  and i o n i z a t i o n ,  t h e  r e l a t i v e  v a l u e s  o f  t h e  
gas  pa rame te r s  behind  t h e  shock depend n o t  on ly  on t e m p e r a t u r e ,  
as w a s  c h a r a c t e r i s t i c  f o r  t h e  c a s e  of v a r i a b l e  heat  c a p a c i t i e s ,  
bu t  a l s o  on p r e s s u r e .  

F i g u r e s  111-4-2 th rough 1 1 1 - 4 - 4  r e p r e s e n t  t h e  gas  pa rame te r s  

n l  behind  t h e  shock as f u n c t i o n s  of  M . C a l c u l a t i o n s  of t h e  t e m -  
p e r a t u r e  and d e n s i t y  r a t i o s  were performed f o r  averaged  tempera- 
t u r e  v a l u e s  of T ,  = 220 and 350°K, which are  t h e  p robab le  minimum 
and maximum s e l e c t e d  i n  accordance  w i t h  t h e  a l t i t u d e  v a r i a t i o n  of  
a i r  t e m p e r a t u r e  f o r  subnormal and above-normal yea r ly -ave rage  
v a l u e s .  

The data  o b t a i n e d  i n d i c a t e  t h a t  d i s s o c i a t i o n  and i o n i z a t i o n  
cause  a s u b s t a n t i a l  change i n  t h e  e q u i l i b r i u m  t empera tu re  and 
d e n s i t y  as compared w i t h  t h e  c a s e  of  c o n s t a n t  heat c a p a c i t i e s  
( k  = 1 . 4  = c o n s t ) .  

A s  f o r  p r e s s u r e ,  i t  depends much l e s s  s t r o n g l y  on t h e  phys i -  
cochemical  t r a n s f o r m a t i o n s  o f  t he  a i r .  T h e  r a t i o  p 2 / p l  d i f f e r s  
l i t t l e  from t h e  maximum p2 /p1  = 1 + klMA1, which i s  de termined  
only  by  t h e  oncoming-flow c o n d i t i o n s  and n o t  by changes i n  t h e  
s t r u c t u r e  and phys icochemica l  p r o p e r t i e s  o f  t h e  a i r  behind  t h e  
shock.  

/ I 2 9  



Figure  111-4-3. R a t i o  
o f  D e n s i t i e s  After  and 
Before Shock as Func- 
t i o n  o f  M,,, w i t h  Con- 
s i d e r a t i o n  of  D i s soc ia -  
t i o n  and I o n i z a t i o n .  
Unbroken l i n e :  T ,  = 
= 220OK; dashed l i n e :  
T,  = 3 5 O O K .  

F i g u r e  111-4 -4 .  R a t i o  of 
P r e s s u r e s  A f t e r  and Before 

n l  Shock as Func t ion  o f  M 
w i t h  C o n s i d e r a t i o n  o f  D i s -  
s o c i a t i o n  and I o n i z a t i o n .  
T = 220OK. 

1 

T h i s  method o f  c a l c u l a t i o n  
i s  e q u a l l y  a p p l i c a b l e  t o  o b l i q u e  
and normal compression shocks .  
It i s  s i m p l e r  as a p p l i e d  t o  t h e  
normal shock,  s i n c e  i t  i s  known. 
a t  t h e  . o u t s e t  t h a t  O s  =  IT/^ and 

= 0 .  

n l  

C a l c u l a t i o n s  of  t h e  gas pa rame te r s  beh ind  the  o b l i q u e  shock 

Consequent ly ,  t h e  v e l o c i t y  Vnl  must be s e t  e q u a l  to V , ,  6, 
and M 
the  r e l a t i o n s h i p s  g i v e n  above when w e  go to the  normal shock. 

must be supplemented b y  c a l c u l a t i o n  of t h e  a n g l e  6, (or e s )  and 
the  Mach number M (or v e l o c i t y  V I  ) .  For t h i s  pu rpose ,  i t  i s  
necessa ry  to use t h e  r e l a t i o n s h i p s  

= M,. Thus, we fo rma l ly  d i s p o s e  o f  t h e  n - s u b s c r i p t s  i n  

(111-4-16) 

The f i r s t  r a t i o  e n a b l e s  us to determine  t h e  a n g l e  f3 S ( o r  e s )  

The v e l o c i t y  V, or M ,  i s  computed from t h e  o t h e r  two f o r -  
from t h e  va lue  found f o r  AT provided  t h a t  one of  t h e  a n g l e s  i s  
g iven .  
mulas.  

n 

For  convenience i n  t h e  c a l c u l a t i o n s ,  w e  can c a l c u l a t e  t h e  
a n g l e s  f3, i n  advance for a s s i g n e d  O s  and p r e p a r e  t h e  a p p r o p r i a t e  
t a b l e  or curve .  These can t h e n  b e  used to f i n d  e i t h e r  of  t h e  
a n g l e s  8, or 6, if t h e  o t h e r  i s  known f o r  any v a l u e  o f  ATn to 
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which the  p r e c a l c u l a t e d  v a l u e s  o f  t h e  r a t i o s  p , /p l ,  p, /p,  , e t c . ,  
co r re spond .  

C a l c u l a t i o n s  i n d i c a t e  t h a t  t h e  f low d e f l e c t i o n  i s  larger  in. 
a r e a l  gas t h a n  i n  a n  i d e a l  gas w i t h  k = 1 . 4 .  T h i s  has as a con- 
sequence that  t h e  de tached  shock forms l a t e r  i n  a h e a t e d  gas  t h a n  
i n  a c o l d  g a s .  Behind most o f  t h e  o b l i q u e  shock ,  M i s  l a r g e r  
t h a n  i n  t h e  c a s e  o f  c o n s t a n t  h e a t  c a p a c i t i e s ,  b u t  w i t h  t h e  ap- 
proach  t o  t h e  normal segment,  a c e r t a i n  d e c r e a s e  i n  t h i s  number 
i s  obse rved .  

C a l c u l a t i o n  o f  f l o w  v a r i a b l e s  a t  p o i n t  o f  t o t a l  s t a g n a t i o n .  
An i m p o r t a n t  p r a c t i c a l  a p p l i c a t i o n  of  normal-shock t h e o r y  i s  c a l -  
c u l a t i o n  o f  t h e  v a r i a b l e s  a t  t h e  t o t a l - s t a g n a t i o n  p o i n t  of  a 
b l u f f  body. T h i s  c a l c u l a t i o n  i s  c a r r i e d  o u t  as f o l l o w s .  The 
e n t r o p y  S, i s  de te rmined  from t h e  v a l u e s  found f o r  i, and p 2  w i t h  
c o n s i d e r a t i o n  of  d i s s o c i a t i o n  and i o n i z a t i o n  from t h e  i -S  d i a -  
gram or t h e  t a b l e  of thermodynamic f u n c t i o n s  f o r  a i r .  Taking t h e  
z e r o  s t r e a m l i n e  and assuming t h a t  t he  f low a l o n g  i t  i s  i s e n t r o p i c ,  
a n  e n t r o p y  Sk e q u a l  to t h e  va lue  S, behind  t h e  shock i s  t a k e n  on 
t h i s  basis f o r  t he  t o t a l - s t a g n a t i o n  p o i n t .  I n  a d d i t i o n ,  t h e  en- 
t h a l p y  ih - i, + 0.5V:  can be  found a t  t h i s  p o i n t .  Now, knowing /l3O 
Si and i:, w e  can use  t h e  same i -S  diagram o r  t h e  thermodynamic 
tables  t o  f i n d  t h e  remain ing  p a r a m e t e r s ,  namely p:, TL, p i ,  e t c .  
The r e s u l t s  of t h e  c a l c u l a t i o n  w i l l  co r r e spond  to t h e  a s s i g n e d  
f l i g h t  a l t i t u d e .  

F i g u r e  111-4-5. P r e s -  
s u r e  and Temperature 
a t  S t a g n a t i o n  P o i n t  
of Blunt  Nose. 

Flow c o n d i t i o n s  and,  consequen t ly ,  
t h e  pa rame te r s  a t  t h e  t o t a l - s t a g n a t i o n  
p o i n t ,  w i l l  change w i t h  a l t i t u d e .  Th i s  
r e l a t i o n  i s  r e p r e s e n t e d  g r a p h i c a l l y  i n  
F i g .  111-4-5. The cu rves  can  b e  used 
to determine  t h e  t empera tu re  T '  and 
p r e s s u r e  p i  as f u n c t i o n s  of v e l o c i t y  V ,  
and a l t i t u d e  H. 

E x a m p l e .  C a l c u l a t e  t h e  pa rame te r s  
of  t h e  a i r  behind  a n  o b l i q u e  compres- 
s i o n  shock for t h e  f o l l o w i n g  c o n d i t i o n s :  
M, = 11, a n g l e  6, = 45", a l t i t u d e  H = 

= 5 km. We f i n d  from t h e  s t a n d a r d -  
a tmosphere t ab l e  (Appendix No. 2 )  f o r  
t h e  5-km a l t i t u d e  



T, * 255.6"K, a, = 320.5 m/s; pavl = 28.97. 

Flight speed is determined: V, = M a, = 110320.5 = 3526 m/s. 
= 1062 m2/s2-deg and calculate From [29], we find k, = 1.405, c P1 

Pl 1 

37 in [17] in themabsence of dissociation. 
shock angle will be smaller in the presence of dissociation, we 

! the enthalpy i, = c T = 1002. 255.6 = 0.2562-lo6 m2/s2 (61.19 
The angle B S  = 60" is found from the diagram of Fig. 

assign in first approximation O s  = 55", for which we calculate 

Remembering-that the 

L W  

'\- kcal/kg). 

,ATn =5 1 - tg (e,-fi ,)/t g 8 ,- 1 - t g (55'-45")/ t g 55*= 0.877; 

p ~ / p I = l f k i ! d ~ . l ~ n  sins€),= 1+1.405-112~0.877 sin255*=liO; 
pz= (pzlp~)  pi = 110.0.551 = 55.65 ke/cm2; 

i ~ = i l + O . 5 V f s i n 2 8 , b ~ , ,  (2-Avn) =0.2562-1oI+ 
+0.5.35%2 sin* 5.5O.O.Si7 (2-0.877) =4.36.10'3 m 2 / s 2  (1042 kcaI/kc). 

From the tables C291 or diagram C131, knowing i, and p?, we find 
the values T, = 3357°K and pav2 = 28.7; we then determine 

The second-approximation calculations are made with these 
data: 

In the second approximation for 8 = 56"25' 
S 

We determine T ,  = 3424OK and p = 28.64 from the improved av2 
i, and p , ,  using the tables [29] or diagram C131. 
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I I n  t h e  t h i r d  approx ima t ion ,  t h e  c a l c u l a t i o n s  g i v e  e S  = 56O. 

The new v a l u e  found f o r  t h e  a n g l e  i s  q u i t e  c l o s e  t o  t ha t  1131  
found i n  the  p r e c e d i n g  approximat ion;  f u r t h e r  improvement may 
t h e r e f o r e  b e  d i s p e n s e d  w i t h .  

Thus, w e  t ake  e S  = 5 6 0 ;  p, = 56.7  kg/cm2; 

W e  f i n d  from t h e  tables [ 2 9 ]  or t h e  diagram C131 

We t h e n  c a l c u l a t e  

The  a i r  parameters a t  t h e  t o t a l  s t a g n a t i o n  p o i n t  behind  t h e  
o b l i q u e  compression shock are  

We f i n d  from t h e  1-S diagram [131 

S h o c k  wave i n  a pure d i s s o c i a t i n g  d i a t o m i c  g a s .  Applying 
t h e  e q u a t i o n  sys tem (111-4-2)-(111-4-10) and t h e  r e l a t i o n s h i p s  
f o r  d e t e r m i n a t i o n  o f  t h e  thermodynamic f u n c t i o n s  and degree of 
d i s s o c i a t i o n  o f  a p u r e  d i s s o c i a t i n g  d i a tomic  gas, w e  can c a l c u -  
l a t e  t h e  v a r i a b l e s  behind  t h e  shock wave w i t h  compara t ive  ease. 

e q u a t i o n s ,  
Combining the  impulse  e q u a t i o n s  (111-4-4) and t h e  energy  



(111-4 -17)  

i n  which t h e  p re s su re  and d e n s i t y  r e l a t e  r e s p e c t i v e l y  t o  t h e  char-  
a c t e r i s t i c p a r a m e t e r s p d  and pd and t h e  v e l o c i t y  t o  t h e  c h a r a c t e r -  
i s t i c  Vd, w e  o b t a i n  

(111-4-18) 

(111-4-19 ) 

Expression (111-4-18) was der ived  f o r  t he  fol lowing condi- 
t i o n s :  gas not  d i s s o c i a t e d  i n  f r o n t  of t h e  shock ( a l  = O), velo- 
c i t i e s  Vnl  very l a r g e ,  n e g l i g i b l e  undisturbed-flow entha lpy  i,, 
and t h e  a d m i s s i b i l i t y  of dropping c e r t a i n  q u a n t i t i e s  of h ighe r  
nega t ive  o rde r .  

( 1 1 1 - 1 - 1 4 ' ) ,  ( 111-1 -16 ' ) ,  and t h e  en tha lpy  equa t ion  
Equat ion (111-4-18) i s  so lved .  s imultaneously wi th  (111-1 -10) ,  

(111-4 -20)  

The c a l c u l a t i o n s  are performed b y  success ive  approximation. 
Assuming t h e  v e l o c i t y  V t o  be known, we a s s i g n  a d e n s i t y  r a t i o  

p 2 / p 1  (or ATn) i n  f i r s t  approximation. The en tha lpy  r2 i s  d e t e r -  
mined f r o m  Expression (111-4 -20)  f o r  ATn, which, when p 2 / p 1  i s  
ass igned ,  i s  found from ( 1 1 1 - 4 - 1 1 ) .  Then t h e  degree of d i s s o c i a -  

F ig .  111-1-8 f o r  t h i s  value and t h e  d e n s i t y  r a t i o  p 2 / p d .  

ano the r  c a l c u l a t i o n  i s  performed t o  improve ATn and t h e  o t h e r  
parameters  with t h e  a id  of (111-4-18) and (111-4-19).  

n l  

t i o n  i s  determined i n  f i r s t  approximation from t h e  diagrams of /132 
Then 

The above method may b e  used f o r  approximate e s t i m a t i o n  of  
A V n ( a 2 )  and t h e  o t h e r  parameters  of t h e  a i r  behind t h e  shock, 
even though i t  was developed for pure ly  d i s s o c i a t i n g  diatomic 
gases .  Here t h e  c h a r a c t e r i s t i c  d i s s o c i a t i o n  parameters must be 
fo6nd f o r  t h e  a i r  as f o r  a gas model c o n s i s t i n g  of a mixture  o f  

@ n i t r o g e n  and oxygen i n  accordance w i t h  t h e i r  mass composition. 
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The c a l c u l a t i o n s  show tha t  t h e  pa rame te r s  f o r  r e a l  a i r  d i f f e r  
somewhat from t h o s e  o b t a i n e d  by t h e  above method f o r  a d i a t o m i c  
a i r  model. Thus, f o r  a v e l o c i t y  V 
s i t y  of r e a l  a i r  behind  t h e  shock is p p  = 1 4 . 7 p 1 ,  or approximate ly  
5% h i g h e r  t h a n  f o r  t h e  d i a t o m i c  a i r  model. 

Compression Shock i n  Gas Flow w i t h  Cons tan t  Heat C a p a c i t i e s  

= 1 . 5 V d  = 8.1 k m / s ,  t h e  den- n l  

-- -. - ~ 

Equat ion sys t em.  In t h e  c a s e  of  a compression shock i n  a 
gas  f low w i t h  c o n s t a n t  heat c a p a c i t i e s ,  t he  sys tem becomes s i m p l e r ,  
s i n c e  t h e  ave rage  molecu la r  weight  o f  t h e  a i r  does  n o t  change and,  
moreover,  t h e  s p e c i f i c  h e a t s  remain c o n s t a n t .  Such pa rame te r s  as 
t h e  speed o f  sound and e n t h a l p y  depend only  on t e m p e r a t u r e .  En- 
t r o p y  i s  de te rmined  from t h e  thermodynamics o f  t h e  i dea l  g a s .  On 
t h e  above basis,  Eqs. (111-4-6)-(111-4-9) are w r i t t e n  t h u s :  

i2 = c,T2; S2 = ; 
p, 1 

Equat ion  (111-4 -10)  i s  a l s o  s i m p l i f i e d :  

(111-4-21)  

(111-4-22)  

Equat ions  (111-4 -2 ) - (111-4 -5 )  are r e t a i n e d .  

Formulas f o r  c a l c u l a t i o n  o f  t h e  p a r a m e t e r s .  S o l v i n g  t h e  
s i m p l i f i e d  e q u a t i o n s  (111-4-13')  and ( 1 1 1 - 4 - 1 4 ' ) ,  w e  o b t a i n  an  
e x p r e s s i o n  f o r  t h e  r e l a t i v e  change i n  t h e  normal v e l o c i t y  com- 
ponent :  

AV,, = (1 - 6) [ I -  (M, sin e,)-2], (111-4-23) 

S u b s t i t u t i n g  (111-4-23) i n t o  ( 1 1 1 - 4 - 1 1 )  and (111-4 -12) ,  w e  
o b t a i n  t h e  f o l l o w i n g  working r e l a t i o n s h i p s :  

Pz = (1 + 6) M: sin* 0,- 6, 
Pi 

(111-4-24  ) 

(111-4-25) 



which can be  used t o  f i n d  formulas for c a l c u l a t i n g  t h e  o t h e r  
parameters. I n  p a r t i c u l a r ,  t h e  t empera tu re - r a t io  formula i s  ob- 
t a i n e d  w i t h  t h e  equat ion  of s t a t e  

(111-4-26)  

The en tha lpy  r a t i o  and t h e  r a t i o  o f  t he  squared speeds o f  
sound a f t e r  and before  t h e  shock a r e  equa l  t o  t h i s  temperature  
r a t i o .  

The parameters  behind t h e  normal shock are computed w i t h  

I n c l i n a t i o n  a n g l e s  of shock a n d  f low v e l o c i t y  v e c t o r .  It 

/133 
t h e  r e l a t i o n s h i p s  g iven  

fol lows from (11-4-24)  and (111-4-25) tha t  t h e  parameters  behind 
t h e  compression shock a r e  determined no t  only b y  M , ,  bu t  a l s o  b y  
t h e  shock i n c l i n a t i o n  angle  B S .  

mulas ( 1 1 1 - 4 - 2 )  and (111-4-23), and takes t h e  form 

above, p u t t i n g  e S  = ~ / 2 .  

The working r e l a t i o n  f o r  t h i s  angle  i s  obta ined  from For- 

- 
t g  Os= E c t g  /3s[T 1 (1 -z) f / x  1 .  (1 --) P I  * - a t >  B, ). ( 111-4-27 ) 

Pi P2 P2 

The v e l o c i t y  v e c t o r  i n c l i n a t i o n  ang le  8, can b e  determined by 
t h e  formula 

The manner i n  which f3, v a r i e s  a long  t h e  wave depends on 
whether t h e  wave i s  detached o r  a t t ached .  I n  t h e  former case ,  
the  v a r i a t i o n  of 8, begins  a t  f3, = 0 f o r  t h e  "normal" segment; 
i t  then  reaches  a maximum ( c r i t i c a l )  va lue  corresponding t o  a cer-  
t a i n  e s ,  a f t e r  which i t  d iminishes ,  r each ing  ze ro  a t  
where t h e  shock degenera tes  i n t o  a d i s tu rbance  wave. 
t e r  case ,  t h a t  of t h e  a t t a c h e d  wave, 8, decreases  i n  

SP 
from f3, = 
by t h e  cond i t ion  of  f low p a s t  t h e  nose of  t h e  body.  

t o  8, = 0 ,  where the  i n i t i a l  va lue  f3 
BSP 

Mach number and v e l o c i t y  behind shock wave. M, 
f rom t h e  express ion  

i n f i n i t y ,  
I n  t h e  l a t -  

t h e  range 
i s  determined 

i s  determined 



The formula 

3 = cos* e,,+ sin2 e , .  
(Pt 1' 

(111-4-29 ) 

(111-4-30) 

i n  which t h e  d e n s i t y  r a t i o  can be s u b s t i t u t e d  as p e r  (111-4-24), 
i s  used t o  determine t h e  v e l o c i t y  behind t h e  shock. 

Entropy a n d  s tagnat ion pressure.  An impor tan t  p r a c t i c a l  
c o r o l l a r y  of shock theo ry  i s  c a l c u l a t i o n  of en t ropy  and s tagna-  
t i o n  p r e s s u r e ,  which depznds on en t ropy .  

The non i sen t rop ic  n a t u r e  of  passage through t h e  shock i s  
manifested i n  an i n c r e a s e  i n  en t ropy ,  which i s  determined from 
t h e  expres s ion  

(111-4-31) 

A unique r e l a t i o n  e x i s t s  between t h e  change i n  en t ropy  and 
t h e  decrease  i n  s t a g n a t i o n  p r e s s u r e  behind t h e  shock: 

(k-1) s2--s1 e, 1 -=eerp[- P; 
PO 

(111-4-32) 

S u b s t i t u t i n g  t h e  en t ropy  d i f f e r e n c e  accord ing  t o  (111-4-311, 

Analysis  of these r e l a t i o n s h i p s  i n d i c a t e s  t h a t  t h e  p r e s s u r e  
r a t i o  p i /po  behind a compression shock i s  a l w a y s  smaller than  one. 

t h e  shock, t h e  greater w i l l  be t h e  loss of s t a g n a t i o n  p r e s s u r e  
and, consequent ly ,  the  sma l l e r  t h e  r a t i o  p i /p , .  

Here, t h e  l a r g e r  t h e  angle  O s  a t  a g iven  M , ,  i . e . ,  the  s t r o n g e r  1134 



V e l o c i t y  h o d o g r a p h .  A s o l u t i o n  to t h e  problem of  t h e  flow 
v a r i a b l e s  behind an  ob l ique  compression shock can be obta ined  
from t h e  equat ion  of t h e  v e l o c i t y  hodograph, which i s  t h e  geo- 
me t r i c  locus  of t he  t i p s  of t h e  v e l o c i t y  vec to r s  behind t h e  com- 
p r e s s i o n  shock. The hodograph equa t ion  d e r i v e s  from t h e  g e n e r a l  
r e l a t i o n s h i p s  for t h e  obl ique  shock and has t h e  form 

(111-4-34) 

where h,P=lVZJtz*,. AU=U21n*, &=Vila+, and W, and U, denote t h e  v e r t i c a l  
and h o r i z o n t a l  v e l o c i t y  components, r e s p e c t i v e l y .  

Equation (111-4-34) enables  us to determine a l l  parameters  of 
the  shock wave f o r  a g iven  s e t  of f ree-s t ream cond i t ions  and 
given va lues  of  t h e  flow d e f l e c t i o n  angle  8 , .  
= Xu t a n  Bs, we can so lve  it simultaneously w i t h  (111-4-34) t o  
f i n d  t h e  v e l o c i t y  components AW and Xu d i r e c t l y  behind t h e  shock 
and, consequent ly ,  t h e  t o t a l  v e l o c i t y  x = I / l i : v + f & .  It fo l lows  f r o m  
(111-4-34)  t h a t  one s o l u t i o n  g ives  a l a r g e r  v e l o c i t y  and t h e  
o t h e r  a smaller one. It i s  then  p o s s i b l e  to s t a t e  t h e  maximum 
c r i t i c a l  va lue  of  t h e  angle  8, = B c r ,  to which a unique s o l u t i o n  
f o r  t h e  v e l o c i t y  corresponds.  

S ince  A w  = 

The 'h igher  v e l o c i t y  i s  t h e  case  i n  an a t t ached  shock t h a t  
forms ahead of a sharp body; t h i s  v e l o c i t y  i s  reached be fo re  t h e  
t u r n  ang le  a t  any p o i n t  of t h e  wave has passed i t s  c r i t i c a l  va lue ,  
i . e . ,  

The same v e l o c i t y  occurs  behind t h a t  p a r t  of a detached 

s o  t h a t  s u b c r i t i c a l  flow i s  preserved .  8s < 'cr '  

wave on which t h e  t u r n  angle  i s  less t h a n  c r i t i c a l .  The lower 
v e l o c i t y  occurs  only behind a detached shock, on t h e  branch ad- 
j a c e n t  t o t h e  " s t r a i g h t "  p a r t ,  where t h e r e  i s  s u p e r c r i t i c a l  f low. 

The v e l o c i t y  hodograph can b e  used to determine t h e  shock 
i n c l i n a t i o n  angle  by us ing  t h e  formula t a n  O s  = ( A ,  - XU)/AW. A 
wave o f  i n f i n i t e s i m a l  i n t e n s i t y  (a  .Mach wave) corresponds to t h e  
ang le  value 8 = a r c  s i n  ( l / M , ) ,  and a normal shock to 8 = ~ / 2 .  

f o r  t h e  angle  O s .  The f i r s t  ( p l u s  s i g n  before  t h e  r a d i e a l )  cor-  
responds to a shock wave similar i n  shape t o  t h e  normal shock. 
The second s o l u t i o n  (minus s i g n  i n  f r o n t  o f  t h e  r a d i c a l )  d e f i n e s  
.the i n c l i n a t i o n  of  a shock wave of t h e  same i n t e n s i t y  and a 
smaller angle .  
compression shock and t h e  s m a l l e r  for an a t t a c h e d  shock. 

A s  w e  s e e  from (111-4 -27) ,  t h e r e  are two d i f f e r e n t  s o l u t i o n s  

The larger  ang le  O s  i s  r e a l i z e d  f o r  a detached 



b 

The c o m p r e s s i o n  s h o c k  a t  v e r y  h i g h  v e l o c i t i e s  ( c o n s t a n t  h e a t  
c a p a c i t y ) .  A t  very h igh  v e l o c i t i e s ,  t h e  parameter  M ,  s i n  O s  may 
be  s u b s t a n t i a l l y  g r e a t e r  t h a n  u n i t y ,  and t h i s  e n a b l e s  us  to s i m -  
p l i f y  t h e  r e l a t i o n s h i p s  f o r  c a l c u l a t i o n  o f  f low behind compres- 
s i o n  shocks .  

Formula (111-4-24) w i l l  become 

Expres s ion  (111-4-25) i s  s i m p l i f i e d :  

"=(1+6)K$ Pi 

(111-4-24') 

(111-4-25') 

- 
Ks - where Ks = M ,  s i n  0 or, f o r  s m a l l  shock i n c l i n a t i o n  a n g l e s ,  

S 
= M , O ~ .  

The p r e s s u r e  c o e f f i c i e n t  behind  t h e  shock i s  found from 
(111-4-25'): 

( I1 I - 4 - 2 5 " ) 

A f t e r  s i m p l i f i c a t i o n  o f  (III-4-23), 

- (111-4-23' ) AVa = 1 - 6. 

Approximate formulas  f o r  t h e  o t h e r  pa rame te r s  can be  o b t a i n e d  
i n  a s imi la r  f a s h i o n .  

The  r e l a t i o n s h i p s  o b t a i n e d  i n  t h i s  manner cor respond to t h e  
case  i n  which Ks i s  very  l a r g e .  
working r e l a t i o n s h i p s  f o r  t h e  rea l  c a s e s  i n  which M ,  i n f l u e n c e s  
t he  f low pa rame te r s .  Let  us  assume t h a t  t he  shocks , tha t  have 
formed are i n c l i n e d  a t  s m a l l  a n g l e s ;  w e  may t h e n  s i m p l i f y  c a l c u l a -  
t i o n  o f  t h e  a n g l e s  O s .  For t h i s  pu rpose ,  a p p l y i n g  (111-4-2), 
(111-4-3), and (111-4-24), w e  f i n d  a f t e r  t r a n s f o r m a t i o n  w i t h  con- 
s i d e r a t i o n  o f  t h e  f a c t  t h a t  es and @, are s m a l l ,  

It i s  i n t e r e s t i n g  to examine t h e  

. . . . .  
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(111-4-35) 

For K = M I B  * 00 t h e  r a t i o  es/Bs t e n d s  t o  a l i m i t  of 

Combining (111-4-25) and (111-4-35) w i t h  s i n  O s  assumed = : . e s  
i n  t he  former ,  we can f i n d  an approximate formula f o r  t h e  pres- 
s u r e  c o e f f i c i e n t :  

(111-4-36) 

A t  t h e  l i m i t ,  as K + 03 

- 
p2=- . 2  (111-4-36') i - a  

An e x p r e s s i o n  f o r  AT can b e  o b t a i n e d  from (111-4-23) i n  t he  n form 

AVn ==e B = 2 (1-~5) + vi + 4 (1 - Q 2  K-2]-i (111-4-37') 

It i s  e v i d e n t  from t h i s  t ha t  i n  t h e  l i m i t ,  as K -F 03, t h i s  
q u a n t i t y  t e n d s  t o  t h e  va lue  o f  (111-4-23 ' ) .  

from (111-4 -29) :  
We can o b t a i n  a s i m p l i f i e d  formula  f o r  de t e rmin ing  M, 

where Ks i s  de te rmined  as a f u n c t i o n  of  t h e  parameter  K by  
(111-4-35). 

C e r t a i n  r e l a t i o n s h i p s  f o r  a c u r v i l i n e a r  shock  wave. A de- 
t a c h e d  c u r v i l i n e a r  wave a lways  has a t  l e a s t  one p o i n t  a t  which t h e  



t angent  plane i s  pe rpend icu la r  t o  t h e  oncoming-flow v e l o c i t y .  
T h i s  p o i n t  i s  on the  " s t r a i g h t "  pa r t  of t h e  wave. 

The s t r e a m l i n e  pas s ing  through t h i s  p o i n t  i s  known as t h e  
zero s t r eaml ine .  Along i t ,  flow t a k e s  p l ace  without  a change i n  
d i r e c t i o n  and, consequent ly ,  t h e  i n c l i n a t i o n  angle  of t h e  r a d i u s  
o f  cu rva tu re  of a shock-wave element on t h i s  l i n e  i s  zero .  

With movement a long t h e  wave, t h i s  angle  i n c r e a s e s  and, i n  

The  manner of v a r i a t i o n  of t h e  flow r o t a t i o n  angle  a long  a /136 

a d d i t i o n ,  t h e  r o t a t i o n  of t h e  flow becomes more s u b s t a n t i a l .  

c u r v i l i n e a r  shock wave i s  determined by t h e  d e r i v a t i v e  

which i s  found by  d i f f e r e n t i a t i n g  (111-4-28). 

Re la t ionsh ips  t h a t  can be used t o  f i n d  t h e  v a r i a t i o n s  of  t h e  
o t h e r  parameters  can b e  a r r i v e d  a t  s i m i l a r l y .  For example, t h e  
d e r i v a t i v e s  

-- d l n p  2.1.1; cos Q sin o (1 + 6)  . 
(I  +6) Ai; cos2 0 - 4  

* do -- 
d l n p  1 ( i - q t g o  --= -- 

2 i -6  +sal: cos2 o do 

(111-4-40)  

(111-4 -41)  

s e r v e  f o r  c a l c u l a t i o n  of t h e  p re s su re  and d e n s i t y  v a r i a t i o n s .  
They i n d i c a t e  t h a t  w i t h  t h e  approach to t h e  zero  s t r e a m l i n e ,  t h e  
p r e s s u r e  and d e n s i t y  i n c r e a s e  monotonical ly ,  reaching  t h e i r  maxi- 
m a  a t  t h e  apex of t h e  wave, where w = 0 .  

Study of t h e  geometr ic  p r o p e r t i e s  of a c u r v i l i n e a r  shock 
wave i s  a component p a r t  of  aerodynamic r e s e a r c h ,  and one tha t  
i s  r e l a t e d ,  f o r  example, t o  de te rmina t ion  of t h e  r a d i u s  o f  curva- 
t u r e  Rs of t h e  s u r f a c e  and t h e  n a t u r e  of  i t s  v a r i a t i o n  a long  t h e  
wave. 

I f  t h e  equat ion  y = f ( x )  r e p r e s e n t s  t he  equat ion  of t he  wave 
g e n e r a t r i x  i n  g e n e r a l  form i n  a c e r t a i n  p lane  xoy, t h e  r a d i u s  of  
cu rva tu re  of t he  g e n e r a t r i x  at a given po in t  i s  

(111-4 -42)  



where d l  i s  a n  e l emen ta ry  a r c  o f  t h e  g e n e r a t r i x ;  y ' = d ~ / d z ,  y"=d2yldxa,  
w i t h  yff  < 0 .  The v a r i a t i o n  of  t he  r a d i u s  of c u r v a t u r e  a l o n g  t h e  
wave i s  

-- a% - R S ( y " ) - 2 [ ( 1 + y ~ * )  y"-3y'(y")12. 
d o  (111-4-43) 

L e t  u s  assume t h a t  t h e  wave g e n e r a t r i x  i s  p a r a b o l i c ,  x = a y 2 .  

Then 

RS = ( Z U ) - ~  (4dy2  + i)3/2. (111-4 -44)  

Here, Rs = R = 1/ (2a)  a t  th,e p o i n t  y = 0 ,  t h rough  which 
so 

t h e  z e r o  s t r e a m l i n e  p a s s e s .  

For  t h e  p a r a b o l i c  wave, Expres s ion  (111-4-43) w i l l  be 

(111-4-43' ) 

where Rs i s  de termined  w i t h  (111-4 -44) .  

Exper imenta l  data i n d i c a t e  t h a t  t h e  g e n e r a t r i x  of a de tached  
c u r v i l i n e a r  wave can a l s o  be  approximated by a h y p e r b o l a  n e a r  t he  
z e r o  s t r e a m l i n e :  

where - a , a n d  b - are t h e  semiaxes .  Then 

(111-4-45)  

where R = b 2 / a  i s  t h e  r a d i u s  of  c u r v a t u r e  a t  t h e  a x i s  ( x  = y = 
SO = 0 ) .  

I n  accordance  w i t h  (111-4-451, t h e  d e r i v a t i v e  

(111-4-46) 
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R e l a x a t i o n  E f f e c t s  i n  . Shock Waves- . - 

r e s u l t  o f  pas sage  of  gas through a shock wave, some of  t h e  k in -  
e t i c  energy i s  conve r t ed  i n t o  energy of  a c t i v e  and i n e r t  degrees 
o f  freedom. S i n c e  e q u i l i b r i u m  i s  e s t a b l i s h e d  w i t h i n  a very  s h o r t  
t i m e ,  commensurate w i t h  t h e  t i m e  o f  pas sage  o f  t h e  gas th rough  
t h e  t h i c k n e s s  o f  t h e  shock ,  f o r  t h e  a c t i v e  degrees - t r a n s l a -  
t i o n a l  and r o t a t i o n a l  - w e  may assume f o r  p r a c t i c a l  purposes  that  
e q u i l i b r i u m  i s  e s t ab l i shed  i n s t a n t a n e o u s l y .  Thus, t h e  tempera- 
t u r e  behind  the  shock wave w i l l  be t h e  same as i n  a gas w i t h  
c o n s t a n t  s p e c i f i c  h e a t s .  

The physical picture of the nonequilibrium process. A s  a 

I n  accordance  w i t h  t h i s  scheme, t h e  i n e r t  degrees o f  freedom 
are u n e x c i t e d  immedia te ly  behind  t h e  shock.  S i n c e  t h e s e  d e g r e e s  
have f i n i t e  r e l a x a t i o n  t i m e s ,  which are s u b s t a n t i a l l y  l o n g e r  t h a n  
t h e  t i m e  t o  p a s s  through t h e  t h i c k n e s s  of  a rea l  shock ,  t h e  i n i t -  
i a l  t e m p e r a t u r e  a t t a i n e d  w i l l  d i m i n i s h  u n t i l  t h e  i n e r t  d e g r e e s  
( f i r s t  v i b r a t i o n a l ,  t h e n  d i s s o c i a t i o n ,  e x c i t a t i o n  o f  e l e c t r o n  
l e v e l s ,  and,  f i n a l l y ,  i o n i z a t i o n )  r e a c h  e q u i l i b r i u m .  T h i s  p roc-  
ess i s  accompanied by an  i n c r e a s e  i n  d e n s i t y  and some i n c r e a s e  i n  
p r e s s u r e .  The degree  o f  d i s s o c i a t i o n  a l s o  r i ses  from z e r o  t o  i t s  
e q u i l i b r i u m  v a l u e  (as does t h e  d e g r e e  o f  i o n i z a t i o n  a t  very  h igh  
t e m p e r a t u r e s ) .  

Calculation o f  nonequilibrium flow behind a normal compres- 
sion shock. The  problem i s  one o f  e v a l u a t i n g  t h e  e x t e n t  of  t h e  
nonequ i l ib r ium zone or " r e l a x a t i o n  l e n g t h , "  and de te rmin ing  t h e  
nonequ i l ib r ium pa rame te r s  behind  t h e  shock.  For  t h i s  pu rpose ,  i t  
i s  n e c e s s a r y  t o  s o l v e  a system c o n s i s t i n g  o f  a n  e q u a t i o n  o f  one- 
d imens iona l  s teady  motion 

and t h e  e q u a t i o n s  of  energy (111-4-17), s t a t e  (111-1-141), and 
chemica l - r eac t ion  r a t e  (111-1-27). 

With t h e  nomenclature  i n t r o d u c e d  i n  $111-1, t h i s  e q u a t i o n  
s y s t e m  w i l l  b e  w r i t t e n  as f o l l o w s :  

(111-4-47) 
- -- 
p = pT.(1+ a); 

a- 

i II 



' I  
b B (111-4-4'7) 

( C o n t ' d . )  

where x = x/L (L i s  a c e r t a i n  c h a r a c t e r i s t i c  l i n e a r  d imens ion)  and 
the  pa rame te r  

(111-4-48) 

At t h e  same t i m e  one of t h e  e q u a t i o n s  o f  (111-1 -27 ' )  can be used 
i n s t e a d  of t h e  l as t  e q u a t i o n  of  (111-4-47)  s y s t e m .  

flow a l o n g  an  a r b i t r a r y  s t r e a m l i n e .  
s t r e a m l i n e ,  which p a s s e s  th rough  t h e s t r a i g h t  p a r t  o f  t h e  
s i o n  'shock, t h e  s y s t e m  i s  s i m p l i f i e d  to a c e r t a i n  deg ree .  
example, w e  may u s e  i n s t e a d  of  t h e  e q u a t i o n  of  mot ion  the  i m -  
p u l s e  e q u a t i o n  f o r  a s t r o n g  shock wave: 

The above e q u a t i o n  sys tem r e f l e c t s  the  case of  n o n e q u i l i b r i u m  
If  w e  c o n s i d e r  t he  "zero"  

For  
COmPres- 
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(111-4-49)  

T h i s  l e a v e s  one d i f f e r e n t i a l  e q u a t i o n  for t he  chemica l  r e a c -  
t i o n  r a t e  i n  System ( I i I - 4 - 4 7 ) .  

The i n i t i a l  c o n d i t i o n s  are de termined  by  i n t e g r a t i n g  t h i s  
e q u a t i o n  by t h e  v a r i a b l e s  d i r e c t l y  beh ind  t h e  shock wave, which 
are  found from t h e  t h e o r y  o f  t h e  o r d i n a r y  shock t r a n s i t i o n ,  i . e . , .  
on t h e  assumpt ion  t h a t  t h e r e  i s  no d i s s o c i a t i o n  and,  consequen t ly ,  
a = 0 a t  x = 0 .  P r e s s u r e  i s  assumed c o n s t a n t  and independent  of  
n o n e q u i l i b r i u m  a l o n g  t h e  "ze ro"  s t r eaml l ine  . 

F i g u r e  111-4-6 shows t h e  r e s u l t s  of  numer i ca l  i n t e g r a t i o n  f o r  
e q u i l i b r i u m  of  t h e  v i b r a t i o n a l  degrees of freedom ( tv  = 0 c u r v e ) .  
Oxygen was chosen as t h e  medium, w i t h  t he  r ecombina t ion  r a t e  coef -  
f i c i e n t  assumed e q u a l  to k = 8 . 4 - l o 1 "  cm6/mole2*s on the  basis 
o f  e x p e r i m e n t a l  data .  The  cu rve  i n  F i g .  111-4-6 can be used  t o  
e v a l u a t e  t h e  r e l a x a t i o n - z o n e  nonequ i l ib r ium d e g r e e  of  d i s s o c i a -  
t i o n ,  which r i ses  from z e r o  d i r e c t l y  behind  the  shock to t h e  
e q u i l i b r i u m  v a l u e  a = a a t  t h e  end of t h e  r e l a x a t i o n  d i s t a n c e .  

R 

e 
The d iagram i n  F i g .  111-4-7 i l l u s t r a t e s  t h e  v a r i a t i o n  of 

d e n s i t y  i n  t h e  n o n e q u i l i b r i u m  zone. I n  accordance  w i t h  t he  t y p e  
o f  v a r i a t i o n  of t h e  d e g r e e  of d i s s o c i a t i o n ,  t h e  d e n s i t y  r i s e s  
from i t s  v a l u e  f o r  a n o n d i s s o c i a t i n g  gas  to t h e  d e n s i t y  a t  
e q u i l i b r i u m  d i s s o c i a t i o n .  
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F i g u r e  111-4-6. V a r i a -  
t i o n  of Nonequi l ibr ium 
Degree of D i s s o c i a t i o n  
of  Oxygen Behind Shock. 

4 t D ;  3 )  v i b r a t i o n s  a t  
e q u i l i b r i u m  ( tv  = 0 ) ;  

1) tv = 20tD;  2 )  tv  = 

M, = 13 ;  p1  = 5.65 
mmHg; T ,  = 2 9 5 O K ;  t v  
i s  t h e  v i b r a t i o n a l  re-  
l a x a t i o n  t i m e  and tD 
i s  t h e  d i s s o c i a t i o n  re- 
l a x a t i o n  t i m e .  

F i g u r e  111-4-7. Varia- 
t i o n  of  R a t i o  of Oxy- 
gen D e n s i t i e s  A f t e r  and 
Before  Compression Shock 
i n  Nonequi l ibr ium Flow 
i n  a Compressed Layer .  
1 , 2 , 3 )  see F i g .  111-4-6. 

T h e  same F i g s .  111-4-6 and 
111-4-7 show cu rves  ( tv  # 0 )  t h a t  
take account  of t h e  v i b r a t i o n a l  , 

r e l a x a t i o n  t i m e  tv. 
no ted  t h a t  a tomic  v i b r a t i o n s  i n -  
c r e a s e  t h e  degree of d i s s o c i a t i o n  

It, may be 

and t h e  d e n s i t y  r a t i o  o v e r  t h e i r  
T h i s  i s  because  t h e  v i b r a t i o n s  e q u i l i b r i u m  v a l u e s  ( f o r  tv  = 0 ) .  

have n o t  r eached  e q u i l i b r i u m  and t h e  unabsorbed p a r t  o f  t h e  energy 
i s  a l s o  expended on d i s s o c i a t i o n .  

Th i s  i n c r e a s e  i n  d e g r e e  of d i s s o c i a t i o n  and d e n s i t y  i n  t h e  
r e l a x a t i o n  zone occur s  n o t  on ly  i n  a d i a t o m i c  g a s ,  b u t  a l s o  i n  
a i r  a t  4000OK. T h i s  i s  e x p l a i n e d  b y  t h e  f a c t  t h a t  p r a c t i c a l l y  
no v i b r a t i o n s  may have been e x c i t e d  when t h i s  t e m p e r a t u r e  i s  
r eached  i n  n i t r o g e n  beh ind  t h e  shock,  and t h e  unabsorbed v i b r a -  
t i o n a l  energy may c o n t r i b u t e  t o  f u r t h e r  oxygen d i s s o c i a t i o n  and,  
consequen t ly ,  t o  a n  i n c r e a s e  i n  t h e  d e n s i t y  o f  t h e  a i r .  

Data on t h e  d e g r e e  of d i s s o c i a t i o n  e n a b l e  u s  t o  e v a l u a t e  t h e  
n o n e q u i l i b r i u m  t e m p e r a t u r e ,  for example,  w i t h  t h e  approximate  f o r -  
mula 

(111-4-50) 



I 1  Ill I l l  

where i t  i s  assumed f o r  high v e l o c i t i e s  t h a t  = 0.5v2. Theequa-  /139 
t i o n  of s t a c e  (111-1 -14 ' )  can  a l s o  be used .  According t o  t h e  
c a l c u l a t e d  data g i v e n  i n  F i g s .  111-4-6 and 111-4-7, t h e  t e m -  
p e r a t u r e  v a r i e s  from 97OOOK d i r e c t l y  behind  t h e  shock (x = 0 )  t o  
a n  e q u i l i b r i u m  v a l u e  of 3700OK. 

1 

. o  2 4 6' 8 s , m  

A s  w e  have n o t e d ,  t h e  re- 
s u l t s  p r e s e n t e d  p e r t a i n  t o  oxy- 
gen ,  s i n c e  t h e  recombina t ion-  
r a t e  pa rame te r  kR i s  known w i t h  

g rea tes t  c e r t a i n t y  f o r  p r e c i s e l y  
t h i s  g a s .  The  same e q u a t i o n  
s y s t e m  can  be  used f o r  approx i -  
mate e v a l u a t i o n  o f  t h e  i n f l u e n c e  
o f  n o n e q u i l i b r a t i o n  on t h e  f low 
of  a i r ,  r e f e r r i n g  i t  t o  a dia-  
tomic a i r  model c o n s i s t i n g  of  a n  
a d d i t i v e  oxygen-ni t rogen m i x t u r e .  

i n  (111-4-48)  i s  de te rmined  f o F  
t h e  oxygen, and a l l  t h e  o t h e r  
Darameters. such  as t h e  degree o f  

Figure 111-4-8* Influence Of I n  t h i s  c a s e ,  t h e  c o e f f i c i e n t  c Nonequi l ibr ium D i s s o c i a t i o n  
on Dens i ty  and Temperature  
Behind Shock. 

- 
Gqui l ib r ium d i s s o c i a t i o n  ae ,  t h e  

c h a r a c t e r i s t i c  d e n s i t y ,  c h a r a c t e r i s t i c  p r e s s u r e ,  e t c . ,  are found 
for the  d i a t o m i c  a i r  model.  

F i g u r e  111-4-8 shows t h e  d e n s i t y  and t e m p e r a t u r e  d i s t r i b u -  
t i o n s  i n  t he  oxygen-ni t rogen a i r  mix tu re  i n  t h e  r e l a x a t i o n  zone 
behind  a shock wave f o r  M ,  = 1 4 . 2 ,  T ,  = 300°K, and p1  = 1 mmHg. 
The unbroken cu rves  were p l o t t e d  on the  assumpt ion  o f  i n s t a n -  
t a n e o u s  v i b r a t i o n a l  e x c i t a t i o n ,  and the  dashed cu rve  w i t h o u t  
c o n s i d e r a t i o n  of  v i b r a t i o n a l  e x c i t a t i o n .  These r e s u l t s  i n d i c a t e  
tha t  t h e  v i b r a t i o n s  are  a s u b s t a n t i a l  f a c t o r .  When t h e y  are n o t  
t a k e n  i n t o  accoun t ,  t h e  t e m p e r a t u r e  behind  t h e  shock i s  12,000°K, 
b u t  i t  i s  977OoK, i . e . ,  much lower ,  f o r  t h e  f u l l y  e x c i t e d  s t a t e .  

It i s  a l s o  e v i d e n t  from F i g .  111-4-8 t h a t  t h e  nonequ i l ib r ium 
zone i s  r e l a t i v e l y  s m a l l ,  e x t e n d i n g  o v e r  approximate ly  8-10 mm, 
w i t h  v i b r a t i o n a l  e x c i t a t i o n  p r a c t i c a l l y  i n s i g n i f i c a n t  a t  t h e  end 
of  t h e  zone. I n  e q u i l i b r i u m - d i s s o c i a t i o n  c a l c u l a t i o n s ,  t h e r e f o r e ,  
w e  may assume the  ra tes  o f  v i b r a t i o n a l  e x c i t a t i o n  t o  be i n f i n i t e ,  
t h u s  r e g a r d i n g  t h e  gas ahead o f  t h e  o n s e t  of  d i s s o c i a t i o n  as f u l l y  
e x c i t e d .  
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Chapter  I V  /140  

G E N E R A L  METHODS OF S O L U T I O N  OF A E R O D Y N A M I C  PROBLEMS 

§IV-l. THE METHOD OF CHARACTERISTICS 

Genera l  Equatiogs- f o r  t h e  C h a r a c t e r i s t i c s  

which e n a b l e s  us to s o l v e  t h e  e q u a t i o n s  o f  motion o f  a gas  g raph i -  
c a l l y  or numer ica l ly  and,  i n  p a r t i c u l a r ,  to compute t h e  f low be- 
h ind  a s t a t i o n a r y  shock wave f o r  t h e  c o n d i t i o n  t h a t  t h i s  f low i s  
s u p e r s o n i c ,  occupies  an impor t an t  p o s i t i o n  among t h e  methods used 
i n  s u p e r s o n i c  aerodynamics.  

The c o m p a t i  b i  1 i t y  c o n d i  t i  o n .  The method o f  c h a r a c t e r i s t i c s ,  

Y ,  

We s h a l l  examine t h e  method o f  
c h a r a c t e r i s t i c s  as i t  a p p l i e s  t o  s t e a d y  
two-dimensional s u p e r s o n i c  r o t a t i o n a l  
and i r r o t a t i o n a l  gas  f lows .  Equat ions  
(111-2-24)  f o r  t h e  v e l o c i t y  p o t e n t i a l  
9 and (111-2-35) f o r  t h e  s t r e a m  func- 
t i o n  $, which can be  s o l v e d  by t h i s  
method; are q u a s i l i n e a r  seconh-order  
h y p e r b o l i c  p a r t i a l  d i f f e r e n t i a l  equa- U = x  
t i o n s .  F igu re  I V - 1 - 1 .  Method 

o f  C h a r a c t e r i s t i c s .  
A B )  i n i t i a l  curve ;  1) 
c h a r a c t e r i s t i c  o f  
f i r s t  f a m i l y ;  2 )  
c h a r a c t e r i s t i c  o f  
second f ami ly .  

den t  _. ~~ v a r i a b l e s .  ~~ 

The s o l u t i o n s  o f  t h e s e  e q u a t i o n s ,  
4 = $ ( x ,  y )  and JI = $ ( x ,  y )  are r e p r e -  
s e n t e d  g e o m e t r i c a l l y  b y  i n t e g r a l  s u r -  
f a c e s  i n  t h e  space  d e f i n e d  by t h e  5, x, 9 o r  5, x, J, c o o r d i n a t e  systems.  I n  
t h e s e  sys t ems ,  t h e  x, y-plane i s  r e -  
garded as t h e  base p lane  and c a l l e d  t h e  
p h y s i c a l  p l a n e  or t h e  p l a n e  o f  indepen-  

The s o l u t i o n s  of (111-2-24)  and (111-2-35) w i l l  be unique i f  
t hey  are s u b j e c t  to c e r t a i n  a d d i t i o n a l  c o n d i t i o n s .  These addi- 
t i o n a l  c o n d i t i o n s  are imposed by a s s i g n i n g  v a l u e s  o f  t h e  unknown 
f u n c t i o n  + ( x ,  y )  o r  $(x, y )  and one of  i t s  f i r s t  d e r i v a t i v e s  9 ( J ,  ) 

or 9 ( J ,  on a c e r t a i n  i n i t i a l  curve  AB ( F i g .  I V - 1 - 1 ) .  F ind ing  
f u n c t i o n s  9 or $ t h a t  s a t i s f y  t h e  g i v e n  e q u a t i o n  and i n i t i a l  con- 
d i t i o n s  on t h e  basis  o f  t h e s e  i n i t i a l  data i n  t h e  neighborhood of  
curve AB i s  t h e  c o n t e n t  o f  the  Cauchy problem. 

x x  
Y Y  

From t h e  g e o m e t r i c a l  v iewpoin t ,  s o l u t i o n  o f  t h e  Cauchy prob- 
lem c o n s i s t s  i n  f i n d i n g  i n  t he  x,  y ,  9 (or x ,  y ,  $1 space  an  
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i n t e g r a l  s u r f a c e  t h a t  passes th rough  a g i v e n  space  curve  Cp = - - Cp(x,,, Y A B )  or @ = $ ( X A B ,  yAB) and :has  t h e  g iven  t a n g e n t  p l anes  a t  

- p o i n t s  on t h i s  cu rve .  T h e  s o l u t i o n  of  t h e  Cauchy problem as i t  
a p p l i e s  t o  s u p e r s o n i c  f lows  and t h e  a s s o c i a t e d  development o f  an  
a p p r o p r i a t e  method o f  c h a r a c t e r i s t i c s  are due t o  P r o f .  F. F r a n k l ' .  

T o  examine t h e  Cauchy problem, l e t  us r e p r e s e n t  E q s .  
(111-2-24) and (111-2-35), w r i t t e n  f o r  s t eady  f low,  i n  the  form 

f Z?S -+ Ct -t II= 0, (IV-1-1) 

where u ~ = r p F x x ( = ~ ) x x ) ,  S = ~ P ~ ~ ( = ~ P ~ ~ ) ,  are  t h e  second p a r t i a l  
d e r i v a t i v e s ;  A ,  B ,  and C are t h e  c o e f f i c i e n t s  o f  t he  cor respond-  /141 
i n g  second p a r t i a l  d e r i v a t i v e s  i n  E q s .  (111-2-24) and (111-2-35), 
and t h e  t e r m  H combines a l l  of  t h e  remain ing  terms of  these  equa- 
t i o n s .  

The  s o l u t i o n  o f  (IV-1-1) i n  t h e  neighborhood of  t h e  i n i t i a l  
cu rve  AB i s  found as a Tay lo r  se r ies  

where Ax = 50 - 5, AY = Yo - Y ( F i g .  IV-1-1); t he  v a l u e s  o f  t h e  d e r i v a -  
t i v e s  are t a k e n  a t  p o i n t s  on curve  AB; t h e  stream f u n c t i o n  @ may 
appea r  i n  p l a c e  o f  $.  Obvious ly ,  t h i s  expans ion  de te rmines  t h e  
s o l u t i o n  t h a t  w e  seek i f  t h e  v a l u e s  o f  t h e  f u n c t i o n  Cp (or J 1 )  and 
i t s  d e r i v a t i v e s  of  any o r d e r  are  known on t h e  i n i t i a l  cu rve .  But 
on ly  t h e  unknown f u n c t i o n  and i t s  f i r s t  d e r i v a t i v e s  p = cpx  (=lpx), 

G' = 09 (=%I. are a s s i g n e d  on t h i s  cu rve .  It i s  t h e r e f o r e  n e c e s s a r y  
t o  i n d i c a t e  a method of  f i n d i n g  d e r i v a t i v e s  of  o r d e r  h igher  t h a n  
the f i r s t  on curve  AB. 

We f i r s t  f i n d  e q u a t i o n s  w i t h  which t h e  second d e r i v a t i v e s  
can b e  de te rmined .  S i n c e  t h e r e  are  th ree  d e r i v a t i v e s  ( u ,  s ,  t ) ,  
i t  i s  n e c e s s a r y  t o  w r i t e  as many independent  e q u a t i o n s  t o  de t e r -  
mine them. The f i r s t  of  t h e s e  i s  (IV-1-l), which w e  s h a l l  examine 
on t h e  i n i t i a l  curve  AB. The o t h e r  two are  o b t a i n e d  from t h e  
f o l l o w i n g  r e l a t i o n s h i p s ,  which are a l s o  cons ide red  a l o n g  t h e  
i n i t i a l  curve  : 
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Thus, the equation system for determination of the second 
derivatives will be 

A =  

(IV-1-3) 

.4 2B c 
dx dy 0 S O ,  
0 dx dy 

If we introduce the respective symbols A, Au, As, At for the 
principal and partial determinants of the system, the second de- 
rivative on the curve will then be determined from the relation- 
ships 

u = - ,  A l l .  S = d :  A t  (IV-1-4) A 
A ,  t=-  A 1 -  

It follows from these equalities that if the principal deter- 
minant is nonzero on AB, then the derivatives :, %, and t are 
evaluated uniquely. If, on the other hand, curve AB is such that 
this determinant is zero along it, i.e., 

and, consequently, 

(IV-1-5) 

then the second derivatives are either not determined at all in 
terms of 4 ,  2, and g or are determined nonuniquely. 

It is readily seen that (IV-l-5), which can be rewritten /142 

(IV-1-5 ' ) 

d 



is the differential equation of two single-parameter families of 
real curves provided that B2 - AC > 0 (V2 - a2 > 01, i.e., if the 
flow is supersonic. Curves at each point of which the partial 
determinant of System (IV-1-31 is zero are called characteristics 
and Eq. (IV-1-5) a characteristic e-watigg. Slopes calculated by 
(IV-1-5’) define characteristic directions. ~ 

It is clear from the above that the following condition must 
be satisfied for unique definition of the second derivatives: the 
direction of the initial curve shouldnot at any point coincide with 
a characteristic direction. 

b=u,  A t =  

The same condition A # 0 applies in respect to unique defi- 
nition of higher derivatives appearing in the series (IV-1-2). 
Thus, if A # 0 on the initial curve, we may write systems similar 
to (IV-1-3) to determine successively any of the derivatives ap- 
pearing in Series (IV-1-2), and thereby find the sought solution 
0 or $ in the neighborhood of the initial curve. 

The case in which the initial curve AB coincides with one of 
the characteristics and not only the principal determinant of 
System (IV-l-3), but also the partial determinants Au = As = At - 
= 0 on it, has a special place in supersonic-flow theory. It can 
be shown that if, say, the determinants A and At are zero, the 
other two determinants vanish automatically. In this case, System 
(IV-1-3) has solutions, although they are not unique. 

- 

-4 2B -a 

0 dx dq 
ax dy d p  =o 

On expansion, the equations 

have the form 

( IV-1-6) A (y’y - 2By’ -+ c = 0; 
-4 (y‘ dq - dp) - 2B dq f H dx = 0. (IV-1-7) 

This equation system forms the mathematical basis for the 
method of characteristics. Equations (IV-1-61 and (IV-1-7) are 
known as compatibility conditions. The former defines two famil- 
ies of curves (characteristics) in the physical plane, and the 
latter two families of curves that are known as characteristics ~~ 

in the E, q-plane. 
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W e  s ee  from Eqs. (IV-1-6) and ( I V - 1 - 7 )  t h a t  a d e f i n i t e  p o i n t  
on t h e  corresponding c h a r a c t e r i s t i c  i n  t h e  E, 1-plane corresponds 
to each p o i n t  on t h e  c h a r a c t e r i s t i c  i n  t h e  5, E-plane. It i s  
t h i s  t h a t  permi ts  use of t h e  c h a r a c t e r i s t i c s  t o  c a l c u l a t e  gas  
flows. 

Equation ( I V - 1 - 7 )  i s  a cond i t ion  t h a t  must be s a t i s f i e d  by 
t h e  f i r s t  d e r i v a t i v e s  E and g of t h e  func t ion  4 o r  $ on t h e  
i n i t i a l  curve AB when t h i s  curve i s  a c h a r a c t e r i s t i c  f o r  System 
( I V - 1 - 3 )  to have a s o l u t i o n .  Thus, i t  i s  a d i s t i n c t i v e  proper ty  
of c h a r a c t e r i s t i c s  t ha t  while  t h e  i n i t i a l  cond i t ions  can be  as- 
s igned  a r b i t r a r i l y  a long  a curve t h a t  i s  not  a c h a r a c t e r i s t i c ,  
t h i s  can no longer  be done a long  a C h a r a c t e r i s t i c .  

C h a r a c t e r i s t i c s  i n  t h e  p h y s i c a l  p l a n e .  Two f a m i l i e s  of 
c h a r a c t e r i s t i c s  i n  t h e  p h y s i c a l  p lane  are def ined  by t h e  va r ious  
r e a l  roots A = dy/dx of c h a r a c t e r i s t i c  equat ion  ( I V - 1 - 5 ) ,  which 
may be  regarded as a q u a d r a t i c  equa t ion  i n  dy/dx. A f t e r  r e p l a c -  
i n g  t h e  c o e f f i c i e n t s  A ,  B ,  C i n  t h e s e  equat ions  by t h e i r  va lues  
according to ( 1 1 1 - 2 - 2 4 )  or (111-2-35), we o b t a i n  t h e  d i f f e r e n t i a l  
equat ion  f o r  t h e  c h a r a c t e r i s t i c s :  

1 ,* 
/143 

( IV-1-8) 

where t h e  "1" corresponds to t h e  f i r s t  family of c h a r a c t e r i s t i c s  
and t h e  r'2f' to t h e  second. 

Let us f i n d  t h e  angle  p between t h e  c h a r a c t e r i s t i c  d i r e c t i o n  
f o r  some p o i n t  A of t h e  flow and t h e  d i r e c t i o n  of t h e  v e l o c i t y  
vec to r  V a t  t h e  same p o i n t .  T h i s  angle  can be found w i t h  (iv-1-8) 
if we r e f e r  i t  to t h e  l o c a l  x1, y 1  coord ina te  system w i t h  i t s  
o r i g i n  a t  po in t  A and i t s  x l - a x i s  co inc id ing  i n  d i r e c t i o n  w i t h  
t h e  vec to r  V. 

quen t ly ,  on t h e  basis of (1v-1-8), 
With t h i s  cond i t ion ,  Vx = V ,  Vy = 0 and, conse- 

From t h i s  we see (F ig .  I V - 1 - 2 ) ,  f i r s t l y ,  t h a t  t h e  v e l o c i t y  
v e c t o r  b i s e c t s  t h e  ang.le between c h a r a c t e r i s t i c s  emanating from 
t h e  same po in t  and, secondly,  t h a t  t h e  angle  between t h i s  velo- 
c i t y  vec to r  and t h e  c h a r a c t e r i s t i c  i s  t h e  Mach angle .  Conse- 
quen t ly ,  t h e  p h y s i c a l  s i g n i f i c a n c e  of t h e  c h a r a c t e r i s t i c  i s  t h a t  
i t  i s  a l i n e  a t  each p o i n t  of which t h e  d i r e c t i o n  of t h e  tangent  
co inc ides  w i t h  t h e  d i r e c t i o n  of one of t h e  d i s tu rbance  l i n e s  
emanating f r o m  t h e  same p o i n t .  



We now note (Fig. IV-1-2) that 
the angle of inclination of the 
characteristics to the horizontal 
axis is B stl 1-1. Consequently, Eq. 
(IV-1-8) for the characteristics 
can also be written 

1 
bc 

2 'i-2' = tg (p f (Iv-1-9 ) 

Figure IV-1-2. Determin- 
ing Physical Significance where B is the angle between the 
of Characteristics. 1) velocity vector and the x-axis. 
direction of first-fam- 
ily characteristic at It is essential that the 
point A ;  2) first-family characteristic equations (IV-1-8) 
characteristic with and, consequently, the form of the 
slope A,; 3) direction characteristic curves are the same 
of second-family char- for both rotational and potential 
acteristic at point A ;  two-dimensional flows. 
4) second-family char- 
acteristic with slope C h a r a c t e r i s t i c s  i n  t h e  p l a n e  
A , .  o f  t he  v e l o c i t y  hodograph .  If y 1  

y' = A,, it will represent the first family of characteristics in 
the p, - -  q-plane. A similar substitution of y' by the second root, 
y' = A,, gives the equation for the second characterist.ic family 
in the same plane. The equations thus obtained for the char- 
acteristics can be modified somewhat by using the known property 
of the roots of the quadratic equation (IV-1-5) according to 
which 2B = A ( X ,  , + A , , ! ) .  
(IV-l-i'), we ob<ain it in the form 

in (IV-1-7) is replaced by the first 
root of the characteristic equation, 

Introducing this relation into 

'4 (dp  + A2, ; dq) + I1 dt .= 0, (IV-1-7 ' ) 

where the subscript "2" corresponds to the first family of char- 
acteristics and the "1" to the second. 

In contrast to (IV-1-5') for the characteristics in the 
physical plane, the specific form of (IV-1-7') depends on what 
kind of flow is being investigated: plane or spatial, rotational 
or potential. 

Each of these types of flow has its own equation for $I or $ /144 
and, consequently, its own expression for the coefficient H. 

To obtain the equations for the characteristics in the p,g- 
plane in its most general form, let us examine rotational two- 
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dimensional supersonic  flow and (111-2-35) f o r  t h e  stream func- 
t i o n .  W e  i n t roduce  t h e  c o e f f i c i e n t s  of (111-2-35) i n t o  ( I V - 1 - 7 ' ) :  

Here t h e  func t ion  f ( $ )  i s  given by Expression (111-2-361, 
from which w e  see t h a t  i t  i s  determined by the  v o r t i c i t y  a V  /ax - 
- a V x / a y .  

Y 
I n  t u r n ,  gasdynamics has t h e  r e l a t i o n  

( I V - 1 - 1 0  ) 

f o r  v o r t i c i t y ,  which i n d i c a t e s  t h a t  i t  depends on t h e  entropy 
g r a d i e n t  a long  t h e  normal t o  t h e  s t r e a m l i n e .  Consequently, t h e  
func t ion  f ( $ )  can be r ep resen ted  i n  t h e  form 

i - -- 
k-I Vmax(1-V*) b--i dS -. f (9)= -= y"B dn 

( I V - 1 - 1 1 )  

The func t ions  E and 9 ( I V - 1 - 7 ' )  a r e  r ep laced  i n  accordance 
w i t h  (111-2-33) by t h e  express ions  

and t h e  s lopes  by t h e i r  va lues  & , , = t g ( p ~ p ) .  

Then, i n t roduc ing  t h e  p o l a r  coord ina te s  13 and V, which a r e  
def ined  b y  t h e  expres s ions  vx=vcOsp, j~ ,=v~ i&p,  we o b t a i n  t h e  fol- 
lowing equa t ion  a f t e r  a number of manipulat ions C581: 

which i s  t h e  equa t ion  f o r  t h e  c h a r a c t e r i s t i c s  i n  t he  v e l o c i t y -  
hodograph p l ane .  T h e  upper s i g n  corresponds t o  c h a r a c t e r i s t i c s  
of t h e  f i r s t  fami ly ,  and t h e  lower s i g n  t o  those  of t h e  second. 

d 



The s t a g n a t i o n  p r e s s u r e  g r a d i e n t  dp:/dn can b e  i n t r o d u c e d  
i n s t e a d  o f  t h e  e n t r o p y  g r a d i e n t  i n  t h e  e q u a t i o n s  f o r  t h e  char -  
a c t e r i s t i c s  i n  t h e  hodograph p l a n e  by a p p l y i n g  t h e  r e l a t i o n  

(IV-1-13) 

C h a r a c t e r i s t i c s  _ _ -  of P l a n e _ ' P o t e n t i a l  . __ Flow 
- - .  

I n  t h i s  c a s e ,  t h e  e q u a t i o n s  f o r  t he  c h a r a c t e r i s t i c s  i n  t h e  
p h y s i c a l  p l a n e  t a k e  t h e  form o f  (IV-1-9). 
t h e  co r re spond ing  e q u a t i o n s  are o b t a i n e d  from ( I V - 1 - 1 2 ) ,  s e t t i n g  
E = 0 and dS/dn = 0:  

I n  t h e  hodograph p l a n e ,  

dV 
y r tgp d$ = 0. ( I V - 1 - 1 4  ) 

I n t e g r a t i n g  from V = aQ(A = 1) t o  some a r b i t r a r y  v e l o c i t y  
v a l u e ,  w e  f i n d  t h e  e q u a t i o n  f o r  t h e  c h a r a c t e r i s t i c s :  

where 8" i s  t h e  i n i t i a l  d e f l e c t i o n  a n g l e  of t h e  f low; 

V x 

( I V -  1-16 ) 

I n  t h i s  e x p r e s s i o n ,  d X / X  i s  found w i t h  (111-3-5): 

dX dM 

After s u b s t i t u t i o n ,  e v a l u a t i o n  o f  t h e  co r re spond ing  i n t e g r a l  
i n  t h e  range  from M = 1 t o  some va lue  M > 1, and t r a n s f o r m a t i o n  
t o  t a k e  account  of c o t  1-1 = dM' - 1, w e  f i n d  

( IV-1-17) 
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We see from t h i s  e x p r e s s i o n  t ha t  the  a n g l e  w i s  a f u n c t i o n  
on ly  o f  M .  I f  w e  i n t r o d u c e  the  v e l o c i t y  r a t i o  X = V / a * ,  t h i s  
a n g l e  can be  r e p r e s e n t e d  as a n  w = w ( A )  c u r v e . '  T h e  cu rve  con- 
s t r u c t e d  from ( I V - 1 - 1 7 )  i s  a n  e p i c y c l o i d .  

Thus, Eqs. ( I V - 1 - 1 5 )  f o r  t h e  c h a r a c t e r i s t i c s  o f  a p l a n e  f low 
cor respond g e o m e t r i c a l l y  to two famil ies  o f  e p i c y c l o i d s  i n  a r i n g  
whose i n t e r n a l  r a d i u s  i s  X = 1, w h i l e  i t s  e x t e r n a l  r a d i u s  i s  X = 
= [ ( k  + l ) / ( k  - 1)I1I2. The p l u s  s i g n  i n  f r o n t  o f  t h e  f u n c t i o n  
w ( X )  co r r e sponds  to an  e p i c y c l o i d  ( c h a r a c t e r i s t i c )  o f  t h e  f i r s t  
f ami ly ,  and t h e  minus s i g n  to one o f  t h e  second.  

s e n t s  t h e  d e f l e c t i o n  a n g l e  B of t h e  f low i n  i s e n t r o p i c  expans ion  
from t h e  d i r e c t i o n  co r re spond ing  to M = 1 to a d i r e c t i o n  char -  
ac t e r i zed  by a c e r t a i n  a r b i t r a r y  M > 1 and e q u a l  to t h e  upper  
l i m i t  i n  t h e  i n t e g r a l  of ( IV-1-16) .  

The  f low d e f l e c t i o n  a n g l e  a t  an  a r b i t r a r y  p o i n t  can  be de- 
t e rmined  as f o l l o w s .  Assume t h a t  w e  know a n  i n i t i a l  Mach number 
M > 1. A s  a r e s u l t  of f low expans ion ,  M i n c r e a s e s ,  r e a c h i n g  a 
v a l u e  M, a M , .  D e f l e c t i o n  a n g l e s  w 1  and u p  o f  t h e  f low from t h e  
d i r e c t i o n  of flow w i t h  M = 1 cor respond  t o  t hese  Mach numbers M ,  
and M , ,  and t h e y  can be  de te rmined  from t h e  e x p r e s s i o n s  B ,  = w ( M , )  
and 8 ,  = u(M,). Consequent ly ,  t h e  a n g l e  of  d e f l e c t i o n  from t h e  
o r i g i n a l  d i r e c t i o n  i s  A B  = B,  - B ,  = w ( M 2 )  - w ( M , ) .  

The flow v a r i a b l e s  can be  c a l c u l a t e d  i n  a d i f f e r e n t  proce-  
d u r e :  t h e  M ,  co r r e spond ing  to t h e  o r i g i n a l  d i r e c t i o n  can  b e  de- 
t e rmined  from a known M, and t h e  f low d e f l e c t i o n  a n g l e  A B  from 
t h a t  d i r e c t i o n .  To f a c i l i t a t e  such  c a l c u l a t i o n s ,  Tab le  I V - 1 - 1  
g i v e s  v a l u e s  o f  t h e  f u n c t i o n  w = w ( M )  c a l c u l a t e d  by ( I V - 1 - 1 7 )  
for v a r i o u s  M and k = 1 . 4 .  The same t a b l e  l i s t s  i n c l i n a t i o n  
a n g l e s  of t h e  d i s t u r b a n c e  l i n e  (Mach a n g l e s )  c a l c u l a t e d  b y  t h e  
formula  u = a r c  s i n  ( l / M ) .  

The p h y s i c a l  s i g n i f i c a n c e  of t h e  a n g l e  w i s  t h a t  i t  r e p r e -  

A t  h y p e r s o n i c  v e l o c i t i e s ,  t he  e q u a t i o n  f o r  t h e  f u n c t i o n  u 
and consequen t ly ,  c a l c u l a t i o n s  u s i n g  the  method of  c h a r a c t e r i s -  
t i c s  a re  s i m p l i f i e d .  A c t u a l l y ,  f o r  very  l a r g e  M, (1v-1-16) can  
b e  w r i t t e n  

which g i v e s ,  a f t e r  i n t e g r a t i o n ,  

2 i  0- -- 
k-i ( = - I )  ( IV-1-18) 



Equa t ions  ( I V - 1 - 1 7 )  and ( I V - 1 - 1 8 )  can be  used t o  c a l c u l a t e  / I 4 6  
s u p e r s o n i c  f low ove r  a convex a n g l e  ( F i g .  IV-1-3 ,  a n g l e  ABC > 
> 1 8 0 ~ ) .  The d i s t u r b e d  f low p a s t  such  a n  a n g l e  i s  known as 
Prandtl-Meyer f low.  

TABLE I V - 1 - 1 .  DEFLECTION ANGLE w OF PLANE SUPERSONIC 
FLOW AND I N C L I N A T I O N  ANGLE v OF DISTURBANCE LINE AS 

FUNCTIONS OF LOCAL M AT k = 1 . 4  * ___- 
BI 
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F i g u r e  IV-1-3 .  Super- 
s o n i c  Flow P a s t  a Con- 
vex Angle ( P r a n d t l -  
Meyer Flow).  
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I n  p a s s i n g  o v e r  a n g l e  B, t h e  f low 
undergoes expans ion ,  which b e g i n s  a l o n g  
t h e  Mach l i n e  BE (pa = a r c  s i n  l / M m )  
and t . e rmina te s  on t h e  Mach l i n e  
B D ( p ,  = a r c  s i n  1/M ).  These Mach 
l i n e s ,  l i k e  i n t e r m e a i a t e  Mach l i n e s  
such  as BF, which are s t r a i g h t  l i n e s ,  
cor respond t o  c h a r a c t e r i s t i c s  o f  t h e  
f i r s t  f a m i l y ,  and v e l o c i t i e s  do n o t  
vary a l o n g  them. V e l o c i t y  changes 
w i l l  occur  a t  t r a n s i t i o n  from one Mach 
l i n e  o f  t h e  f i r s t  f a m i l y  t o  a n o t h e r .  
Th i s  v e l o c i t y  change can  b e  ana lyzed  
w i t h  t h e  a i d  of  ( I V - 1 - 1 7 )  o r  (IV-1-18). 
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To f i n d  M on an in t e rmed ia t e  c h a r a c t e r i s t i c  BF to which a 
given flow d e f l e c t i o n  angle  B corresponds,  w e  f i r s t  f i n d  t h e  t o t a l  
angle  w = w;+B, where wo3 i s  found from (IV-1-17) o r  (IV-1-18) 

[ (IV-1-17) and TIV-1-18)] to c a l c u l a t e  t h e  corresponding l o c a l  
M .  T h e  l o c a l  Mach number M ,  on w a l l  BC i s  determined from t h e  
angle  w,, = wm + Bp. 
v e r t i c a l  i s  determined from t h e  cond i t ion  E: =  IT/^ - (11 - f 3 ) ,  
where 11 = a r c  s i n  1 / M .  

f o r  t h e  g iven  M . Knowing u, we can use t h e  same equat ions  /147 

The  angle  E between Mach l i n e  BF and t h e  

The p r o p e r t i e s  of Prandtl-Meyer flow can be  used t o  so lve  
t h e  problem of continuous supersonic  flow over  a convex curv i -  
l i n e a r  s u r f a c e  ( t h i s  problem w i l l  be examined below).  

Scheme of _-- P r o b l e m s o l u t i o n  . -  - - by- t h e  Met-hod _ _  of C h a r a c t e r i s t i c s  

w e  can t ransform Eq .  (IV-1-12) f o r  t h e  c h a r a c t e r i s t i c s  i n  t he  
hodograph p lane  and thus  u t i l i z e  t h e  p r o p e r t i e s  of e p i c y c l o i d s  
f o r  c a l c u l a t i o n  of two-dimensional non i sen t rop ic  f lows.  

S y s t e m  o f  e q u a t i o n s  f o r  c h a r a c t e r i s t i c s .  Using (IV-1-16), 

A s  a r e s u l t ,  t h e  s y s t e m  of equat ions  f o r  t h e  c h a r a c t e r i s t i c s  
w i l l  b e :  

a )  f o r  t h e  f i r s t  f a m i l y  

dY. = tg (B + i )  dz; 
d(w- f i ) -&- l+ - - - - - . coo;  l i t  az dS 

Y kR dn 

b )  f o r  t h e  second f a m i l y  

d (0 + fi) - E- dz m -- az - d S t = O ,  Y kR dn 

where 

(IV-1-19 ) 
(IV-1-20) 

(IV-1-21) 
( IV-1-2 2 ) 

( IV- 1- 2 3 ) 

(IV-1-24) 

A s  w e  no ted ,  t h e  s t a g n a t i o n  p res su re  g r a d i e n t  dp:/dn can be 
in t roduced  i n s t e a d  of t h e  entropy g r a d i e n t  by us ing  t h e  r e l a t i o n -  
s h i p  between them, (IV-1-13). 



For two-dimensional i s e n t r o p i c  ( p o t e n t i a l )  f low, t h e  equa- 
t i o n s  f o r  t he  c h a r a c t e r i s t i c s  become: 

f o r  t h e  f i r s t  f a m i l y  

(IV-1-25) 
( IV-1-26 ) 

b )  f o r  t h e  second f a m i l y  

dy = tg (B-p) dz ;  
d r  
Y 

d (0 + p) - e--m =O. 

( I V - 1 - 2 7 )  
( IV-1-28) 

We must s e t  E = 0 i n  t h e  equat ions  f o r  p lane  flow and E = 1 
f o r  s p a t i a l  axisymmetraic flow. 

Method o f  n u m e r i c a l  c a l c u l a t i o n .  Determinat ion of t h e  d i s -  
turbed-flow v e l o c i t y  f i e l d  by t h e  method of c h a r a c t e r i s t i c s  con- 
s i s t s  f o r  t h e  mos t  p a r t  of s o l v i n g  two independent problems. The 
f i r s t  involves  de te rmina t ion  of v e l o c i t y  a t  t h e  i n t e r s e c t i o n  p o i n t  
of c h a r a c t e r i s t i c s  of d i f f e r e n t  f a m i l i e s  emanating from two near-  
by p o i n t s  a t  which t h e  v e l o c i t i e s  a r e  known; t h e  second c o n s i s t s  
i n  c a l c u l a t i n g  t h e  v e l o c i t y  a t  t h e  i n t e r s e c t i o n  p o i n t  of t h e  s o l i d  
w a l l  w i t h  a c h a r a c t e r i s t i c  i f  t h e  l a t t e r  i s  drawn from a p o i n t  
nea r  t h e  w a l l  and i f  t h e  v e l o c i t y  i s  known a t  t h i s  p o i n t .  These 
problems are pure ly  k inemat ic ,  s i n c e  t h e  method o f  c h a r a c t e r i s -  
t i c s  makes i t  p o s s i b l e  to f i n d  v e l o c i t y  d i r e c t l y .  It m u s t  be 
remembered t h a t  i n  t h e  g e n e r a l  case o f  non i sen t rop ic  flow, velo- 
c i t y  a lone  r e p r e s e n t s  i n s u f f i c i e n t  i n i t i a l  d a t a ,  and o t h e r  v a r i -  
ables  (en t ropy ,  s t a g n a t i o n  p r e s s u r e )  must b e  ass igned .  

Let us examine t h e  f irst  problem. By i t s  hypothes is ,  M A ,  
MB, and o t h e r  parameters ,  i n c l u d i n g  t h e  e n t r o p i e s  SA and SB, are 
known a t  two n e i g h b o r i n g p o i n t s A  and B of  t he  p h y s i c a l  p lane  (Fig.  
I V - l - 4 a ) ,  and it  i s  necessary  to f i n d  t h e  flow v a r i a b l e s  a t  p o i n t  
C ,  a t  which elements of t h e  f i r s t -  and second-family c h a r a c t e r i s -  
t i c s  i n t e r s e c t  ( M C ,  t h e  v e l o c i t y  v e c t o r  i n c l i n a t i o n  angle  B,, t h e  
entropy S c ,  e t c . ) .  It i s  a l s o  r equ i r ed  t o  f i n d  t h e  coord ina te s  
xc and y c  of p o i n t  C .  

f o r  t h e  c h a r a c t e r i s t i c s ,  ( I V - l - l g ) - ( I V - l - 2 2 ) ,  which a r e  w r i t t e n  i n  
f i n i t e  d i f f e r e n c e s  : 

A l l  numerical  c a l c u l a t i o n s  are based on use of t h e  equat ions  

/148 



a) for the first family 

(IV-1-29) 
( IV-1- 30 ) 

b) for the second family 

where 

Figure IV-1-4. Illustrating Cal- 
culation of Supersonic Flow 
Velocity by the Method of Char- 
acteristics. 1) element of 
first- f ami ly char ac t eris tic ; 
2) element of second-family 
characteristic; a) first 
problem; b) second problem. 

Thus, Eqs . (IV-1-29 ) - 
(IV-1-32) are written on the 
assumption that the coeffi- 
cients R, E, 2, and 4_ re- 
main constant with movement 
along the elements of the 
characteristics and are equal 
to their values at the init- 
ial points A and B. 

To determine the coordi- 
it is necessary nates xc, 

to solve the system of equa- 
tions (IV-1-29) and (IV-1-31) 
for the elements of the conju- 
gate characteristics in the 
physical plane: 

YC 

Calculation of the velocity at point C and the angle 6, re- /149 
quires solution of equation system (IV-1-30) and (IV-1-32) for 
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t h e  con juga te  c h a r a c t e r i s t i c s  i n  t h e  hodograph p l a n e .  
t h e s e  pa rame te r s  depend on AS/An, which de te rmines  t he  change i n  
en t ropy  on passage  a l o n g  the  normals t o  t h e  s t r e a m l i n e s  p a s s i n g  
through p o i n t s  B and A .  

Obviously,  

We see from F ig .  IV-1-5  t h a t  

AS SA - S B  -- 
An - AC sin [la +UC sin pB ' 

where 

A C -  =C-=-4 . BC = - t C - z B  
cOs(pA-pA)*  COS (BB - P B )  ' 

X A  xB xe 

F i g u r e  IV-1-5 .  I l l u -  I n t r o d u c i n g  t h e  n o t a t i o n  
s t r a t i n g  C a l c u l a t i o n  
of V e l o c i t y  by Method 
of  C h a r a c t e r i s t i c s  + pB) ; e = (ZC - x,i) sin COS 

w i t h  C o n s i d e r a t i o n  f = (zc - x B )  sin itB cos - pA), 
of  R o t a t i o n a l  Nature  
o f  Flow. 

we o b t a i n  

The a b s o l u t e  va lue  of t he  en t ropy  a t  p o i n t  C i s  de te rmined  
from the  r e l a t i o n  

The s t a g n a t i o n  p r e s s u r e  g r a d i e n t  a l o n g  a s t r e a m l i n e  normal 
i s  de termined  wi th  a formula  similar to (IV-1-34): 

where p '  and p '  are t h e  s t a g n a t i o n  p r e s s u r e s  a t  p o i n t  A and B,  
r e s p e c t i v e l y .  

OA OB 



The s i g n  o f  t h e  r a t i o  Ap:/An depends on t h e  manner o f  s t a g -  
n a t i o n - p r e s s u r e  v a r i a t i o n  w i t h  movement a l o n g  t h e  s t r e a m l i n e  nor-  
m a l  from p o i n t  A t o  p o i n t  B. I n  f low ove r  b o d i e s  w i t h  a c u r v i -  
l i n e a r  shock,  t h e  s t a g n a t i o n  p r e s s u r e  d i m i n i s h e s  on passage  t o  
s t r e a m l i n e s  n e a r e r  t h e  body s u r f a c e .  And t h i s  i s  u n d e r s t a n d a b l e ,  
s i n c e  the  wave becomes more i n t e n s e  w i t h  t h i s  t r a n s i t i o n  and f low 
through i t  i s  accompanied b y  a l a r g e r  e n t r o p y  i n c r e a s e .  I f  p o i n t  
B i s  n e a r e r  t h e  s u r f a c e ,  Ap:/An - ( p i A  
s i n c e  t h e  s t a g n a t i o n  p r e s s u r e  p '  a t  t h i s  p o i n t  i s  lower t h a n  t h a t  O B  
a t  p o i n t  A.  The s t a g n a t i o n  p r e s s u r e  a t  p o i n t  C on t h e  i n t e r s e c -  
t i o n  of  c h a r a c t e r i s t i c s  of  d i f f e r e n t  f ami l i e s  p a s s i n g  th rough  
p o i n t s  A and B i s  c a l c u l a t e d  by ana logy  w i t h  (IV-1-35) from the  
e x p r e s s i o n  

)/An i s  p o s i t i v e ,  - ':B 

The  unknowns i n  e q u a t i o n  s y s t e m  (IV-1-30) and (IV-1-32) are  
t h e  inc remen t s  A w B ,  Au 
knowns can b e  reduced  t o  two i f  w e  remember  t h a t  

A B B  and AB,. The number o f  t h e s e  un- A' 

Accordingly ,  (IV-1-32) i s  t r ans fo rmed  t o  

S o l v i n g  t h i s  e q u a t i o n  s i m u l t a n e o u s l y  w i t h  (IV-1-30) f o r  t h e  /150 
v a r i a b l e  A B B ,  w e  o b t a i n  

From t h e  v a l u e  de te rmined  f o r  A B B  from (IV-1-30) o r  (IV-1-38), 
w e  f i n d  t h e  second unknown AwB.  

+ A w B  f o r  p o i n t  C .  

IV-1-1, w e  de t e rmine  M C  and t h e  Mach a n g l e  p 
wc. I f  n e c e s s a r y ,  w e  can f i n d  o t h e r  v a r i a b l e s ,  i . e . ,  p r e s s u r e ,  

We can  now c a l c u l a t e  t he  a n g l e s  
= 8, + AB, and wc = w Then, u s i n g  T a b l e  

f o r  t h i s  p o i n t  f rom 
8, B 

C 
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I 

d e n s i t y ,  t e m p e r a t u r e ,  e t c .  The  v a r i a b l e s  c a l c u l a t e d  i n  t h i s  way 
r e p r e s e n t  a f i r s t  approx ima t ion ,  s i n c e  t h e  c o e f f i c i e n t s  R and m - 
and t h e  c o o r d i n a t e s  of t h e  p o i n t s  under  c o n s i d e r a t i o n  were as- 
sumed c o n s t a n t  a l o n g  e lements  of  t h e  c h a r a c t e r i s t i c s  and e q u a l  
t o  t h e i r  r e s p e c t i v e  v a l u e s  a t  p o i n t s  A and B. These v a r i a b l e s  
can be improved i f  w e  s u b s t i t u t e  v a l u e s  c a l c u l a t e d  as means be- 
tween t h o s e  a s s i g n e d  a t  p o i n t s  A and B and t h o s e  o b t a i n e d  at p o i n t  
C i n  t h e  f i r s t  approximat ion  f o r  R B ,  mA, yB, yA i n  E q s .  (IV-1-30) 
and (IV-1-32). I n  per forming  t h e  c a l c u l a t i o n s ,  i t  must be  remem- 
b e r e d  t h a t  t h e  i n i t i a l  p o i n t s  A and B need n o t  l i e  on the  same 
c h a r a c t e r i s t i c .  

L e t  us  examine t h e  second problem fo rmula t ed  above, which 
c o n s i s t s  i n  d e t e r m i n a t i o n  o f  t he  v e l o c i t y  a t  p o i n t  B a t  t h e  i n t e r -  
s e c t i o n  of  e lement  DB o f  t h e  second-family c h a r a c t e r i s t i c  w i t h  
t he  con tour  o f  t h e  body ( s e e  F i g .  I V - 1 - 4 b ) .  Here t h e  magnitude 
and d i r e c t i o n  of t h e  v e l o c i t y  a t  p o i n t  D and t h e  c o o r d i n a t e s  o f  
t h e  p o i n t  a r e  known. 

The v e l o c i t y  a t  p o i n t  B i s  de termined  d i r e c t l y  w i t h  (IV-1-32), 
r e l a t i n g  i t  t o  t h e  c o n d i t i o n s  a l o n g  element  DB o f  t h e  second- 
f a m i l y  c h a r a c t e r i s t i c  and w r i t i n g  i t  i n  f i n i t e  d i f f e r e n c e s :  

( IV-1 -4  0 ) 

I n  t h i s  e q u a t i o n ,  t h e  increment  A @ ,  = 6, - 6, i s  t h e  d i f f e r -  
ence between the  v e l o c i t y - v e c t o r  i n c l i n a t i o n  a n g l e s  a t  p o i n t s  B 
and D .  Here,  t he  a n g l e  6, a t  p o i n t  B i s  de te rmined  ( i n  accord-  
ance  w i t h  t h e  c o n d i t i o n  of no f low s e p a r a t i o n  from t h e  s u r f a c e )  
by t h e  s l o p e  of  t h e  t a n g e n t  to i t  a t  t h i s  p o i n t ,  i . e . ,  t a n  6, = 

= (dy/dxlB.  I n  t u r n ,  t a n  6, i s  c a l c u l a t e d  from t h e  e q u a t i o n  of  
the  g e n e r a t r i x  y = f ( x )  and t h e  c o o r d i n a t e s  xB and yB, which a r e  
found by s imul taneous  s o l u t i o n  o f  t h e  e q u a t i o n s  

C a l c u l a t i n g  t h e  s t a g n a t i o n - p r e s s u r e  g r a d i e n t  



and s u b s t i t u t i n g  i t  i n  (IV-l-QO), w e  can de te rmine  t h e  i n c r e -  
ment A w D ,  f i n d  t h e  a n g l e  uB = AwD + w from i t ,  and c a l c u l a t e  
MB and t h e  co r re spond ing  Mach a n g l e  pB. 

c a s e  o f  r o t a t i o n a l  two-dimensional  f low.  These c a l c u l a t i o n s  are 
s i m p l i f i e d  f o r  i s e n t r o p i c  f low.  The  co r re spond ing  e q u a t i o n  s y s -  
t e m  f o r  t h e  c h a r a c t e r i s t i c s ,  w r i t t e n  i n  f i n i t e  d i f f e r e n c e s ,  has 
t h e  form: 

D 

This  numer i ca l  c a l c u l a t i o n  method p e r t a i n s  t o  t he  g e n e r a l  

a )  f o r  t h e  f i r s t  f a m i l y  /151 

b )  f o r  t h e  second f a m i l y  

(IV-1-42) 
(IV-1-43) 

(IV-1-44) 
(IV-1-45) 

We must p u t  E = 0 i n  (IV-1-43) and (IV-1-45) f o r  p l a n e  PO- 
t e n t i a l  f low and E = 1 f o r  s p a t i a l  ax isymmetr ic  f low.  We can a l s o  
examine t h e  c a s e  o f  p l a n e  n o n i s e n t r o p i c  f low.  The co r re spond ing  
e q u a t i o n s  f o r  t h e  c h a r a c t e r i s t i c s  t a k e  t h e  form of  (IV-1-30) and 
(IV-1-32), i n  which w e  s e t  E = 0 .  

C h a r a c t e r i s t i c s  ~ _ _  i n  - a D i s s o c i a t i n g  Gas 

t a k e n  i n  a f low o f  a d i s s o c i a t i n g  gas  take t h e  form o f  (IV-1-19) 
and (IV-1-21], w i t h  t he  p r o v i s i o n  t h a t  t h e  l o c a l  Mach numbers M 
and t h e  co r re spond ing  Mach a n g l e s  p = a r c  s i n  ( a / V )  must b e  com- 
pu ted  w i t h  c o n s i d e r a t i o n  o f  b o t h  t h e  t e m p e r a t u r e  and p r e s s u r e  
v a r i a t i o n s  o f  t h e  speed  o f  sound. 

The e q u a t i o n s  f o r  t h e  c h a r a c t e r i s t i c s  i n  a p h y s i c a l  p l a n e  

To accoun t  f o r  t h e  i n f l u e n c e  o f  d i s s o c i a t i o n  i n  d e t e r m i n i n g  
flow v a r i a b l e s ,  t h e  l a t t e r  must be  c o n s i d e r e d  as f u n c t i o n s  o f  t h e  
l o c a l  Mach number M or, what i s  the  same t h i n g ,  o f  t h e  Mach a n g l e ,  
c a l c u l a t e d  b y  t h e  method i n d i c a t e d .  With t h i s  i n  mind, w e  can 
use  t h e  e q u a t i o n s  f o r  t h e  c h a r a c t e r i s t i c s  i n  t h e  hodograph p l a n e ,  
(IV-1-12), i n  t h e  c a l c u l a t i o n s  a f t e r  making c e r t a i n  m o d i f i c a t i o n s .  

homogeneous oncoming f low.  Moreover,  t h e  r a t i o  of  s p e c i f i c  heats  
k - and t h e  gas c o n s t a n t  are t o  b e  r e p l a c e d  b y  t h e i r  v a l u e s  f o r  a 

T h e  l a t t e r  proceed  from t h e  c o n d i t i o n  t ha t  d i  = - VdV f o r  a 



non idea l  gas ,  i . e . ,  k = kn and R = Rn, where Rn = R o / p a v .  

making t h e s e  t r ans fo rma t ions  and appending (IV-1-19) and (IV-1-21), 
w e  o b t a i n  t h e  fo l lowing  equa t ion  system for t h e  c h a r a c t e r i s t i c s  
of d i s s o c i a t i n g  n o n i s e n t r o p i c  flow: 

After  

a )  f o r  t h e  f i rs t  f a m i l y  

b )  f o r  t h e  second f a m i l y  

where 
sinFcosp - di (IV-1-5 0 ) f ( P ) = -  (If -#jp * 

I n  performing numerical  c a l c u l a t i o n s ,  t h e  equat ions  f o r  t he  
c h a r a c t e r i s t i c s  a r e  r ep resen ted  i n  f i n i t e - d i f f e r e n c e  form and t h e  
r e s u l t i n g  s y s t e m  i s  so lved  by i t e r a t i o n .  T h i s  s y s t e m  d i f fe rs  
from the  corresponding s y s t e m  f o r  t h e  i d e a l  gas i n  t h e  func t ion  
f ( p )  and t h e  product  knRn.  For an i d e a l  gas  

(IV-1-51) 

Here we s e e  t h a t  f o r  t h e  r e a l  gas ,  t h e  f u n c t i o n  f ( p )  cannot /l52 
b e  p re sen ted  i n  e x p l i c i t  form.  I n  c a l c u l a t i n g  flows of a r e a l  
gas ,  i t  i s  more convenient t o  use i n s t e a d  of f ( p )  t h e  r a t i o  z ( p )  = 
= f ( p ) / f o ( p ) ,  and i n s t e a d  of knRn the  r a t i o  kR = knRn/kR = 

= k n ( P a v )  , /kuav, which are equa l  t o  u n i t y  f o r  an i d e a l  gas .  

l o c a l  va lues  of t he  func t ion  z ( p ) .  Knowing t h e  cond i t ions  o f  t h e  
oncoming flow, w e  c a l c u l a t e  t h e  entropy behind t h e  shock wave and, 
f o r  an ass igned  s e r i e s  o f  p o s s i b l e  v e l o c i t y  va lues  V,, VI, ..., Vi, 
we f i n d  t h e  corresponding s e r i e s  o f  e n t h a l p i e s  ii = io + 0.W:- 

An e s s e n t i a l  element i n  t h e  c a l c u l a t i o n  i s  de te rmina t ion  of 

- 0.5V;. With t he  enthropy and en tha lpy ,  w e  can r e f e r  t o  t a b l e s  



or curves  o f  t h e  thermodynamic f u n c t i o n s  to determine  p r e s s u r e ,  
t e m p e r a t u r e ,  and t h e  speed  of  sound,  and t h e n  the  Mi and t h e  Mach 
a n g l e  1-1 a t  t h i s  p o i n t .  With t h e s e  data ,  w e  can p l o t  an  i ( p )  

c u r v e ,  f i n d  the  d e r i v a t i v e  d i /dp  = f ( u ) ,  and c a l c u l a t e  t h e  func-  
t i o n  z ( p ) .  

i 

The e q u a t i o n s  f o r  t h e  c h a r a c t e r i s t i c s ,  ( I V - 1 - 4 7 )  and 
( I V - 1 - 4 9 ) ,  a re  s i m p l i f i e d  i n  t h e  c a s e  o f  a d i s s o c i a t i n g  r o t a -  
t i o n a l  f l ow,  s i n c e  t h e  d e r i v a t i v e  dS/dn = 0 .  T h e  e q u a t i o n s  f o r  
p l a n e  d i s s o c i a t i n g  i r r o t a t i o n a l  f low are even s i m p l e r ,  s i n c e  t h e  
t h i r d  t e r m  a l s o  d rops  ou t  of  t h e  e q u a t i o n s  because  E = 0 .  

§IV-2. C O N I C A L  FLOWS 

Super son ic  f lows  p a s t  c e r t a i n  s h a r p  b o d i e s  (cone ,  wing w i t h  
d e l t a  p lanform)  have t h e  p r o p e r t y  t h a t  t h e  f low v a r i a b l e s  remain 
t h e  same a l o n g  eve ry  s t r a i g h t  l i n e  p a s s i n g  through t h e  apex o f  
t h e  body and change a t  pas sage  from one s t r a i g h t  l i n e  to a n o t h e r .  
Such a f low i s  said to b e  c o n i c a l .  

The  e q u a t i o n s  of a c o n i c a l  f low can b e  d e r i v e d  from t h e  gene- 
r a l  e q u a t i o n s  of  gasdynamics.  I n  s p h e r i c a l  c o o r d i n a t e s  w i t h  t h e  
o r i g i n  a t  t h e  body apex ,  t h e  f l o w - c o n i c i t y  c o n d i t i o n  i s  t h a t  t h e  
d e r i v a t i v e s  o f  t h e  v a r i a b l e s  w i t h  r e s p e c t  to t h e  c o o r d i n a t e  r b e  
ze ro .  I n  p a r t i c u l a r ,  t h e  d e r i v a t i v e s  bT’,ldr, aV~,’dr ,  dV,i,’dr-, are 
z e r o .  Assuming a l s o  t h a t  a c o n i c a l  f low i s  s teady ,  w e  o b t a i n  t h e  
e q u a t i o n s  o f  motion and c o n t i n u i t y  f o r  i t  i n  t h e  form 

This  e q u a t i o n  sys tem d e s c r i b e s  a n o n i s e n t r o p i c  c o n i c a l  f low.  

I f  t h e  f l o w . i s  i r r o t a t i o n a l  (or i s  assumed to b e  s o  w i t h  some 
a p p r o x i m a t i o n ) ,  we can use  t h e  e q u a t i o n  f o r  t h e  v e l o c i t y  poten-  
t i a l  of  t he  c o n i c a l  f low.  

I n  accordance  w i t h  t h e  fundamenta l  p r o p e r t y  o f  a c o n i c a l  f low,  
t h e  s o l u t i o n  f o r  t h e  p o t e n t i a l  f u n c t i o n  i s  sought  i n  t h e  form 

‘1 (5, y, 2)  =- 21: (f ,! 4) . ( IV-2-3) 



C a l c u l a t i n g  the  d e r i v a t i v e s ,  w e  f i n d  the  v e l o c i t y  components /153 

(IV-2-4) 

where w e  have i n t r o d u c e d  t h e  nomencla ture  “1 -dz l  e = : d G  lf’,, --dk’/dt], 
d I ; ! h .  Determining t h e  second d e r i v a t i v e s  Tx.n ‘f‘w T z z  from 

(IV-2-4) and i n t r o d u c i n g  t h e m  i n t o  (III-2-30), which d e s c r i b e s  
a weakly d i s t u r b e d  f low,  w e  o b t a i n  t he  e q u a t i o n  f o r  a l i n e a r i z e d  
c o n i c a l  f l ow:  

where 

L e t  us  c o n s i d e r  a c o n i c a l  i r r o t a t i o n a l  f low i n  s p h e r i c a l  
c o o r d i n a t e s .  The g e n e r a l  s o l u t i o n  for t h e  p o t e n t i a l  f u n c t i o n  
o f  such a f low i s  

0 = rl: (0, I#). ( IV-2-6) 

The v e l o c i t y  components 

Hence f o l l o w s  a r e l a t i o n s h i p  i m p o r t a n t  t o  con ica l - f low 
t h e o r y  : 

(IV-2-7) 

one tha t  e n a b l e s  us f u r t h e r  t o  s i m p l i f y  S y s t e m  (IV-2-1) and 
(IV-2-2) f o r  unsymmetr ical  c o n i c a l  p o t e n t i a l  f low.  The e q u a t i o n  
sys tem w i l l  be  even s i m p l e r  f o r  a symmetr ica l  c o n i c a l  f low,  be- 
cause  t h e  v e l o c i t y  component V = 0 and a l l  d e r i v a t i v e s  w i t h  

r e s p e c t  t o  J ,  are  a l s o  e q u a l  t o  z e r o .  Combining t h e  eq i ia t ions  of 
motion and c o n t i n u i t y  o b t a i n e d  as a r e s u l t  o f  t h e  s i m p l i f i c a t i o n ,  
w e  a r r i v e  a t  t h e  f o l l o w i n g  e q u a t i o n  f o r  a c o n i c a l  symmetrical, 
f low:  

J ,  
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- (VI-2-8 ) 

This equat ion  can b e  de r ived  from (111-2-27) b y  s e t t i n g  
dv , id r  = av0!br = 0. a w a e  = 5. 
SIV-3. THE METHOD OF SOURCES 

The method of sourcks enables  us to o b t a i n  t h e  s o l u t i o n  t o  
(111-2-30) f o r  t h e  v e l o c i t y  p o t e n t i a l  of a weakly d i s t u r b e d  flow 
i n  i t s  g e n e r a l  form. P h y s i c a l l y ,  t h i s  method i s  based on t h e  
p o s s i b i l i t y  of s u b s t i t u t i n g  t h e  flow from a u n i t  source  o r  from 
a system of sources  d i s t r i b u t e d  i n  accordance wi th  some l a w  f o r  
t h e  flow r e p r e s e n t e d  b y  (111-2-30). 

The source  p o t e n t i a l  f u n c t i o n  can be ob ta ined  a s  fo l lows .  
L e t  Qn b e  t h e  power of a p o i n t  source  of an incompress ib le  f l u i d .  
Then t h e  source  p o t e n t i a l  i n  t h e  coord ina te  system xn, y n ,  zn 

J y2-- w i l l  be @n = - Qn/4.rrRn, where Rn = n + Y; + z;. 

We u s u a l l y  d e a l  wi th  a system of cont inuous ly  d i s t r i b u t e d  
sources  whose elementary power can be r e p r e s e n t e d  i n  t h e  form 
dQ / f  do,where f n  i s  t h e  d e n s i t y  o r  i n t e n s i t y  of t h e  d i s t r i b u t e d  
sources  and do = dcdg i s  an elementary a r e a  on t h e  p lane  y = 0 .  

n n  

It fo l lows  from (111-2-30) f o r  t h e  c o n d i t i o n  9, = 0 t h a t  t h e  /154 
fo l lowing  a f f i n e  r e l a t i o n  e x i s t s  between t h e  coord ina te s  xn,  yn ,  
z f o r  incompress ib le  flow and x-, x, 2 f o r  a subsonic  flow: x = n n 
= x ( l  - lq2)-1/2. = y ;  z = z .  Hence t h e  elementary p o t e n t i a l  
f o r  t h e  subsonic  source  i s  d@ = - fdo/b.rrR, where l ? = = ] ’ ? - , ~ - ( l ~ l ~ @ ~ .  
By d i r e c t  s u b s t i t u t i o n  one can prove t h a t  t h e  expres s ion  f o r  d$ 
s a t i s f i e s  (111-2-30) f o r  bo th  subsonic  and supersonic  s t eady  
f lows .  

Yn n 

For supe r son ic  v e l o c i t i e s ,  t h e  expres s ion  f o r  d$ a p p l i e s  no t  
over  t h e  e n t i r e  r e g i o n  of t h e  flow, bu t  only f o r  t h a t  p a r t  of i t  
where x2 > ( M 2  - l ) ( y 2  + z 2 ) .  Thus, t h e  sou rces  i n f l u e n c e  t h e  
flow i n s i T e  t h e  space bounded by  t h e  s u r f a c e  desc r ibed  by  t h e  
equa t ion  x 2  = ( M 2  - l ) ( y 2  + z 2 ) .  This  s u r f a c e  i s  a Mach cone wi th  
a g e n e r a t r i x  i n c l i n a t i o n  ang le  1-1 = a r c  s i n  (l/M). The r eg ion  of  
i n t e g r a t i o n  i n  de te rmining  t h e  v e l o c i t y  p o t e n t i a l  a t  t h e  s u b j e c t  
p o i n t  ( p o i n t  A i n  F i g .  IV-3-1) from sources  d i s t r i b u t e d  on a cer -  
t a i n  p lane  of t h e  s u r f a c e  i s  found accord ing ly .  The v e l o c i t y  po- 
t e n t i a l  
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( IV-3-1) 

where 0 i s  t h e  range of  i n t e g r a t i o n  and 1 / 2 ~  i s  a cons t an t  coef-  
f i c i e n t  i n c o r p o r a t e d ' i n t o  t h e  f u n c t i o n  f ( E , < ) .  

For  t h e  two-dimensional c a s e  

(IV-3-2) 

where t h e  upper l i m i t  corresponds to t h e  l i m i t  of  i n f l u e n c e  of a 
supe r son ic  source .  

basis f o r  t h e  method of sou rces ,  accord ing  t o  wh'ich t h e  body i n  
the f low i s  r ep laced  by  a system of cont inuous ly  d i s t r i b u t e d  
sources  and s i n k s .  The s o u r c e - d i s t r i b u t i o n  l a w ,  i . e . ,  t h e  form 
of t h e  func t ion  f ( E , < )  must b e  such t h a t  t h e  flow boundary con- 
d i t i o n s  w i l l  be  sa t i s f ied  as a r e s u l t  of superimposing t h e  un- 
d i s t u r b e d  flow on t h e  flow from t h e s e  sou rces .  

The expres s ion  found f o r  t h e  v e l o c i t y  p o t e n t i a l  forms the  

I n  flow over s u r f a c e s  w i t h  fo rmat ion  of  a l i f t i n g  f o r c e ,  t h e  
d i s t u r b e d  flow must be  r ep laced  not  only by sources  and s i n k s ,  bu t  
a l s o  by  d i p o l e s .  T h i s  fo l lows  from t h e  f a c t  t ha t  t h e  d i f f e r e n t i a l  
e q u a t i o n  of t h e  flow i s  s a t i s f i ed  i f  t h e  p o t e n t i a l  f u n c t i o n  i s  
composed of sources  ( s i n k s )  and a c e r t a i n  a u x i l i a r y  f u n c t i o n  known 
as a d i p o l e .  P h y s i c a l l y ,  a: d i p o l e  i s  a flow formed as a r e s u l t  of 
i n f i n i t e s i m a l l y  c l o s e  approach of  a sou rce  and s i n k  of  i d e n t i c a l  
i n t e n s i t y  Q w i t h  t h e  product  Qh, where h - i s  t h e  d i s t a n c e  between 
the source  and t h e  s i n k ,  h e l d  c o n s t a n t .  T h i s  cons t an t  i s  known as 
the i n t e n s i t y  o r  moment o f  t h e  d i p o l e .  

The d i p o l e  p o t e n t i a l  can b e  determined from the fo l lowing  
c o n s i d e r a t i o n s .  L e t  sou rces  and s i n k s  d i sposed  on both  s i d e s  of 
t h e  p l a n e  y = 0 a t  t h e  r e s p e c t i v e  d i s t a n c e s  y = h/2 and y = - h/2 
be  brought  toward one a n o t h e r ,  s o  t h a t  h -f 0.  The  r e s u l t a n t  po- 
t e n t i a l  0 = h(a$src/ay,  i . e . ,  d i p  

where h f  = m ( E , C )  i s  t h e  d i p o l e  i n t e n s i t y  (moment) d i s t r i b u t i o n  
f u n c t i o n .  

202 



SLENDER BODIES WITH ARBITRARY 
CROSS SECTION Pi. +,-y-<,?, <;;:;::<:, -. 

S o l u t i o n  - of  ~~ t h e  P o t e n t i a l  E q u a t i o n  

( I V - 4 - 1 )  

where E i s  t h e  p a r a m e t e r  o f  t h e  t r a n s f o r m a t i o n .  Here L [ + ( x , r , y ) ]  = 
= @ ( P , P , Y ) .  

Applying t h e  Laplace  t r a n s f o r m a t i o n  t o  t h e  i n d i v i d u a l  t e r m s  
i n  (111-2-311, w e  o b t a i n  

(Here i t  h a s  been  t a k e n  i n t o  account  t h a t  @ ( O , r , y )  = 0 ,  + x ( O , r , y )  = 
= 0 .1  

A s  a r e s u l t ,  t h e  t r a n s f o r m  o f  (111-2-31) w i l l  b e  

The g e n e r a l  s o l u t i o n  o f  (IV-4-2) can  b e  o b t a i n e d  by t h e  
F o u r i e r  method as t h e  ser ies  



I n  t h e  g e n e r a l  ca se ,  t h e  c o e f f i c i e n t s  .Cn,  Dn, En, and Fn de- 

pend on E and are s o  s e l e c t e d  as t o  s a t i s f y  t h e  boundary condi- 
t i o n s .  

The func t ions  In and Kn a r e  Besse l  f u n c t i o n s  of an imaginary 
argument, I n v e s t i g a t i o n  has shown t h a t  only t h e  f u n c t i o n  Kn ( t he  

MacDonald f u n c t i o n )  has p h y s i c a l  s i g n i f i c a n c e  f o r  supe r son ic  flow 
p a s t  sha rp  bod ies .  

Dn 
Fn, w e  o b t a i n  the  s o l u t i o n  f o r  CP i n  t h e  form: 

I n  (IV-4-3), t h e r e f o r e ,  we must se t  Cn  = 0 and 
= 0 .  In t roduc ing  An and gn i n  p l a c e  o f  t h e  f u n c t i o n s  En and 

( I V -  4-4 ) 

The q u a n t i t y  g n  i s  a c e r t a i n  phase angle .  

( IV-4 -4 )  can be s i m p l i f i e d .  It i s  t h i s  ca se  t h a t  i s  analyzed i n  
t h e  aerodynamic theory  of  t h e  s l e n d e r  body. For small r, - we have 

When t h e  t r a n s v e r s e  dimensions of t h e  body a r e  very sma l l ,  

C511: 

where 0 s i g n i f i e s  o rde r  o f  magnitude and C i s  E u l e r ' s  cons t an t .  /156 

Then ( I V - 4 - 4 )  assumes t h e  form 

To conver t  t o  t h e  p o t e n t i a l  9 ,  w e  must apply t h e  i n v e r s e  
Laplace t r ans fo rma t ion  t o  t h e  terms on t h e  r i g h t  s i d e  of (IV-4-5). 
We i n t r o d u c e  the  n o t a t i o n  

( I V - 4 - 6 )  
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Then 

(IV-4-7) 

The p o t e n t i a l - f u n c t i o n  component @ t  governed by t h e  t h i c k -  
n e s s  o f  t h e  body and t h e  component @a, which c h a r a c t e r i z e s  t h e  
a t t i t u d e  o f  t h e  body i n . t h e  f low,  can  be i s o l a t e d  from t h i s  ex- 
p r e s s i o n :  

( ~ t  = a0 In r + bo; 
00 

A ,  cos ny+Bn sin ny (Fa=C _ _ _ _ ~  r" 

n=t 

(IV-4-8) 

(IV-4-51) 

Thus, t h e  t o t a l  p o t e n t i a l  

CP = CCt + CPa- (IV-4-10) 

V e l o c i t y  p o t e n t i a l  f o r  u n s y m m e t r i c a l  f l o w  p a s t  a s l e n d e r  
s o l i d  o f  r e v o l u t i o n .  For  a s l e n d e r  s o l i d  o f  r e v o l u t i o n ,  t h e  po- 
t e n t i a l  f u n c t i o n  can be o b t a i n e d  i n  a s i m p l e r  and more c o n c r e t e  
form. For  t h i s  purpose ,  w e  s t a r t  w i t h  t h e  e q u a t i o n  o f  motion 
w r i t t e n  f o r  t h e  body axes  xl, yl, z1 ( F i g .  IV-4-1). The equa- 
t i o n  w i l l  b e  ana logous  i n  c y l i n d r i c a l  c o o r d i n a t e s  (111-2-31) w i t h  
xl, E, a n d y  s u b s t i t u t e d  f o r  5, E, y ,  r e s p e c t i v e l y .  

The f low p a s t  a s l e n d e r  s o l i d  o f  r e v o l u t i o n  may be  r e g a r d e d  
as c o n s i s t i n g  o f  two superimposed f lows  (see F i g .  IV-4-11: a 
l o n g i t u d i n a l  ( symmet r i ca l )  f low w i t h  v e l o c i t y  V, cos  a: V, and a 
t r a n s v e r s e  f low w i t h  v e l o c i t y  Vm s i n  a 2 Vma. 
f low governs  t h e  p o t e n t i a l  component r)t t h a t  depends on t h e  t h i c k -  
n e s s  of  t h e  body, and t h e  t r a n s v e r s e  f low,  i . e . ,  t h e  component 

The l o n g i t u d i n a l  

which i s  r e l a t e d  t o  a n g l e  o f  a t t a c k .  @a 

We may convince  o u r s e l v e s  by d i r e c t  s u b s t i t u t i o n  t h a t  t h e  ex- 
p r e s s i o n  

I 



does indeed s a t i s f y  (111-2-31). 

The f u n c t i o n  f ( E )  determines t h e  d i s t r i b u t i o n  i n t e n s i t y  of 

Expression (IV-4-11) i s  t h e  p o t e n t i a l  f u n c t i o n  correspond- 

t h e  sources  ( s i n k s ) ,  and m ( E )  t h e  d i p o l e  d i s t r i b u t i o n  i n t e n s i t y .  

i n g  t o  t h e  l i n e a r  t heo ry  o f  flow over s o l i d s  of r e v o l u t i o n .  A 
f u r t h e r  s i m p l i f i c a t i o n  can be obta ined  w i t h i n  t h e  framework of 
flow theory  f o r  very s l e n d e r  s o l i d s  i n  which t h e  r a d i u s  ro i s  
s m a l l  by  comparison w i t h  t h e  d i s t a n c e  x1 and ( x l  - ~ ) / a ’ r  i s  
l a r g e  ( w i t h  t h e  excep t ion  o f  a s m a l l  neighborhood around t h e  
nose,  b u t  t h i s  i s  not  e s s e n t i a l ) .  

a >  U 

Figure  IV-4-1. Unsymmetrical Flow P a s t  
S o l i d  of  Revolut ion.  a )  body coord ina te  
system; b )  wind s y s t e m .  

With t h i s  c o n d i t i o n ,  t h e  component 

XI- u‘r 
I --e Q‘t = - a 5 / ( e )  a r c  cosh -1---de. dr, a’r 

0 
(IV-4-12) 

1 1 5 7  

For a s l e n d e r  body, t h e  i n v e r s e  hype rbo l i c  cos ine  can be r e -  
p re sen ted  approximately i n  t h e  form a r c  cosh [ (z , -~) la ‘ r ]  _N I n  [2 (z1-4/a’r]. 
A s  a r e s u l t ,  w e  o b t a i n  t h e  equa t ion  &pt/dr= -f(z,-a’r)/r. 
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Since  on t h e  s u r f a c e  of t h e  body 

where S ( x , )  i s  the l a w  of  v a r i a t i o n  of t h e  body's c r o s s - s e c t i o n a l  
a r e a  over i t s  l e n g t h  

V a s '  (ti) f (q - a'r) = - -.- 23  - ( IV-4 -14)  

Consequently,  

t '  I n  t h i s  expres s ion ,  t h e  v e l o c i t y  Vm i s  inco rpora t ed  i n t o  $I 

To o b t a i n  t h e  f u n c t i o n  $Ia f o r  a s l e n d e r  body, i t  i s  necessary  
to pass  to t h e  l i m i t  as r -+ 0 i n  t h e  second term on t h e  r i g h t  i n  
( I V - 4 - 1 1 ) .  A s  a r e s u l t ,  w e  f i n d  $ ( L F ( C O ~ Y / T ) . ~ ( ~ , ~ ,  where t h e  func- 
t i o n  m(x l )  i s  determined from t h e  c o n d i t i o n  f o r  nonsepara t ion  of 
flow : 

c o s y  dr ( I V - 4 - 1 6 )  I [ +-+ aV, cos y - 7 m (.i)] = q . 

But t h e  c o n d i t i o n  (Wm) 8g.t/ar==dr/drri i s  s a t i s f i e d  i n  symmetri- 
c a l  flow. Consequently,  in (q) ==aV,r2. Accordingly,  

where $Ia i s  a f u n c t i o n  t h a t  i n c l u d e s  t h e  cons t an t  Vm. 

a compressible  f l u i d  over  a s l e n d e r  body, d e n s i t y  var ies  ex- 
t remely s l i g h t l y ,  s o  t h a t  t h e  r a t i o  pip.,. 1 ,  ~ ~ { P ) ,  where t i s  t h e  
body's  t h i c k n e s s  r a t i o .  Accurate to O ( t 2 ) ,  we may assume t h a t  
P/P,N 1, s o  t h a t  

T h e  complex potential. S t u d i e s  have shown t h a t  i n  flow of 1 1 5 8  



o r  

a )  <-plane 
b )  

0-p lane  

( I V - 4 - 1 8 )  

( I V - 4 - 1 8 ' )  

F i g u r e  I V - 4 - 2 .  The P h y s i c a l  P lane  5 = z + i y  
( a )  and t h e  Transformed P lane  (J = ~l + i s  ( b ) .  

I n  t h e  t h e o r y  of  f u n c t i o n s  of t h e  complex v a r i a b l e ,  t h e s e  
e q u a t i o n s  are known, of  c o u r s e ,  as t h e  Cauchy-Riemann e q u a t i o n s ;  
t h e y  e x p r e s s  t h e  c o n d i t i o n  t h a t  t h e  f u n c t i o n  

- i Y  = + i s  a n  a n a l y t i c  f u n c t i o n  o f  t h e  complex v a r i a b l e  5 = re  
+ i y .  The f u n c t i o n  ( I V - 4 - 1 9 )  i s  known as t h e  complex p o t e n t i - a l .  

Thus, t h e  f low of a compress ib l e  f l u i d  p a s t  a s l e n d e r  body 
can be  c h a r a c t e r i z e d  by t h e  complex p o t e n t i a l .  The p l a n e  i n  
which t h e  flow i s  d e f i n e d  i s  known as t h e  p h y s i c a l  p l a g e - o f  - the- 
complex v a r i a b l e  --- 5 = z + i y  ( F i g .  I V - 4 - 2 a ) .  

func  
c omp 
w e  s 

The p o t e n t i a l  4 can b e  r e g a r d e d  as t h e  r e a l  p a r t  o f  t h e  
t i o n  W(<). Having ( I V - 4 - 7 1  f o r  4 ,  an e x p r e s s i o n  f o r  t h e  
l e x  p o t e n t i a l  W(<) can b e  o b t a i n e d  as f o l l o w s .  I n  ( I V - 4 - 7 ) ,  
u b s t i t u t e  I n  < f o r  I n  r ,  and a n /<" f o r  t h e  e x p r e s s i o n  under  

t h e  summation s i g n ,  o b t a i n i n g  as a r e s u l t  

(IV-4-20 ) 
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I n  accordance  w i t h  t h e  formula  $ = $, + 
s imi la r  e x p r e s s i o n  f o r  t h e  complex p o t e n t i a l  

J.v ( 5 )  = wt ( 5 )  + WtY (5). 

w e  can w r i t e  a @a 

( I V - 4 - 2 1 )  

T h e  boundary  condi  t i  on .  The c o e f f i c i e n t s  t h a t  appea r  i n  
(IV-4-20) are de termined  from a boundary c o n d i t i o n  a c c o r d i n g  to 
which t h e  d i r e c t i o n  of t h e  v e l o c i t y  a t  a c e r t a i n  p o i n t  on t h e  
washed s u r f a c e  must c o i n c i d e  w i t h  the  t a n g e n t  t o  the  s u r f a c e  a t  /159 
t h e  same p o i n t .  L e t  t h e  s u b j e c t  p o i n t  A (see F i g .  I V - 4 - 1 )  b e  
s i t u a t e d  i n  t h e  t r a n s v e r s e  f low p l a n e  BC p e r p e n d i c u l a r  to t h e  
f low a x i s  5, and l e t  i t  s i m u l t a n e o u s l y  l i e  i n  t h e  f low p l a n e  ( t h e  
l o n g i t u d i n a l  p l a n e  c o n t a i n i n g  t h e  normal  v to t he  con tour  o f  the  
body i n  t h e  t r a n s v e r s e  p l a n e  a t  p o i n t  A and p a r a l l e l  to t h e  f low 
a x i s  x ) .  Curve AD i n  F i g .  IV-4-1 ,  which p a s s e s  through p o i n t  A ,  
i s  t h e  i n t e r s e c t i o n  o f  t h e  body ' s  s u r f a c e  w i t h  t h e  f low p l a n e .  
The i n c l i n a t i o n  o f  t h i s  cu rve  to t h e  x-axis  a t  p o i n t  A i s  deter-  
mined by t h e  d e r i v a t i v e  av/ax.  Aceorzing to t h e  c o n d i t i o n  of non- 
s e p a r a t i n g  f low,  t h e  r a t i o  o f  t h e  v e l o c i t y  components Vv/Vx = 

= av/ax o r  ( a $ / a v ) / ( v w  + a@/ax)  = a u a x .  S i n c e  the  d i s t u r b e d  
a x i a l  v e l o c i t y  component a$/ax << Vw, t h e  boundary c o n d i t i o n  

( I V - 4 - 2 2 )  

i n  which t h e  v e l o c i t y  Vo3 has been i n c o r p o r a t e d  i n t o  t h e  p o t e n t i a l  
f u n c t i o n  @. 

D e t e r m i n a t i o n  o f  t h e  c o e f f i c i e n t s  a , ( x )  and b , ( x ) .  T o  d e t e r -  
mine a o ( x ) ,  l e t  us examine a n  a r b i t r a r y  neighborhood o f  a c e r t a i n  
r a d i u s  r i n  t h e  t r a n s v e r s e  f low p l a n e  o f  t h e  body and e v a l u a t e  
the i n t e g r a l  ove r  t h i s  c o n t o u r :  

The i n t e g r a l  over  t he  same con tour  can  be e v a l u a t e d  u s i n g  
boundary c o n d i t i o n  ( I V - 4 - 2 2 ) ,  
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where S(x') i s  t h e  c r o s s - s e c t i o n a l  area of  the  body. Thus, 

ao (z) = - S' (4 ( IV-4- 2 3 ) 2n - 
To determine t h e  c o e f f i c i e n t  b , ( x ) ,  w e  use  ( I V - 4 - 6 ) .  Apply- 

i n g  the  theorem of convolu t ion  of  o r i g i n a l s  C511, w e  o b t a i n  

Y 

bo (5) =i [S' (z) ln-$-S In (5 -8 )  Sa(&)  d e ]  . ( I V - 4 - 2 4 )  
2n 

-0  

Aerodynamic Forces  and Moments 

c a l c u l a t i n g  the  change i n  t h e  momentum of  t h e  f l u i d  on passage 
a c r o s s  a r e f e r e n c e  c y l i n d r i c a l  s u r f a c e  S,  of  a c e r t a i n  r a d i u s  r 
i n  t he  d i r e c t i o n  of  t h e  x-axis  and a c r o s s  the base s u r f a c e  S, i n  
the same d i r e c t i o n  (F ig .  IV-4-3a): 

L i f t  a n d  l a t e r a l  f o r c e .  The l ift Y can be determined by  

C a l c u l a t i n g  t h e  change i n  momentum on passage i n - t h e  d i r e c -  
t i o n  of t h e  z a x i s ,  w e  f i n d  t h e  l a t e r a l  f o r c e  

The  flow of f l u i d  through s u r f a c e  S ,  does not  y i e l d  l i f t  
and l a t e r a l - f o r c e  components, s i n c e  t h i s  s u r f a c e  i s  i n  an un- 
d i s t u r b e d  r e g i o n  where a$/ay = 3 4 / 8 2  = 0 and the  change i n  mo- 
mentum i n  t h e  t r a n s v e r s e  d i r e c t i o n  i s  zero .  

I n  flow p a s t  a s l e n d e r  body, t h e  d e n s i t y  change i s  small; 

It i s  convenient  t o  examine t h e  complex v a r i a b l e  F = Z + i Y  

w e  may t h e r e f o r e  se t  p = p, i n  (IV-4-25) and (IV-4-26). 

i n s t e a d  of t h e  f o r c e s  Z and Y .  

After s u b s t i t u t i o n  of Y and Z ,  we o b t a i n  the fo l lowing  ex- 
p r e s s i o n  f o r  t h i s  q u a n t i t y :  
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( I V - 4 - 2 7 )  

F i g u r e  I V - 4 - 3 .  C y l i n d r i c a l  R e f -  
e r e n c e  S u r f a c e  ( a >  w i t h  Two Con- 
tours ( b ) .  

Formula ( I V - 4 - 2 7 )  can b e  t r a n s f o r m e d  by a p p l y i n g  t h e  re la -  
t i o n s h i p s  

and t h e  e x p r e s s i o n  f o r  t h e  p r e s s u r e  c o e f f i c i e n t  

A s  a r e s u l t ,  

( I V - 4 - 2 7 ' )  

The f i r s t  two i n t e g r a l s  can b e  e v a l u a t e d  by t h e  S t o k e s  f o r -  
mula f o r  a c e r t a i n  a r b i t r a r y  c i r c u l a r  c o n t o u r  K o f  r a d i u s  r1 t h a t  
e n c l o s e s  t h e  r e f e r e n c e  s u r f a c e  S ,  (see F i g .  IV-4-3b). S i n c e  

2 1 1  



d&=-ridy&,: t h e  Stokes formula i n d i c a t e s  t h a t  t he  i n t e g r a l  i s  of  
2n t 

t he  form l f d s 2 = ~ ~ f r , d y d s .  Let us a l s o  examine contour  C ,  which 
(S2) 0 0  

co inc ides  w i t h  t h e  base - sec t ion  contour .  According t o  t h e  S tokes  
formula 

S ince  d z + i d y - d 5  and dS=r lde iv=r i i e i vdy ,  and t h e  contour  co inc ides  
w i t h  our  c i r c l e  of r a d i u s  r l ,  

With t h e  above t r a n s f o r m a t i o n s ,  

With i n c r e a s i n g  contour  r a d i u s  r l ,  which can be chosen 
a r b i t r a r i l y ,  t h e  d i s t u r b a n c e s  d iminish .  A t  the  l i m i t ,  as r -f 0 3 ,  

t h e  d i s tu rbed-ve loc i ty  components a $ / a r ,  dw/dy and dW/dC and, 
consequent ly ,  t h e  double i n t e g r a l  vanish .  With t h i s  i n  mind, w e  
o b t a i n  .F= --2qi$'pd<,  f o r  t h e  complex f o r c e .  

formation [5l], we can f i n d  t h e  more workable formula 

With a d d i t i o n a l  t r a n s -  

where Cb = z + i y b ;  z 

g r a v i t y  of t h e  body's  base p l ane  S(1); t h e  d e r i v a t i v e  C k  = dtb/dx.  

o b t a i n  t h e  l a t e r a l  f o r c e  and l i f t ,  r e s p e c t i v e l y .  

yb a r e  t h e  coord ina te s  of t h e  c e n t e r  of b b '  

S e p a r a t i n g  t h e  r e a l  and imaginary p a r t s  from (IV-4-28), w e  

Moment .  I n  complex form, 
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M = ilk, f iAf, = i 
d r  

u 

I n t e g r a t i n g  by p a r t s  and s e t t i n g  x = 1, w e  o b t a i n  a f t e r  c e r -  
t a i n  t r a n  s format  i ons 

(IV-4-29) 

The r e a l  p a r t  o f  t h i s  complex f u n c t i o n  g i v e s  t h e  moment 
about  t h e  z-axis ( p i t c h i n g  moment MZ), and t h e  imaginary  p a r t  
t h e  moment about  t he  x-axis  ( t h e  yawing moment M 1. 

Y 
D r a g .  The d r a g ,  which i s  de termined  by  t h e  momentum change 

on passage  of t he  f l u i d  a c r o s s  t h e  r e f e r e n c e  s u r f a c e  shown i n  
F ig .  IV-4-3a i n  t h e  d i r e c t i o n  of t h e  x -ax i s ,  - i s  

C e r t a i n  s i m p l i f i c a t i o n s  can be  managed i n  t h i s  e x p r e s s i o n  
by  u s i n g  t h e  e q u a t i o n  o f  c o n s e r v a t i o n  o f  f l o w r a t e :  

and t h e  p r e s s u r e - c o e f f i c i e n t  formula  

S e t t i n g  p = p, and d i s r e g a r d i n g  a4/ax as s m a l l  by  comparison 
w i t h  u n i t y ,  w e  o b t a i n  t h e  f o l l o w i n g  d r a g  formula  a f t e r  s u b s t i t u -  
t i o n  of  9 from ( I V - 4 - 7 1  and r e a r r a n g i n g :  /16 2 



(IV-4-30) 

T h i s  formula  de t e rmines  t h e  wave d r a g  o f  s l e n d e r  e l o n g a t e d  
b o d i e s ,  i n c l u d i n g  s o l i d s  o f  r e v o l u t i o n  and b o d i e s  w i t h  a r b i t r a r y  
c r o s s  s e c t i o n s .  The f i r s t  two t e r m s  g i v e  t h e  d r a g  due to d i s -  
t r i b u t i o n  o f  t h i c k n e s s  ove r  t h e  l e n g t h  o f  the  body independen t ly  
o f  t h e  shape and i n c l i n a t i o n  of  t h e  c r o s s  s e c t i o n .  T h i s  d r a g  i s  
independent  of a n g l e  of  a t t a c k  and,  consequen t ly ,  a l s o  of  l i f t .  

The t h i r d  t e r m  de t e rmines  t h e  d r a g  t h a t  depends on c r o s s -  
s e c t i o n  i n c l i n a t i o n .  S i n c e  ($ = ($t + ( $ a ,  where $a i s  t h e  poten-  
t i a l  governed by t r a n s v e r s e  f low,  p a r t  o f  t h e  d r a g  w i l l  depend 
on l i f t .  Research has-shown t h a t  t h i s  p a r t  o f  d r a g  i s  e q u a l  to 
0.5aY. Thus, t h e  t o t a l  d r a g  

,S = X,, + 0.5aY. ( I V -  4- 31 ) 

where X, i s  t h e  d r a g  a t  z e r o  l i f t .  

The Method o f  Conformal Trans fo rma t ion  ~- 

It was shown above (IV-4-18) tha t  f o r  h i g h - v e l o c i t y  f low 
ove r  a s l e n d e r  body, t h e  flow i n  t he  c r o s s  s e c t i o n  (normal  t o  
t h e  body ' s  l o n g i t u d i n a l  a x i s )  may b e  r ega rded  as p o t e n t i a l  and 
independent  of  Mach number. Such a f low can b e  s t u d i e d  w i t h  t h e  
a id  o f  t h e  complex p o t e n t i a l  (IV-4-19), which depends on t h e  
shape of  t h e  body ' s  c r o s s - s e c t i o n a l  c o n t o u r .  

I n  many problems w i t h  complex con tour  shapes ,  t h e  complex 
p o t e n t i a l  i s  de termined  i n d i r e c t l y ,  u s i n g  t h e  method o f  conformal  
t r a n s f o r m a t i o n .  To use  t h i s  method, i t  i s  necessa ry  to know t h e  
complex p o t e n t i a l  o f  flow p a s t  a c i r c u l a r  c y l i n d e r .  The con- 
fo rma l  t r a n s f o r m a t i o n  method e n a b l e s  us t o  p a s s  from t h i s  pa r -  
t i c u l a r  c a s e  t o  c o n s t r u c t i o n  o f  complex p o t e n t i a l s  f o r  f lows 
ove r  c o n t o u r s  of  a r b i t r a r y  shape .  

The e s s e n t i a l s  of t h e  confo rma l - t r ans fo rma t ion  method are 
s e t  f o r t h  r a the r  e x h a u s t i v e l y  i n  [l]. We b r i e f l y  r e c a l l  c e r -  
t a i n  b a s i c  p r o p o s i t i o n s  of t h i s  method. Assume t h a t  i n  a c e r -  
t a i n  r e g i o n  S i n  t h e  p l a n e  of t h e  complex v a r i a b l e  5 = z + i y  w e  
have g i v e n  an a n a l y t i c  f u n c t i o n  CI = f(5) = r~ + i s ,  i . e . ,  a func- 
t i o n  t ha t  i s  s ing le -va lued  and d i f f e r e n t i a b l e  a t  each  p o i n t  i n  
t h e  r e g i o n  under  c o n s i d e r a t i o n .  The a g g r e g a t e  of  p o i n t s  CI = f(5) 
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corresponding  t o  p o i n t s  of r e g i o n  S forms a new r e g i o n  S1 i n  t h e  
a-plane ( t ransformed p l a n e ) .  Consequently,  t h e  s ing le -va lued  
a n a l y t i c  f u n c t i o n  a = f ( < )  maps r e g i o n  S of  t h e  5 = z + i y  p l ane  
onto  r e g i o n  S I  of  t h e  t ransformed p lane  a = n + i s .  

Thus, we can accomplish t h i s  mapping i f  w e  know t h e  t r a n s -  
format ion  formula cr = f ( < )  (mapping f u n c t i o n ) ,  which e s t a b l i s h e s  
t h e  r e l a t i o n  between t h e  complex v a r i a b l e s  a and 5 .  By way o f  
example, l e t  us c o n s i d e r  t h e  t r a n s f o r m a t i o n  o f  N.Ye. Zhukovskiy: 

Let us assume t h a t  5 = z 1  + i y ,  (zl and y 1  a r e .  bound coor- /I63 
d i n a t e s  f o r  t h e  washed s u r f a c e )  and a = rl + i s .  Then 

Plane of 

6-++L{ 

Figure  IV-4-4. Conformal Transformat ions  of  
a C i r c l e  on to  Regions w i t h  D i f f e r e n t  
Boundaries .  

The q u a n t i t y  $(r l  + i s )  i s  e q u a l  to ri(rl - i S ) / ( E 2  + r 1 2 ) .  
Suppose t h a t  a c i r c l e  of r a d i u s  ro  w i t h  i t s  c e n t e r  a t  t h e  o r i g i n ,  
t h e  e q u a t i o n  of  which i s  ri = E 2  + r12 (F ig .  IV-4-41, i s  g iven  i n  
t h e  p l ane  of t h e  complex v a r i a b l e  d = n + i s .  The t r a n s f o r m a t i o n  
formula w i l l  t h e n  b e  

zi + iy, = 2q. 

From t h i s  w e  f i n d  t h a t  z 1  = 2 n l ;  y 1  = 0.  This  r e s u l t  i n d i -  
c a t e s  t h a t  f o r  p o i n t s  on t h e  c i r c l e ,  t h e  c o o r d i n a t e  z ,  i s  r e a l  
and v a r i e s  from +2r0 t o  -2r0 (as rl v a r i e s  from +ro t o  -ro and 
from - 2 r 0  t o  + 2 r o  (as v a r i e s  from -ro t o  + r o ) .  Consequently,  
the  Zhukovskiy formula t r ans fo rms  a c i r c l e  of r a d i u s  ro i n t o  a 
l i n e  segment on t h e  a x i s  o f  r e a l s  w i t h  l e n g t h  4 r 0  ( s e e  F ig .  



I V - 4 - 4 ,  where w e  have i n t r o d u c e d  t h e  nomenclature  s = 2 r 0 ) .  
segment may be  r ega rded  as a f l a t  wing of  span  2s .  

T h i s  

By s p e c i f i c  s e l e c t i o n  of t h e ,  confo rma l - t r ans fo rma t ion  f o r -  
mula,  w e  can t r a n s f o r m  t h e  c i r c l e  i n t o  a n o t h e r  f i g u r e  whose shape  
c o i n c i d e s  w i t h  t h e  c r o s s  s e c t i o n  o f  t h e  body i n  f low.  S e l e c t i o n  
of  t h i s  formula  i s  one o f  t h e  problems o f  t h e  t h e o r y  o f  f low 
p a s t  s l e n d e r  b o d i e s  w i t h  g i v e n  c r o s s - s e c t i o n  c o n f i g u r a t i o n s .  

Conformal - t ransformat ion  formulas  have been  d e r i v e d  [ 5 l l  f o r  
t h e  c r o s s - s e c t i o n  c o n f i g u r a t i o n s  of  a i r  v e h i c l e s  o f  t h e  body-and- 
f l a t - w i n g ,  i s o l a t e d - f l a t - w i n g ,  and p r o l a t e - e l l i p s o i d  t y p e s  (see 
F i g .  I V - 4 - 4 ) ;  t h e y  can  be  p r e s e n t e d  i n  t h e  g e n e r a l  form 

( I V - 4 - 3 2 )  

where t h e  c o e f f i c i e n t s  en and kn are complex numbers. 

f i g u r a t i o n s  are g i v e n  i n  Table  I V - 4 - 1 ,  accompl ish  t r ans fo rma-  
t i o n s  tha t  p r e s e r v e  t h e  d i r e c t i o n  and magnitude o f  t h e  f low ve lo -  
c i t y  a t  i n f i n i t y .  

Formulas (IV-4-32), whose p a r t i c u l a r  forms f o r  these con- 

From Table  IV-4-1 ,  w e  can de te rmine  p o t e n t i a l s  i n  t r a n s v e r s e  
f low ove r  an  e l l i p s o i d ,  a combined body and wing, and a f l a t  wing 
i f  w e  know t h e  p o t e n t i a l  f u n c t i o n  f o r  a c i r c u l a r  c y l i n d e r .  

L e t  us examine two c a s e s  of  c y l i n d e r  f low t h a t  have been i n -  
v e s t i g a t e d  i n  t h e  t h e o r y  of i n c o m p r e s s i b l e  p l a n e  f lows .  I n  t h e  
f i r s t  c a s e ,  a c y l l n d e r  w i t h  a f i x e d  con tour  o f  r a d i u s  r ,  i s  i n  a 
homogeneous t r a n s v e r s e  f low a t  v e l o c i t y  V, ( F i g .  IV-4 -5a )  a t  an 
a n g l e  $I t o  t h e  v e r t i c a l  a x i s  5 .  The complex p o t e n t i a l  o f  t h i s  / I 6 4  
d i s t u r b e d  f low i s  

I n  t h e  second c a s e ,  t he re  i s  no homogeneous t r a n s v e r s e  f low,  
and expans ion  of  t h e  con tour  o f  a c y l i n d e r  of r a d i u s  r, causes  
d i s t u r b e d  f low i n  t h e  t r a n s v e r s e  d i r e c t i o n  w i t h  uniform r a d i a l  
v e l o c i t y  Vr ( F i g .  IV-4-5b) .  
from a p o i n t  s o u r c e ,  whose complex p o t e n t i a l  i s  

T h i s  f low i s  s imi la r  to t h e  f low 

W (0) = roV, In u. ( V I - 4 - 3 4 )  
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TABLE I V - 4 - 1 .  CONFORMAL TRANSFORMATION FORMULAS 

Type of  conformal  
t r a n s  format  i on 

Trans fo rma t ion  o f  
c i r c l e  t o  e l l i p s e  

Trans  fo rma t ion  o f  
c i r c l e  i n t o  combi- 
n a t i o n  o f  body and 
f l a t  wing 

Trans fo rma t ion  of  
c i r c l e  i n t o  f l a t  
wing 

Trans fo rma t ion  formula  

- -  
'I 

Note:  "+'I f o r  t h e  upper  h a l f - p l a n e ;  'I-" f o r  t h e  
lower h a l f - p l a n e  . 

I f  w e  examine a n  e l o n g a t e d  
body whose c r o s s  s e c t i o n a l  area 
v a r i e s  ove r  i t s  l e n g t h  and which 
i s  p l a c e d  i n  a x i a l  f low,  t h e  
v e l o c i t y  p o t e n t i a l  can be de te r -  

- mined i n  each  c r o s s  s e c t i o n  w i t h  
t h e  a i d  o f  ( I V - 4 - 3 4 ) .  I n  t h e  
s imul t aneous  p re sence  of  a t r a n s -  
v e r s e  f low,  such  as e x i s t s  i n  
flow a t  an a n g l e  o f  a t t a c k  ove r  an 
e l o n g a t e d  body, i t  i s  n e c e s s a r y  
to add t h e  complex p o t e n t i a l  

9 @%; 

3 .  

% 8 

F i g u r e  I V - 4 - 5 .  Flow P a s t  ( I V - 4 - 3 3 ) .  C i r c u l a r  Cy l inde r .  a )  c y l i n -  
der i n  homogeneous f low;  b )  
f low p a s t  un i formly  expand- 
f n g  c y l i n d e r  . 

T h e  complex p o t e n t i a l  i s  
c o n s t r u c t e d  f o r  t h e  g i v e n  con- 
f i g u r a t i o n  i n  t h e  < = z + i y  p l a n e  
by s u b s t i t u t i n g  < f o r  t h e  f u n c t i o n  
CT i n  ( I V - 4 - 3 3 )  and ( I V - 4 - 3 4 )  i n  

accordance  w i t h  t h e  confo rma l - t r ans fo rma t ion  formulas .  



SIV-5. FLOW-REVERSIBILITY METHOD /165 

T h i s  method i s  a p p l i c a b l e  t o  t h e  c a l c u l a t i o n  of  aerodynamic 
c h a r a c t e r i s t i c s  f o r  t h i n  i s o l a t e d  wings and f o r  such wings i n  
combination w i t h  a s l e n d e r  body under c o n d i t i o n s  such as t h e  
flow d i s t u r b a n c e s  are s m a l l  and, t h e r e f o r e ,  t h e  ang le s  of att_ack 
are a l s o  s m a l l .  Here t h e  oncoming flow may be e i t h e r  supersonic  
o r  subsonic .  

_- .-. 4 3  2 t h e  r e v e r s i b i l i t y  method 
as i t  a p p l i e s  t o  flow 
cond i t ions  over two t h i n  
wings of t h e  same plan-  
form b u t  w i t h  d i f f e r e n t  >, 

(IV-5-1) 

i n  

UPP 
AP, 

which Ap,, a l ,  A F , ,  a2 are measured a t  t h e  same p o i n t ,  and 
, AF2 a r e  t h e  p r e s s u r e - c o e f f i c i e n t  drops a c r o s s  the  lower and 
er s ides  of t h e  wing i n  the forward and r e v e r s e  f lows.  

I n  us ing  (IV-5-11, i t  must be remembered tha t  i t  i s  a p p l i -  
cab le  f o r  any d i s t r i b u t i o n  of the localanglesiof,attackover:the 
wing s u r f a c e s  i n  forward and r e v e r s e  flow. For example, i f  
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a 
i d e n t i c a l  l i f t s .  

= a p  = c o n s t ,  we o b t a i n  from ( I V - 5 - 1 )  t h a t  t h e  two wings have 

Re la t ion  ( I V - 5 - 1 )  can be used i n  t h e  more g e n e r a l  case  i n  1 1 6 6  
which we have a c e r t a i n  combination c o n s i s t i n g  of a body and 
wing. 
IV-5-2 ) .  I n  t h i s  c a s e ,  ( I V - 5 - 1 1  becomes 

Here t h e  wing may be f i t t e d  wi th  c o n t r o l  elements (F ig .  

(VI-5-2  ) 

To i l l u s t r a t e  a p p l i c a t i o n  of t h e  f l o w - r e v e r s i b i l i t y  method 
and ( I V - 5 - 2 1 ,  l e t  us examine a p a r t i c u l a r  case  i n  which t h e r e  i s  
no body (Sb = 0 ) .  

unde f l ec t ed  wing wi th  t h e  c o n d i t i o n  of a s m a l l  c o n t r o l  r o t a t i o n  
angle  a 1  = 6 .  Thus, t h e  l o c a l  a t t a c k  ang le  a 1  = 0 on t h e  wing, 
whi le  a1 = 6 on t h e  c o n t r o l .  We s h a l l  assume t h a t  when t h e  flow 
over t h e  wing and c o n t r o l  i s  r e v e r s e d ,  t h e  angle  o f . a t t a c k  w i l l  be 
t h e  s a m e  over t h e  e n t i r e  s u r f a c e  a t  a 2  = 6 .  

Let i t  be r e q u i r e d  t o  f i n d  t h e  l i f t  of t h e  

In t roduc ing  t h e  a t t ack -ang le  va lues  i n t o  ( I V - 5 - 2 ) ,  we o b t a i n  

Here t h e  l e f t  member determines t h e  unknown wing l i f t  wi th  
t h e  c o n t r o l  d e f l e c t e d  through an ang le  6 .  It fol lows from t h e  
expres s ion  obta ined  t h a t  i t  can be determined a s  t h e  l i f t  se t  
up by  t h e  undef lec ted  c o n t r o l  w i t h  t h e  wing i n  r eve r sed  flow a t  
t h e  t o t a l  angle  of a-t tack 6 .  

Thus, t h e  f l o w - r e v e r s i b i l i t y  method enables  us t o  reduce t h e  
more complex problem of flow over  a wing wi th  a d e f l e c t e d  c o n t r o l  
s u r f a c e  t o  t h e  s u b s t a n t i a l l y  s imple r  problem of t h e  aerodynamic 
c h a r a c t e r i s t i c s  of a s u r f a c e  w i t h  t h e  c o n t r o l  s u r f a c e  unde f l ec t ed .  

S I V - 6 .  GENERAL EXPRESSIONS FOR THE STABILITY DERIVATIVES OF A 
FINNED SOLID OF REVOLUTION. THE METHOD OF ATTACHED MASSES 

An e f f e c t i v e  method of de te rmining  s t a b i l i t y  d e r i v a t i v e s  has  
been developed f o r  a p p l i c a t i o n  to s l e n d e r  f inned  bodies ;  i t  i s  
known a s  t h e  method of  a t t a c h e d  masses o r  t h e  method of i n e r t i a  
c o e f f i c i e n t s  [ l - 4 1 ,  C511.. 

T h i s  method i s  a p p l i c a b l e  when t h e r e  i s  i n t e r a c t i o n  only be- 
tween t h e  body and t h e  wing ( f i n s ) ,  and no e f f e c t  of v o r t i c e s  
from t h e  wing on t h e  f i n s .  The i n f l u e n c e  of i n t e r f e r e n c e  between 



t h e  wing and f i n s  i s  t aken  i n t o  c o n s i d e r a t i o n  by  s p e c i a l  methods. 

L e t  us cons ider  a f inned  body (F ig .  IV-6-1) moving a t  a ce r -  
t a i n  v e l o c i t y  vm and a t  t h e  same t i m e  r o t a t i n g  a t  an angu la r  
v e l o c i t y  h. 
t h e  c e n t e r  of g r a v i t y ,  t h e  e - ,  n- ,  and <-axes a r e  put  p a r a l l e l  
t o  t h e  &-, x-, and z-axes,  and t h e  o r i g i n  0' of  the 6 0 5  system 
i s  p laced  a t  an a r b i t r a r y  p o i n t  on t h e  x-axis .  - 

p lane ,  t h e  v e l o c i t y  p o t e n t i a l  

The o r i g i n  of  t h e  body axes E ,  x, z co inc ides  w i t h  

I n  t h e  t ransverse- f low p lane ,  which co inc ides  w i t h  t h e  qO'<- 

where u and v are t h e  components of t h e  body's t r a n s l a t i o n a l  
velociFy i n  Fhe p l ane  under c o n s i d e r a t i o n  and L? 
v e l o c i t y  about  t h e  l o n g i t u d i n a l  a x i s .  

i s  t h e  angular  
X 

The p o t e n t i a l s  4 ,  and 4 2  /167 
d e f i n e  t h e  flows t h a t  a r i s e  
i n  motion of  a f l a t  contour  
w i t h  u n i t  v e l o c i t i e s  p a r a l l e l  
t o  t h e  O ' n  and 0 ' 5  axes ,  w h i l e  
4 ,  c h a r a c t e r i z e s  t h e  flow due 
t o  r o t a t i o n  of t h e  contour  
about t h e  l o n g i t u d i n a l  a x i s  a t  
u n i t  angu la r  v e l o c i t y .  

Since a moving coord ina te  
s y s t e m  t h a t  i s  r i g i d l y  bound 
t o  t h e  body has been s e l e c t e d ,  
t h e  p o t e n t i a l s  $ 2 ,  and $, 
a r e  independent of t ime.  The 
t ime dependence of t h e  t o t a l  
p o t e n t i a l  $ i s  governed by  t h e  
t i m e  v a r i a t i o n  of  t h e  v e l o c i t i e s  
u, v ,  and ax. The p o t e n t i a l  $ 

determines flow i n  t h e  t r a n s -  
ve r se  p l a n e ,  which i n f l u e n c e s  t h e  s t a b i l i t y  d e r i v a t i v e s .  The po- 
t e n t i a l  component f o r  l o n g i t u d i n a l  flow i s  of no importance,  s i n c e  
i t  does not  i n f l u e n c e  t h e s e  d e r i v a t i v e s .  

F igure  IV-6-1. I l l u s t r a t i n g  
Determinat ion of S t a b i  lit y 
D e r i v a t i v e s  f o r  Finned S o l i d  
of Revolut ion.  

I f  we have determined t h e  f u n c t i o n  $ and i t s  components, we 
can f i n d  t h e  t ransverse- f low v e l o c i t y  d i s t r i b u t i o n  and t h e  k i n e t i c  
energy of t h e  gas enclosed i n  a c e r t a i n  volume T (F ig .  IV-6-1), 
which i s  equal  t o  

2 2 0  



farp 2 T = -  p ~ [ ( $ ) ~ + ( ~ ) ] d z .  
(7)  

(IV-6-2 ) 

Applying Green’s t r ans fo rma t ion  to t h i s  equa t ion ,  we o b t a i n  
an expres s ion  f o r  t h e  k i n e t i c  energy of t h e  gas p e r  u n i t  l e n g t h  
i n  t h e  d i r e c t i o n  of t h e  - x-axis :  

T = - T $ q - d l = - ? ! E f ( ~  P- a 9  a 
an 2 iu C + T$x) dn (TiU C QU +- ~ 3 0 ~ )  d l ,  ( Iv-6- 3 ) 

C C 

where C i s  a contour  c o n s i s t i n g  of  t h e  o u t l i n e  of t h e  body i n  
c r o s s  s e c t i o n  and t h e  o u t e r  boundary of the  s u b j e c t  volume T; 
n - i s  the e x t e r i o r  normal; R i s  an a r c  of contour  C .  

by n ine  te rms ,  each of  which i n c o r p o r a t e s  a c o e f f i c i e n t  of t h e  
form 

We s e e  from (Iv-6-3) t h a t  t h e  k i n e t i c  energy i s  determined 

which i s  known as t h e  c o e f f i c i e n t  of a t t a c h e d  masses o r  the c ross -  
s e c t i o n  i n e r t i a  c o e f f i c i e n t .  

Formula (IV-6-4) can b e  modified by  apply ing  t h e  Cauchy- 
Riemann cond i t ions  & ~ / I ~ I Z  == d g l a ! ,  hplaZ = - d q . / d n .  A f t e r  s imple r ea r r ange -  
ment, we o b t a i n  

(IV-6-4’ ) 

where, by  analogy w i t h  t h e  v e l o c i t y  p o t e n t i a l ,  the  stream func- 
t i o n  i s  r ep resen ted  as t h e  sum of t h r e e  components: 

We apply t o  (IV-6-4) t h e  p a r t i a l  Green’s formula,  which i s  /168 
v a l i d  f o r  t h e  p o t e n t i a l  f u n c t i o n s  $2, and (j3: 
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Thus, Aik - - Aki and, consequently, six of the nine terms in 
(IV-6-3) remain. Then for the kinetic energy 

where - u and - v are velocities that can be replaced by the values 

The lift and lateral force and the rolling moment acting on 
the body are determined from the known kinetic energy: 

(IV-6-7) 

(IV-6-8) 

(IV-6-91 

The total derivative d/dt is determined with consideration 
of variation of the parameters for a fixed cross section. For a 
given arbitrary parameter fl that is a function of time - t and the 
distance - x to the origin (Fig. IV-6-1), 

where dx/dt = -Vm, 

The pitching M Z  and yawing M moments are found from the equations Y 

(IV-6-10) 

Integration extends from the base of the body with coordi- 
nate x = -x to the nose, with the coordinate x = x . Thus, all b n 
moments are calculated with respect to axes passing through the 
center of gravity. 
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It i s  more c o n v e n i e n t  to c o n v e r t  to aerodynamic c o e f f i c i e n t s .  
For  t h i s  p u r p o s e ,  t h e  e x p r e s s i o n s  o b t a i n e d  f o r  t h e  f o r c e s  must be 
d i v i d e d  by 0,5pcavZ,S, and t h e  moments b y  0,5p,VZ,SZ. D e t e r m i n a t i o n  o f  
t h e  s t a b i l i t y  d e r i v a t i v e s  r e q u i r e s  a p p r o p r i a t e  d i f f e r e n t i a t i o n  
of  t h e  e x p r e s s i o n s  f o r  t h e  c o e f f i c i e n t s  C ~ , ' V C ~ : ,  c;, m,, .. inBt in,. D i f -  
f e r e n t i a t i n g  s u c c e s s i v e l y  w i t h  r e s p e c t  to a, @ , o ,  QXZ!2Y,, o,=R,ZIZV,, 
@z=QJ2Vmv w e  o b t a i n  t h e  s t a t i c  and r o t a r y  d e r i v a t i v e s ;  d i f -  

f e r e n t i a t i n g  w i t h  r e s p e c t  to a=v.Z/2V,, p-P1/2Vm* ox =o,Z2~2V~,,~,=o,Z2/2vZ,, 
(3,=&+/21/2,, 8m=VmZ/2VL w e  f i n d  t h e  s t a b i l i t y  d e r i v a t i v e s  w i t h  re- 

L . . .  L .  .- : .  
. ' .  

(IV-6-11) 

( IV-6-12) 
(IV-6-13) 
(IV-6-14) /169 

(IV-6-15) 

(IV-6-16 >. 
(IV-6-17) 

( IV-6-18 ) 

(IV-6-19 ) 

( IV-6-20 ) 

T h e  r o t a r y  d e r i v a t i v e s  are  d e t e r m i n e d  by t h e  e x p r e s s i o n s :  



The acceleration derivatives are 

1 

(IV-6-2'8) 

(IV-6-30) 
( Iv-6-3 1 ) 

(IV-6-32) 

CIv-6-33) 
/170 CIV-6-34) - 

CIV-6-3 6 1 

(IV-6-37) 

(IV-6-38) 

(Iv-6-39) 

(IV-6-40) 

( IV- 6- 4 1 ) 

( IV- 6-42 ) 
( IV- 6-4 3 ) 

(IV-6-44) 

C1V-6v4 5 
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Dik have been i n t r o -  ' ik ,  The d imens ion le s s  pa rame te r s  Bik, 

duced i n t o  t h e  e x p r e s s i o n s  f o r  t h e  s t a b i l i t y  d e r i v a t i v e s ;  t h e y  
are de termined  f o r  i - and k - of  1, 2 ,  and 3 by t h e  r e l a t i o n s h i p  

(IV-6-46) 

Here 

The pa rame te r s  Aik are t h e  d imens ion le s s  a t tached-mass coe f -  
f i c i e n t s ,  which are r e l a t ed  t o  t h e  d imens iona l  c o e f f i c i e n t s  X i k  
by 

Unl ike  Aik ,  t h e  pa rame te r s  rik t h a t  appea r  i n  t h e  expres -  
s i o n s  f o r  t h e  s t a b i l i t y  d e r i v a t i v e s  de t e rmine  t h e  d i m e n s i o n l e s s  
a t tached-mass c o e f f i c i e n t s  found f o r  t h e  c r o s s  s e c t i o n  of t h e  
body a t  t h e  base w i t h  c o n t o u r  C ,  ove r  which t h e  i n t e g r a t i o n  ex- 
t e n d s  i n  Formula (IV-6-4). 

Dete rmina t ion  of  t h e  s t a b i l i t y  d e r i v a t i v e s  r e q u i r e s  c a l c u l a -  

We see from (IV-6-4) t h a t  t h e  c o e f f i c i e n t s  X i k  can  b e  
t i o n  of  t h e  at tached-mass c o e f f i c i e n t s  by Formulas (IV-6-4) o r  
(IV-6-4' ) .  

found f o r  a g i v e n  body shape  i f  w e  know t h e  v e l o c i t y  p o t e n t i a l s  
i n  t r a n s v e r s e  f low (PI, $I*, and ( P J  and t h e  d e r i v a t i v e s  w i t h  re- 
s p e c t  t o  t h e  normal to t h e  c r o s s - s e c t i o n  con tour .  

These d e r i v a t i v e s  can  be de te rmined  d i r e c t l y  by examina t ion  /171 
of  t h e  c o n d i t i o n s  on t h e  con tour  boundary. S i n c e  t h e  d e r i v a t i v e  
a(P/an i s  t h e  v e l o c i t y  of  a p o i n t  of  t h e  c o n t o u r  i n  t h e  d i r e c t i o n  
o f  t h e  normal ,  

We can  c o n v e r t  from t h e  p o t e n t i a l s  (Pi to t h e  complex poten-  
t i a l s  Wi = (Pi + i q i .  With (IV-6-48), t h e  e x p r e s s i o n s  f o r  the 



attached-mass c o e f f i c i e n t s  are 

where < = z + i y ,  and t h e  c o e f f i c i e n t  k assumes t h e  success ive  
va lues  1, 2 ,  3. The attached-mass c o e f T i c i e n t  

where 5 = z - i y .  

(IV-6-50) 

The i n t e g r a l s  c o n t a i n i n g  t h e  stream f u n c t i o n  a r e  eva lua ted  
from t h e  boundary c o n d i t i o n s  on t h e  contour .  For t h i s  purpose,  
(IV-6-48) and t h e  Cauchy-Riemann cond i t ions  must be used t o  f i n d  
contour  s t ream-funct ion  va lues  J I l ,  J 1 2 ,  JI , .  After s u b s t i t u t i n g  
them i n  the i n t e g r a l s  ' f g h d g ,  we f i n d  f o r  k = 1 and 2 t h e  respec-  

t i v e  va lues  S s  and -iss, which are determined by t h e  cross-sec-  
t i o n a l  area, ana o b t a i n  a ze ro  va lue  of the i n t e g r a l  f o r  k = 3, 
provided  tha t  t h e  s e c t i o n  i s  symmetrical  i n  form. 

The complex p o t e n t i a l  Wk i s  found by  conformal t ransforma- 

,c 

t i o n  of  t h e  given c r o s s  s e c t i o n  i n  t h e  p l ane  5 = z + i y  i n t o  a 
c i r c l e  w i t h  a c e r t a i n  r a d i u s  r o  i n  t h e  p l ane  a - T-I + i t ,  us ing  
t h e  g e n e r a l  formula (IV-4-32). I f  the  p o t e n t i a l  Wk(o) i s  known 
f o r  the c i r c l e ,  we can o b t a i n  t h e  complex p o t e n t i a l  Wk(<) i n  t he  

p h y s i c a l  p l ane  5 by making t h e  s u b s t i t u t i o n  a = a ( < ) .  

t he  body i n  i t s  motion a long  t h e  z- and x-axes, r e s p e c t i v e l y ,  are 
easiest  t o  o b t a i n .  Express ion  (Iv-4-33) can be  used f o r  t h i s  
purpose.  S e t t i n g  V, = 1 and + = 0 i n  t h i s  formula,  we o b t a i n  
W = (5 - r t / a ,  which determines the  complex p o t e n t i a l  f o r  a sta- 
t i o n a r y  c y l i n d e r  w i t h  a u n i t - v e l o c i t y  oncoming flow p a s s i n g  over  
i t  i n  t h e  d i r e c t i o n  of t h e  x-axis .  

Comparing w i t h  Formula (IV-4-33), t h e  minus s i g n  i n  f r o n t  of 
t he  g h a s  been changed to a p l u s  s i g n ,  s i n c e  i n  o u r  case  p o s i t i v e  
va lues  of t h e  coord ina te  are reckoned downward. 

The p o t e n t i a l s  W, and W2, which c h a r a c t e r i z e  the  flow over  

The p o t e n t i a l  ob ta ined  i s  equa l  t o  W,(5) + i s ,  which char-  
a c t e r i z e s  t r a n s v e r s e  flow over  a s t a t i o n a r y  body i n  t h e  <-plane,  
w i t h  W2[5(a)] r e p r e s e n t i n g  t h e  complex p o t e n t i a l  f o r  a moving 
c y l i n d e r  i n  t h e  a-plane.  S u b s t i t u t i n g  < i n  accordance w i t h  
(IV-4-32), 
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S i m i l a r l y ,  w e  o b t a i n  t h e  complex f low p o t e n t i a l  i n  t h e  0- 
p l a n e  w i t h  t h e  f low d i r e c t i o n  a l o n g  t h e  - z -ax i s :  

(IV-6-52) 

In d e t e r m i n i n g  t h e  complex p o t e n t i a l  W , ,  w e  can proceed  from /172 
t h e  e x p r e s s i o n  I m  W ,  = I m ( i $ , ) ,  which i n d i c a t e s  t h a t  W ,  i s  t h e  
imaginary  p a r t  o f  p o t e n t i a l  $,. Here, t h e  p o t e n t i a l  q 3  must 
s a t i s f y  t h e  c o n d i t i o n  f o r  t h e  stream f u n c t i o n  a t  t h e  boundary of  
t h e  moving body a$, /an = a $ / a R ,  i n  accordance  w i t h  which 

Thus, f i n d i n g  t h e  p o t e n t i a l  W ,  r e q u i r e s  s o l u t i o n  o f  t h e  D i r i -  
c h l e t  problem of  d e t e r m i n i n g  t h e  f u n c t i o n  q 3  i n  a c e r t a i n  r e g i o n  
from t h e  boundary c o n d i t i o n  (IV-6-53). 

The  g e n e r a l  e x p r e s s i o n  f o r  W ,  may t a k e  t h e  form 

The 5 from (IV-4-32) and t h e  s e r i e s  

where a = c2/a,  must b e  i n t r o d u c e d  i n t o  t h i s  e x p r e s s i o n .  A s  a 
r e s u l t  of t h e s e  s u b s t i t u t i o n s ,  t h e  complex p o t e n t i a l  

m 

(IV-6-56) 

The c o e f f i c i e n t  o f  a t t a c h e d  masses can b e  c a l c u l a t e d  d i r e c t l y  
from (IV-6-4). Here t h e  p o t e n t i a l  +i and t h e  stream f u n c t i o n  qk  



are found from t h e  expres s ion  f o r  t h e  complex p o t e n t i a l ,  W = 
= $I + i$. 

e l l i p s e  w i t h  semiaxes - a and b .  - For t h i s  purpose,  w e  f i n d  t h e  
complex p o t e n t i a l s  W,  and W, by t h e  conformal formula (see T a b l e  

Example. Determine the attached-mass c o e f f i c i e n t s  f o r  an 

IV-4-11  

which maps t h e  e x t e r i o r  of an e l l i p s e  i n  t h e  <-plane onto t h e  
e x t e r i o r  o f  a c i r c l e  of r a d i u s  r o  = O.5(a + b ) .  

The p o t e n t i a l  W, i s  determined from (IV-6-52). To d e t e r -  
mine t n e  se r ies  c o e f f i c i e n t s  k i t  i s  necessary  t o  use (Iv-6-57) n J  
and (IV-4-32). Comparing them, we f i n d  t ha t  k ,  = ( a 2  - b 2 ) / 4 ,  
and t h e  o t h e r  c o e f f i c i e n t s  o f  t h e  s e r i e s  a r e  zero .  

In t roduc ing  t h e  va lue  f o r  k , ,  we o b t a i n  

(IV-6-58) 

S i m i l a r l y ,  w e  f i n d  t h e  equa t ion  

The complex p o t e n t i a l s  can a l s o  be determined from t h e  bound- 
a r y  cond i t ions  f o r  t h e  stream f u n c t i o n s .  L e t  us i l l u s t r a t e  t h i s  
i n  t h e  example of the complex p o t e n t i a l  W , .  

From t h e  cond i t ion  $,= y a t  t h e  contour  boundary, we o b t a i n  
the  r e l a t i o n  I m  W ,  = I m  <. In t roduc ing  (IV-6-57) i n  p l a c e  of 5 
under t h e  I m  s i g n  i n  t h i s  r e l a t i o n s h i p ,  we ob ta in ,  a f t e r  s e v e r a l  
rearrangements ,  t h e  formula I m  W ,  = I m  ( - r o b / u ) ,  which i s  v a l i d  
on t h e  c i r c l e .  Gene ra l i z ing  t h i s  formula,  w e  g e t  (IV-6-58). 

W e  f i n d  an expres s ion  f o r  W, i n  a s imilar  manner. For t h i s  
purpose,  we s t a r t  from t h e  boundary cond i t ion  JI = -x o r  I m  W, = 
= I m  ( - 2 ~ ) .  A f t e r  s u b s t i t u t i n g  5 from (IV-6-57$, we a r r i v e  a t  

To determine t h e  p o t e n t i a l  W , ,  w e  use (IV-6-56). I n t r o -  1 1 7  3 

(IV-6-59). 

ducing t h e  5 from (IV-6-57) and 
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w e  o b t a i n ,  a f t e r  r ea r r angemen t ,  t h e  complex p o t e n t i a l  

(IV-6-60) 

The at tached-mass c o e f f i c i e n t s  are c a l c u l a t e d  b y  ( I V - 6 - 4 ' ) .  

Then t h e  v e l o c i t y  p o t e n t i a l  

It i s  h e l p f u l  to conver t  to t h e  p o l a r  c o o r d i n a t e s  r,, and 8 f o r  
t h e  c a l c u l a t i o n .  For  example,  t h e  complex p o t e n t i a l  W ,  i s  w r i t t e n  
i n  t h e  form W ,  = - ( r 0 b ) / u  = -be-le.. 
9,  = - b cos 8 and t h e  stream f u n c t i o n  9 ,  = b s i n  8 .  W, and W, 
are r e p r e s e n t e d  s i m i l a r l y ,  and t h e  co r re spond ing  e x p r e s s i o n s  found 
f o r  t h e  p o t e n t i a l s  and stream f u n c t i o n s .  

I n t r o d u c i n g  t h e  e x p r e s s i o n s  f o r  $ J ~  and Qk i n t o  ( I V - 6 - 4 ' )  and 

i n t e g r a t i n g  from 0 to 27r, w e  o b t a i n  t h e  f o l l o w i n g  v a l u e s  f o r  t h e  
at tached-mass c o e f f i c i e n t s  : 

We see from t h i s  example t h a t  t h e  at tached-mass c o e f f i c i e n t s  
T h i s  f e a t u r e  i s  p r e s e r v e d  X i k  a re  z e r o  f o r  t h e  e l l i p s e  i f  i # k .  

f o r  a l l  b o d i e s  whose c r o s s  s e c t i o n s  have s y m m e t r y .  

S I V - 7 .  APPROXIMATE METHODS OF C A L C U L A T I O N  OF FLOW OVER SURFACES 

The  N e w t o n  m e t h o d .  This  method i s  used  f o r  approximate c a l -  
c u l a t i o n s  o f  t h e  p r e s s u r e  a t  very  h i g h  f low v e l o c i t i e s .  It i s  
based on Newton's c o r p u s c u l a r  t h e o r y  ( o r  t h e  t h e o r y  o f  "Newtonian 
d e c e l e r a t i o n " ) ,  a c c o r d i n g  to which gas  p a r t i c l e s  e x p e r i e n c e  d i s -  
t u r b a n c e s  on ly  when t h e y  s t r i k e  a s o l i d  w a l l  and l o s e  t h e i r  en- 
t i r e  momentum components normal t o  t h e  w a l l .  The e x c e s s  p r e s s u r e  
i s  de termined  by t h i s  loss of  momentum i n  accordance  w i t h  t h e  f o r -  
mula p - p, - - p,Vi, where Vn i s  t h e  component of u n d i s t u r b e d  ve lo -  

c i t y  normal to t h e  w a l l .  D i v i d i n g  by t h e  v e l o c i t y  head q = 0.5p,Vm 2 
w e  o b t a i n  Newton's formula  f o r  t h e  p r e s s u r e  c o e f f i c i e n t :  

( I V - 7 - 1 )  

Th i s  formula  can a l s o  b e  p r e s e n t e d  i n  t h e  form 



- 
p = 2 cos? q; (IV-7-1' ) 

where n i s  t h e  ang le  between t h e  v e l o c i t y  vec to r  vm and the  su r -  
f a c e  normal. 

whose i n c l i n a t i o n  i s  determined by t h e  an  l e  q * .  For t h i s  p o i n t ,  
t h e  l o c a l  p r e s s u r e  c o e f f i c i e n t  Po = 2 cos 
(IV-7-1') w e  o b t a i n  an improved Newtonian formula f o r  t h e  pres -  
s u r e  c o e f f i c i e n t  a t  an a r b i t r a r y  p o i n t  of  t h e  s u r f a c e :  

L e t  us r e l a t e  ( I V - 7 - 1 ' )  t o  some f i x e d  p o i n t  of a s u r f a c e  

f q * .  Appending . - 

- 
p ros'q 

Po cos*q* 
-- - -- ( I V - 7 - 2 )  

T h i s  - formula g i v e s  a b e t t e r  approximation than  ( 1 V - 7 - 1 1 ) ,  1 1 7 4  
s i n c e  p o  i s  c a l c u l a t e d  q u i t e  a c c u r a t e l y  f o r  an i n i t i a l  p o i n t  of 
t h e  s u r f a c e ,  such as t h e  c o n i c a l  t i p  of a sha rp  body o r  the  t o t a l -  
s t a g n a t i o n  p o i n t  on a b lun ted  s u r f a c e .  I n  t h e  l a t t e r  ca se ,  
cos q *  = 1 and 

Y l  

Figure  IV-7-1 .  I l l u s t r a t i n g  Determinat ion 
of Ve loc i ty  Component Normal t o  Washed Sur- 
f a c e  y = f ( z , x ) .  

The above formulas determine t h e  p r e s s u r e  t h a t  a r i s e s  i n  
t r a n s l a t i o n a l  motion o f  t h e  body. A t  t h e  same t ime,  t r a n s l a -  
t i o n a l  motion may be accompanied by r o t a t i o n  about t h e  c e n t e r  
of g r a v i t y ,  and t h i s  may have a s u b s t a n t i a l  p r e s s u r e - r e d i s t r i b u -  
t i o n  e f f e c t .  

Formula ( I V - 7 - 1 )  must b e  used t o  t a k e  account  of t h i s  e f -  
f e c t ,  w i t h  Vn determined as t h e  sum of two components, namely t h e  
normal component of undis turbed  v e l o c i t y  and t h e  normal component 



o f  t h e  v e l o c i t y  induced  a t  t h e  p a r t i c u l a r  p o i n t  i n  t h e  p resence  
of  r o t a t i o n .  

Thus, d e t e r m i n a t i o n  of p r e s s u r e  by t h e  Newtonian method i n -  
vo lves  c a l c u l a t i o n  of  t h e  o v e r - a l l  v e l o c i t y  component normal t o  
t h e  body's  s u r f a c e .  

e q u a t i o n  y = f ( z , x )  s i t u a t e d  i n  a f low o f  h igh  v e l o c i t y  v-. 
a n g l e  o f  a t t a c k m e a s u r e d i n  t h e  y 0 x - p l a n e i s  formed by t h e  v e c t o r  v- 
and t h e  p o s i t i v e  d i r e c t i o n  of  t h e  x -ax i s .  To f i n d  the v e l o c i t y  
component Vnoo o f  t h e  t r a n s l a t i o n a l - f l o w  normal t o  e lement  dS a t  
p o i n t  A ,  w e  mus t -ca lcu la te  t h e  s c a l a r  p roduc t  o f  v e c t o r  vm and 
the  u n i t  v e c t o r  n of t h e  i n t e r i o r  normal t o  t h e  s u r f a c e  e lement  
- under  c o n s i d e r a t i o n .  W e  gee from F i g .  IV-7-1  t h a t  t h e  v e c t o r  
Vo3 = Vm cos  a i  + Vo3 s i n  a j .  The-unit v e c t o r  can Le Eregen ted  
i n  t he  form n = cos  axT + c o s  ct j + cos  a z k ,  where i, j ,  k are 
the  u n i t  v e c t o r s  and ax, ct a are  t h e  a n g l e s  formed by v e c t o r  
w i t h  t h e  d i r e c t i o n s o f  t h e  c o o r d i n a t e  a x e s .  

L e t  us  c o n s i d e r  a n  a r b i t r a r y  s u r f a c e  ( F i g .  IV-7-11  w i t h  t h e  
The 

Y. 
Y' = 

The c o s i n e s  of  t h e s e  a n g l e s  

I n  accordance  w i t h  t h e  v a l u e s  of  v e c t o r s  vm and n, t h e  normal 
v e l o c i t y  component of  t h e  t r a n s l a t i o n a l  f low 

V,, 1 V ,  COS a cos a,  + V ,  sin a cos uy. ( I V - 7 - 4 )  

L e t  us  assume tha t  t h e  bodx  i n  tke flow_ i s  r o t a t i n g  a t  a 

The a d d i t i o n a l  v e l o c i t y  induced-at p o i n t  A under-considera- 

c e r t a i n  a n g u l a r  v e l o c i t y  h = n x i  + R j + Rzk. 

t i o n  i s  e q u a l  t o  t h e  v e c t o r  p r o d u c t  v = R x E, where R i s  t h e  
r a d i u s  v e c t o r  f o r  p o i n t  A .  If vx, v v are t h e  components of 
v e c t o r  7, t h e  component Vnn o f  v e l o c i t y  normal  t o  t h e  s u r f a c e  e le-  
ment dS i s  

Y 

Y '  z 

,,Q -__ -- u, cos a, t- vu cos aU $- L', cos a,. ( I V - 7 - 5  ) 



- 
The radius vector R can be presented in the form R = xAi + - 

zA are the distances from the center of + yAT + zAk, where x A' 'A' 
rotation to point A. Thus, the induced-velocity vector 

The components vx, v and vz that appear in (IV-7-5) for Y' 
Vnn are determined directly from this expression. 
mined Vnm, Vnn we can find the resultant normal velocity compo- 
nent Vn = Vnm + Vnn and, consequently, the pressure coefficient 
(IV-7-1). Its magnitude can be presented as the sum of two com- 
ponents: 

Having deter- 

where the first term 

(IV-7-8) 

characterizes the pressure increment from the translational mo- 
tion and the second term 

gives the component governed by the rotational motion. 

The aerodynamic characteristics (forces, moments, and their 
coefficients) can be determined from the known external form of 
the washed surface and the pressure distribution. 

Application of the Newtonian method is obviously limited to 
the zones of the body's surface that face the oncoming flow and 
collide with gas particles. These zones are limited by a certain 
curve along which the normal velocity component V and, conse- 
quently, the pressure coefficient pv are equal to zero. 
lows from (IV-7-41 that the equation of this curve is 

nm 
It fol- 

cos a cos a, -+ sin a cos a",= 0. (IV-7-10) 



Beyond t h i s  curve ,  i n  t h e  so -ca l l ed  "shaded" zone, t h e  pres -  
s u r e  i n  which w e  sha l l  denote  by  pe,  w e  may s ta r t  from va r ious  
c o n s i d e r a t i o n s  i n  e v a l u a t i n g  t h e  c o e f f i c i e n t  Fe = (2/kM:) x 

x (pe/p, -1). 
= 0. 
even though they  are very l a r g e ,  s o  tha t  Moo >> 1 and a t o t a l  
vacuum i s  formed i n  t h e  "shaded" zone (pe = 0 ) .  

i n g  p r e s s u r e  c o e f f i c i e n t  w i l l  be  ce = -2/kM:. 

I n  p r i n c i p l e ,  the  Newtonian method i s  a p p l i c a b l e  f o r  a r b i -  
t r a r y  flows - p l a n e  o r  s p a t i a l .  However, exper imenta l  data have 
shown t h a t  i t  g i v e s  less  s a t i s f a c t o r y  r e s u l t s  f o r  p l ane  than  f o r  
s p a t i a l  flows.. T h i s  means, f o r  example, t h a t  the  p r e s s u r e  d i s -  
t r i b u t i o n  determined by t h i s  method f o r  a wing p , rof i le  w i l l  b e  
less a c c u r a t e  than  one determined f o r  a s o l i d  o$ r e v o l u t i o n .  

Assuming, f o r  example, tha t  M + 0 3 ,  w e  o b t a i n  Fe = 

We can a l s o  adopt t h e  cond i t ion  t h a t  the  speeds are f i n i t e ,  

The correspond- 

M e t h o d  c o m b i n i n g  c o m p r e s s i o n - s h o c k  a n d  e x p a n s i o n - f l o w  
theor ie s .  T h i s  method, by  which the parameters  of supersonic  
flow over a s h a r p  s u r f a c e  can be determined,  c o n s i s t s  i n  t h e  
fol lowing.  F i r s t  t h e  parameters  on t h e  sha rp  nose a r e  computed 
by compression-shock t h e o r y ,  and t h e n  those  on t h e  remaining down- 
stream zones, on which t h e  flow expands, a r e  found w i t h  t h e  a i d  
of the  Prandtl-Meyer theo ry .  

It i s  assumed i n  t h i s  method t h a t  supersonic  flow over the 
sha rp  nose ( "po ih t " )  may b e  p l ane  (f low p a s t  a wedge) o r  s p a t i a l  
(flow p a s t  a cone ) .  A s  f o r  supe r son ic  flow over  the  remainder of 
t he  s u r f a c e ,  i t  i s  regarded  as p l ane .  

The a n a l y t i c a l  r e l a t i o n s h i p s  f o r  t h e  c h a r a c t e r i s t i c  epicy-  
c l o i d s  of two-dimensional flow can b e  used t o  c a l c u l a t e  a p l ane  
supe r son ic  flow of t h i s  t ype .  A d e f i n i t e  l o c a l M  and a d e f i n i t e  
flow d e f l e c t i o n a n g l e  correspond t o  each p o i n t  of an e p i c y c l o i d  as 
t h e  flow expands i s e n t r o p i c a l l y  from t h e  i n i t i a l  s t a t e  w i t h  M = 1 
and t h e  c r i t i c a l  p r e s s u r e  p*. Hence i t  fo l lows  t h a t  a t  the-  same 
t i m e  a d e f i n i t e  p r e s s u r e - r a t i o  va lue  

corresponds t o  each p o i n t  of t h e  e p i c y c l o i d .  

(IV-7-11) 

T h i s  formula enab le s  us t o  c a l c u l a t e  t he  p r e s s u r e  a t  those  
p o i n t s  of t h e  flow at  which t h e  s t a t e  of  the gas has changed as 
a r e s u l t  of.  i s e n t r o p i c  expansion or compression. Here the  i n i t i a l  
i s en t rop ic - f low parameters  a r e  determined immediately behind t h e  
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compression shock, where the f low has been d e f l e c t e d  through a 
c e r t a i n  ang le  fiband where t h e  l o c a l  M i s  equa l  t o  some va lue  
M, > 1. 

t a i n  p o i n t  of  a s u r f a c e  t h e  t angen t  t o  which forms an ang le  B 
w i t h  t he  v e c t o r  Vm. 
I V - 1 - 1  t o  f i n d  f o r  M, t h e  ang le  u2, which i s  e q u a l  t o  t h e  r o t a -  
t i o n  ang le  of  the  flow expanding from M = 1 t o  M = M > 1. We 
t h e n  f i n d  t h e  t o t a l  r o t a t i o n  ang le  w = up + Bp - 8 ,  $or which 
Table  IV-1-1  g i v e s  us the  l o c a l  M.  I n t roduc ing  t h i s  number i n t o  
(IV-7-11], w e  c a l c u l a t e  t h e  r a t i o  p/p* and t h e n  t h e  p r e s s u r e  coef- 
f i c i e n t  

- 

Assume t h a t  i t  i s  r e q u i r e d  t o  f i n d  t h e  p r e s s u r e  a t  a cer -  

For t h i s  purpose,  w e  use ( I V - 1 - 1 7 )  o r  T a b l e  

( I V - 7 - 1 2 )  

When t h i s  method i s  used t o  c a l c u l a t e  hypersonic  flow p a s t  
s l e n d e r  sharpened bod ies ,  we can use t h e  s i m p l i f i e d  equa t ion  
(IV-1-18) f o r  t h e  e p i c y c l o i d s .  I f  t h i s  equa t ion  i s  r e f e r r e d  t o  
the flow c o n d i t i o n s  immediately behind t h e  compression shock, 

For an a r b i t r a r y  p o i n t  on t h e  con t rou r  w = w 2  + 8, - 8 .  

the  extremely s imple form 
A s  a r e s u l t ,  t h e  r e l a t i o n  between the  ang le  w and M assumes 

The remaining parameters ,  such as t h e  p r e s s u r e ,  d e n s i t y ,  t e m -  
p e r a t u r e ,  and flow v e l o c i t y ,  are c a l c u l a t e d  by  (111-3-7) o r  
(111-3-8) from t h e  va lue  found f o r  M .  

For example, w e  can o b t a i n  a r e l a t i o n  from (111-3-7) f o r  
c a l c u l a t i o n  of t h e  p r e s s u r e  c o e f f i c i e n t :  



The Mach number M, i n  
t h i s  formula  and ( I V - 7 - 1 4 )  
i s  a l s o  de te rmined  from s i m -  
p l i f i e d  r e l a t i o n s h i p s  f o r  a 
wedge or cone. 

The e x p r e s s i o n  f o r  t h e  
p r e s s u r e  c o e f f i c i e n t  a t  an  
a r b i t r a r y  p o i n t  of a curved  
s u r f a c e  can b e  p r e s e n t e d  i n  
the g e n e r a l  form 

pJf 

F i g u r e  IV-7-2.  I n t e r a c t i o n  of 
Waves i n  Supe r son ic  Flow over  - -  
F l a t  Contour .  P = P 2 + m . f p ( l 1 2 7  Pi.--),  (IV-7-16) 

where f i s  a c e r t a i n  f u n c t i o n  t h a t  depends on M, beh ind  t h e  shock 
a t  t h e  s h a r p  nose and on t h e  flow r o t a t i o n  a n g l e  B p  - 6. 

T h i s  f u n c t i o n  i s  independent  of  s u r f a c e  f o r  a g i v e n  M , .  
Parameters w i t h  t h e  s u b s c r i p t  2 are  de termined  i n  accordance  w i t h  
whether  t h e  flow i n  f r o n t  of  t he  s h a r p  nose i s  p l a n e  (wing)  o r  
s p a t i a l  (body) .  

P 

A p p l i c a t i o n  o f  t h e  above method i s  b e t t e r  j u s t i f i e d  f o r  cal-  
c u l a t i o n  o f  p l a n e  s u p e r s o n i c  f lows ,  e . g . ,  ove r  wings.  I t s  i n -  
accuracy  i s  due t o  f a i l u r e  t o  take account  of t he  i n t e r a c t i o n  
between t h e  washed s u r f a c e ,  and t h e  compression shock ( F i g .  
I V - 7 - 2 )  i n  t h e  r e g i o n  t o  t h e  r i g h t  of t h e  r e f l e c t e d  wave A C .  

I n  i n v e s t i g a t i o n  of  flows over  s h a r p  b o d i e s ,  an  e r r o r  a r i ses  
from s u b s t i t u t i o n  of p l a n e  f low for s p a t i a l  behind  t h e  shock wave. 

C a l c u l a t i o n s  by t h i s  method g i v e  more s a t i s f a c t o r y  r e s u l t s  
as t h e  v e l o c i t i e s  i n c r e a s e .  Fo r  wings ,  i t  may be r ega rded  as 
a c c u r a t e  when t h e  s imple  expans ion  wave r e f l e c t e d  from t h e  shock 
wave a t  p o i n t  A '  does  n o t  i n t e r s e c t  t h e  s u r f a c e  ( F i g .  I V - 7 - 2 ) .  

For  s l e n d e r  b o d i e s ,  accu racy  i n c r e a s e s  w i t h  i n c r e a s i n g  param- 
e t e r  K = M,Bp. Expe r imen ta l  s t u d i e s  i n d i c a t e  tha t  good r e s u l t s  
are  o b t a i n e d  when K > 1 and t h e  a t t a c k  a n g l e s  are n o t  l a r g e .  

For  l a r g e  a t t a c k  a n g l e s ,  s u b s t a n t i a l  d e v i a t i o n s  from e x p e r i -  
men ta l  r e s u l t s  are observed  on t h e  windward s i d e  o f  t h e  s u r f a c e ;  
t h i s  i s  a s s o c i a t e d  w i t h  a s t r o n g  i n f l u e n c e  o f  v i s c o s i t y ,  which i s  
no t  t a k e n  i n t o  account  by t h i s  method. 

Unl ike  t h e  Newton method, t h i s  method can b e  used t o  ca l cu -  
l a t e  f low ove r  t h o s e  zones of a s u r f a c e  t ha t  have n e g a t i v e  i n -  
c l i n a t i o n s  t o  t h e  v e l o c i t y  v e c t o r  Va, i . e . ,  zones i n  t h e  "shaded" 
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r eg ion .  It fol lows from t h e  very con ten t  of  t h e  method t h a t  it A-78 
can g ive  t h e  exper imenta l ly  observed nega t ive  p r e s s u r e  c o e f f i -  
c i e n t s  i n  a c e r t a i n  r eg ion .  Here, t h e  agreement w i t h  expe r i -  
mental  data may be s a t i s f a c t o r y  when a "shaded" zone comes d i -  
r e c t l y  behind t h e  "shock" r eg ion .  Some c a u t i o n  should be  exer-  
c i z e d  i n  apply ing  t h e  method to e v a l u a t e  supersonic-f low v a r i a b l e s  
f o r  t a p e r i n g  t a i l  r eg ions  of t h e  body remote from t h e  nose,  s i n c e  
i t  does not  take account  of a l l  of t h e  complex p rocesses  of flow 
p a s t  t he  upstream zones.  

One of the p e c u l i a r i -  
t i e s  of these p rocesses  i s  
t h a t  t hey  involve  i n t e r -  
a c t i o n  between t h e  flow and 
the  shock wave, and t h i s  
e x e r t s  a s u b s t a n t i a l  i n f l u -  
ence on t h e  v a r i a t i o n  of t h e  
gas  parameters .  

Also among the  d e f i c i -  
e n c i e s  o f  t h e  method i s  t h e  
f a c t  t h a t  i t  does no t  con- 
s i d e r  t h e  p r i o r  h i s t o r y  o f  

F igure  IV-7-3. Diagram I l l u s t r a t -  
i n g  Method of "Tangent" Cones. 

g a s - p a r t i c l e  motion. It i s  
unimportant f o r  t h i s  method 

how t h e  p a r t i c l e  moved t o  i t s  p r e s e n t  p o s i t i o n ,  and only i t s  
p o s i t i o n  i s  regarded  as e s s e n t i a l .  Thus, t h e  v a r i a b l e s  a t  any 
g iven  p o i n t  w i l l  be  t h e  same r e g a r d l e s s  of  t h e  shape of t h e  su r -  
f a c e  on t h e  preceding  segment, p rovided  t h a t  cons t an t  t a p e r  
ang le s  Bp and i n c l i n a t i o n  ang le s  f3 of the  s u r f a c e  a t  the  p a r t i c u -  
l a r  point, are p rese rved .  

The above a p p l i e s  to both  t h e  nose and t a i l  zones of  t h e  
body. However, while  exper imenta l  data i n d i c a t e  t h a t  t h e r e  are 
p r a c t i c a l l y  no m a n i f e s t a t i o n s  of t h e s e  d e f i c i e n c i e s  around t h e  
bow, t h e  d e v i a t i o n  from t h e  t r u e  p i c t u r e  may be more s u b s t a n t i a l  
a t  the s t e r n .  

Method  o f  " t a n g e n t  s u r f a c e s . "  To i l l u s t r a t e  t h i s  method, 
l e t  us cons ide r  s o l u t i o n  of the  problem of symmetr ical  supersonic  
flow p a s t  a t a p e r e d  s o l i d  of r e v o l u t i o n .  The p r e s s u r e  c o e f f i -  
c i e n t  a t  a c e r t a i n  p o i n t  A o f  t he  s u r f a c e  of  a body i n  flow w i t h  
Mm > 1 i s  assumed t o  b e  of  the  same magnitude as on a c o n i c a l  
s u r f a c e  t angen t  t o  t h i s  p o i n t  and washed by  a flow w i t h  t h e  same 
Mm (F ig .  IV-7-31. Such i s  t h e  con ten t  o f  t h e  " tangent  cone" 
method, which, as w e  see ,  makes i t  p o s s i b l e  to i n v e s t i g a t e  t h e  
flow over a s u r f a c e  w i t h  a c u r v i l i n e a r  g e n e r a t r i x  b y  use of data 
on supersonic  flow over a s imple r  c o n i c a l  s u r f a c e .  

shape by s e t t i n g  the  p r e s s u r e  c o e f f i c i e n t  a t  any p o i n t  o f  t h e  s u r -  
f a c e  e q u a l  t o  i t s  va lue  a t  the  same p o i n t  on an a p p r o p r i a t e  

T h i s  metbod can be  extended t o  sha rp  s u r f a c e s  of a r b i t r a r y  



t angen t  s u r f a c e  ( t h e  " tangent  s u r f a c e "  method). 

I n  s e l e c t i n g  the  shape of t h e  t angen t  s u r f a c e ,  which i s  an 
e s s e n t i a l  p o i n t  i n  t h e  c a l c u l a t i o n ,  t h e  shape of t h e  washed s u r -  
f a c e  under i n v e s t i g a t i o n  must b e  taken  i n t o  account (F ig .  IV-7-41. 
For example, t h e  tangent  s u r f a c e  f o r  a wing i s  a p l ane  wi th  a 
l e a d i n g  edge having t h e  same sweep as l i n e  AB, a t  p o i n t  on which - /179 
t h e  p r e s s u r e  i s  determined. For a t ape red  s o l i d  of r e v o l u t i o n ,  
t h e  t angen t  s u r f a c e  w i l l  be a c i r c u l a r  cone. 

F igure  IV-7-4. Const ruc t ion  of Tangent 
Surface  on Wing and Body. 1) plane t angen t  
s u r f a c e  to wing; 2 )  c o n i c a l  tangent  s u r -  
f a c e  to body. 

The t a p e r  ang le  of  t h e  t an -  
gent  s u r f a c e  i s  equa l  to t h e  
angle  formed by  t h e  t angen t  to 
t h e  p a r t i c u l a r  s u r f a c e  p o i n t  
w i t h  t h e  vec to r  vm. 
sence of  an a t t a c k  ang le ,  t h e  
t angen t  s u r f a c e  must be s o  con- 
s t r u c t e d  that flow w i l l  s t r i k e  

I n  t h e  pre-  

i t  a t  zero angle  of a t t a c k  ( F i g .  
IV-7-5). Thus, t h e  p r e s s u r e  a t  
a p o i n t  on a t ape red  s u r f a c e  i n  
flow at an angle  of a t t a c k  i s  as- 

Figure IV-7-5. Tangent Sur- 
f a c e  i n  the  Presence of  an 
Attack Angle. 

sumed to be t h e  same as on t h e  
corresponding t angen t  s u r f a c e  

w i t h  t h e  cond i t ion  t h a t  a = 0 f o r  t h e  l a t t e r .  

We might examine ano the r  v a r i e t y  of  t h e  tangent -sur face  
method based on t h e  hypothes is  of equa l  v e l o c i t i e s  a t  t h e  p o i n t  
of tangency o f  t h e  r e a l  and t angen t  s u r f a c e s .  According to t h i s  
hypo thes i s ,  t h e  p r e s s u r e  c o e f f i c i e n t  i s  determined by  t h e  formula 
p v  [2/(kl\r:)] ( p v / p o ,  - I), i n  which t h e  abso lu te  p r e s s u r e  
- 

k 

1" 
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i s  c a l c u l a t e d  from t h e  v e l o c i t y  Vv and the s t a g n a t i o n  p r e s s u r e  p; .  
T h i s  p r e s s u r e  i s  determined f o r  a g iven  Ma from t h e  ang le  of t h e  
shock a t  t h e  p o i n t  of t h e  body ( t h e  s u b s c r i p t  ''v" p e r t a i n s  to 
q u a n t i t i e s  c a l c u l a t e d  by t h e  equa l -ve loc i ty  h y p o t h e s i s ) .  

The c a l c u l a t i o n  based on t h e  equa l -ve loc i ty  hypo thes i s  can 
be s i m p l i f i e d  by use  of r e s u l t s  ob ta ined  w i t h  an  equal -pressure  
hypothes is .  Since t h e  v e l o c i t i e s  c a l c u l a t e d  on the b a s i s  of t h e  
two hypotheses  a r e  t h e  same, we can f i n d  t h e  r e l a t i o n  

(IV-7-18) 

where 5 i s  t h e  p r e s s u r e  c o e f f i c i e n t  corresponding to t h e  equal-  
p r e s s u r e  hypo thes i s ;  3 i s  equal  to t h e  r a t i o  v o / v ,  i n  which the  
c o e f f i c i e n t  v = p"/p0 i s  c a l c u l a t e d  from t h e  s t a g n a t i o n  p r e s s u r e  
pS 
and t h e  q u a n t i t y  v o  = p;/po i s  determined from t h e  s t a g n a t i o n  
p r e s s u r e  p ;  f o r  t h e  t angen t  s u r f a c e  wi th  i n c l i n a t i o n  angle  Bo. 

P 

f o r  t h e  l o c a l ' t a n g e n t  s u r f a c e  i n c l i n e d  a t  B to t h e  v e c t o r  Vw, 

Thus, i n  o rde r  t o  c a l c u l a t e  t h e  p r e s s u r e  c o e f f i c i e n t  cv, i t  /180 
i s  f i r s t  necessary  to f i n d  t h e  va lue  of 5 on t h e  l o c a l  t angen t  
s u r f a c e  and determine t h e  r a t i o  3 = vo /v .  At t h e  p o i n t ,  t h i s  
r a t i o  i s  u n i t y ,  and f o r  p o i n t s  where B < BP , t h e  q u a n t i t y  5 < 1. 
A s  fo l lows  from (Iv-7-18),  t h e r e f o r e ,  t h e  c o e f f i c i e n t  pv assumes 
a zero  va lue  i n  a c e r t a i n  s e c t i o n  and then  becomes nega t ive  down- 
s t ream.  

P 

The p o s s i b i l i t y  of o b t a i n i n g  nega t ive  p r e s s u r e  c o e f f i c i e n t s  
i s  t h e  fundamental d i f f e r e n c e  between t h e  " tangent  s u r f a c e "  
method, which i s  based on t h e  equal -ve loc i ty  hypo thes i s ,  and t h e  
method based on t h e  hypothes is  of equa l  p r e s s u r e s ,  i n  which t h e  
p r e s s u r e  c o e f f i c i e n t  may be e i t h e r  g r e a t e r  t han  or equa l  to zero .  

Experimental  data and c e r t a i n  t h e o r e t i c a l  i n v e s t i g a t i o n s  
i n d i c a t e  t h a t  d i s t i n c t  r eg ions  of r a r e f a c t i o n  a r i s e  on a r e a s  re- 
mote from t h e  nose a t  moderate Mach numbers Ma. T h i s  confirms 
tha t  t h e  equa l -ve loc i ty  hypothes is  i s  more r e a l i s t i c  f o r  such 
v e l o c i t i e s  t han  t h e  equal -pressure  h y p o t h e s i s . .  

At very l a r g e  M w ,  almost a l l  of  t h e  pos i t i ve - s lope  s u r f a c e  
comes under a p o s i t i v e  excess  p r e s s u r e ;  t h i s  i s  a t  var iance  w i t h  
t h e  equal -ve loc i ty  hypo thes i s ,  which g ives  improbably low p res su re  
va lues  . 

The sense  of t h i s  method makes i t  a p p l i c a b l e  f o r  c a l c u l a t i o n  
of flow a t  p o i n t s  a t  which t h e  tangent -sur face  i n c l i n a t i o n  to t h e  
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vec to r  vm forms an angle  B >  0.  
t h e  p r e s s u r e  p 

P 
d i s t u r b e d  flow and, consequent ly ,  t h e  p r e s s u r e  c o e f f i c i e n t  a t  
t h i s  p o i n t  5 = 0 .  Thus, t h i s  method i s  n o t ,  s t r i c t l y  speaking,  
a p p l i c a b l e  t o  s u r f a c e  elements  w i t h  nega t ive  s l o p e  (f3 < 0 ) .  

However, t h e  " tangent  su r face"  method can be  used f o r  rough 
e s t i m a t i o n  of t h e  p r e s s u r e  c o e f f i c i e n t  i n  t h e  "shaded" zone. It 
i s  assumed he re  t h a t  t h e  p r e s s u r e  c o e f f i c i e n t  w i l l  b e  nega t ive  on 
a s u r f a c e  elements w i t h  ang le  B < 0 ,  bu t  equa l  i n  abso lu t e  magni- 
tude  t o  t he  p r e s s u r e  c o e f f i c i e n t  on an element w i t h  a p o s i t i v e  
i n c l i n a t i o n  angle  ( B  > 0 ) .  

Here, a t  t h e  p o i n t  where B = 0 ,  
i s  a s sumedequa l  to the  p r e s s u r e  p, of t h e  un- 

P 

The Busemann formula. According t o  t h e  Newtonian corpuscu- 
l a r  theo ry ,  an aerodynamic f o r c e  arises as a r e s u l t  of c o l l i s i o n  
of gas  p a r t i c l e s  w i th  t h e  s u r f a c e .  Thus, t he  fundamental con- 
cep t ion  of  t h i s  t heo ry  c o n s i s t s  p r e c i s e l y  i n  t h e  impact e f f e c t .  

The conclus ions  of  t h e  Newtonian theo ry  can be ob ta ined  from 
shock-wave theory  by making t h e  l i m i t  t r a n s i t i o n  i n  t h e  appropr i -  
a te  expres s ions  f o r  k + 1, Mm * -, which corresponds t o  f u l l  ap- 
p l i c a t i o n  of t h e  shock wave t o  t h e  s u r f a c e  and, consequent ly ,  an 
i n f i n i t e s i m a l l y  t h i n  compressed l a y e r .  

Under r e a l  flow c o n d i t i o n s ,  t h e  shock wave cannot approach 
f l u s h  to t h e  s u r f a c e .  Hence, as they  impact on passage a c r o s s  
t h e  compression shock, t h e  p a r t i c l e s  cont inue  t o  move on curved 
t r a j e c t o r i e s .  A s  a consequence, t h e  p r e s s u r e  on t h e  s u r f a c e  of  
t h e  body d i f f e r s  from t h e  p r e s s u r e  immediately behind the shock. 

The phenomenon w i l l  be fundamentally t h e  same i n  a hypo the t i -  
c a l  flow w i t h  M, + -, k + 1. Crossing a shock wave i n  coincidence 
w i t h  t h e  s u r f a c e ,  the  gas  p a r t i c l e s  cont inue  t h e i r  motion i n  an 
i n f i n i t e s i m a l l y  t h i n  l a y e r  a long geodes ic  l i n e s  of  t h e  s u r f a c e .  

The v e l o c i t y  V, of t h i s  motion, c a l c u l a t e d  from compression- 
shock theory  f o r  k + 1, Mm + -, i s  V, = V, cos B ( t h e  s u b s c r i p t s  
1 and 2 p e r t a i n  t o  t h e  flow v a r i a b l e s  be fo re  and a f t e r  t he  shock, 
r e s p e c t i v e l y ) .  

The motion a long  t h e  curved t r a j e c t o r y  w i l l  r e s u l t  i n  t h e  
appearance of  a c e n t r i f u g a l  f o r c e ,  which w i l l  change t h e  p re s -  
s u r e  on t h e  body's  s u r f a c e  from t h e  va lue  obta ined  by Newton's 
t heo ry .  

The magnitude of t h i s  f o r c e ,  which i s  determined by  the  m a s s  /181 
p e r  u n i t  volume of t h e  p a r t i c l e s  tha t  have passed through t h e  
shock ( d e n s i t y  p p )  and by t h e  c e n t r i f u g a l  a c c e l e r a t i o n  IT:/!, where 
R i s  t h e  r a d i u s  of cu rva tu re  of t h e  washed contour ,  i s  pzV,/R.  
Consequently,  t h e  elementary p r e s s u r e  va lue  c r e a t e d  b y  t h i s  f o r c e  
i n  a t h i n  l a y e r  of t h i c k n e s s  dn w i l l  be  dpcf = (p,Vi/R)dn. 



The productp,V;dn can be  m p l a c e d  by  an  expres s ion  ob ta ined  
from the  flow rate  equa t ion  pZV,f(x)dn = p l V l d S ,  i n  which f ( x )  = 1 
f o r  p lane  and f ( x )  = 21Tr(x) f o r  s p a t i a l  symmetrical  f lows;  S i s  
c r o s s - s e c t i o n a l  area. Then t h e  elementary c e n t r i f u g a l  p r e s s u r e  

I n t e g r a t i n g  t h i s  r e l a t i o n s h i p  over  S and remembering that  
t h e  p r e s s u r e  plV: s in2B behind t h e  shock wave, w e  f i n d  C381 

T h i s  formula, which was de r ived  by  Busemann, determines t h e  
p r e s s u r e  not  only as a func t ion  of t h e  l o c a l  i n c l i n a t i o n  of  t h e  
elementary s u r f a c e  wi th  r e s p e c t  t o  t h e  v e c t o r  Vm, bu t  a l s o  as a 
f u n c t i o n  of t h e  shape o f  t h e  s u r f a c e  over t h e  e n t i r e  zone between 
t h e  s u r f a c e  element and t h e  forward p o i n t .  

For s l e n d e r  bodies  f o r  which t h e  ang le s  B are everywhere 
sma l l  (cos  B z 1 ,  s i n  f3 =: B ) ,  t h e  i n f l u e n c e  of s u r f a c e  shape on 
t h e  preceding  segment i s  found t o  be n e g l i g i b l e .  Formula ( I V - 7 - 1 9 )  
b e come s 

1. 

( IV-7-20)  

S u b s t i t u t i n g  the slender-body va lue  R = -(d2y/dx2)" f o r  t h e  
r a d i u s  o f  cu rva tu re  and conve r t ing  t o  the  p r e s s u r e  c o e f f i c i e n t ,  
w e  o b t a i n  

( IV-7-2 1 ) 

where i s  t h e  coord ina te  of  a p o i n t  on the  wing s u r f a c e  (p l ane  
f low) o r  body s u r f a c e  ( s p a t i a l  f l ow) .  

I n  t h e  l a t t e r  case ,  i s  equa l  t o  t h e  r a d i u s  r - of t h e  s o l i d -  

A s  i n  t h e  case  of t h e  improved Newton formula,  w e  can wr i te  

of - revolu t ion  g e n e r a t r i x .  

t h e  Busemann formula f o r  t h e  p r e s s u r e  c o e f f i c i e n t  
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For a s l e n d e r  body 

or 

(IV-7-22) 

where u = 1 f o r  p lane  flows and v = 2 for symmetrical  spa t ia l  
f lows.  

The above r e l a t i o n s h i p s  d i f f e r  from t h e  corresponding New-  

, a c t e r i z e s  t h e  i n f l u e n c e  of contour  cu rva tu re  and, consequent ly ,  
t o n i a n  formulas i n  having a second t e r m  i n  t h e  b r a c k e t s  t h a t  char- 

takes account of the c e n t r i f u g a l - f o r c e  i n f l u e n c e  on p r e s s u r e .  

over  concave s u r f a c e s  wi th  k = 1 . 4 .  
S t u d i e s  have shown t h a t  t h i s  e f f e c t  w i l l  be r ea l  f o r  flow 

For bodies  w i t h  convex s u r f a c e s ,  c o r r e c t i o n  f o r  t h e  i n f l u -  /182 
ence of c e n t r i f u g a l  f o r c e s  i s  p h y s i c a l l y  meaningless;  hence it 
i s  b e t t e r  t o  use t h e  Newtonian formula f o r  t h e  c a l c u l a t i o n s .  How- 
eve r ,  i t  g i v e s  h igh  va lues  of t h e  p r e s s u r e  for t h i n  s u r f a c e s  when 
M, + co, k + 1, and, consequent ly ,  p r e f e r e n c e  should be g iven  i n  
t h i s  case  t o  t h e  Busemann formula.  

SIV-8. AERODYNAMIC H E A T I N G  

F l i g h t  i n  the atmosphere i s  accompanied by  t r a n s f e r  of heat 
from t h e  environment t o  the  v e h i c l e  when t h e  gas temperature  nea r  
i t s  s u r f a c e  r ises above t h a t  of t h e  b.ody. The  high-temperature 
r eg ions  ar ise  as a r e s u l t  o f  flow s t a g n a t i o n  i n  t h e  shock waves 
and boundary layer ,  w i t h  t h e  r e s u l t i n g  i n c r e a s e  i n  t he  s t a t i c  en- 
t h a l p y  of the a i r .  

The  h e a t - t r a n s f e r  c a l c u l a t i o n  c o n s i s t s  i n  determining:  a )  the 
ra te  of heat t r a n s f e r  a t  t he  t o t a l - s t a g n a t i o n  p o i n t ;  b )  the  ra te  
of heat t r a n s f e r  a t  any o t h e r  p o i n t  on the w a l l ;  c )  the  t o t a l  heat 
flow t o  t h e  s u r f a c e .  S o l u t i o n  of t h e  f i rs t  problem makes p o s s i b l e  
p rope r  des ign  of t h e  coo l ing  system or s e l e c t i o n  of o t h e r  means of 
p r o t e c t i n g  t h e  s u r f a c e  from overhea t ing .  S o l u t i o n  of  the  o t h e r  
two makes i t  p o s s i b l e  t o  i d e n t i f y  zones a t  which excess ive  ther-  
m a l  s t r e s s i n g  occurs  and s u r f a c e  damage i s  p o s s i b l e ,  w i t h  a view 
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t o  adopt ing  p r a c t i c a l  p recau t iona ry  measures. 

i n g  theo ry .  

The Parameters of Heat '  T r a n s f e r  

L e t  us examine c e r t a i n  g e n e r a l  concepts  of aerodynamic-heat- 

Temperature a n d  enthalpy i n  the boundary layer .  L e t  us ex- 
amine expres s ions  t h a t  d e f i n e  t he  tempera ture  and en tha lpy  f o r  
t he  cond i t ions  of t o t a l  s t a g n a t i o n  i n  the  boundary l a y e r .  

f o r c e s  do no work, heat conduct ion i s  absen t ,  and t h e r e  are no 
d i f f u s i v e  o r  r a d i a t i v e  heat f lows ,  the  s t a g n a t i o n  tempera ture  i s  

I f  no energy t r a n s f e r  occurs  a t  a l l ,  i . e . ,  the  v i s c o s i t y  

(IV-8-1) 

where Vx i s  the v e l o c i t y  a t  a c e r t a i n  p o i n t  i n  the c r o s s  s e c t i o n  
of  t h e  boundary l a y e r ,  T i s  t h e  s t a t i c  tempera ture  a t  t h i s  p o i n t ,  

'and ( c  ) i s  t h e  average s p e c i f i c  h e a t  f o r  t h e  tempera ture  range 
P a v  

T o  - T. 

The  temperature  T o ,  a measure of t o t a l  energy,  does no t  
change over  the  t h i c k n e s s  of t he  l a y e r  and i s ide t e rmined  by the  
parameters  T6 and V6 on t h e  
i n  accordance w i t h  the  expres s ion  

o u t e r  edge of t h e  boundary l a y e r  

(IV-8-1' ) 

S u b s t i t u t i n g  i n  t h i s  express ion  

- -  
v2, = Bl@aT6 and (e& = Rkl (k - I ) ,  

where M6 i s  t h e  Mach number a t  t h e  o u t e r  edge- and 17 i s  the  
average r a t i o  of  s p e c i f i c  
w e  o b t a i n  the  approximate 

heats f o r  t h e  tempera ture  range T o  - T6,  

r e l a t i o n  /183 

(IV-8-1") 
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w i t h  c o n s t a n t  heat c a p a c i t i e s ,  i t  i s  n e c e s s a r y  t o  se t  E = k = 
= c o n s t .  When heat  c a p a c i t y  v a r i e s  s t r o n g l y  w i t h  t empera tu re  
as a r e s u l t  of  d i s s o c i a t i o n  and i o n i z a t i o n ,  and i t  cannot  b e  re-  
p l a c e d  by an  average  v a l u e ,  i t  i s  a d v i s a b l e  t o  use  i n s t e a d  o f  T o  
t h e  s t a g n a t i o n  e n t h a l p y ,  which i s  de termined  by t h e  e x p r e s s i o n s  

(IV-8-2 ) 

where - i and i6 are the r e s p e c t i v e  e n t h a l p i e s  a t  an  a r b i t r a r y  p o i n t  
i n  t h e  boundary l a y e r  and on i t s  o u t e r  edge .  

t o  c a l c u l a t e  io f o r  c o n s t a n t  heat c a p a c i t i e s :  
By ana logy  w i t h  (1v-8--iit), w e  can use  t h e  f o l l o w i n g  formula  

k-I 
i o = i b  (1 -k- 2 1%) . (IV-8-2' ) 

L e t  us  now c o n s i d e r  t h e  c a s e  i n  which t h e  w a l l  i s  hea t - in su -  
l a t ed  ( a d i a b a t i c )  and t h e  p r o c e s s e s  t a k i n g  p l a c e  i n  t h e  boundary 
l a y e r  are c h a r a c t e r i z e d  by energy t r a n s f e r .  Here, owing t o  t h e  
work o f  f r i c t i o n ,  t h e  w a l l  heq ts  up, and t h i s  i s  accompanied by 
conduc t ive  h e a t  t r a n s f e r  i n t o  i t s  deepe r  l a y e r s .  Heat ing  w i l l  
i n c r e a s e  u n t i l  e q u i l i b r i u m  i s  r eached  between t h e  heat t r a n s f e r  
from t h e  i n n e r  l a y e r s  t o  t h e  o u t e r  l a y e r s ,  and the  i n f l o w  o f  h e a t  
due t o  t h e  work o f  t h e  v i s c o s i t y  f o r c e s .  The co r re spond ing  w a l l  
t empera tu re  T i s  known as t h e  e q u i l i b r i u m  o r  r ecove ry  tempera- 
t u r e  and i s  obvious ly  lower t h a n  t h e  s t a g n a t i o n  t empera tu re  T o .  
T h i s  drop  i n  w a l l  t empera tu re  can b e  c h a r a c t e r i z e d  by  t h e  r ecove ry  
coe f f i c i e n t  

?? 

(IV-8-3) 

which i n d i c a t e s  how c l o s e  t h e  r ecove ry  t empera tu re  i s  t o  t h e  s t a g -  
n a t i o n  t empera tu re .  

With d i s s o c i a t i o n  and i o n i z a t i o n ,  i t  i s  p r e f e r a b l e  t o  con- 
v e r t  t o  t h e  r ecove ry  e n t h a l p y  ir and t h e  co r re spond ing  r ecove ry  
c o e f f i c i e n t  

(IV-8-4) 
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According t o  (IV-8-3) and (IV-8-4), the  expres s ions  f o r  the  
recovery temperature  and en tha lpy  take the  forms 

(IV-8-5) 

(IV-8-6) 

where ( c  ) and E are the  average va lues  f o r  t h e  temperature  
range Tr - Ts .  

formula r - P r m ,  i n  which m = 1/2 f o r  a laminary boundary and 
M = 1/3 f o r  a t u r b u l e n t  one. The P r a n d t l  number P r  and hence 
t h e  c o e f f i c i e n t  depend on physicochemical t r ans fo rma t ions  i n  
t h e  gas .  However, t h i s  dependence i s  weak, and i n  approximate 
c a l c u l a t i o n s  we may assume t h e  recovery c o e f f i c i e n t  t o  be con- 
s t a n t  a t  r1 = 0.85 f o r  a laminar  boundary l a y e r  and rt = 0.88- 
0 . 9  for a t u r b u l e n t  l a y e r .  

P a v  

The  recovery c o e f f i c i e n t  i s  determined from t h e  g e n e r a l  

Determining parameters. Flow i n  a compressible  boundary 
l a y e r  a t  h igh  v e l o c i t i e s  i s  c h a r a c t e r i z e d  by  a c e r t a i n  l a w  of 
v a r i a t i o n  of tempera ture ,  en tha lpy ,  and o t h e r  thermodynamic and 
k i n e t i c  v a r i a b l e s  of t h e  gas over t h e  t h i c k n e s s  of t h e  l a y e r .  
In p r a c t i c e ,  flow i n  t h e  layer  i s  c h a r a c t e r i z e d  by  de t e rmin ine  
parameters, which r e p r e s e n t  c e r t a i n  averaged va lues  of tempera- 
t u r e ,  en tha lpy ,  d e n s i t y ,  e t c . ,  t h a t  a r e  cons t an t  f o r  t h e  c r o s s  
s e c t i o n  under c o n s i d e r a t i o n .  

A boundary l a y e r  w i t h  such parameters  i s  c a l c u l a t e d  w i t h  t h e  
r e l a t i o n s h i p s  f o r  an incompress ib le  gas .  The data obta ined  on 
f r i c t i o n  and h e a t  t r a n s f e r  a r e  i n  very good agreement w i t h  expe r i -  
mental  r e s u l t s  found i n  t h e  absence of d i f f u s i o n  f o r  flow a long  
a s u r f a c e  w i t h  cons t an t  p r e s s u r e  (for example, p a s t  a p l a t e  o r  
cone) i n  a broad range of v e l o c i t i e s  (Vs = 300-7000 m / s ) ,  tem- 
p e r a t u r e s  (T6 = 450-650OOK; Twl = 300-3000°K), and p r e s s u r e s  (p, = 

= 0.1-10 a t m ) .  

The parameters  on which t h e  p r o p e r t i e s  of such an a r b i t r a r y  
incompress ib le  boundary l a y e r  depend are c a l c u l a t e d  as f u n c t i o n s  
of  tempera ture  f o r  a c e r t a i n  en tha lpy  i* between t h e  extreme 
va lues  of  - i o b t a i n i n g  i n  t h e  boundary l a y e r .  
e r t  C501, 

According t o  Eck- 

/184 

i+ =0,5 ( i w l + f 6 )  $0,22 ( i r - - ia ) ,  ( IV-8-71 
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where iwl and i6 are the  e n t h a l p i e s  of t he  gas  a t  
t h e  l a y e r  o u t e r  edge,  r e s p e c t i v e l y ;  ir i s  t h e  
t h a l p y  . 

R e l a t i o n  ( IV-8-7 )  can a l s o  be r e p r e s e n t e d  i n  

t h e  w a l l  and a t  
r ecove ry  en- 

a n o t h e r  form: 

(IV-8-7' ) 

where 

i = iwl/io. w l  

The de te rmin ing  e n t h a l p y  depends on t h e  s t r u c t u r e  o f  t h e  
boundary l a y e r  and on M m .  There are  a number of  r e l a t i o n s h i p s  
t h a t  can b e  used t o  c a l c u l a t e  i* s e p a r a t e l y  f o r  l amina r  and t u r -  
b u l e n t  boundary l a y e r s  and f o r  v a r i o u s  Ma r anges .  Formula 
(IV-8-7) compares f a v o r a b l y  w i t h  t hese  r e l a t i o n s h i p s  by v i r t u e  
of i t s  u n i v e r s a l i t y  and t h e  f a c t  t h a t  i t  can be  a p p l i e d  w i t h  a 
c e r t a i n  approximat ion  f o r  bo th  l amina r  and t u r b u l e n t  f lows i n  a 
ra ther  broad  r ange  of Ma. 

e n t h a l p y  iwl t o  c a l c u l a t e  i*. 

c a s e  i n  which t h e  s u r f a c e  t empera tu re  i s  he ld  a t  a r e q u i r e d  l e v e l ,  
t h e  w a l l  e n t h a l p y  w i l l  b e  known. I f ,  however, h e a t i n g  i s  spon- 
t aneous ,  t h e  d e t e r m i n a t i o n  of iwl r e q u i r e s  s o l v i n g  t h e  problem of  
heat t r a n s f e r  between t h e  w a l l  and t h e  g a s .  

is a t  t h e  o u t e r  boundary o f  t h e  l a y e r  i s  u s u a l l y  known. 
t h e  r ecove ry  e n t h a l p y ,  i t  i s  de termined  from t h e  e x p r e s s i o n  

A s  w e  see from (1v-8-7), it i s  n e c e s s a r y  t o  know t h e  w a l l  
I n  t h e  p r a c t i c a l l y  most impor t an t  

Of t h e  two pa rame te r s  t h a t  appea r  i n  (IV-8-7), t h e  e n t h a l p y  
A s  f o r  

VB ir = i d - / - r * - -  2 '  
(IV-8-8) 

i n  which t h e  r ecove ry  c o e f f i c i e n t  r* can g e n e r a l l y  be c a l c u l a t e d  
as a de te rmin ing  pa rame te r  w i t h  t h e  e x p r e s s i o n  r* - (Pr*)m, where 
the P r a n d t l  number P r *  = * * / A *  ( t h e  symbol ll*lr s i g n i f i e s  t h e  
de t e rmin ing  v a l u e s  of a l l  q u a n t i t i e s ) .  

R e l a t i o n  (IV-8-7) i s  used i n  t h e  g e n e r a l  c a s e  of a d i s s o c i a t -  
i n g  gas  and when t h e  gas  i n  t h e  boundary l a y e r  i s  h e a t e d  t o  a t e m -  
p e r a t u r e  a t  which d i s s o c i a t i o n  does n o t  y e t  occur  b u t  t h e  heat 
c a p a c i t i e s  change. 

cPv 

\ 
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I n  t h e  former case ,  t h e  de te rmining  temperature  i s  found as 1185 
a f u n c t i o n  of E and i*. Tables  or diagrams of s t a t e  f o r  a i r  a t  
very h igh  tempera tures  can be used f o r  the  c a l c u l a t i o n s .  

0 

Figure  IV-8-1. Deter- 
mining Enthalpy (brok- 
en  l i n e s  without  con- 
s i d e r a t i o n  of d i s s o c i a -  
t i o n ;  s o l i d  l i n e s  w i t h  
d i s s o c i a t i o n  taken  i n -  
to account a t  a p re s -  
s u r e  p = 100  kg/cm2; 
dot-dash l i n e s  f o r  p = 
= 0 . 0 0 1  kg/cm2). 

I n  t h e  l a t t e r  case ,  (IV-8-71 can 
be used to f i n d  t h e  de te rmining  t e m -  
p e r a t u r e ,  w i t h  t he  en tha lpy  r e p l a c e d  
by tempera ture  i n  accordance w i t h  t h e  
expres s ion  

where t h e  en tha lpy  ik may assume the  
va lues  of ir, iwl, o r  i* and t h e  t e m -  
p e r a t u r e  Tk t h e  r e s p e c t i v e  va lues  Tr ,  
Twl, or T*. 
( c  i s  c a l c u l a t e d  f o r  t h e  tempera- 
t u r e  range Tk - T g .  
s u b s t i t u t i o n ,  we o b t a i n  i n s t e a d  of  
(IV-8-7) a r e l a t i o n  f o r  t h e  determin-  
i n g  tempera ture  T*, w i t h  t h e  recovery  
tempera ture  found b y  (Iv-8-51, i n  
which r* i s  s u b s t i t u t e d  f o r  r .  - 

The average hea t  capac i ty  

P a v  
A s  a r e s u l t  of  

When t h e  s p e c i f i c  heats to not  depend on tempera ture  (a t  t e m -  
p e r a t u r e s  of approximately 700-8OO0C o r  lower ) ,  

In t roduc ing  t h e  va lues  f o r  Tr and T o  i n t o  t h i s  r e l a t i o n ,  we 
o b t a i n  

T* k-1 k-1 

where Fwl = Twl/To. 

For a h e a t - i n s u l a t e d  w a l l ,  i t  i s  necessary  to t a k e  Twl = Tr 
i n  t he  r e l a t i o n s h i p s  g iven  above f o r  the de termining  va lues  of en- 
t h a l p y  and tempera ture .  
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Figure  IV-8-1 shows determining-enthalpy va lues  c a l c u l a t e d  

The thermodynamic func t ions  and k i n e t i c  c o e f f i c i e n t s  are 
c a l c u l a t e d  i n  dependence on t h e  de te rmining  temperature  b y  t h e  
formulas 

by (IV-8-7) f o r  und i s soc ia t ed  and d i s s o c i a t e d  gases .  

(IV- 8-10 ) 

The h e a t - b a l a n c e  e q u a t i o n .  I n  i t s  g e n e r a l  form, t h i s  equa- 
t i o n  determines t h e  o v e r - a l l  h e a t  flow qwl going to h e a t  t h e  w a l l .  
It i s  equa l  t o  t h e  d i f f e r e n c e  between t h e  heat inf low qi to t h e  

s u r f a c e  and t h e  heat flow qw widhdrawn from i t ,  i . e . ,  qwl = qi - 
- 9,. 

The hea t  in f low a r i s e s  as a consequence o f :  h e a t i n g  of  t h e  
boundary l a y e r  due t o  f r i c t i o n  (convec t ive  qc and r a d i a t i v e  qrad 
hea t  f l o w s ) ;  r a d i a t i o n  from the  sun qs and e a r t h  qe; t r a n s f e r  of 
h e a t  from t h e  equipment, qeq. Thus, 

(IV-8-11) 

The  hea t  withdrawn i s  composed of t h e  thermal  energy emi t t ed  
by t h e  hea ted  s u r f a c e  (qem) ,  t h a t  absorbed by  t h e  w a l l  m a t e r i a l  and 
d i s s i p a t e d  i n t o  t h e  environment du r ing  a b l a t i o n  ( q a b ) ,  and t h e  h e a t  
withdrawn by va r ious  coo l ing  systems ( q c s ) .  

Consequently , 

( IV-8 -12)  

The h e a t  flow from t h e  equipment and t h e  heat withdrawn by /186 
t h e  coo l ing  system may have l a r g e  s p e c i f i c  weights  i n  t h e  h e a t  
ba lance .  Problems invo lv ing  the  p e r m i s s i b l e  q and t h e  r e q u i r e d  
qcs are p r i m a r i l y  o f  a s t r u c t u r a l - e n g i n e e r i n g  n a t u r e .  

eq 

Convective heat flow. A t  flow v e l o c i t i e s  a t  which there are 
no chemical r e a c t i o n s  i n  t h e  boundary laser .  t h e  s D e c i f i c  convec- 
t i v e  heat flow i s  determined w i t h  a mod i f i ca t ion  o f  Newton's l a w :  
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( IV-8-13 ) 

Chemical p rocesses  become e s s e n t i a l  a t  very h igh  v e l o c i t i e s ,  
and the change i n  en tha lpy  must be t aken  i n t o  account i n  c a l c u l a t -  
i n g  h e a t  t r a n s f e r  i n  accordance wi th  t h e  formula 

(IV-8-14) 

where awl i s  t h e  heat output  c o e f f i c i e n t  and ( c  ) 

i c  heat c a p a c i t y  f o r  the  cond i t ions  of t h e  gas  a t  the  w a l l .  

l e s s  h e a t - t r a n s f e r  c r i t e r i a  i n s t e a d  of  t h e  dimensional  heat output  
c o e f f i c i e n t ,  namely, t h e  S tan ton  number 

i s  the s p e c i f -  
P wl 

To c h a r a c t e r i z e  heat flow, i t  i s  convenient  t o  use dimension- 

and the  Nusse l t  number 

Nu = awlR/hwl. (Iv-8-16) 

where R i s  an a r b i t r a r y  l i n e a r  dimension and Awl i s  t h e  thermal  
conduc t iv i ty  c o e f f i c i e n t  of t h e  gas  a t  t h e  w a l l .  

The r e l a t i o n  between t h e s e  two numbers i s  e s t a b l i s h e d  by t h e  
r e  l a t  i on 

Nu = StRePr,  ( IV-8- 17 ) 

where t h e  Reynolds number R e  = V6p6R/v6; t h e  P r a n d t l  number Pr = 

= (Cp)wlP6/hwl' 

The b a s i c  problem of aerodynamic h e a t - t r a n s f e r  t heo ry  con- 
s i s t s  i n  de te rmining  awl o r  t h e  d imens ionless  h e a t - t r a n s f e r  coef-  
f i c i e n t s .  

Rad ia t ive  h e a t  f l u x .  _ _ -  A s  a r e s u l t  of t h e  sha rp  r i s e  i n  t e m -  
p e r a t u r e  behind t h e  shock wave o r  i n  t h e  boundary l a y e r ,  the  n i t r i c  
ox ide  c o n c e n t r a t i o n  iil t h e  a i r  r ises s u b s t a n t i a l l y ,  wi th  t h e  r e s u l t  
t h a t  t h e  a i r  ceases  t o  be o p t i c a l l y  t r a n s p a r e n t  and becomes a 
source  of r a d i a t i v e  f l u x .  
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The o p t i c a l  p r o p e r t i e s  of a i r  a r e  c h a r a c t e r i z e d  b y  a c e r t a i n  
parameter  E, which i s  the  e m i s s i v i t y  of a u n i t  l eng th  of r a d i a t i n g  
l a y e r  and has t h e  dimensions l/k. For a r a d i a t i n g  l a y e r  s o  t h i c k ,  
the  dimensionless  c h a r a c t e r i s t i c  o f  e m i s s i v i t y  w i l l  be & s o ,  which 
i s  known as t h e  e f f e c t i v e - e m i s s i v i t y  ----_ - -  . -  of t h e  gas. 

According t o  t h e  Stefan-Boltzmann law, t h e  heat r a d i a t e d  by  
an a b s o l u t e l y  b lack  body i s  qrad = aT4.  
parency, t h i s  formula must i nc lude  a c e r t a i n  f u n c t i o n  f ( E s O )  t h a t  
depends on e f f e c t i v e  e m i s s i v i t y  and c h a r a c t e r i z e s  t h e  "blackness"  
of t h e  gas .  Thus, the r a d i a t i v e  heat f l u x  t o  t h e  w a l l  i s  

To t a k e  account o f  t r a n s -  

= f ( @ S 0 ) 0 T 4 ,  ( IV-8-18 1 qrad 

where u = 5.85.10'' kg*m/m2*s*deg4 i s  t h e  emission c o e f f i c i e n t  of 
t h e  a b s o l u t e l y  b l a c k  body and T i s  t h e  temperature  of  t h e  radiat-  
i n g  gas .  

does not  radiate  and i t s  tempera ture  Twl < 3000OK. 

of the  f u n c t i o n  f ( E s O )  w i t h  e f f e c t i v e  e m i s s i v i t y .  T h i s  curve can 
be approximated by  t h e  equa t ion  

Formula (IV-8-18) p e r t a i n s  t o  t h e  case i n  which t h e  w a l l  

F igure  IV-8-2 shows a curve c h a r a c t e r i z i n g  t h e  v a r i a t i o n  /187 

f==1--c!esp(--es,), (Iv-8-19] 

which g i v e s  an e r r o r  no g r e a t e r  t han  2 0 % .  

F igure  IV-8-2.  Varia- 
t i o n  of Funct ion f (ES0)  
Which Charac te r i zes  
Rad ia t ive  Flux a t  t h e  
C r i t i c a l  P o i n t .  F igure  Iv-8-3. Experimental  

Data on G a s  Emiss iv i ty .  
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Figure  IV-8-4. Rad ia t ive  
Power of  Sun as a Func- 
t i o n  of  A l t i t u d e .  

We s e e  from Fig .  IV-8-3 [ll], 
which p r e s e n t s  the r e s u l t s  of ex- 
pe r imen ta l  s t u d i e s ,  t h a t  t h e  param- 
e t e r  E depends on a i r  tempera ture  and 
d e n s i t y .  I n  t h e  tempera ture  range 
8 0 0 0 ~ ~  < T < 1 6 , 0 0 0 ° ~ ,  t h e  f a m i l y  of  
curves  Tn Fig .  IV-8-3 i s  c l o s e l y  ap- 
proximated by t h e  formula 

where p, i s  t h e  d e n s i t y  of  t h e  a i r  a t  t h e  ground. 

t h e  sun 

g 
S o l a r  and ground r a d i a t i o n .  - The r a d i a n t  hea t  f l u x  from 

9. = ;?s. cos 0, ( IV-8-21) 

where 9 i s  t h e  ang le  between t h e  d i r e c t i o n  of t h e  s u n l i g h t  and t h e  
normal t o  t h e  body's s u r f a c e ;  c i s  t h e  r a d i a t i v e  power of  t h e  sun,  
which depends b a s i c a l l y  on a l t i t u d e ,  weather c o n d i t i o n s ,  and t h e  
z e n i t h  d i s t a n c e  of the sun. 

F igu re  IV-8-4 shows va lues  of f o r  t h e  sun a t  t h e  z e n i t h  
f o r  average geographic  cond i t ions  but  wi thout  c o n s i d e r a t i o n  of 
a b s o r p t i o n  by t h e  atmosphere.  
takes account of t h e  a b s o r p t i v i t i e s  of matter, are g iven  i n  
T a b l e  IV-8-1 [ S I .  

Data on the  c o e f f i c i e n t  8 , ,  which 

The  s p e c i f i c  hea t  f l u x  from t h e  ground i s  very small. For  
convenience,  i t  may be regarded  a s  t h e  sum of two components: 

t h e  i n t r i n s i c  r a d i a t i v e  f l u x  from t h e  ear th ,  and t h e  heat 9 i . e )  
flow qrSe ,  composed of s u n l i g h t  r e f l e c t e d  from t h e  e a r t h ' s  su r -  
f a c e  and from clouds.  

Research has shown [ll] t h a t  f o r  t h e  cond i t ions  of  f l i g h t  a t  
500  km, 9fee can b e  found i n  approximation by  t h e  formula 

where i s  t h e  ang le  between t h e  normal t o  t h e  s u r f a c e  and the  
vehicle-ground l i n e .  



c 

A v a i l a b l e  e x p e r i m e n t a l  d a t a  i n d i c a t e  t h e  p o s s i b i l i t y  o f  c a l -  /188 
c u l a t i n g  t h e  maximum ground r a d i a n t  f l u x  by t h e  formula  

( IV-8-23)  

TABLE IV-8-1.  ABSORPTIVITIES OF MATERIALS (Values  o f  
t h e  C o e f f i c i e n t s  13, and 8,) 

- - - .  ”... . .. ,..- .-- 

Type of radiation 

-. .. __ ._I - . . 

AlGys: - 
Duralumin type 
Alloy s t e e l s  

Insulating materials: 
Plexiglas 
Glass  

Painted surfaces 
Dark 
(Light 

- - .  . 
1 

From earth (fie) 

. .. 
I 

0.0’1--0.10 
0. (JG-0.56 
0.0 1-0.39 

0.0 ’1-0.55 
0.124.62 

0.69 
0.85 

0.80-0.99 
0. so4.90 

From sun (ps) 

_. - 
0.10-0.19 

0.45 
0.40 

0.53 
0.60 
- - 
0.97 

0 .ICl-O.iS 

Note: The d a t a  on t h e  c o e f f i c i e n t s  Be and B s  are g i v e n  
f o r  t h e  wa l l - t empera tu re  r ange  200-600°c. 

F i g u r e  I V - 8 - 5 .  Curve o f  e 

Values o f  Te and Be are g iven  

i n  F i g .  I V - 8 - 5  and Table  IV-8-1 ,  re- 
s p e c t i v e l y .  

Data on t h e  s p e c i f i c  h e a t  f low 
are a l s o  expe r imen ta l  and have %.e 

been o b t a i n e d  f o r  a body a t  an  a l t i -  
t u d e  o f  500 km on t h e  ea r th - sun  l i n e  
[111. According to t h i s  s o u r c e ,  

as a Func t ion  of  A l t i t u d e  
H .  Qr.e = O . O 1 6 ( 1 + 2 ~ 0 ~ ~ p ) f i e .  ( I V - 8 - 2 4 )  

Rad ian t  _- --- h e a t  f l ow from t h e  w a l l  s u r f a c e .  The h e a t  f low 
e m i t t e d  by a u n i t  area-of t h e - w a l l  i s  de termined  by t h e  S t e f a n -  
Boltzmann l a w  

qem= EoT~,  (IV-8-25) 
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where E i s  t h e  b lackness  of t h e  s u r f a c e  o r  t h e  emission c o e f f i -  
c i e n t ,  and depends on t h e  mater ia l ,  t h e  method of  s u r f a c e  prepara-  
t i o n ,  and s u r f a c e  tempera ture .  

Data on t h e  emission c o e f f i c i e n t  are g iven  i n  [ll]. 

The emission c o e f f i c i e n t  r ises w i t h  i n c r e a s i n g  s u r f a c e  rough- 
ness .  I f  t h e  he igh t  of s u r f a c e  prominences i s  s e v e r a l  t imes t h e  
wavelength of t h e  r a d i a t i o n ,  t h e  dependence of t h e  emission coef-  
f i c i e n t  E~ of t h e  rough s u r f a c e  on t h e  emission c o e f f i c i e n t  E of 
t h e  smooth s u r f a c e  can be expressed  by  t h e  formula 

e r  = E [ I +  2.8 (1 -E) ' ] .  ( IV-8-26 ) 

Here t h e  wavelength of t h e  maximum-intensity r a d i a t i o n  depends on 
temperature  : 

2898 h=----pk. T ( IV-8-27) 

E q u a t i o n  f o r  c a l c u l a t i o n  o f  t e m p e r a t u r e  o f  a t h i n  s k i n .  L e t  1189 
us assume t h a t  t h e  s k i n  of a v e h i c l e  i s  a t h i n  w a l l  and i s  hea ted  
i n s t a n t a n e o u s l y  throughout  i t s  e n t i r e  t h i c k n e s s .  I n  t h i s  case ,  
t h e  s p e c i f i c  h e a t  flow absorbed by t h e  w a l l  i s  

( I V -  8 - 2 8 ) 

where 2, y, and 6 are t h e  heat c a p a c i t y ,  s p e c i f i c  g r a v i t y ,  and 
th i ckness  of t h e  s k i n  m a t e r i a l .  

A f t e r  s u b s t i t u t i n g  qwl i n t o  t h e  heat-balance equa t ion  qwl = 

- - q i  - qw, we o b t a i n  an equa t ion  f o r  c a l c u l a t i o n  of t h e  tempera- 
t u r e  of a t h i n  s k i n :  

T h i s  equa t ion  i s  so lved  by  numerical  methods i f  t h e  f l i g h t  
t r a j e c t o r y ,  t h e  i n i t i a l  s k i n  tempera ture ,  i t s  m a t e r i a l ,  and i t s  
th i ckness  a r e  known. The r e s u l t  i s  Twl as a func t ion  of t ime t .  
The fo l lowing  fundamentally p o s s i b l e  ways t o  lower w a l l  tempera- 
t u r e  proceed from (IV-8-29): 1) reducing  t h e  convec t ive  h e a t  flow 

- 
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by reducing  awl. 
cond i t ions  of f l i g h t  i n  a t h i n  atmosphere. 
i s  s u b s t a n t i a l l y  lower f o r  a laminar  boundary l a y e r ;  2 )  use of 
a r t i f i c i a l  cool ing .  For example, coo l ing  by evapora t ion  of a 
l i q u i d  through pores  i n  t h e  s k i n  i s  h igh ly  e f f e c t i v e ;  3)  i n c r e a s -  
i n g  t h e  roughness of t h e  s u r f a c e ;  4 )  use  of  h e a t - i n s u l a t i n g  coa t -  
i ngs  with l a r g e  heat c a p a c i t i e s .  

T h e  h e a t  ou tput  c o e f f i c i e n t  i s  lowered under t h e  
The c o e f f i c i e n t  awl 

Equi 1 i bri um radi a t i  o n  temperature. Let us assume t h a t  t h e  
the rma l  c o n d i t i o n s ,  which are c h a r a c t e r i z e d  s o l e l y  by convec t ive  
inf low from t h e  boundary l a y e r  t o  t h e \ w a l l  and withdrawal of hea t  
energy from i t  by r a d i a t i o n  are s t e a d y ,  i . e . ,  t h a t  t h e  w a l l  tem- 
p e r a t u r e  does not  change w i t h  t ime and that  dTwl/dt = 0 .  
(IV-8-29) becomes 

Then 

The w a l l  t empera ture  determined by  t h i s  equa t ion  i s  known as 
t h e  equi lqbrium . ___PA r a d i a t i o n  - t empera ture  - and i s  denoted b y  Te .  

T h i s  concept d i f f e r s  from t h a t  of t h e  recovery tempera ture ,  
which i s  by  d e f i n i t i o n  t h e  temperature  of t h e  s u r f a c e  i n  t h e  ab- 
sence of r a d i a t i o n  and any i n t e r n a l  d i s s i p a t i o n  o r  supply of h e a t .  
Hence t h e  tempera ture  Tr i s  sometimes known as the ad iaba t i c -wa l l  - 

t empera ture .  

T h e  tempera ture  Te r e p r e s e n t s  a k ind  of upper l i m i t  f o r  t h e  
r a d i a t i n g  s u r f a c e ,  one t h a t  i s  reached when t h e  hea ted  w a l l  radi- 
a tes  a l l  o f  t h e  energy t h a t  i t  r e c e i v e s .  T h i s  temperature  i s  no t  
r e a l i s t i c  a t  very high h e a t  f lows,  s i n c e  i t  i s  s o  h igh  t h a t  i t  
cannot be reached be fo re  d e s t r u c t i o n  of t h e  m a t e r i a l  (mel t ing ,  
sub l ima t ion ,  combustion) occurs .  I n  c e r t a i n  c a s e s ,  however, t h e  
equ i l ib r ium r a d i a t i o n  tempera ture  may be found realistic - as on 
t h e  s u r f a c e  of a s o a r i n g  v e h i c l e .  I n  s o a r i n g ,  k i n e t i c  energy i s  
converted i n t o  heat g r a d u a l l y ,  and t h e  i n t e n s i t y  of convec t ive  
h e a t  flow may be comparat ively moderate,  s o  t ha t  emission of a l l  
of  t h e  absorbed energy becomes q u i t e  p o s s i b l e  a t  t h e  s t r u c t u r a l l y  
accep tab le  equ i l ib r ium tempera ture .  

Equat ion (IV-8-30) con ta ins  t h e  unknowns awl, Twl, and Tr.  
Hence i t  must be supplemented by  two independent r e l a t i o n s h i p s  for 
t h e s e  parameters  from boundary-layer t heo ry .  S o l u t i o n  of t h e  
equa t ion  system enab le s  us to f i n d  t h e  tempera ture  Twl = Te. 

The equ i l ib r ium r a d i a t i o n  temperature  can be  determined 
d i r e c t l y  from (Iv-8-30) by a s s i g n i n g  va lues  to Tr and awl/€. 
t h e  recovery temperature  can be  c a l c u l a t e d  from t h e  en tha lpy  ir, 

Then 
/190 

253 



which i s  equa l  t o  ir = 0.5V: a t  h igh  v e l o c i t i e s .  The  s o l u t i o n  of 
(IV-8-30) i s  g iven  i n  F ig .  IV-8-6 and pe rmi t s  t h e  conclus ion  t h a t  
t h e  p r i n c i p a l  way t o  lower t h e  equ i l ib r ium r a d i a t i o n  tempera ture  
i s  t o  reduce t h e  r a t i o  awl/&. 

8200 

5500 
4400 
3300 
z,=2200% 

~~- 
0 50 100 150 ZOO 250 300 350 %r@ 

Figure  IV-8-6. Equi l ibr ium Rad ia t ion  Tem- 
p e r a t u r e  Te as a Funct ion of t h e  Param- 
e t e r s  a/€ and Tr.  

The concept of e q u i l i b r i u m  r a d i a t i o n  tempera ture  can be gen- 
e ra l ized  f o r  t h e  case  i n  which o t h e r  forms of energy inf low a r e  
taken i n t o  c o n s i d e r a t i o n ,  as i s  wi thdrawal  of h e a t  by  cool ing ,  
s p e c i f i c a l l y  qs ,  qe and q,,. 
w i l l  be 

I n  t h i s  case ,  t h e  equa t ion  for Twl 

( IV-8- 31) 

Rela t ion  between f r i c t i o n  a n d  hea t  t r a n s f e r .  The hea t  t r a n s -  
f e r  c o e f f i c i e n t  awl i n  t h e  heat-balance equa t ion  can, w i t h  c e r t a i n  
s i m p l i f y i n g  assumptions,  be l i nked  by comparat ively s imple r e l a -  
t i o n s h i p s  t o  t h e  v a r i a b l e s  c h a r a c t e r i z i n g  f r i c t i o n  between the 
gas  and t h e  w a l l .  These r e l a t i o n s h i p s  appear  i n  t h e  s y s t e m  of  
equa t ions  f o r  de t e rmina t ion  o f  aerodynamic hea t ing .  

To d e r i v e  t h e s e  r e l a t i o n s h i p s ,  l e t  us examine t h e  equat ions  
of motion (111-2-12)  and energy (111-2-46)  f o r  flow cond i t ions  i n  
a laminar  boundary layer .  If p = cons t  i n  t h e s e  equa t ions ,  they 
w i l l  d e s c r i b e  t h e  supersonic  boundary l a y e r  around a cone or 
p l a t e  o r ,  w i t h  a c e r t a i n  approximation, around a s l i g h t l y  curved 
s u r f a c e .  I f  i t  i s  f u r t h e r  assumed tha t  t h e  P r a n d t l  and Schmidt 
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numbers are e q u a l  t o  u n i t y ,  

On conve r t ing  t o  t h e  v a r i a b l e s  Tz=VZ/V6;  8==( io- i i r_3/ ( iob-  ' i.,j i n  
the e q u a t i o n s ,  w e  n o t e  t h a t  vx and 0 s a t i s f y  t h e  same e q u a t i o n  
and t h e  same boundary c o n d i t i o n s :  V and 0 are z e r o  a t  t h e  w a l l  
and one a t  the  l a y e r  boundary. Consequently,  acco rd ing  t o  t he  
uniqueness  theorem o f  the  s o l u t i o n ,  t h e  f u n c t i o n s  Vx and 8 must 
b e  t h e  same, i . e . ,  

X 

Consider ing  t h e  c o n d i t i o n s  a t  t h e  w a l l ,  where (d iu lay)v l - - - - (a i!au~, - '  /191 
= ,lcp(dT8'~~P)lw1, and remembering t h a t  t h e  s p e c i f i c  heat flow a t  the  
s u r f a c e  q-='--- (?.dT,'f41),~, w h i l e  t h e  f r i c t i o n a l  stress T. ,~=Z Ip((aV,li?y)lw1,, w e  
o b t a i n  an e x p r e s s i o n  f o r  t h e  h e a t  f low 

The q u a n t i t y  i n  t h e  squa re  b r a c k e t s  r e p r e s e n t s  t h e  l o c a l  
hea t -output  c o e f f i c i e n t  ax. 
l o c a l  c o e f f i c i e n t  of f r i c t i o n  Cr==2;wdPaVa. Consequent ly ,  w e  have 
t h e  fo l lowing  r e l a t i o n  between t h e s e  two c o e f f i c i e n t s  : 

On the o t h e r  hand, w e  know t h a t  t he  

R e l a t i o n s h i p s  f o r  t h e  l o c a l  Nusse l t  number 

a& c f x  Xu --=---ReJ, 
x- Awl. 2 

(IV-8-34 ) 

where Rex=p~V6s,'pw~, and for the  l o c a l  S t a n t o n  number 
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St, =. - OfZ (IV-8-36 ) 
2 

fol low from t h i s  expres s ion .  

The r e l a t i o n  es tab l i shed  between t h e  f r i c t i o n  and hea t - t r ans -  
f e r  parameters  i s  approximate,  s i n c e  P r  and Sc a c t u a l l y  d i f f e r  
from u n i t y .  The i n f l u e n c e  of these 'numbers  can be t aken  i n t o  
account i f  the  expres s ions  f o r  t h e  Nusse l t  and S tan ton  numbers 
are w r i t t e n  

where f ,  and f ,  are c e r t a i n  f u n c t i o n s  of  Pr and Sc. 

numbers means t ha t  the excess  chemical and k i n e t i c  e n e r g i e s  are 
not  converted completely i n t o  heat a t  t h e  s u r f a c e .  The s p e c i f i c  
forms of t h e . f u n c t i o n s  f ,  and f ,  are determined by  s o l v i n g  the 
boundary-layer equa t ions  f o r  t h e  cond i t ion  t h a t  Pr # 1, Sc # 1 
( L e  # 1). Research has shown t h a t  i f  t h e  i n f l u e n c e  of i f f u s i o n  
i s  d i s r ega rded  ( L e  = l), t h e n  f ,  = P r ' 1 3 ,  and f, = P r m 2  9 3 .  Thus, 
we have f o r  t h e  l o c a l  S t an ton  number 

P h y s i c a l l y ,  c o n s i d e r a t i o n  of t h e  i n f l u e n c e  of  these nonuni ty  

( IV- 8-38 ) 

We can convert  from t h e  l o c a l  S t an ton  number t o  i t s  average 
va lue  by dropping t h e  s u b s c r i p t  x. Here i t  may be assumed t h a t  
t h e  l o c a l  and average P r a n d t l  n G b e r s  are the  same. 

Formula (IV-8-38) i s  of g r e a t  p r a c t i c a l  importance and re- 
flects the  Reynolds analogy,  accord ing  t o  which t h e  h e a t - t r a n s f e r  
c r i t e r i o n  depends b a s i c a l l y  on t h e  same parameter  as t h e  coef-  
f i c i e n t  o f  f r i c t i o n  - on R e x .  
as the  Reynolds analogy f a c t o r .  

S t u d i e s  have shown t h a t  Formula (IV-8-38) i s  a l s o  a p p l i c -  
able f o r  a t u r b u l e n t  boundary l a y e r ,  t h e  only . d i f f e r e n c e  be ing  
t h a t  t h e  c o e f f i c i e n t  of f r i c t i o n  and t h e  parameter  f ,  must b e  c a l -  
c u l a t e d  from t h e  corresponding r e l a t i o n s h i p s  f o r  a t u r b u l e n t  
boundary l a y e r .  I n  p a r t i c u l a r ,  f ,  can b e  determined by the f o r -  
mula 

Accordingly,  f ,  = Pr"13 i s  known 

fi = [ 1 + 2.135 Re.;o.* (Pr - 1)]-1, (IV-8-38') 



'I 

I n  c a l c u l a t i n g  t h e  average S tan ton  number, t h e  parameter f 2  
i s  found t o  be equa l  t o  

f ~ = : = [ 1 + 2 . 2 R ~ ~ o . '  (l'r-1)I-a. (IV-8-38") 

The c a l c u l a t i o n s  show t h a t ,  as f o r  laminar  flow, f, i n  t h e  1 1 9 2  
absence of  d i f f u s i o n  i n  a t u r b u l e n t  boundary l a y e r  can be s e t  
e q u a l  t o  f ,  = P r - 2 / 3  w i t h  a c e r t a i n  approximation. To account 
f o r  t h e  i n f l u e n c e  o f  P r ,  i t  i s  a d v i s a b l e  t o  conver t  from the en- 
t ha lpy  io& = i6 + 0.5V; t o  t h e  recovery en tha lpy  ir. Then w e  
o b t a i n  f o r  t h e  l o c a l  heat flow 

where 

(IV-8-40) 

Cal culat i  on of heat transfer  from the determining parameters. 
The i n f l u e n c e  of  physicochemical  p rocesses  on heat t r a n s f e r  i n  
t h e  boundary l a y e r  a t  high tempera tures  can be  taken  i n t o  account 
w i t h  t h e  de te rmining  parameters .  For example, by  apply ing  t h e  
Reynolds analogy,  w e  o b t a i n  f o r  t h e  de te rmining  S tan ton  number 

(IV-8-40') 

where t h e  l o c a l  c o e f f i c i e n t  of f r i c t i o n  cFx, l i k e  t h e  P rand t l  
number, i s  c a l c u l a t e d  from t h e  de te rmining  parameters ,  

Accordingly,  t h e  heat flow t o  t h e  w a l l  i s  

from which t h e  c o e f f i c i e n t  of h e a t  t r a n s f e r  

W e  determine t h e  Nusse l t  number i n  t h e  form 

257 



l l l l l  I I 1  I I l l  I 1  I 

Consequently,  

Nu: = Stz Re, Pr, (IV-8-35' 

where 

The g e n e r a l i z e d  c r i t e r i a 1  r e l a t i o n s h i p s  can be  used f o r  
laminar  and t u r b u l e n t  bo'undary layers .  

Heat T rans fe r  i n  t h e  Laminar Boundary L a y e r  on a Curved Surface  

T o t a l  h e a t  f l o w .  I n  t h e  g e n e r a l  ca se  of flow over  a s u r f a c e  
a t  very h igh  speed i n  t h e  presence  of tempera ture  and concentra-  
t i o n  g r a d i e n t s ,  t h e  heat flow from a d i s s o c i a t i n g  gas  t o  t h e  wall 
can be regarded ,  d i s r e g a r d i n g  convec t ion ,  as t h e  sum of  two com- 
ponents ,  namely t h e  heat flow by conduct ion qc and d i f f u s i v e  heat 
t r a n s f e r  qd, i . e . ,  q = qc + qd. 

The r e l a t i o n s h i p s  f o r  t he  h e a t - t r a n s f e r  components can be ob- 
t a i n e d  i n  t h e i r  s imples t  form i f  w e  examine a model of a i r  as a 
b ina ry  mixture  of  a toms and molecules c h a r a c t e r i z e d  by an atomic 
d i f f u s i o n  c o e f f i c i e n t  D .  I f  we d i s r e g a r d  t h e  i n f l u e n c e  of i o n i -  /193 
z a t i o n  on heat t r a n s f e r ,  t h e  t o t a l  h e a t  flow 

where Le = pEc / A  i s  t h e  Lewis-Semenov number; iA and cA are t h e  
en tha lpy  (energy of  d i s s o c i a t i o n  p e r  u n i t  mass) and concen t r a t ion  
of t he  atomic component; c i s  t h e  average s p e c i f i c  heat of t h e  
mixture .  

P 

P 

I n  (IV-8-41), c and A are taken  f o r  "frozen" flow i n  t h e  

If t h e r e  i s  no d i s s o c i a t i o n  i n  t h e  boundary l a y e r ,  as i s  t h e  

boundary l a y e r .  P 

ca se  a t  moderate flow v e l o c i t i e s ,  t h e  h e a t  flow i s  determined by 
conduct ion i n  accordance w i t h  t h e  formula qc= - ( ldcp)  (ai/&/). Such 
a l s o  w i l l  be the  heat t r a n s f e r  i n  a "frozen" boundary l a y e r  i n  
t h e  presence of  a n o n c a t a l y t i c  w a l l  on whose s u r f a c e  no recombi- 
n a t i o n  r e a c t i o n s  take p l a c e ,  s o  t h a t  t h e  concen t r a t ion  cA = ct i n  



. . ..... . .. ... - . . . ._ - . . . , 

t h e  l a y e r  does not  change. 

when L e  = and, accord ing  t o  (IV-8-41), t h e  hea t  f low q = 
= -(A/%) (ai/aY), i. e . ,  i s  determined by t h e  en tha lpy  g r a d i e n t  and 
does not  depend on t h e  h e a t - t r a n s f e r  mechanism. Atoms s t r i k i n g  
a co ld  c a t a l y t i c  s u r f a c e  recombine in s t an taneous ly  on i t ,  r e -  
l e a s i n g  t h e  same energy as on in s t an taneous  recombinat ion i n  t h e  
boundary layer .  The s p e c i f i c  heat flow corresponds t o  thermo- 
dynamic equ i l ib r ium i n  t h e  boundary l a y e r .  

necessary  t o  know t h e  r e a l  value of L e  # 1; t h i s  enables  us t o  
t a k e  account  of d i f f u s i o n  e f f e c t s  and conduct ive hea t  t r a n s f e r .  

I n t e r e s t  a t t a c h e s  t o  t h e  t h e o r e t i c a l  case  of  hypersonic  flow 

To o b t a i n  a more a c c u r a t e  value of t h e  hea t  f low, i t  i s  

The extreme case  c h a r a c t e r i z e d  by  d i f f u s i v e  hea t  t r a n s f e r  
can occur  a t  very h igh  speeds ,  when, as r e s e a r c h  has shown, 
iA(dcA/ay) / (a i /a j i i s  c l o s e  t o  u n i t y .  A s  we s e e  from (IV-8-41), only 
t h e  second, d i f f u s i v e  component of h e a t  t r a n s f e r  remains i n  i t .  

H e a t  t r a n s f e r  a t  t h e r m o d y n a m i c  e q u i l i b r i u m .  To determine 
equ i l ib r ium h e a t  t r a n s f e r ,  i t  i s  necessary  t o  so lve  a laminar-  
boundary-layer equa t ion  system i n c o r p o r a t i n g  t h e  equat ions  of 
c o n t i n u i t y  ( 1 1 1 - 2 - 2 1 ) ,  motion (111-2-12) ,  and energy (111-2 -47)  
w i t h  t h e  c o n d i t i o n  tha t  Sc = Pr(Le = 1) i s  assumed i n  t h e  l a t t e r  
equat ion .  I f ,  moreover, we se t  r = r o  = cons t  i n  (111-2-12)  and 
(111-2-47)  ( ro  i s  t h e  coord ina te  of  a p o i n t  on t h e  contour  of t h e  
body),  t h e  equa t ion  system becomes 

Following Lees [ 5 0 ] ,  we in t roduce  t h e  Dorodni t s in  v a r i a b l e s  

from which 

(IV-8-42) 

(IV-8-42') 
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For subsequent t r a n s f o r m a t i o n s ,  we use  t h e  stream f u n c t i o n ,  / 1 9 4  
which i s  de f ined  by  (111-2-33). I n  t h e  new v a r i a b l e s  f l ,  2 ,  t he  
expres s ion  f o r  t h e  stream f u n c t i o n  can b e  p re sen ted  i n  the form ~ ( z ,  1,)=(22)~’~f(q).  
Br/Tid=8f(li)/afl=l’ (9). Then, i n t r o d u c i n g  t h e  func t ion  sh) = i o / i ~ a ( ~ ~ a ~ . j 6 ~ - ~ , ~ ~ ) ,  
which determines t he  en tha lpy  r a t i o ,  w e  can o b t a i n  t h e  equa t ions  
of motion and energy conver ted  t o  t h e  new v a r i a b l e s :  

Accordingly,  t h e  v e l o c i t y  r a t i o  i s  w r i t t e n  

where t h e  p a r t i a l  d e r i v a t i v e s ,  which are i n d i c a t e d  b y  t h e  pr imes,  
a r e  computed w i t h  r e s p e c t  t o  f l  and t h e  parameter  G==pp/pfip6. 

The f u n c t i o n s  f ( q )  and g ( n ) ,  the  s o l u t i o n s  t o  t h i s  equa t ion  
system, must s a t i s f y  t h e  cond i t ions  

The system can be  so lved  by numerical  methods. Here, f u r t h e r  
s i m p l i f i c a t i o n s  can be i n t r o d u c e d  f o r  t h e  cond i t ions  of hypersonic  
flow. For example, we can s e t  pp = 1. Moreover, s i n c e  t h e  P r a n d t l  
number i s  a weak f u n c t i o n  of tempera ture ,  i t  may be considered con- 
s t a n t  and equal  t o  a c e r t a i n  average value f o r  a given boundary- 
l a y e r  c r o s s  s e c t i o n .  A t  h igh supe r son ic  v e l o c i t i e s ,  i t  i s  assumed 
tha t  t h e  en tha lpy  r a t i o  i s  approximately iolioa=pa/p=g(q). 

The s o l u t i o n s  obta ined  g i v e  t h e  va lues  of t h e  func t ions  g and 

Thus, 

- f as t h e y  depend on t h e  boundary-layer coord ina te  TI. Since t h e  
free-stream v a r i a b l e s ,  i n c l u d i n g  t h e  v e l o c i t y  g r a d i e n t  E ,  gener- 
a l l y  vary a long  t h e  s u r f a c e ,  g and f‘ w i l l  a l s o  depend on 2 .  
t h e  s o l u t i o n s  are not  s imilar  ( s e l f - s i m i l a r ) .  

However, r e s e a r c h  has shown tha t  s e l f - s i m i l a r  s o l u t i o n s  s u i t -  
a b l e  f o r  any boundary-layer s e c t i o n  can be obta ined  f o r c e r t a i n  
flow c o n d i t i o n s .  
the  v e l o c i t y  g r a d i e n t  E = c o n s t ,  and t h e  P r a n d t l  number i s  equa l  
t o  a c e r t a i n  cons tan t  value f o r  the p a r t i c u l a r  cond i t ions .  With 
t h e s e  c o n d i t i o n s ,  t h e  equa t ions  become- self-s imilar :  

T h i s  w i l l  be t h e  case  when V:/2ir = pp = 1, 
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By numerical  i n t e g r a t i o n  of  t h e s e  equa t ions ,  we can f i n d  
va lues  of f '  and g '  as func t ions  of P r ,  t h e  d e n s i t y  r a t i o  
p6/pw1 = gwl, and t h e  v e l o c i t y  g r a d i e n t  $=(2 i0 / ib )  dl iV6/dlnF.  

cooled w a l l ,  when t h e  d e n s i t y  r a t i o  p6/pw1 << 1. The c a l c u l a -  
t i o n s  i n d i c a t e  t ha t  whi le  t h e  d e r i v a t i v e  f and, consequent ly ,  
t h e  f r i c t i o n a l  s t r e s s  depend e s s e n t i a l l y  on t h e  v e l o c i t y  grad- 
i e n t ,  t h e  q u a n t i t y  g ' ,  which determines heat t r a n s f e r ,  i s  a weak 
f u n c t i o n  of t h e  parameter  B. 

P a r t i c u l a r  i n t e r e s t  a t t a c h e s  t o  t h e  case  of a s t r o n g l y  

Thus t h e  d e r i v a t i v e  g '  can be c a l c u l a t e d  f q r  a zero  pres -  
s u r e  g r a d i e n t .  These c a l c u l a t i o n s  i n d i c a t e  t h a t  t h e  d e r i v a t i v e  
g ' ( 0 )  = (8g/8n)wl a t  t h e  w a l l  can be assumed equa l  t o  0 . 4 7 P ~ ~ / ~  
f o r  t h e  e n t i r e  b lun ted  s u r f a c e .  

The s p e c i f i c  hea t  flow a t  thermodynamic equ i l ib r ium i s  de- /19 5 
termined from t h e  d e r i v a t i v e  g ' ( 0 )  = 0 . 4 7 P ~ l / ~ :  

( I V - 8 - 4 6  ) 

In t roduc ing  t h e  va lue  of  t h e  d e r i v a t i v e  (dn/dy)wl found wi th  
( I V - 8 - 4 2 ) ,  assuming f u r t h e r  t h a t  pwlpwl = p 6 p 6 ,  and s u b s t i t u t i n g  
ir = i [l + (fi - 1) x V i / 2 i  

0 6  0 6  
1 f o r  i o 6 ,  we f i n d  

where t h e  f u n c t i o n  

( IV-8-4 8 ) 

Here w6=pdR6T6 [R~=R,l(p,,)~], and t h e  s u b s c r i p t  0 s i g n i f i e s  t h e  param- 
e t e r  a t  t h e  t o t a l - s t a g n a t i o n  p o i n t .  

For  t h e  h e a t  flow a t  t h e  t o t a l - s t a g n a t i o n  p o i n t ,  t h e  working 
r e l a t i o n s h i p  i s  obta ined  from t h e  c o n d i t i o n  t h a t  p / p i = 1 ,  w6/o;=1; 
r s s ;  V 6 = L  @=dV61ds=const) .  T h i s  r e l a t i o n  t a k e s  t h e  form 

- 
qc.o = 0.47Pr-2/3 mir 1/8 + 1 . ( I V - 8 - 4 9 )  

2 6 1  



Heat f l o w  g o v e r n e d  by d i f f u s i o n .  For  quantitative evalua- 
tion of the diffusion-governed heat transfer, we can examine a 
"frozen" boundary layer for the condition that the thermodynamic 
equilibrium is reached at its edge. In this case, the ef- 
fect of diffusion is manifested in a thin layer next to the cata- 
lytic wall, since the recombination rates are so small that the 
atoms reach the surface without recombining in the boundary layer. 

In accordance with this scheme, the heat flow due to mole- 
cular heat transfer is determined separately by solving the equa- 
tions for an equilibrium boundary layer. 

The second component of the total heat flow t.hat arises be- 
cause of diffusion must be determined on the basis of the diffu- 
sion equation (111-2-38). Solving it, we find the concentration 
gradient of the atomic component at the wall, on which the diffu- 
sive mass flow depends in accordance with (111-1-32). 

variables rl and 2, obtaining as a result 
To find the solution, we transform this equation to the new 

dt 
(IV-8-50) 

where z is a variable that determines dimensionless concentration 
in accordance with the expression z = c/c6; the prime denotes de- 
rivatives with respect to TI. 

Equation (IV-8-50). can be simplified by setting Sc equal to 
a certain constant value for the particular conditions and the 
parameter p v  = 1 and by assuming that the concentration profile 
remains the same along the boundary layer, i.e., az/a% = 0. 

With the above, the equation for - z becomes 

sc jz' + 2. = 0. (IV-8-50') 

It follows from this equation that the solution obtained is 
self-similar. 

Equation (IV-8-50?) is solved simultaneously with (IV-8-43') /196 
and (IV-8-44I) with the appropriate boundary conditions. These 
conditions were stated previously f o r  the functions g and f. The 
solution for the function z must satisfy the condition z ( a T  = 1 
on the outer boundary ( r l  %-a); on the wall, the boundary.condi- 
tion has the form (111-1-33). In the new variables 2 and q, this 
condition is written on the assumption that m = 1, 
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(IV-8-51) 

S ince  S o l u t i o n  (IV-8-50') does n o t  depend on t h e  c o o r d i n a t e  
2 ,  w e  can cons ide r  the  c r o s s - s e c t i o n  of  t h e  boundary l a y e r  a t  the  
t o t a l - s t a g n a t i o n  p o i n t .  

Near t h e  c r i t i c a l  p o i n t ,  t h e  v a r i a b l e  can  be c a l c u l a t e d  by 
(IV-8-42) w i t h  t h e  c o n d i t i o n  t h a t  r 2., x, Vg = Xx, and p g V 6  = 
= c o n s t .  
a r y  c o n d i t i o n  

Assuming f u r t h e r  t h a t  p6u6 = pi1-l; , w e  f i n d  t h e  bound- 

(Iv-8-51' ) 

I n t e g r a t i n g  (IV-8-50') tw ice ,  w e  o b t a i n  

Numerical c a l c u l a t i o n s  showed t h a t  f o r  T-I Q m, t h e  i n t e g r a l  
i s  approximate ly  (0.47 S C ' / ~ ) - ' .  The re fo re  

Z' (0) = 0.47 S C ' / ~  [I - z (O)]. (IV-8-52) 

I n t r o d u c i n g  z ' ( 0 )  from (UT-8-51 ' ] ,  we f i n d  t h e  d imens ionless  
c o n c e n t r a t i o n  a t  t h e  w a l l  

It fo l lows  from (IV-8-53) and (IV-8-52) t ha t  f o r  i n f i n i t e l y  
fast  c a t a l y s i s  (kwl 'L -1, t h e  d imens ionless  c o n c e n t r a t i o n  a t  t h e  

w a l l  z ( 0 )  = 0 ,  and t h e  d e r i v a t i v e  ~ ' ( 0 )  = O . ~ ~ S C ' / ~ .  I n  t h e  
o t h e r  extreme c a s e  of i n f i n i t e s i m a l l y  slow c a t a l y t i c  r e a c t i o n  
(kwl = 0 1 ,  t h e  c o n c e n t r a t i o n  a t  t h e  w a l l  remains t h e  same as a t  
t h e  l a y e r  o u t e r  edge, i . e . ,  z ( 0 )  = 1 and t h e  d e r i v a t i v e  
z ' ( 0 )  = 0 .  



The hea t  flow l ibe ra t ed  on recombinat ion a t  the  w a l l  a t  t h e  
t o t a l - s t a g n a t i o n  p o i n t  can be  ob ta ined  by s u b s t i t u t i n g  the con- 
c e n t r a t i o n  g r a d i e n t  (IV-8-52) i n t Q  (111-1-32) w i t h  z ( 0 )  s u b s t i -  
t u t e d  i n  accordance w i t h  (IV-8-53). T h i s  r e l a t i o n  takes t h e  form 

where iR i s  the  average d i s s o c i a t i o n  energy p e r  atom and the  c a t a -  
l y t i c  c o e f f i c i e n t  

The s ense  of  t h i s  c o e f f i c i e n t  i s  t o  take account of t h e  i n f l u -  
ence of the f i n i t e  recombinat ion ra te ,  s i n c e  t h e  parameter  kwl 

appears  i n  t h e  expres s ion  f o r  i t .  

I n  one of  t h e  extreme cases ,when kwl Q m ,  t h e  c o e f f i c i e n t  
$I = 1, which corresponds t o  l i b e r a t i o n  of  t h e  maximum amount of 
heat a t  recombinat ion.  I n  the o t h e r  extreme case  of  i n f i n i t e s i -  
m a l l y  slow r e a c t i o n  (kwl - 0 1 ,  the  c o e f f i c i e n t  4 = 0. Here the  
p h y s i c a l  p rocess  takes p l a c e  i n  a manner such t h a t  no a d d i t i o n a l  
heat i s  l i b e r a t e d .  

/ I97  

The t o t a l  heat flow t o  
t h e  w a l l  w i l l  be  determined by 
adding t h e  heat from d i f f u s i o n  
t o  t h e  h e a t  from conduct ion.  

I n  t h e  presence of  a con- 
c e n t r a t i o n  g r a d i e n t ,  the  heat 
t r a n s f e r  by molecular  conduc- 
t i v i t y  w i l l  be 

F igure  17-8-7. V a r i a t i o n  of  
Heat Trans fe r  as a Funct ion of 
F l i g h t  Speed (V,, k m / s )  and 
Recombination ra te  (H = 60 km, d i s s o c i a t i o n  energy p e r  atom 
Rb = 0 .3  m, Twl = 7 O O O K ) .  a )  
n o n c a t a l y t i c  wall ( g l a s s ) ;  b )  
i n t e r m e d i a t e  s u r f a c e  ( o x i d e s ) ;  a t  t h e  o u t e r  edge of the  
c )  c a t a l y s t s  (metals) .  

where iD = i R c 6  i s  t h e  average 

m u l t i p l i e d  by  t h e  mass concen- 
t r a t i o n  of  the  atoms (c, = a,) 

l a y e r  and qi i s  the  heat 
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t r a n s f e r  i n  t h e  absence  o f  a c o n c e n t r a t i o n  g r a d i e n t .  

By add ing  qc and qd ,  we o b t a i n  

q = q: [ 1 + (LC2i3cp - 1) TD], ( 1v-8-5 7 1 

- 
where iD = i /i D r’  

I n t r o d u c i n g  t h e  N u s s e l t  and Reynolds numbers 

w e  o b t a i n  f o r  t h e  d5mens ionless  h e a t - t r a n s f e r  c r i t e r i o n  

1)T& (IV-8-58) 

Formulas (IV-8-57) and (IV-8-58) can be  used to c a l c u l a t e  
heat  t r a n s f e r  b o t h  a t  t h e  t o t a l - s t a g n a t i o n  p o i n t  and a t  an arbi-  
t r a r y  p o i n t  on t h e  w a l l .  Here L e  and t h e  c o e f f i c i e n t  c$ are d e t e r -  
mined f o r  t h e  c o n d i t i o n s  a t  t h e  t o t a l - s t a g n a t i o n  p o i n t  and are 
assumed c o n s t a n t  for t h e  e n t i r e  s u r f a c e .  

The v a l u e s  of qE and iD are c a l c u l a t e d  as f u n c t i o n s  of  t h e  
p o s i t i o n  o f  t h e  p a r t i c u l a r  p o i n t  on the  w a l l .  

For  more d e t a i l e d  s t u d y  o f  t h e  i n f l u e n c e  of r ecombina t ion ,  

 loo i n  
i t  i s  h e l p f u l  t o  c o n s i d e r  t h e  r a t i o  of t h e  amount of heat  g l i b e -  
rated a t  a f i n i t e  r ecombina t ion  r a t e  t o  t h e  heat flow qk 

t h e  c a s e  of  i n f i n i t e l y  f a s t  c a t a l y s i s  
w l  

We see from (IV-8-55) t h a t  t h e  c a t a l y t i c  c o e f f i c i e n t  c$ de;- 
pends n o t  on ly  on r ecombina t ion  r a t e ,  b u t  a l s o  on f l i g h t  speed .  
T h i s  r e l a t i o n  i s  shown i n  F i g .  IV-8-7. T h e  data g i v e n  i n d i c a t e  
t h e  impor tance  o f  t a k i n g  t h e  f i n i t e  r ecombina t ion  ra te  i n t o  ac-  
coun t ,  as w e l l  as t h e  p o s s i b i l i t y  o f  r e d u c i n g  heat t r a n s f e r  by 



c 

us ing  a s k i n  made from a n o n c a t a l y t i c  m a t e r i a l .  

heat flow w i l l  b e  governed by nonequi l ibr ium d i s s o c i a t i o n ,  which 
absorbs  cons ide rab le  heat energy.  T h i s  i s  why the  heat flow i s  
reduced.  I n  t he  l i m i t i n g  case  w i t h  4 = 0 ,  t he  heat flow i s  de- 
termined by (IV-8-56). 

The heat t r a n s f e r  governed by 

Since  recombina- 
t i o n  does no t  occur  nea r  t h e  s u r f a c e  of such a s k i n ,  t he  e n t i r e  / 1 9  8 

d i f f u s i o n  can b e  c h a r a c t e r i z e d  by 
the  c a t a l y t i c  parameter  

which i s  re la ted  t o  the c o e f f i c i e n t  
4 by 

LO W X x-m Q * (IV-8-60’) 

F igure  IV-8-8. Heat 
T r a n s f e r  as a Funct ion  
of Parameter of Recombi- F igure  IV-8-8 shows t h e  r e s u l t s  
n a t i o n  a t  t he  Wall and of a c a l c u l a t i o n  by  Formulas (IV-8-57) 
t h e  Lewis-Semenov Number. gnd (IV-8-60’) t o  determine va lues  of 

q = q/qc as a f u n c t i o n  of  t h e  par,am- 
e t e r  x f o r  t h e  case  i n  which t h e  
r a t i o  iD/ir = 0 . 5  and t h e  nose s u r -  

f a c e  i s  v igo rous ly  cooled ,  s o  that .  t h e  c o n c e n t r a t i o n  on i t  cwl = 0 .  

p l a c e  u n t i l  thermodynamic equ i l ib r ium w i t h  a f i n a l  c o n c e n t r a t i o n  

responding va lue  of t h e  c a t a l y t i c  c o e f f i c i e n t  i n  (IV-8-59) w i l l  
be determined by  

If t h e  w a l l  remains ho t  enough, chemical r e a c t i o n s  w i l l  take 

= 0 i s  e s t a b l i s h e d ;  t h i s  w i l l  reduce t h e  h e a t  f low. The cor -  % 1 

( IV-8-61) 

I n  (Iv-8-59),  t h e  q u a n t i t y  

- 
iD = iR (e6 - e,& 

and we may assume f o r  a b ina ry  mixture  t h a t  c = a6 and cwl - 6 - a w l ’  

266 



For more a c c u r a t e  c a l c u l a t i o n s  by ( IV-8-59) ,  ir - i 
s u b s t i t u t e d  f o r  ir i n  t h e  expres s ion  zD = iD/ir. 

F a c t o r s  l o w e r i n g  d i f f u s i v e  h e a t  t r a n s f e r .  Together  w i t h  t h e  
r a t e  cons t an t  of c a t a l y t i c  recombinat ion,  we s h a l l  examine a num- 
ber  of  o t h e r  f a c t o r s  by c l e v e r  u t i l i z a t i o n  of which we can reduce 
d i f f u s i v e  m a s s  and h e a t  t r a n s f e r .  

must b e  w l  

1. It fol lows from (IV-8-54) and (Iv-8-55) t h a t  d i f f u s i v e  
bea t  t r a n s f e r  can be lowered by  i n c r e a s i n g  t h e  v e l o c i t y  g r a d i e n t  
X = Vg/x. For example, if w e  take a s p h e r i c a l  nose s e c t i o n ,  h e a t  
flow can be reduced by  reducing  t h e  r a d i u s  of  t h e  nose,  s i n c e  X 
v a r i e s  i n  i n v e r s e  p ropor t ion  t o  the r a d i u s  of  t h e  sphere .  

dec reases  w i t h  i n c r e a s i n g  f l i g h t  speed i n  t h e  r ea l  case  of f i n i t e  
recombination r a t e s .  T h i s  i s  because t h e  f r a c t i o n  o f  t h e  heat 
expended on d i s s o c i a t i o n  i n c r e a s e s  a long  w i t h  t h e  i n c r e a s e  i n  
t o t a l  h e a t  t r a n s f e r .  A s  a r e s u l t ,  t h e  f r a c t i o n  of energy l i b e r -  
a t e d  a s  a r e s u l t  of chemical r e a c t i o n  a t  t h e  w a l l  becomes sma l l e r .  

2 .  A s  w e  s e e  from F ig .  IV-8-7, t h e  h e a t  flow from d i f f u s i o n  

3. Wall t empera ture  i s  a l s o  of importance f o r  t h e  hea t -  
t r a n s f e r  e f f e c t .  It i s  ev iden t  from (IV-8-55) t h a t  t h e  c o e f f i -  
c i e n t  9 depends b a s i c a l l y  on t h e  product  pwlkwl, which, i n  t u r n ,  
i s  determined b y  Twl. 
f u n c t i o n  of w a l l  t empera ture  ( f o r  example, pwlkwl 2 T 3 i 2  f o r  one 
g l a s s  t y p e ) ,  t h e  d e n s i t y  v a r i e s  somewhat more weakly .  

Here, i f  t h e  recombinat ion r a t e  i s  a s t r o n g  

Thus, pwlkwl i s  approximately p r o p o r t i o n a l  t o  w a l l  tempera- 
t u r e .  Among o t h e r  t h i n g s ,  i t  fol lows from t h i s  tha t  t h e  c o e f f i -  
c i e n t  9 w i l l  decrease  w i t h  dec reas ing  Twl. 

s u r f a c e  tempera tures  prevent  l i b e r a t i o n  of a l a r g e  amount of 
chemical energy.  T h i s  i s ,  of course ,  a s s o c i a t e d  w i t h  ano the r  e f -  
f e c t ,  namely a l a r g e  inf low of h e a t  t o  t h e  w a l l  by  convect ion.  

The q u a s i e q u i l i b r i u m  boundary  l a y e r .  A s  a supplement t o  t h e  
"frozen-flow" scheme, we can examine a quas i equ i l ib r ium boundary 
l a y e r ,  which i s  c h a r a c t e r i z e d  b y  a l o c a l  equ i l ib r ium concentra-  
t i o n  d i s t r i b u t i o n .  The - l o c a l  equ i l ib r ium concen t r a t ion  can be 
found from t h e  d i s t r i b u t i o n  of en tha lpy  a c r o s s  t h e  boundary l a y e r  
by r e f e r e n c e  t o  t a b l e s  or diagrams of t h e  thermodynamic f u n c t i o n s  
f o r  a i r  a t  thermodynamic equ i l ib r ium.  

I n  t u r n ,  t h e  en tha lpy  d i s t r i b u t i o n  i s  found by s o l v i n g  the  
equat ions  of motion and energy,  r e t a i n i n g  the d i f f u s i o n  term i n  
t h e  l a t t e r .  With t h e  v a r i a b l e s  k and q, t h i s  equa t ion  w i l l  be 

T h i s  means t h a t  low 



( IV-8 -6 2 ) 

where t h e  parameter  

t h e  Lewis-Semenov number i s  assumed c o n s t a n t ,  and t h e  s u b s c r i p t  
E denotes  d i f f e r e n t i a t i o n  a t  cons t an t  p r e s s u r e .  

c o n d i t i o n s :  
The  equa t ion  system i s  so lved  w i t h  t h e  fo l lowing  boundary 

- - 
The parameters  P r ,  pp and d a r e  determined i n  f i r s t  approxi-  

mation f o r  a given c r o s s  s e c t i o n  w i t h  t he  a i d  of thermodynamic 
tables  o r  diagrams f o r  a i r  a t  thermodynamic equ i l ib r ium,  from t h e  
known cond i t ions  a t  the  w a l l  and a t  t h e  l a y e r  boundary. After 
s o l v i n g  the equat ions  and de termining  the  func t ions  g and 2, 
these parameters  can be  taken  i n t o  account .  Having determined 
the  en tha lpy  and c o n c e n t r a t i o n  g r a d i e n t s ,  w e  can c a l c u l a t e  heat 
t r a n s f e r  w i t h  c o n s i d e r a t i o n  o f  d i f f u s i o n .  The  c a l c u l a t i o n s  in -  
d i c a t e  t h a t  the h e a t  flow i n  t h e  quas i equ i l ib r ium boundary l a y e r  
i s  determined by t h e  approximate formula 

( IV- 8-6 3 ) 

The s l i g h t l y  l a r g e r  exponent of t h e  Lewis-Semenov number i n  
(IV-8-57) as compared w i t h  t h e  value of t h i s  exponent i n  t h e  case  
of t h e  equ i l ib r ium boundary l a y e r  i s  expla ined  p h y s i c a l l y  by t h e  
f a c t  t h a t  d i f f u s i o n  through t h e  th i ckness  of a "frozen" l a y e r  has  
a s t r o n g e r  i n f l u e n c e  on h e a t  t r a n s f e r .  Here, d e s p i t e  t h i s  d i f -  
f e rence  i n  t h e  va lues  of  t h e  exponent,  t h e  t o t a l  heat flows s t i l l  
d i f f e r  l i t t l e .  

To determine whether t h e  flow i n  t h e  boundary l a y e r  i n  t h e  
neighborhood of t h e  s t a g n a t i o n  p o i n t  i s  equ i l ib r ium o r  " f rozen ,  If /200 
we can use an e m p i r i c a l  r e l a t i o n s h i p  f o r  t h e  recombinat ion-rate  
parameter  [47]: 

(IV-8-64) 
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where Rb i s  t h e  r a d i u s  of t h e  sphere  [ m l ;  V, i s  t h e  f l i g h t  speed 
[ m / s ] ;  p i s  t h e  r a t i o  of t h e  d e n s i t y  p m H  to t h e  d e n s i t y  p i  a t  t h e  

s t a g n a t i o n  p o i n t ;  T i  i s  t h e  temperature  a t  t h e  s t a g n a t i o n  p o i n t .  

Nu, to t h e  equ i l ib r ium boundary l a y e r ,  

- 

A value of C > 0 . 1  corresponds 
- whi le  C < corresponds to a 

"frozen" l a y e r .  We see from 
(IV-8-64) t h a t  t h e  d e v i a t i o n  from 
equ i l ib r ium i n c r e a s e s  wi th  a l t i -  
t ude .  T h i s  formula can a l s o  be 
used f o r  approximate e v a l u a t i o n  of 
t h e  recombinat ion r a t e  parameter  
around a b l u n t  two-dimensional 
body (wedge). 

F igure  IV-8-9. Heat-Trans- 
f e r  Parameter as a Func- 
t i o n  of Recombination Rate 
(Twl = 300'K; Le = 1.4; 
P r  = 0 . 7 ;  iwl/ir = 0 . 0 1 2 3 ;  
a = 0.5310).  1) c a t a l y t i c  
s u r f a c e ;  2 )  n o n c a t a l y t i c  
s u r f a c e ;  3)  c a t a l y t i c  s u r -  
f a c e  ( h e a t  flow by con- 
d u c t i o n ) .  

l i b r i u m  f o r  t h i s  flow by t h e  

T h e  "frozen" boundary-layer 
flow t h a t  ar ises  around t h e  s t a g -  
n a t i o n  p o i n t  i s  a l s o  preserved  on 
more d i s t a n t  segments of t h e  washed 
s u r f a c e .  While t h e  flow i s  equi-  
l i b r i u m  i n  t h e  neighborhood of  t h e  
s t a g n a t i o n  p o i n t  of a co ld  w a l l ,  
d e v i a t i o n  from equ i l ib r ium i s  ob- 
served  downstream i n  i n v i s c i d  gas  
owing to i n c r e a s e d  expansion. 
Knowingr'the d e n s i t y  p g  of t h e  i n -  
v i s c i d  flow a t  t h e  s u r f a c e ,  we can 
e v a l u a t e  the d e v i a t i o n  from equi-  

formula 

(IV-8-65) 

where C, i s  t h e  recombinat ion ra te  parameter  (IV-8-64) c a l c u l a t e d  
f o r  t h e  s t a g n a t i o n  p o i n t .  

boundary l a y e r ,  and i f  t h e  i n e q u a l i t y  
"Freezing" g r a d u a l l y  ex tends  through t h e  t h i c k n e s s  of t h e  

(IV-8-66) 

i s  s a t i s f i e d ,  t h e  boundary l a y e r  i s  completely " f rozen .  

I n f l u e n c e  o f  r e c o m b i n a t i o n  r a t e  i n  t h e  g a s .  The case  of 
f i n i t e  recombinat ion ra te  i n  t h e  boundary l a y e r  i s  c l o s e s t  to 



r e a l i t y ,  s i n c e  n e i t h e r  "frozen" nor  equ i l ib r ium flows w i l l  occur  
i n  r e a l i t y .  

F igure  Iv-8-9 shows t h e  r e s u l t s  of c a l c u l a t i o n  of  t h e  hea t -  
exchange f a c t o r  

(IV-8-67 ) 

f o r  va r ious  va lues  of t h e  recombinat ion ra te  parameter  C g iven  by  
(111-1-28). Here t h e  w a l l  was c a t a l y t i c  i n  one case  and noncata- 
l y t i c  i n  t h e  o t h e r .  

Curve 1 i n  F ig .  IV-8-9 c h a r a c t e r i z e s  t h e  t o t a l  h e a t  flow to 
a c a t a l y t i c  s u r f a c e .  A s  w e  s e e ,  i t  i s  p r a c t i c a l l y  independent of 
t h e  recombinat ion ra te  parameter .  

T h i s  e q u a l i z a t i o n  of t h e  heat flows a t  low recombinat ion 
ra tes  (" f rozen"  f low) i s  exp la ined  by t h e  c a t a l y t i c  a c t i o n  of t h e  
w a l l  and, a t  h ighe r  speeds ,  by  t h e  oppos i t e  e f f e c t  a s s o c i a t e d  w i t h  
a small c a t a l y t i c  i n f l u e n c e  of  t h e  s u r f a c e  ( e q u i l i b r i u m  boundary / 2 0 1  
l a y e r ) .  I n  t h e  l a t t e r  ca se ,  t h e  process  c o n s i s t s  i n  t h e  f a c t  
t h a t  t h e  atoms do no t  have t i m e  to reach  t h e  w a l l  by  d i f f u s i o n  
and recombine i n  t he  boundary l a y e r  i t s e l f .  Thus, t h e  h e a t  flow 
i n  t h e  presence  of a c a t a l y t i c  w a l l  can be c a l c u l a t e d  i n  p r a c t i c e  
wi thout  cons ide r ing  d i s s o c i a t i o n .  

Comparing curve 1 i n  F ig .  IV-8-9 w i t h  curve 3, which char-  
a c t e r i z e s  t h e  conduct ive h e a t  flow to a c a t a l y t i c  w a l l ,  w e  can 
determine t h e  p a r t  of t h e  h e a t  flow tha t  approaches t h e  c a t a l y t i c  
s u r f a c e  as a r e s u l t  of d i f f u s i o n .  For l a r g e  parameters  C ,  which 
correspond to high  recombinat ion r a t e s ,  t h e  p rocess  i n  t h e  bound- 
a ry  l a y e r  i s  a n e a r l y  equ i l ib r ium p rocess ,  and t h e  e f f e c t  o f  d i f -  
f u s i o n  i n  t he  d i r e c t i o n  toward t h e  w a l l  becomes weaker. I n  t h i s  
ca se ,  most of t h e  heat i s  supp l i ed  by conduct ion.  

Curve 2 r e p r e s e n t s  t h e  heat flow toward a noncat l y t i c  w a l l .  
We s e e  t h a t  much smaller va lues  of C are r e q u i r e d  to ' freeze" t h e  
boundary l a y e r  t han  i n  t h e  case  of a c a t a l y t i c  w a l l .  T h i s  i s  
because a l a r g e  number of atoms p i l e s  up nea r  a n o n c a t a l y t i c  s u r -  
f a c e ,  i n c r e a s i n g  t h e  r a t e  of recombinat ion i n  t h e  boundary l a y e r .  
To "freeze" t h e  flow, t h e r e f o r e ,  i t  2 s  necessary  to prevent  such 
h igh  c o n c e n t r a t i o n s ,  and t h i s  i s  p o s s i b l e  w i t h  s m a l l e r  va lues  of 
C .  

The parameter  C v a r i e s  i n  p ropor t ion  to t h e  square  of den- 
s i t y  a t  a given tempera ture .  T h i s  means t h a t  whi le  t h e  flow i n  
t he  boundary l a y e r  w i l l  be equ i l ib r ium f o r  a tmospheric  cond i t ions  
nea r  t h e  ground, where C i s  q u i t e  l a r g e ,  i t  may be " f rozen"  a t  
h igh  a l t i t u d e .  

I 



I f  i t  i s  assumed tha t  t h e s e  two extreme s t a t e s  a r e  s e p a r a t e d  
by  a range of C-values equa l  to about lo4, t h e  d e n s i t y  must be r e -  
duced by a f a c t o r  of 1 0 0  f o r  t r a n s i t i o n  to t h e  "frozen" s t a t e .  
T h i s  corresponds t o  a 30-km a l t i t u d e  change. It a l s o  fol lows 
from ( IV-8-64)  t h a t  t h e  s m a l l e r  t he  r a d i u s  of a s p h e r i c a l  nose,  
t h e  lower w i l l  be  t h e  a l t i t u d e s  necessary  to a t t a i n  t h e  "frozen" 
s t a t e .  

Thus, t h e  heat flow to a s u r f a c e  washed by a d i s s o c i a t i n g  
gas  w i t h  formation of  a laminar  boundary l a y e r  can be  c a l c u l a t e d  
by (IV-8-63) f o r  t h e  equ i l ib r ium l a y e r  and by  (Iv-8-57) f o r  a 
" f rozen"  one. Here t h e  hea t  flow depends mainly on t h e  product  
p 6 v 6  a t  t h e i o u t e r  edge of  t h e  boundary l a y e r .  I f  t h e  w a l l  i s  
c a t a l y t i c ,  d i s s o c i a t i o n  does not  i n f l u e n c e  t h e  h e a t  f low, which 
remains p r a c t i c a l l y  t h e  same as i n  an und i s soc ia t ed  boundary 
l a y e r .  

I f  t h e  w a l l  i s  not  a c a t a l y s t ,  h e a t  t r a n s f e r  must b e  ca lcu-  
l a ted  w i t h  d i s s o c i a t i o n  taken  i n t o  account .  Then t h e  t o t a l  h e a t  
flow w i l l  be sma l l e r  t han  t h a t  to a c a t a l y t i c  w a l l ,  when t h e  d i f -  
f u s i o n  r a t e  exceeds t h e  recombinat ion ra te  i n  t h e  boundary l a y e r  
by  a s u b s t a n t i a l  margin.  

S I V - 9 .  INFLUENCE OF VISCOUS INTERACTION ON FLOW PARAMETERS 

A s  long as t h e  t h i c k n e s s  of t h e  boundary l aye r  around the  body 
i n  flow i s  s m a l l  by comparison wi th  t h e  t r a n s v e r s e  dimensions of  
t h e  body and t h e  t h i c k n e s s  of t h e  shock l a y e r ,  i n v e s t i g a t i o n  of 
t h e  d i s s o c i a t i o n  processes  governed by  v i s c o s i t y  and conduct ion 
of h e a t  can be l i m i t e d  to t h e  r eg ion  of flow i n s i d e  the  boundary 
l a y e r ,  and i t  can be assumed t h a t  t h e  boundary l a y e r  has no i n -  

no r e c i p r o c a l  e f f e c t  of t h e  boundary l a y e r  on t h e  f r e e  flow, t h e  
same p r e s s u r e  a s  i n  t h e  f r e e  i n v i s c i d  flow i s  e s t a b l i s h e d  on t h e  
s u r f a c e  of t h e  body. T h i s  imp l i e s  t h a t  t h e  p r e s s u r e  can be c a l -  
c u l a t e d  wi thout  r e f e r e n c e  to t h e  v i s c o s i t y  p r o p e r t i e s  of the gas .  

f l uence  on f r e e  i n v i s c i d  flow. According to t h i s  hypothes is  of / 2 0 2  

T h e  longer  t h e  body, t h e  t h i c k e r  w i l l  be t h e  boundary l a y e r  
and the l e s s  r e l i a b l e  t h e  hypo thes i s  of no r e c i p r o c a l  e f f e c t  of 
t h e  layer  on t h e  f r e e  flow, and t h e  s t r o n g e r  w i l l  be t h e  i n t e r -  
a c t i o n  between t h e  boundary l a y e r  and t h e  f r e e  flow. L a y e r  t h i c k -  
nes s  i n c r e a s e s  a t  h igh  flow v e l o c i t i e s  owing to t h e  h igh  tempera- 
t u r e ,  and t h i s  w i l l  a l s o  s t r e n g t h e n  t h e  v i s c o u s - i n t e r a c t i o n  e f -  
f e c t .  I n  such c a s e s ,  t h e  p r e s s u r e  on the s u r f a c e ,  l i k e  t h e  o t h e r  
flow v a r i a b l e s ,  must be  c a l c u l a t e d  w i t h  v i s c o s i t y  t aken  i n t o  ac- 
count .  The v iscous  i n t e r a c t i o n  w i l l  have an a d d i t i o n a l  i n f l u e n c e  
on d i s s o c i a t i o n  p rocesses .  

To take account of v i scous  i n t e r a c t i o n ,  w e  can use t h e  equa- 
t i o n s  of  motion i n  t h e  g e n e r a l  form de r ived  wi th  c o n s i d e r a t i o n  of 
the r ea l  p r o p e r t i e s  of t h e  gas  i n s t e a d  of t h e  E u l e r  equa t ions .  



I n  p r a c t i c e ,  however, t h i s  c a l c u l a t i o n  i s  d i f f i c u l t .  Experiment- 
a l  s t u d i e s  have shown tha t  good r e s u l t s  as r ega rds  the  viscous-  
i n t e r a c t i o n  c o r r e c t i o n  can be ob ta ined  i f  w e  proceed from the as- 
sumption t,hat t h e r e  i s  a p h y s i c a l  boundary between t h e  f ree  i n -  
v i s c i d  flow and the  boundary l a y e r  i n  i n t e r a c t i o n  w i t h  i t .  The 
r e c i p r o c a l  e f f e c t  o f  t h e  th ickened  boundary l a y e r  c o n s i s t s  i n  a 
c e r t a i n  p r e s s u r e  i n c r e a s e  of the gas  i n  t h e  inv i sc id - f low reg ion  
due t o  d e f l e c t i o n  of  t h e  s t r e a m l i n e s .  The  p r e s s u r e  and o t h e r  
v a r i a b l e s  a t - t h e  w a l l  w i l l  be  the same as i n  i n v i s c i d  flow over 
an e q u t v a l e n t  body wi th  i t s  c r o s s  s e c t i o n  i n c r e a s e d  by  t h e  d i s -  
placement thi-ckness . I n  t u r n ,  t h e  " i n v i s c i d "  parameters  induced 
by t h e  boundary l a y e r  h f l u e n c e  t h e  i n c r e a s e  i n  i t s  th i ckness  
C591. 

I n  t h e  case  of hypersonic  flow p a s t  s l e n d e r  sharpened bod ies ,  
the  v iscous  i n t e r a c t i o n  can be c a l c u l a t e d  s t a r t i n g  from t h e  de- 
pendence of t h e  l o c a l  " i n v i s c i d "  v a r i a b l e s  on t h e  i n c l i n a t i o n  of  
t h e  t angen t  p l ane  t o  t h e  equivalent-body s u r f a c e  : 

( I V - 9 - 1 )  

I n  i n v e s t i g  t i n g  v iscous  hypersonic  i n t e r a c t z o n  far  s l e n d e r  
bodies  [59],  two r eg ions  a r e  a r b i t r a r i l y  d i s t i n g u i s h e d :  r eg ions  
of weak and s t r o n g  i n t e r a c t i o n ,  f o r  which r a t h e r  s imple a n a l y t i c  
working r e l a t i o n s h i p s  have been de r ived .  I n  t h e  r e g i o n  of  s t r o n g  
i n t e r a c t i o n ,  the s t r e a m l i n e  d e f l e c t i o n  and, consequent ly ,  t he  
induced p r e s s u r e  are small. The  e f f e c t  of s t r o n g  i n t e r a c t i o n  
man i fe s t s  i n  a l a r g e r  s t r e a m l i n e  d e f l e c t i o n  and, acco rd ing ly ,  i n  
a more s u b s t a n t i a l  p r e s s u r e  i n c r e a s e .  For a f l a t  p l a t e ,  t h e  re- 
g ion  of s t r o n g  i n t e r a c t i o n  i s  near  t h e  l e a d i n g  edge, whi le  t h e  
r e g i o n  of weak i n t e r a c t i o n  i s  remote from i t .  

For both  of these r eg ions  of  i n t e r a c t i o n ,  t h e  induced pres-  
s u r e  on a s l e n d e r  sha rp  body can b e  c a l c u l a t e d  by the  tangent -  
s u r f a c e  method, us ing  t h e  hypersonic  s i m i l a r i t y  parameter  

(IV-9-2) 

where K = M,B. 

spond t o  t h e  r eg ions  of  weak and s t r o n g  i n t e r a c t i o n .  

above, which was governed by  t h e  d e f l e c t i o n  of t h e  inv isc id- f low 
s t r e a m l i n e s ,  t h e r e  i s  ano the r  type  known as vor t ex  i n t e r a c t i o n .  

Extreme va lues  of  t h e  parameters  K* << 1 and K* >> 1 cor re -  

I n  a d d i t i o n  t o  t h e  b a s i c  form of i n t e r a c t i o n  cons idered  



It c o n s i s t s  i n  t h e  f a c t  t ha t  t h e  processes  t a k i n g  p l a c e  i n  the  1 2 0 3  
boundary l a y e r  are in f luenced  not  only by the  v e l o c i t y  d i s t r i b u -  
t i o n ,  b u t  a l s o  by t h e  vo r t ex  d i s t r i b u t i o n  i n  t h e  e x t e r n a l  flow. 
The vo r t ex  d i s t r i b u t i o n  arises i n  t h e  presence  of a boundary 
l a y e r  whose th i ckness  i s  commensurate w i t h  tha t  of  t h e  shock 
l a y e r  and when t h e r e  i s  a sha rp ly  curved compression shock. Be-  
h ind  such a shock, t h e  v o r t i c i t y  i n  a l a y e r  of i n v i s c i d  gas  i s  
of the same o r d e r  as the  average v o r t i c i t y  i n  t h e  boundary l a y e r ,  
which i s  governed by the  a c t i o n  of t a n g e n t i a l  s tresses.  

take 
A s  a parameter  f o r  e v a l u a t i o n  of vo r t ex  i n t e r a c t i o n ,  we can 

which i s  t h e  r a t i o  of t h e  v o r t i c i t y  si i n  i n v i s c i d  flow t o  t h e  
average v o r t i c i t y  V 6 / 6  i n  the  boundary l a y e r  a t  low v e l o c i t y .  I f  

S2 << 1, t h e  vo r t ex  i n t e r a c t i o n  can b e  d i s r ega rded ,  bu t  w i t h  G! % 1, 
t h i s  i n t e r a c t i o n  must be t aken  i n t o  account ,  s i n c e  i t  i n c r e a s e s  
f r i c t i o n  and heat t r a n s f e r .  

C a l c u l a t i o n s  i n d i c a t e  t h a t  vo r t ex  i n t e r a c t i o n  i s  i n s i g n i f -  
can t  i n  the r eg ions  of weak and s t r o n g  i n t e r a c t i o n  and may be  of 
s u b s t a n t i a l  importance i n  t h e  neighborhood of the t o t a l - s t a g n a -  
t i o n  p o i n t  on a b l u f f  body. 

PIV-10.  PECULIARITIES O F  FLOW PAST BODIES WITH BLUNTED NOSE SEC- 
T I O N  

A p r a c t i c a l l y  impor tan t  aerodynamic p rope r ty  of b l u f f  bodies  
i s  t h a t  they are heated and damaged to a l e s s e r  degree than  s h a r p  
bod ies  i n  motion through t h e  atmosphere a t  very h igh  speeds.  

L e t  us cons ide r  which gasdynamic phenomena govern t h i s  prop- 
e r t y  of b l u f f  bod ie s .  F igure  I V - 1 0 - 1  p r e s e n t s  a diagram of  t h e  
flow p a s t  a b l u f f  body of a r b i t r a r y  shape.  A detached c u r v i l i n -  
ear. shock wave w i t h  v a r i a b l e  i n t e n s i t y  a t  d i f f e r e n t  p o i n t s  on i t s  
s u r f a c e  forms i n  f r o n t  of t h e  body. A t  a d i s t a n c e  from t h e  nose,  
the  shock wave degenera tes  i n t o  an  o rd ina ry  i n t e r f e r e n c e  wave 

= a r c  s i n  l / M m .  
the  wave, where eS =  IT/^. 

w i t h  i n f i n i t e s i m a l  i n t e n s i t y  and an i n c l i n a t i o n  angle  0,  = 1-1, - - 
The maximum i n t e n s i t y  w i l l  occur  a t  t h e  apex of  

S ince  the  a n g l e  O s  d i f f e r s  l i t t l e  from  IT/^ i n  t h e  neighbor- 
hood of  t h e  nose,  t he  corresponding wave segment w i l l  consequent ly  
have a ra ther  h i g h  i n t e n s i t y ,  approaching t h a t  of  t he  normal shock. 

2 7 3  
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Figure  IV-10-1. Diagram 
of Flow P a s t  Blunt Body. 
1) "sonic"  p o i n t s ;  2 )  
shock wave; 3 )  son ic  
s t r e a m l i n e ;  4) high-  
en t ropy  l a y e r .  

Passage of gas p a r t i c l e s  through 
such a s t r o n g  compression shock w i l l  
b e  accompanied by s u b s t a n t i a l  l o s s e s  
of  t o t a l  head and an i n c r e a s e  i n  en- 
t ropy .  A s  a r e s u l t ,  t h e  s u r f a c e  o f  
t h e  body w i l l  be covered by a l a y e r  
of a c e r t a i n  t h i c k n e s s  i n  which t h e  
gas  has h igh  en t ropy .  

d i f f e r i n g  degrees  of s t a g n a t i o n  a t  
d i f f e r e n t  p o i n t s  of the  shock wave, 
the flow i n  such a l a y e r  w i l l  b e  char- 
a c t e r i z e d  by  a c e r t a i n  v e l o c i t y  grad-  
i e n t  i n  t h e  d i r e c t i o n  o f  t h e  normal, 
as shown i n  Fig.  IV-10-1. However, 
i f  t he  boundary l a y e r  i s  s u b s t a n t i -  
a l l y  t h i n n e r  and i f  t h e  shock wave 
i n c l i n a t i o n  ang le  i s  nea r  normal on 
t h e  zone through which t h e  l a y e r  of  
diminished v e l o c i t i e s  p a s s e s ,  t h e  
v e l o c i t y  g r a d i e n t  can be  d i s r e g a r d e d  
i n  t h i s  layer and t h i s  w i l l  s i m p l i f y  

S t r i c t l y  speaking,  owing t o  the 

the  c a l c u l a t i o n s .  The v e l o c i t y  i n  t h i s - l a y e r  i s  lower t h a n  on a- 
sharpened body o r  wedge. Near the  s u r f a c e ,  the  flow r e g i o n  char-  
a c t e r i z e d  by  low v e l o c i t i e s  (and,  consequent ly ,  low Mach and Rey- 
nolds  numbers) i s  a d e c i s i v e  f a c t o r  i n  shaping  t h e  boundary-layer 
p rocesses .  

An e s s e n t i a l  f e a t u r e  of  t h e  flow i s  a change i n  flow condi- 
t i o n s  i n  t h e  boundary l a y e r  as a r e s u l t  of b l u n t i n g .  Owing t o  t h e  
dec rease  i n  t h e  l o c a l  Reynolds numbers computed from t h e  v e l o c i t y  
a t  t h e  l a y e r  boundary, t h e  laminar  boundary l a y e r  becomes turbu-  
l e n t  much f a r t h e r  downstream and, consequent ly ,  t h e  e x t e n t  of the  
laminar  boundary l a y e r  i n c r e a s e s .  T h i s  h e l p s  reduce f r i c t i o n  and 
t h e  heat flows t o  t h e  w a l l .  

The dec rease  i n  heat flow t h a t  r e s u l t s  from the  i n c r e a s e  i n  
t h e  en t ropy  of t h e  gas  on passage through t h e  compression shock i s  
known as t h e  en t ropy  e f f e c t .  Here i t  must b e  remembered tha t  t he  
en t ropy  e f f e c t  embodies not  only a dec rease  i n  v e l o c i t y  a t  t h e  
o u t e r  boundary of t h e  boundary- layer ,  b u t  a l s o  a dec rease  i n  gas  
d e n s i t y ,  i . e . ,  lower Reynolds numbers. A t  t h e  same t ime,  t h e  i n -  
c r e a s e  i n  en t ropy  causes  an i n c r e a s e  i n  the tempera ture  a t  t h e  
boundary l a y e r  o u t e r  edge over  t h a t  f o r  a sha rp  body. This  
i s  t h e  con t r a ry  e f f e c t  of t h e  high-entropy l a y e r ,  which r e s u l t s  i n  
a c e r t a i n  i n c r e a s e  i n  t h e  heat flow from t h e  boundary l a y e r  t o  t h e  
w a l l .  However, w i t h  a p p r o p r i a t e  s e l e c t i o n  of t h e  degree and form 
of t h e  b l u n t i n g ,  c a l c u l a t i o n s  and exper imenta l  s t u d i e s  i n d i c a t e  
t h a t  t h e  o v e r - a l l  en t ropy  e f f e c t  reduces  t he  h e a t  f lows.  



A s  a r u l e ,  t h e  wave d rag  of a b l u f f  body i s  h ighe r  t h a n  t h a t  
of a sha rp  one. However, f o r  c e r t a i n  s l e n d e r  bodies  w i t h  s m a l l  
b l u n t i n g s  ( f o r  example, cones ) ,  a decrease  i n  d rag  i s  observed; 
t h i s  i s  expla ined  by t h e  appearance of a lower p r e s s u r e  over a 
s u b s t a n t i a l  p a r t  of t h e  body i n  s p i t e  of t h e  p r e s s u r e  i n c r e a s e  i n  
t h e  neighborhood of the  b l u n t  nose.  The d rag  of a cone o r  wedge 
w i t h  ha l f - ang le 'B  and l e n g t h  xc becomes commensurate w i t h  t h a t  of 
a nose of s m a l l  diameter ( t h i c k n e s s )  Db only i f  xc/Db Q, [ B ( E  + 3 ) /  
/ ( e  + 1)12 ( e  = 0 f o r  a wedge and E = 1 f o r  a cone) .  Thus, 
s l i g h t  b l u n t i n g  has a much g r e a t e r  e f f e c t  on t h e  t o t a l  d rag  of a 
wing than  on t h a t  o f  a s l e n d e r  body. Downstream from t h e  nose,  t h e  
shock wave moves comparat ively far  away from t h e  body's s u r f a c e .  
I n  t h i s  r eg ion ,  t h e  p r e s s u r e  d i s t r i b u t i o n  depends on t h e  decay of 
t h e  wave and i s  not  g r e a t l y  i n f l u e n c e d  by  t h e  p r i o r  h i s t o r y  of t h e  
flow. The p r e s s u r e  e s t a b l i s h e d  on e longated  s e c t i o n s  of t h e  b l u f f  
s u r f a c e  i s  the  same as t h a t  on a sha rp  s u r f a c e .  

The c h i e f  e f f e c t  o f  b l u n t i n g  c o n s i s t s  not  i n  t h e  change i n  
drag ,  which i s  comparat ively minor f o r  s m a l l  degrees  of b l u n t i n g ,  
bu t  i n  a s u b s t a n t i a l  dec rease  i n  h e a t  t r a n s f e r .  

The g r e a t  p r a c t i c a l  importance of  aerodynamic r e s e a r c h  on 
b l u f f  bodies  should be c l e a r  from t h e  above. However, t h e  use of 
i n t e n t i o n a l l y  b lun ted  bodies  i s  not  t h e  s o l e  r eason  f o r  t h e  impor- 
t ance  of t h i s  r e s e a r c h .  The f a c t  i s  t h a t  i n  r e a l i t y ,  a l l  s o l i d s  
of r e v o l u t i o n  a r e  b lun ted  to one degree o r  a n o t h e r ,  s i n c e  i t  i s  
t e c h n o l o g i c a l l y  imposs ib le  to make an i d e a l l y  sha rp  nose.  The 
b l u n t i n g  i s  i n c r e a s e d  by  a c c i d e n t a l  mechanical d i s t u r b a n c e s ;  more- 
ove r ,  t h e  nose may b e  b lun ted  by  me l t ing  i n  t h e  case  of motion of /205 
t h e  body a t  very h igh  v e l o c i t y  i n  a dense gas .  Many v e h i c l e s  and 
i n d i v i d u a l  e lements  of t h e s e  v e h i c l e s  may have b lun ted  shapes be- 
cause of des ign  c o n s i d e r a t i o n s .  Thus, we d e a l  i n  p r a c t i c e  w i t h  
b lun ted  bodies  i n s t e a d  of bodies  w i t h  a b s o l u t e l y  sha rp  t i p s .  

L e t  u s  e v a l u a t e  the  r e l a t i v e  
- Rt b displacement  of t h e  laminar-to- 
Re t u r b u l e n t  t r a n s i t i o n  of t h e  

boundary l a y e r  owing t o  b l u n t n e s s ,  
on t h e  assumption t h a t  t h e  c r i t i -  
c a l  Reynolds numbers w i l l  b e  t h e  

s c r i p t s  sh  and b_, r e s p e c t i v e l y ) ,  

k20' same f o r  t h e  sha rp  and b l u n t  
IO * bodies .  For t h e s e  bodies  (sub- 

P i 0  I 

8 f6 M, 
0 d M,O B we have the  e q u a l i t y  

Q8 

Q6 

Q4 

Figure  IV-10-2. In f luence  of 
Bluntness  onReynolds Number 
f o r  Cone and Wedge. 
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The fo l lowing  formula fo l lows  from t h i s  e q u a l i t y  f o r  t h e  
r e l a t i v e  s h i f t  of the  t r a n s i t i o n  p o i n t :  

A l l  parameters  i n  t h i s  formula r e fe r  t o  t h e  t r a n s i t i o n  p o i n t .  

I f  w e  cons ide r  c o n i c a l  o r  wedge-shaped bod ies ,  w e  can wr i t e ,  
s i n c e  t h e  flow v a r i a b l e s  a r e  cons t an t  a long  t h e  g e n e r a t r i x  of 
e i t h e r ,  

( I V - 1 0 - 1 )  

Here t h e  s u b s c r i p t s  "c" and "b" now r e f e r  r e s p e c t i v e l y  t o  sha rp  
and b lun ted  cones o r  wedges, and a l l  q u a n t i t i e s  appear ing  i n  t h e  
middle and r igh t -hand members of ( I V - 1 0 - 1 )  p e r t a i n  t o  a r b i t r a r y  
s e c t i o n s  through both  cones w i t h  t h e  same coord ina te  - x. We ob- 
t a i n  from ( I V - 1 0 - 1 )  

Re C 'c 'c 'b 

Reb 'b pb 'c 
- = - - -  

Assume t h a t  pb/pc = ( T  /T ) n  and t h a t  t h e  p r e s s u r e s  on the  b c  
sha rp  and b l u n t  bodies  a r e  t h e  same. 
b e r i n g  t h a t  

Then p c / p b  = Tb/Tc. Remem- 

T=To(1.+-2-Jle)' k - i  -1 ., 

w e  o b t a i n  f o r  t h e  Reynolds-number r a t i o  

( I V - 1 0 - 2 )  

The numbers Mc and Mb are c a l c u l a t e d  from t h e  r e s p e c t i v e  
f ormu 1 as 



where pc i s  t h e  p r e s s u r e  on t h e  sha rp  body, p i c  i s  t h e  s t a g n a t i o n  
p r e s s u r e  behind t h e  obl ique  shock i n  f r o n t  of a sha rp  wedge o r  
cone, and (P:)es=*/2 i s  t h e  s t a g n a t i o n  p r e s s u r e  behind t h e  normal 

compression shock. 

The r a t i o  Reb/Rec i s  given i n  F ig .  IV-10-2 f o r  t h e  cone and 
wedge. We see t h a t  a s u b s t a n t i a l  decrease  i n  t h e  Reynolds numbers 
and, consequent ly ,  a s u b s t a n t i a l  s h i f t  i n  t h e  t r a n s i t i o n  p o i n t  a r e  
c h a r a c t e r i s t i c  f o r  s l e n d e r  cones and wedges, whi le  the  i n f l u e n c e  
o f b l u n t n e s s i s  more marked w i t h  i n c r e a s i n g  Moo. 
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P a r t  Two 

A E R O D Y N A M I C S  OF LIFTING, S T A B I L I Z I N G ,  
A N D  C O N T R O L  S U R F A C E S  

/ 2 0 8  
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Chapter  V 

CALCULATION OF THE A E R O D Y N A M I C  COEFFICIENTS 

§V-1. SUBSONIC AND T R A N S O N I C  SPEEDS 

I n f l u e n c e  of C o m p r e s s i b i l i t y  on P r e s s u r e  

The K h r i s t i a n o v i c h  m e t h o d .  The problem o f  p o t e n t i a l  f low 
around a g iven  p r o f i l e  a t  a c e r t a i n  Mach number Mm < MmCr (Mcocr < 

< 1 i s  t h e  c r i t i c a l  Mach number) i n v o l v e s  s o l u t i o n  o f  Eq. 
( 1 1 1 - 2 - 2 4 ) ,  i n  which E i s  s e t  e q u a l  t o  z e r o  and t h e  v e l o c i t i e s  
are  expres sed  i n  terms of t he  v e l o c i t y  p o t e n t i a l .  A s  a r e s u l t  
of s o l u t i o n ,  t h e  v e l o c i t y  and p r e s s u r e  d i s t r i b u t i o n s  are found 
w i t h  c o n s i d e r a t i o n  of  t h e  c o m p r e s s i b i l i t y  e f f e c t .  

T h e  problem i s  found to b e  very  complex i n  t h i s  fo rmula t ion .  
It i s  s i m p l i f i e d  by b r e a k i n g  i t  i n t o  two s i m p l e r  problems.  The 
f i r s t  i n v o l v e s  d e t e r m i n a t i o n  of  p r e s s u r e  d i s t r i b u t i o n  pic f o r  i n -  
compress ib l e  flow agound t h e  p r o f i l e ,  and t h e  second c a l c u l a t i o n  
o f  a c o r r e c t i o n  t o  pic t o  t a k e  c o m p r e s s i b i l i t y  i n t o  accoun t .  

t h a t  t h e  p r e s s u r e  d i s t r i b u t i o n  i n  t h e  i n c o m p r e s s i b l e  f low i s  
known and tha t  i t  i s  r e q u i r e d  t o  f i n d  t h e  d i s t r i b u t i o n  w i t h  com- 
p r e s s i b i l i t y  cons ide red .  

I n  1 9 0 2 ,  S.A. Chaplygin i n t r o d u c e d  t h e  new independent  va r -  
i ab l e s  V and B (V i s  t h e  a b s o l u t e  va lue  o f  v e l o c i t y  and B i s  t h e  
i n c l i n a t i o n  a n g l e  o f  t h e  v e l o c i t y  v e c t o r  t o  t he  x - a x i s )  t o  t r a n s -  
form t h e  n o n l i n e a r  e q u a t i o n  o f  gas  dynamics f o r  The p o t e n t i a l  4 
and stream f u n c t i o n  J, e x a c t l y  i n t o  l i n e a r  e q u a t i o n s .  Academician 
S.A. K h r i s t i a n o v i c h  [37 ] ,  u s i n g  these  e q u a t i o n s ,  o r i g i n a t e d  a 
r i g o r o u s  t h e o r y  f o r  c a l c u l a t i o n  o f  p r e s s u r e  w i t h  c o n s i d e r a t i o n  
of  c o m p r e s s i b i l i t y  a t  s u b c r i t i c a l  v e l o c i t i e s  o f  f low ove r  pro-  
f i l e s .  

We s h a l l  examine t h e  second problem, i . e . ,  w e  s h a l l  assume 

I n  t h i s  t h e o r y ,  t he  problem o f  subson ic  f low o f  gas  around 
the  p r o f i l e  i s  reduced  t o  t h e  problem of  f low o f  an  incompress i -  
b l e  f l u i d  around a p r o f i l e  of  modi f ied  shape .  Consequent ly ,  t o  
u se  t h e  K h r i s t i a n o v i c h  method, i t  i s  n e c e s s a r y  t o  know t h e  rela- 
t i v e  v e l o c i t y  A m  = Vm/a* o,f t h e  oncoming compress ib l e  f low,  t h e  
shape of  t h e  p a r t i c u l a r  p r o f i l e ,  a r u l e  f o r  conve r s ion  from t h e  
p a r t i c u l a r  p r o f i l e  t o  a f i c t i t i o u s  p r o f i l e ,  and from t h e  t r u e  
compress ib l e  f low t o  a f i c t i b i o u s  incompress ib l e  f low,  and the  
d i s t r i b u t i o n  o f  t h e  c o e f f i c i e n t  pic ove r  t h e  f i c t i t i o u s  p r o f i l e  
i n  i n c o m p r e s s i b l e  f low.  
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I f  t h e  given p r o f i l e  i s  s u f f i c i e n t l y  extended,  t h e r e  i s  a l -  
most no change i n  t h e  shape of  t h e  modified p r o f i l e .  We may 
t h e r e f o r e  regard  t h e  a c t u a l  and f i c t i t i o u s  p r o f i l e s  as i d e n t i c a l .  
Then - t h e  Khr i s t i anov ich  method-enables us  to convert  t h e  p r e s s u r e  
pic q u i t e  e a s i l y  to any value p cor responding  to a given Mm. 

flow a n d , t h e  v e l o c i t y  A of t h e  f i c t i t i o u s  incompress ib le  flow 
s e r v e s  f o r  t h i s  purpose (Table V-1-1) .  A .is determined from t h e  
formula 

A r e l a t i o n  between t h e  r e l a t i v e  v e l o c i t y  A of t h e  compressible  

(V-1-1) 

i n  which t h e  v e l o c i t y  Am of t h e  f i c t i t i o u s  oncoming flow i s  re- /210 
garded as known and determined from T a b l e  V-1-1 from t h e  given 
Am.  Having determined A ,  we can use t h e  same T a b l e  V-1-1 to f i n d  
A ,  (111-3-4) to c a l c u l a t e  t h e  t r u e  p r e s s u r e  5, and then  f i n d  t h e  
p r e s s u r e  c o e f f i c i e n t  p = ( p  - p,J/q. 

TABLE V-1-1. THE RELATION X = A ( A )  
-....I__ .. - 

" - .  . I O 
I 

I^-. . 

0.05 

0.0500 

0.. 55 

0.5155 

0.525 

__-- 

.- 

- 

~I 

0. G9SS 

0.10 0.t5 
- - .  I 

- -- 
0.5535 0.5722 

~ 

0 20 
. ._ .- 

0.1053 

0.650 
- 

0.59006 

L ~ _ _ _ _  

0.25 0.30 
- 

0.7413 0.7483 

0.35 10.40 10.45 

0.3410 0.3862 0.4307 I 1- 

10.975 ]ilooo I 
0.7546 0.7577 I I  

Conversion o f  p r e s s u r e  f r o m  one Mm t o  a n o t h e r .  Let- us as- 
sume t h a t  t h e  d i s t r i b u t i o n  of  t h e  p r e s s u r e  c o e f f i c i e n t  p1 of  a 
compressible  f l u i d  i s  known f o r  a c e r t a i n  Mml. The Khr is t iano-  
v i ch  theory  enables  us  to convert  t h i s  c o e f f i c i e n t  to  ano the r  
Mach number Ma, and o b t a i n  t h e  corresponding va lues  p 2 .  

mine t h e  p r e s s u r e  r a t i o  pl/pm a t  a c e r t a i n  p o i n t  a t  which p l  i s  
known : 

The c a l c u l a t i o n s  a r e  performed as fo l lows .  W e  f i r s t  d e t e r -  

281 

I. 



Then we use  the  formula 

t o  f i n d  A , .  From A ,  and A w l ,  w e  r e f e r  t o  T a b l e  V-1-1 t o  d e t e r -  
mine A and A w l , ,  r e s p e c t i v e l y .  From these data and Formula'  
( V - 1 - l j ,  

(V-1-1 ' ) 

we c a l c u l a t e  pic. 
i s  determined by the  procedure i n d i c a t e d  above. The va lue  of Am, 
i s  determined f o r  A w 2  from Tab;e V-1-1, and t h e n  A 2  i s  found from 
t h e  formula pic = 1 - ( A 2 / A w 2 )  . 

Then t h e  compressible-flow p r e s s u r e  c o e f f i c i e n t  

Returning t o  Table V-1-1, w e  
de t e rmine  A ,  from A 2 ,  c a l c u l a t e  p,, and, f i n a l l y ,  f i n d  t h e  coef- 
f i c i e n t  p,. 

T h e  c r i t i c a l  Mach number. The c r i t i c a l  Mach number i s  de- 
termined as fo l lows  i n  t h i s  method. 

It i s  assumed  that t h e  l o c a l  speed of sound, which cor re-  
sponds to t h e  c r i t i c a l  f ree-s t ream Mach number MmCr, occurs  a t  
t h e  p o i n t  of  g r e a t e s t  vacuum on t h e  p r o f i l e  i n  t h e  case  of incom- 
p e s s i b l e  - flow around i t ,  i . e . ,  where t h e  p r e s s u r e  c o e f f i c i e n t  
P i c  - P i c  min* 

- 

- 
Knowing pic min, w e  can c a l c u l a t e  A m  from (V-1-l), where / 2 1 1  

w e  must se t  A = 0.7577 accord ing  t o  T a b l e  V-1-1. Thus, t h e  
v e l o c i t y  of  t h e  f i c t i t i o u s  oncoming flow 

(v-1-2) 

Then the  c r i t i c a l  v e l o c i t y  AwCr i s  determined from T a b l e  V-1-1 
and t h e  formula 

i s  used t o  f i n d  t h e  c r i t i c a l  Mach number. 
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Approximate re lat ionships .  An approximate r e l a t i o n  co r re -  
sponding t o  a c e r t a i n  s i m p l i f i e d  model of the  a c t u a l  connec t ion  
between t h e  p r e s s u r e s  g iven  by the  Khr i s t i anov ich  method can be 
established between the p r e s s u r e  c o e f f i c i e n t s  5 and pic. 
r e l a t i o n s h i p ,  which i s  known i n  t he  l i t e r a t u r e  as t h e  Karman- 
Tsiang formula,  i s  

T h i s  

(V-1-41 

P ro f .  G.F. Burago proposed an approximate method f o r  conver- 
s i o n  of  p r e s s u r e  w i t h  c o n s i d e r a t i o n  of c o m p r e s s i b i l i t y  [ 6 ]  t h a t  
g i v e s  p r a c t i c a l l y  t h e  s a m e  r e s u l t s  as t h e  Khr i s t i anov ich  method. 

An important  c o r o l l a r y  of t h e  Burago method i s  e s t ab l i shmen t  
of  a h ighly  e f f e c t i v e  and s imple  r e l a t i o n s h i p  between pic min and 
M,cr: 

Linearized f l o w .  T h e  above method f o r  c a l c u l a t i o n  of pres -  
s u r e  w i t h  c o n s i d e r a t i o n  of  c o m p r e s s i b i l i t y  t a k e s  account  of l a r g e  
d i s t u r b a n c e s  tha t  ar ise  i n  flow around p r o f i l e s .  

When these d i s t u r b a n c e s  are weak ( t h i n  p r o f i l e ) ,  t h e  rela- 
t i o n  between t h e  p r e s s u r e s  i n  compressible  and incompress ib le  
flows can be obta ined  i n  very s imple form. 

f o r  t h e  v e l o c i t y  p o t e n t i a l .  It i s  s i m p l i f i e d  f o r  s teady  flow: 
For t h i s  purpose,  w e  use  t h e  l i n e a r i z e d  equa t ion  (111-2-30)  

(v-1-6 .( 1 - 112) cp;x + cplv = 0- 

If we in t roduce  t h e  new v a r i a b l e s  

where V,, and V, are t h e  r e s p e c t i v e  v e l o c i t i e s  of t he  f i c t i t i o u s  
incompress ib le  and t h e  r e a l  compressible  flows and y i s  an arbi-  
t r a r y  c o n s t a n t ,  t h e n  (V-1-6) becomes ( c p ~ ) x i x l + ( ~ ; ) ~ i v l  =0, which de- 

s c r i b e s  the  flow of an incompress ib le  f l u i d .  Thus, t h e  problem 
of compressible  flow around a g iven  p r o f i l e  reduces t o  the problem 



of flow of an incompress ib le  f l u i d  around some o t h e r  p r o f i l e .  

It fo l lows  from (V-1-7) t h a t  t h e  r e l a t i o n  pic = p e x i s t s  
between t h e  p r e s s u r e  c o e f f i c i e n t s  a t  corresponding p o i n t s .  The 
r e l a t i o n  between t h e  p r o f i l e  shapes I s  e s t a b l i s h e d  w i t h  t h e  a id  
of  t h e i r  nonseparat ing-f low c o n d i t i o n s  : V,i/lrim=dy,/dx; and V,/Vm=dy!dx, 

from which we f i n d  Y1=Y17(1-h1~) - i ’2 . ,  S e t t i n g  y=(1-?!IH)‘’2, we a r r i v e  
a t  t h e  conclus ion  tha t  bo th  p r o f i l e s  - i n  compressible  and i n -  
compressible  flows - a r e  i d e n t i c a l  i n  shape and have i d e n t i c a l  
a t t a c k  a n g l e s .  Consequently,  we have t h e  fo l lowing  r e l a t i o n  be- 

- .  

tween t h e  p r e s s u r e  c o e f f i c i e n t s  a t  corresponding p o i n t s :  /212 

(v-1-8) 

T h i s  r e l a t i o n  i s  known as t h e  Prandt l -Glauer t  formula.  It 
- i s  qu ick ly  noted t h a t  i t  can be de r ived  from (V-1-4) by s e t t i n g  
P i c  s u f f i c i e n t l y  s m a l l .  

Example. Let t h e  p r e s s u r e  c o e f f i c i e n t  pic = 0.5 a t  a c e r t a i n  
p o i n t  on a p r o f i l e  i n  an incompress ib l e - f lu id  flow. Determine 6 
a t  t h e  same p o i n t  on t h e  p r o f i l e  i n  a compressible  f l u i d  flow a t  
a v e l o c i t y  A, = 0.5 (M, = 0.4663). 

t i t y  A = 0.4734 and t h e  corresponding va lue  A = 0.3348 from 
(V-1-17 f o r  t h e  p o i n t  s e l e c t e d .  
determine A = 0.3434 from t h e  same T a b l e  V-1-1. 

From t h e  va lue  A m  = 0.5 ,  we f i n d  from T a b l e  V-1-1 t h e  quan- 

From t h e  value found f o r  A ,  w e  

The p r e s s u r e  a t  t h e  p o i n t  i n  q u e s t i o n  on t h e  p r o f i l e  

Knowing p/p,, w e  can c a l c u l a t e  t h e  p r e s s u r e  c o e f f i c i e n t  

C a l c u l a t i o n  by t h e  approximate r e l a t i o n  (V-1-4) g ives  p = 
= 0.547, while  (E-1-8) of t h e  l i n e a r i z e d  theo ry  g ives  t h e  l e s s  
a c c u r a t e  r e s u l t  p = 0.565. 

We conver t  t h e  p r e s s u r e  c o e f f i c i e n t  p1 = 0.539 obta ined  f o r  
t h e  v e l o c i t y  A m ,  = 0.5 to ano the r  f ree-s t ream v e l o c i t y  A m 2  = 0.7. 

284 



- 
p ,  = 0.539 i s  known: 

We d e t e r m i n e  t h e  p r e s s u r e  r a t i o  pl/p, a t  t h e  p o i n t  a t  which 

p1 _ -  k M L  1.4*0.4663* 
Dm 
.- - p,,-+i=0.539 - + l = i . O S .  

From 

k ’  

i n  which 

w e  f i n d  

hi = 0.3434. 

From A ,  and A w l ,  w e  r e f e r  t o  T a b l e  V-1-1 t o  d e t e r m i n e  A ,  = 
= 0 . 3 3 4 8  and Am, = 0.4734, r e s p e c t i v e l y ,  and u s e  ( V - 1 - 1 ’ )  t o  c a l -  
c u l a t e  p ic = 0 . 5  - t h e  p r e s s u r e  c o e f f i c i e n t  a t  t h e  p o i n t  under  
c o n s i d e r a t i o n  on t h e  g i v e n  p r o f i l e  i n  i n c o m p r e s s i b l e  f low.  

The res t  o f  t h e  c a l c u l a t i o n  mere ly  r e p e a t s  t h e  b e g i n n i n g  of  
t h i s  example.  W e  f i n d  Am2 = 0.6251 from A m 2  = 0 . 7  i n  T a b l e  V-1-1, 
A 2  = 0.442 from ( V - 1 - l ) ,  and A ,  = 0.4632 from T a b l e  V-1-1. The 
p r e s s u r e  a t  t h e  point-under  c o n s i d e r a t i o n  p 2  = 1.187p,, and t h e  
p r e s s u r e  c o e f f i c i e n t  p 2  = 2(p2/pco - l)/kM:, = 0 . 6 .  To determine 
t h e  c r i t i c a l  Mach number MmCr, w e  a s s i g n  t h e  minimum v a l u e  o f  pic 
f o r  i n c o m p r e s s i b l e  f low around t h e  p r o f i l e ,  pic min = -1 .17 ,  and 

u s e  (V-1-21 t o  c a l c u l a t e  

- 
< 

R e f e r r i n g  t o  T a b l e  V-1-1, w e  d e t e r m i n e  A m C r  = 0.55  from t h e  
v a l u e  found f o r  Am, and t h e n  u s e  (V-1-3)  t o  f i n d  MmCr = 0.515. 



L i f t  [ 61 

U n s w e p t  w i n g s .  I n  an incompress ib le  flow, t h e  l i f t  c o e f f i -  
c i e n t  of a wing w i t h  unsymmetrical p r o f i l e  can b e  determined by 
the formula 

where a i s  t h e  a t t a c k  ang le ,  a ,  i s  t h e  a t t a c k  angle  a t  ze ro  l i f t ,  /2l3 
h 

c a l c u l a t e d  f o r  t h e  p r o f i l e .  The t h e o r e t i c a l  a, f o r  a t h i n  p l a t e  
i s  2n. 

i s  t h e  wing a s p e c t  r a t i o , , a n d  a. = dcy ic / d a  i s  a c o e f f i c i e n t  
wg 

TABLE V-1-2. THE COEFFICIENTS 6 AND T [6]  

Rectangular  wings ( q  = 1) 

6 

7 I 0.10 1 0.14 1 0.17 1 0.20 

1 0.019 1 0.034 1 0.069 1 0.063 
~- 

Trapezoida l  wings 

1 I 413 
~~ 

0.026 I -  ~. --- 
0.049 

7 1 0.17 I 0.10 

d l  
I 

. I =  -~ 

I 

2 

0.011 

0.03 

I 1.5 

I 
I 

~ -._ ~ 

0.076 

0.22 

1 0.01 

-i I 
I 

rm- 
0.17 i 

Note: The data from t r a p e z o i d a l  wings were ob ta ined  f o r  
t h e  cond i t ion  t ha t  h = a , .  

wg 

For symmetr ica l -prof i le  t h i ckness  r a t i o s  c < 0.2, this coef- 
f i c i e n t  depends l i t t l e  on form and v a r i e s  l i n e a r i y  w i t h  c i n  ac- 
cordance w i t h  t h e  formula [61] 
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(10 = 2n + 5;. (V-1-10) 

An e x p e r i m e n t a l  check i n d i c a t e s  t h a t  t h e  a c t u a l  v a l u e s  aOe 
are somewhat smaller  t h a n  t h e  t h e o r e t i c a l  a, and depend on t h e  
t r a i l i n g - e d g e  a n g l e  B e ,  R e  = bV,/Vm, and t h e  p o s i t i o n  of  t h e  t r a n -  
s i t i o n  p o i n t  on t h e  p r o f i l e .  If t h e  t r a n s i t i o n  p o i n t  l i e s  a t  0.5b,  
t h e  r ea l  v a l u e  aOe f o r  R e  = lo8 and Be = 0 ( p l a t e )  i s  0 . 9 7 a 0 ,  and 
f o r  t a n  Be = 0 . 2 ,  aoe  = 0 . 8 5 a o ;  f o r  R e  = lo6, t h e s e  c o e f f i c i e n t s  
are ,  r e s p e c t i v e l y ,  a I f  t h e  t r a n s i -  

t i o n  p o i n t  is on t h e  l e a d i n g  edge (boundary l a y e r  f u l l y  t u r b u l e n t )  
and R e  = 1 0  , t h e n  a o e  = 0 . 9 7 a o  ( B e  = 0 )  and aoe  = 0.82ao  ( t a n  Be = 

= 0 . 2 ) .  
I n  e v a l u a t i n g  a o e  f o r  t h e  r a n g e s  lo6 - < R e  - < lo8, 0 ( t a n  Be 5 0 . 2 ,  
l i n e a r  i n t e r p o l a t i o n  i s  a c c e p t a b l e .  

can b e  p r e s e n t e d  as a T = - c ( m , n )  r e l a t i o n s h i p ,  where m = h w g / a ,  and 
TI i s  t h e  t a p e r .  The approximate  r e l a t i o n  f o r  T t a k e s  t h e  form 

= 0 . 9 a o  and aoe  = O.74a0 .  Oe 

If R e  = lo6, t h e n  aoe  = 0 . 9 a o  ( B e  = 0 )  and aoe  = 0 . 6 8 a o .  

The p a r a m e t e r  T i n  ( V - 1 - 9 )  t a k e s  account  of  wing p lanform and 

where t h e  f u n c t i o n s  -r,(m) and ~ , ( n )  are  g i v e n  i n  T a b l e  V-1-2. 

b e  t a k e n  i n t o  a c c o u n t  i n  q u i t e  s i m p l e  form f o r  wings w i t h  t h i n  
p r o f i l e s  a t  s m a l l  a t t a c k  a n g l e s ,  t h e  f low around which w i l l  b e  
weakly d i s t u r b e d .  To  o b t a i n  t h e  working r e l a t i o n s h i p s ,  l e t  u s  
examine t h e  l i n e a r i z e d  e q u a t i o n  (111-2-30) f o r  t h e  v e l o c i t y  po- 
t e n t i a l  w i t h  t h e  c o n d i t i o n  t h a t  t h e  t i m e  d e r i v a t i v e s  i n  i t  are 
z e r o .  W e  i n t r o d u c e  t h e  v a r i a b l e s  

The  i n f l u e n c e  o f  c o m p r e s s i b i l i t y  on t h e  l i f t  c o e f f i c i e n t  can  /214 

and c o n v e r t  (111-2-30) t o  them. 

A s  a r e s u l t ,  w e  o b t a i n  t h e  Laplace  e q u a t i o n  

(v-1-12 ) 

I 



which may be regarded  as t h e  equa t ion  f o r  the v e l o c i t y  p o t e n t i a l  
of a d i s t u r b e d  incompress ib le  f l u i d  flow i n  the  coord ina te s  xl, 
y , ,  zl. On conver t ing  t o  t h e  new v a r i a b l e s ,  t h e  wing chord be- 
comes l a r g e r  b y  a f a c t o r  d 1  - Mm, b u t  the  span does no t  change, 
s i n c e  z 1  = z .  

f o r  nonsepara t ing  flow ( B ~ ' i a g ~ ) ~ l . ' , = ~ ~ ~ ~ d q  ( incompress ib le  f low) and 
(Bcp'!ay)/V,=dy/as (compress ib le  f l o w ) ,  w e  have 

Let us cons ide r  t h e  p r o f i l e  t h i c k n e s s .  From t h e  c o n d i t i o n s  

I n  incompress ib le  flow, t h e r e f o r e ,  t h e  shape of s e c t i o n s  
taken  downstream does not  change and, consequent ly ,  n e i t h e r  
do t h e  s e c t i o n  a t t a c k  a n g l e s .  The p r e s s u r e  c o e f f i c i e n t  on the  
wing Fl= -2(dcp'/dq)= -2(acp'/a~)v/1-M2,, i . e . ,  w i l l  be s m a l l e r  by 
a f a c t o r  I,/1-W, t han  on t h e  p r o f i l e  i n  compressible  flow. Hence 
t h e  l i f t  c o e f f i c i e n t s  f o r  t h e  two wings w i l l  b e  connected by t h e  
r e l a t i o n s h i p  cyic = .c~]~I-M:. 

f- 

-. 

For t h e  wing i n  incompress ib le  f low,  t h e  l i f t  c o e f f i c i e n t  

- 
From t h e  cond i t ions  xi=s/l/l-A12, and z, = z, we o b t a i n  a r e -  

l a t i o n  f o r  t h e  wing a s p e c t  r a t i o s  i n  incompress ib le  and compres- 
s i b l e  f lows:  

(V-1- 14 ) 

Since t h e  l i f t  c o e f f i c i e n t s  of t h e  f i c t i t i o u s  wing i n  incom- 
p r e s s i b l e  flow and of t h e  g iven  wing i n  compressible  flow a r e  re- 
la ted  by  cy ic = c , l / l - ~ t  and a' = a, w e  have on t h e  basis of  
(V-1-13]  and (V-1-14) f o r  t h e  wing i n  compressible  flow 

(V-1-15) 

where T' i s  c a l c u l a t e d  by (V-1-11], i n  which t h e  parameter  m - 
should be se t  equa l  t o  m = ~ b w g j ~ l - ~ ~ ~ / ~ o ,  

I__. 
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S p e c i f i c a l l y ,  f o r  a wing of  e l l i p t i c a l  planform wi th  a t h i n  /215 
symmetrical  p r o f i l e  ( a o  = ZIT, a. 7 O ) ,  

(v-1-16 ) 

Swept wings a n d  wings 
o f  small aspect  r a t i o .  For 
swept wings, a formula simp- 
l e r  than  (V-1-9) should be 
used t o  compute t h e  incom- 
p r e s s i b  l e - f l u i d  l i f t  c o e f f i -  
c i e n t :  

, (v- 

Figure  V-1-1. Der iva t ive  c; ic 
f o r  Swept Wing w i t h  Taper rl = 1. 

where ii1=Xw,/(nocosx)j T i s  a 
parameter  c a l c u l a t e d  by 
(V-1-11) us ing  t h e  new m. - 

a o ,  q, and X ,  t he  c a l -  
wg' 

For a wing w i t h  g iven  parameters  X 
c u l a t i o n  i s  performed as fo l lows .  The parameter  m = X / ( a o  cosx)  
i s  c a l c u l a t e d ,  and t h e n  T a b l e  V-1-2 i s  used t o  f i n d  T ~ .  Then, 
having used T a b l e  V-1-2 t o  f i n d  T~ f o r  t h e  given I-), w e  f i n d  T and, 
f i n a l l y ,  cy ic. 

wg 

Figure  V-1-1 shows t h e  r e s u l t s  of a c a l c u l a t i o n  
by  (V-1-17). 

For wings of sma l l  a s p e c t  r a t i o ,  t h e  o r d e r  of  t h e  terms i n  
t h e  denominator of (V-1-17) i s  found t o  be such tha t  t h i s  formula 
can be s i m p l i f i e d ,  w i t h  t h e  r e s u l t  

(v-1-18) 

I f  the wing i s  t h i n ,  t h e  i n f l u e n c e  of  c o m p r e s s i b i l i t y  should be 
t aken  i n t o  account w i t h  (V-1-14) and t h e  expres s ion  

(v-1-19 ) 

which g ives  t h e  r e l a t i o n  between t h e  sweep ang le s  x' and x of  t h e  
wings i n  incompress ib le  and compressible  f lows ,  r e s p e c t i v e l y .  



The wing t a p e r  0 remains t he  same f o r  b o t h  wings. 

To determine t h e  l i f t  c o e f f i c i e n t  w i t h  c o n s i d e r a t i o n  of com- 
p r e s s i b i l i t y ,  w e  use  the va lues  g iven  f o r  Ma, Xwg,  and x t o  c a l -  

c u l a t e  t h e  parameters  t a n  x', X A g ,  T', and m' and apply (V-1-17) :  

The q u a n t i t y  T I  i s  u s u a l l y  s m a l l  by comparison w i t h  u n i t y ,  1 2  16 
bu t  i t  becomes more impor tan t  w i t h  i n c r e a s i n g  a s p e c t  r a t i o  and 
sweep ang le  and wi th  d e c r e a s i n g  Moo. The incompressible-f low T 
can be used i n  approximate l i f t  c a l c u l a t i o n s .  Then t h e  working 
formula f o r  t h e  l i f t  c o e f f i c i e n t  w i th  c o n s i d e r a t i o n  o f  compressi-  
b i  li t y  becomes 

(v-1-21) 

For wings of  smal'l as- 
p e c t  r a t i o ,  t h e  l i f t  c o e f f i -  
c i e n t  can, as w e  have noted ,  
be c a l c u l a t e d  by (v-1-18). 

The d e r i v a t i v e  ' c t  = dc,/da 

can b e  p re sen ted  i n  t h e  form 
C611 

. . -. - .- . . 

Figure  V-1-2. I n c l i n a t i o n  of L i f t  
C o e f f i c i e n t  - -- Curves f o r  Swept 
Wings :(p = ) / I  - 11:; k = aodx di-M2!2n; - xl,,= a r c  t a n  [ t a n  'xl,, (1 - nr:)-wr . 

where f i s  a c e r t a i n  func- 
t i o n  OF t h e  t a p e r  q = brt/btp 

and of t he  parameter  

determined from the sweep ang le  x 
l i n e .  

of the wing a t  t h e  1/4-chord 
1 / 4  

Research has shown tha t  t h e  f u n c t i o n  f (n ,y1/4)  can be set  



approximately e q u a l  t o  f ( x I l 4 ) .  
c -curves c o n s t r u c t e d  f o r  II = 2. These curves enable  us t o  f i n d  
w i t h  a c e r t a i n  approximation t h e  va lue  of  ca f o r  a r b i t r a r y  va lues  
of  TI i f  we have exper imenta l  va lues  a o e  = ( a ~ ~ / a a ) ~  f o r  t h e  pro- 
f i l e  a t  Mm < PImCr. 
1arge'anglesiofIattack~if~thelflow does not : separa te .  Here aoe  can be 
determined from the  Prandt l -Glauer t  r u l e  a O e  = ao (1 - M2)-1'2, 
where ao i s  the  exper imenta l  va lue  of ca f o r  t h e  p r o f i l e  i n  in -  
compressible  flow. 

of t h e  wingspan a t  t h e  t r a i l i n g  edge changes t h e  wing's l i f t  as /217 
a f u n c t i o n  of t h e  c o n t r o l  d e f l e c t i o n  ang le  The e f f e c t i v e n e s s  
of t h e  c o n t r o l  on t h e  p r o f i l e  i s  determined by t h e  d e r i v a t i v e  

F igure  V-1-2 shows t h e o r e t i c a l  
a 
Y 

Y 

The data of F ig .  V-1-2 are a p p l i c a b l e  t o  

oe 

0e Y 

Effec t iveness  o f  c o n t r o l s .  A c o n t r o l  occupying a l l  o r  p a r t  

= ac / a b c  of p r o f i l e  l ift w i t h  r e s p e c t  t o  t h e  c o n t r o l  ang le  

f i l e  l i f t  c o e f f i c i e n t  ( a t  Mm = 0 )  as a f u n c t i o n  of a t t a c k  ang le  
a and d e f l e c t i o n  ang le  6c  are given i n  F ig .  V-1-3a [611. 
ang les  of la t tacK.  theselcurves;  should be used f o r  6 c  5 15'. 
r e c t i o n  t o  t h e  a o c  found from exper imenta l  data f o r  a O c  = 
given  i n  F ig .  V-1-3b. The value of  aoe/a, f o r  a g iven  p r o f i l e  can 
be determined w i t h  t h e  a i d  o f  (V-1-10)andllinearinterpolationfrom 
t h e  data on page 286. 

Y 
The t h e o r e t i c a l  a o c  ob ta ined  f o r  t h e  l i n e a r  range of t h e  pro- 

A t  s m a l l  
The cor-  

aoce 

%' 

i s  

/218 a 
Y cm For Mm - < M e r ,  t h e  e f f e c t i v e n e s s  a,,., = c  of c o n t r o l s  

ex tending  a long  t h e  e n t i r e  span of tapered wings w i t h  s t r a i g h t  
edges,  t i p  chords p a r a l l e l  t o  t h e  r o o t  chord,  and a cons t an t  r a t i o  
bc/b can b e  eva lua ted  by t h e  parameter 

(V-1-2 2 ) 

t h e  s l o p e  of  t h e  wing l i f t  curve,  i s  determined where aom = c 
from Fig .  V-1-2. T h i s  e f f e c t i v e n e s s  parameter  can b e  determined 
from the  data of F ig .  V-1-4, which are  a p p l i c a b l e  f o r  l i n e a r  
v a r i a t i o n  of  the c o e f f i c i e n t  c 

Y 

a 
Y" 

w i t h  a and 6 c .  

The e f f e c t i v e n e s s  of a c o n t r o l  occupying p a r t  o f  t he  

wingspan and ex tending  t o  t h e  wing t i p  chord can be determined 
w i t h  t h e  semiempir ica l  r e l a t i o n  



- K ,  (V-1-23) a;  c .m aoc.m 

where 

K = X.i {I + &(A,, vmA - 6) + 
+ k3 sin [arctg (t.g xi12 vi - ML)]}. 

(V-1-24 ) 

The c o e f f i c i e n t s  kn 

a r e  f u n c t i o n s  of t h e  wing 
t a p e r  rl and - of  t h e  r a t i o  
R c / R  
t h e  d i s t a n c e  between t h e  
outboard edges of  t h e  con- 
t r o l  s u r f a c e s  and R i s  t h e  
wingspan. The c o e f f i c i e n t  
k ,  i s  a weak func t ion  of 
t a p e r  and approximately 
e q u a l  t o  

= R e ,  where Re i s  

The l i n e a r  r e l a t i o n  

- 
k2 = a  (1 -ZJ ,  (v-1-26)  

F igure  V-1-3. E f f e c t i v e n e s s  of  Con- 
t r o l  Sur face  on P r o f i l e  i n  Incom- 
p r e s s i b l e  Flow. a )  t h e o r e t i c a l  
va lue  a o c  = ac  / a S c ;  b )  r a t i o  

Y 

from exper imenta l  d a t a .  
a, ce/ao = (acy/aGce ) / ( acy /abc )  

can b e  used t o  c a l c u l a t e  
t h e  c o e f f i c i e n t  k,; he re  
a = -0 .017 ,  -0 .007 ,  and 
0.015 f o r  rl = 1, 2 ,  0 3 ,  re- 
s p e c t i v e l y .  

The c o e f f i c i e n t  k, i s  
approximately equa l  t o  

k3 = b (1 - I”‘), (V- 1- 2 7 ) 

where b = 0.088,  0 . 1 1 2 ,  and 0 .129  f o r  q = 1, 2 ,  0 3 ,  r e s p e c t i v e l y .  
The c o e f f i c i e n t s  k, and k ,  f o r  i n t e r m e d i a t e  q can be determined 
by l i n e a r  i n t e r p o l a t i o n .  For cases  i n  which the r o o t  chord o f  



Figure  V-1-4 .  E f f e c t i v e -  
ness  of Cont ro ls  on Swept 
Wings; Value of 

The c of t h e  wing Y max 

t h e  c o n t r o l  does not  co inc ide  w i t h  
t h e  r o o t  chord of t h e  wing, 
i s  equa l  t o  t h e  e f f e c t i v e n e s s  d i f -  
f e r e n c e  between two c o n t r o l  s u r f a c e s  
whose spans R 
s p e c t i v e l y  equa l  to t h e  d i s t a n c e s  
between t h e  outboard ( t i p )  and i n -  
board ( r o o t )  chords of t h e  c o n t r o l s .  

are re- and ' c . r t  c . t p  

Maximum l i f t  c o e f f i c i e n t .  The 
l i f t  c o e f f i c i e n t  can be c a l c u l a t e d  
approximately by  t h e  r e l a t i o n  

i s  t h e  maximum pro- where cy max p r  
f i l e  l i f t  c o e f f i c i e n t ,  x i s  t h e  
sweep ang le ,  and K i s  a t a p e r -  
dependent c o e f f i c i e n t .  Values of  
t h i s  c o e f f i c i e n t  appear  i n  Table  

rl 

v-1-3. 

w i t h  t h e  c o n t r o l  s u r f a c e  d e f l e c t e d  /219 
can be determined from the  approximate formula 

where sc = Sc/Swg i s  t h e  r a t i o  of t h e  p a r t  o f  t h e  wing a r e a  t h a t  

s e r v e s  as a c o n t r o l  to t h e  t o t a l  a r e a  and xav i s  t h e  average sweep 
ang le  determined by  t h e  formula 

2 q--l 
l i w g  t l f l  

tg%,,=tgX------. (V-1- 30 ) 

The parameter  8, which depends on t h e  d e f l e c t i o n  angle  and 
r e l a t i v e  chord of  the  c o n t r o l  s u r f a c e ,  can be determined w i t h  
t h e  a i d  of Fig .  V-1-5, w i t h  t h e  r e l a t i v e  chord t aken  as t h e  aver -  
age over t h e  l e n g t h  of t h e  c o n t r o l  s u r f a c e .  

E x a m p l e .  Compute t h e  l i f t  c o e f f i c i e n t  of a wing w i t h  a con- 
t r o l  s u r f a c e  a t  a f l i g h t  speed Mm = 0 . 6  a t  an ang le  of a t t a c k  a =  5". 
The geomet r i ca l  c h a r a c t e r i s t i c s  of  t h e  wing a r e  

29 3 



- 
TABLE v-1-3. VALUES OF COEFFICIENT K , ~  a ws -813; - q = 2 ;  x1=450; c=o.i. 

__ ---- .. _ _  -. r .  T h e  a t t a c k  ang le  
corresponding t o  zero 

- l i f t  i s  a, = -2O. 

The e f f e c t i v e  ' I 0.90 1 0.94 I 0.93 1 0.93 K ,  
values  of t h e  param- 
e t e r s  are 

8 -  xkg=aws Vi-.ii: =9 vi -O0.62=2.i36; 

tgx; = t g x l  (i-&)-i'2=i (i-0.62)-~'2=i.25 (x;,=5i020'); 

m' =?.wgl/i -af",(oo COS x') = 2.136/(6.28.0.62(16) =0.545, 

Figure  V-1-5. 
Determinat ion 
F. 

Diagram f o r  

where t h e  parameter  a,, i s  s e t  e q u a l  
t o  2lT. 

From (V-1-11),  we determine t '  
us ing  m '  and r):  

Applying (V-1-20) ,  

3.14- 9.67 (O.OS73+0.0349) 
1 f- 0.0 189 -i- I,'( 1 t 0.0 lY9)2 -+ (0.5 53 * 3-.i4)2 

cy -=. _________ ~ =0.341. 

of Parameter 
We c a l c u l a t e  t h e  maximum l i f t  

c o e f f i c i e n t  from ( v - 1 - 2 8 ) ,  s e t t i n g  
'y max p r  = 0 . 9  f o r  t h e  p r o f i l e .  

Remembering a l s o  t h a t  accord ing  t o  T a b l e  V-1-3 ,  K,, = 0 . 9 4 ,  

We determine t h e  cy max of t h e  wing w i t h  t h e  c o n t r o l  from 
S e t t i n g  t h e  value of 

= 0 . 2 ,  and t h e  d e f l e c t i o n  angle  6: = 6 0 ° ,  we r e f e r  t o  

(V-1-29).  

t h e  r e l a t i v e  con t ro l - su r face  chord averaged over  t h e  span equa l  
t o  'c av 

Let gc = 0 . 4  i n  t h i s  formula.  
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F i g .  V-1-5 t o  f i n d  t h e  pa rame te r  F = 1 2 .  Then, u s i n g  

t o  c a l c u l a t e  cos  xav = 0 . 8 0 ,  w e  c a l c u l a t e  

S i m i l a r i t y  r u l e s  f o r  t r a n s o n i c  f l o w s .  These r u l e s  e n a b l e  us 
t o  u n i f y  c a l c u l a t i o n s  o f  the  aerodynamic c h a r a c t e r i s t i c s  o f  wings 
i n  f lows  a t  Mm around u n i t y .  With t h e  s i m i l a r i t y  r u l e s ,  w e  can 
s t a r t  from a known ae rodynamic -coe f f i c i en t  v a l u e  f o r  a wing a t  a 
g i v e n  Mm and o b t a i n  t h e  co r re spond ing  aerodynamic c o e f f i c i e n t  f o r  
a n o t h e r  Mach number M A  and a modi f ied  (deformed) wing. 

t r a n s o n i c  r e g i o n  shou ld  b e  used to e s t a b l i s h  t h e  s i m i l a r i t y  r u l e :  
The approximate  e q u a t i o n  f o r  t h e  v e l o c i t y  p o t e n t i a l  i n  t h e  

- 
where ( C  -- (r '1". Equa t ion  (V-1-31], t h e  d e r i v a t i o n  o f  which i s  g i v e n  
i n  C61, d i f f e r s  from t h e  co r re spond ing  e q u a t i o n  of  l i n e a r  t h e o r y  
i n  t h e  p re sence  o f  a n o n l i n e a r  r i g h t  m e m b e r .  We i n t r o d u c e  t h e  
new v a r i a b l e s  (deno ted  b y  t h e  p r i m e s )  

where c i s  t h e  p r o f i l e  t h i c k n e s s  r a t i o .  

S u b s t i t u t i n g  these v a r i a b l e s  i n t o  (V-1-31) and i n t r o d u c i n g  
t h e  a d d i t i o n a l  c o n d i t i o n  

w e  o b t a i n  a n  e q u a t i o n  i n  t h e  new v a r i a b l e s  whose s u p e r f i c i a l  form 
i s  e x a c t l y  t h e  same as t h a t  of (V-1-31). T h i s  e q u a t i o n  d e s c r i b e s  
s imilar  f low around a wing of mod i f i ed  form. R e l a t i o n s h i p s  de- 
s c r i b i n g  t h e  de fo rma t ion  o f  t h e  wing are  e a s i l y  o b t a i n e d  from 
(V-1-32): 
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Formulas (V-1-33) and (V-1-34) are known as c r i t e r i a 1  [ d i -  
mensio-. 

Applying (111-1-13') and t h e  c r i t e r i a 1  r e l a t i o n s h i p s ,  we can 
e s t a b l i s h  t h e  r e l a t i o n  between t h e  aerodynamic c h a r a c t e r i s t i c s  of 
s i m i l a r  wings i n  s i m i l a r  f lows .  

For example, t h e  r e l a t i o n s h i p s  between t h e  p r e s s u r e  and l i f t  
c o e f f i c i e n t s  w i l l  be 

Thus, c a l c u l a t i o n  of  t h e  wing aerodynamic c h a r a c e r r i s t i c s  i n  
t r a n s o n i c  flow a t  a r b i t r a r y  Mm can be reduced t o  c a l c u l a t i o n  f o r  
some s i n g l e  Mach number Mm and subsequent convers ion  by  t h e  above 
formulas t o  any o t h e r  Ma.  

low supersonic  v e l o c i t i e s .  T h i s  r e q u i r e s  r e p l a c i n g  J1 - M i  by 
JM: - 1 i n  a l l  exp res s ions .  

The s i m i l a r i t y  r u l e s  enable  us t o  e s t a b l i s h  c e r t a i n  r e l a -  
t i o n s h i p s  by  which exper imenta l  d a t a  can be sys temat ized .  Let 
us t a k e ,  f o r  e x a w l e ,  s i n g l e - p r o f i l e  r e c t a n g u l a r  wings w i t h  
t h i c k n e s s  r a t i o  e .  According t o  s i m i l a r i t y  t heo ry ,  t h e  g e n e r a l  
r e l a t i o n  f o r  t h e  d e r i v a t i v e  ca t akes  t h e  form 

Y 

These s i m i l a r i t y - t h e o r y  r e l a t i o n s h i p s  can b e  extended t o  /221 

(V-1- 36 ) 

I n  t h e  p a r t i c u l a r  case w i t h  Mw = 1, t h e  f i rs t  s i m i l a r i t y  
c r i t e r i o n  i n  t h e  pa ren theses  i s  z e r o  and 

Thus, i s  a f u n c t i o n  of only the v a r i a b l e  A c1I3 and Y wg 
can t h e r e f o r e  be r ep resen ted  g r a p h i c a l l y  as a s i n g l e  curve.  



Figure  V-1-7. L i f t  of 
Rec tangular  Wings a t  
Transonic  Speeds. 

F igure  v-1-6. L i f t  
of Rectangular  Wing 
a t  Mm = 1. 

To c a l c u l a t e  t h e  d e r i v a t i v e s  
ca  of  r e c t a n g u l a r  wings f o r  var-  
i o u s  t r a n s o n i c  Mm, we now need 
t h e  family of  curves  de f ined  by  

Y 

(V-1-36). 

Figure  V-1-6 p r e s e n t s  exper imenta l  data f o r  r e c t a n g u l a r  
These data i n d i c a t e  wings wi th  rhomboid p r o f i l e s  a t  Mm = 1. 

tha t  w i t h  X 
t h e  form caw: .rrX /2. 

t a n g u l a r  wings w i t h  va r ious  p r o f i l e s .  These d a t a  can a l s o  be 
used f o r  approximate e v a l u a t i o n  of aerodynamic c h a r a c t e r i s t i c s  
f o r  s l i g h t l y  t a p e r e d  t r a p e z o i d a l  wings. 

- 
c ' l 3  < 1 t h e  r e l a t i o n  f o r  ca can b e  r e p r e s e n t e d  i n  

Y 
Y wg 

F igure  V-1-7 shows more complete exper imenta l  d a t a  f o r  r ec -  

For swept wings of s m a l l  a s p e c t  r a t i o  (A < 3 ) ,  t h e  de- 
wg - 

r i v a t i v e  ca can be determined by t h e  methods e s t a b l i s h e d  f o r  
subsonic  f lows.  

Y 

E x a m p l e .  C a l c u l a t e  t h e  l i f t  c o e f f i c i e n t  of  an i s o l a t e d  
wing (see example on page 293) wi th  a symmetr ical  p r o f i l e  whose 
t h i c k n e s s  r a t i o  c = c/b = 0 . 0 4  a t  MA = 0.95 i f  the  wing l i f t  
c o e f f i c i e n t  i s  known t o  be c 

f i l e  by  (V-1-33): 

= 0.295 a t  Moo = 0.9. 
Y 

We determine t h e  t h i c k n e s s  r a t i o  of t h e  modified-wing pro- /222 
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I 

whence = 0.013. 

Using Formulas (V-1-34) f o r  t h e  modif ied wing, 

I,!-- 
Ji'iznF 

t g x ' = i  = 0.7162 (%' -- 33"36'). 

From (V-1-35), w e  c a l c u l a t e  

The corresponding a t t a c k  ang le  i s  

F r o n t a l  Drag 

Subcr i t i ca l  v e l o c i t i e s  (M, < MmCr ) .  According t o  (1-3-1), 
t h e  f r o n t a l  d rag  c o e f f i c i e n t  i s  de f ined  as t h e  sum of  t h e  p r o f i l e  
and induced d rag  c o e f f i c i e n t s .  The p r o f i l e  d rag  c o e f f i c i e n t  can 
be c a l c u l a t e d  from t h e  formula C261 

cx pr = 2cXf (0.93 + 2.8;) (1 + 5C514,), (V-1- 3 8) 

where 2cxf i s  t h e  c o e f f i c i e n t  of f r i c t i o n  of  a f l a t  p l a t e  of l e n g t h  
equa l  t o  t h e  wing mean chord and w i t h  t h e  same p o s i t i o n  of t h e  
laminar - to- turbulen t  boundary-layer t r a n s i t i o n  as t h e  wing. I t s  
va lue  i s  c a l c u l a t e d  i n  t h e  g e n e r a l  case  w i t h  c o n s i d e r a t i o n  of com- 
p r e s s i b i l i t y  ( s e e  Chapter VI). 

garded i n  f i rs t  approximation as co inc id ing  w i t h  t h e  a b s c i s s a  of 
maximum p r o f i l e  t h i c k n e s s .  A t  low speeds ,  t h e  boundary l a y e r  can 
b e  regarded  as completely t u r b u l e n t  f o r  swept wings w i t h  l a r g e  
enough sweep .angles .  

For s t r a i g h t  (unswept) wings,  t h e  t r a n s i t i o n  p o i n t  can be r e -  



The induced d rag  of t h e  wing i n  incompress ib le  flow 

where 

6 = 20.4161 (m) S, (q). (V-1- 40 ) 

I n  t h i s  formula,  4 i s  found from T a b l e  V-1-2 as a f u n c t i o n  
of t h e  parameter  m = Xwg/a,, and 6 ,  from t h e  same tab le  as a func- 
t i o n  of t h e  taper  0 .  I n  t h e  p a r t i c u l a r  ca se  of an e l l i p t i c a l -  
planform wing, 6 = 0 .  

For a swept wing, t h e  c o e f f i c i e n t  6 i s  c a l c u l a t e d  by Formula 
(V-1-40] and T a b l e  V-1-2 f o r  t h e  c 0 n d i t i o n . m  = Xwg/(a, cos x). 

The e f f e c t  of c o m p r e s s i b i l i t y  on t h e  induced d rag  c o e f f i -  
c i e n t  i s  t aken  i n t o  account by  t h e  formula 

(V-1- 41 ) 

where c i s  found from (V-1-39). 

drag  i s  approximately equal  t o  t h e  t h e o r e t i c a l  minimum [ l r l ] :  

x i  0 

Under c o n d i t i o n s  approaching those  of flow s e p a r a t i o n ,  t h e  /223 

( V- 1- 4 2 ) 

and a t  l a r g e  ang le s  of a t t a c k  i t  approaches 

cx =c,  p* 4- c2/ t g a .  (V-1-42 ' ) 

Supercr i  t i c a l  v e l o c i t i e s  (M, > MmCr >. It may be assumed i n  
approximate c a l c u l a t i o n s  t h a t  t h e  drag  of a wing a t  s u p e r c r i t i c a l  
v e l o c i t i e s  i s  governed b a s i c a l l y  by  l o c a l  shock waves. The  wave- 
d rag  c o e f f i c i e n t  of an unswept wing can be c a l c u l a t e d  by t h e  f o r -  
mula C261 

c,,= (0.25++ 1.2~'-0.45~~) c,, max, (V- 1- 4 3 ) 
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i s  t h e  maximum value  of  t h e  wave-drag c o e f f i c i e n t ,  where 'x w max 
which i s  reached a t  Mm = 1 and & i s  a parameter  e q u a l  t o  

(V-1-4 4 ) 

The c r i t i c a l  Mach number Mm cr i s  determined by t h e  approxi-  
mate formula 

(V-1-45 ) 

The q u a n t i t y  ex max can b e  regarded  w i t h  a c e r t a i n  approxi-  
mation as a f u n c t i o n  of t h e  p r o f i l e  t h i c k n e s s  r a t i o  c: 

~ r w  m m  = -0.017 + O.O08iC, (V-1- 46 ) 

where c i s  t aken  i n  p e r c e n t .  

The d rag  c a l c u l a t e d  by (V-1-43) corresponds t o  t h e  range 
M m C p  L Mm - < 1. 

Equat ion (V-2-9) should  
wave-drag curve between Mm = 
u n i t y .  

be used t o  f i n d  t h e  segment of t he  
1 and an Mm s l i g h t l y  l a r g e r  t han  

The  t h i r d  term i n  (V-2-91, which does not  depend on a t t a c k  
a n g l e ,  must b e  r ep laced  by  t h e  c o e f f i c i e n t s  of (V-1-46) a t  t h e  
speed of  sound. Having c a l c u l a t e d  ex w o  from (V-2-11), w e  can 
c o n s t r u c t  t h e  i n t e r m e d i a t e  segment of t h e  curve ,  which enab le s  
us t o  f i n d  an approximate value of c i n  t h e  t r a n s o n i c  range 
between Mm = 1 and an Mm somewhat g r e a t e r  t h a n  u n i t y .  

It i s  now necessary  t o  f i n d  t ha t  p a r t  of t h e  wave d rag  i n  
t h i s  range tha t  depends on a t t a c k  ang le .  
no wave d rag ,  and f o r  Mm > 1, when t h e  flow around t h e  wing i s  
completely supe r son ic ,  t h i s  p a r t  of t h e  d rag  i s  determined by 
t h e  f i r s t  two terms i n  (V-2-9). We i n t e r p o l a t e  t o  f i n d  i n t e r -  
mediate  va lues  of t h e  wave d rag  c o e f f i c i e n t  increment .  

x wo 

For  Mm - < MmCr, t h e r e  i s  

Thus, the  t o t a l  d rag  c o e f f i c i e n t  i s  

= e  x wo C x w  + Ac2,  (V-1- 4 7 ) 



where A i s  a parameter  determined by  i n t e r p o l a t i o n  between the  
va lues  

F igure  V-1-8 shows an example of  c a l c u l a t i o n  of A .  

T h e  t o t a l  f r o n t a l - d r a g  c o e f f i c i e n t  of t h e  wing a t  Mach num- 
bers i n  t h e  range MWcr f MW 5 1 can be ob ta ined  by  adding the 

wave, p r o f i l e ,  and induced d rag  c o e f f i c i e n t s .  T h e o r e t i c a l  and 
exper imenta l  s t u d i e s  i n d i c a t e  t h a t  wave d rag  i s  cons iderably  
g r e a t e r  t han  t h e  p r o f i l e  and induced drags .  

/224  

For Moo > 1 i n  the t r a n s o n i c  
range ,  p r o f i l e  d rag  can b e  d e t e r -  
mined as t h e  f r i c t i o n a l  d r a a .  The - -,-- - . -, 
induced drag  f o r  a s t r a igh t -wing  i s  
s m a l l  i n  t h i s  case  and can be d i s -  
regarded  w i t h  a c e r t a i n  approxima- 
t i o n .  

Swept wings. The wave d rag  
c oe f f i c i e nt c omp onent c which 
does not  depend on a, i s  

x w o ’  

e t e r  A .  

The gsl i n  t h i s  formula r ep re -  
s e n t s  t h e  r a t i o  of t h e  area of  t h e  

p a r t  of t h e  wing working as a s l i p p i n g  wing to t h e  t o t a l  area, 
a n d . i s  determined from t h e  expres s ion  

(V-1-49 ) 

T h e  q u a n t i t y  ex 
t h e  p a r t  of t h e  wing t h a t  i s  a r b i t r a r i l y  assumed t o  b e  working as 
a s t r a i g h t  wing and i s  determined from t h e  a c t u a l  MW, t h e  a c t u a l  
c 
t h e  p l ane  of  symmetry. 

pr i s  equa l  to the  wave-drag c o e f f i c i e n t  of 

and t h e  p r o f i l e  t h i c k n e s s  r a t i o  c i n  a s e c t i o n  p a r a l l e l  t o  
Y ’  



The c o e f f i c i e n t  cx sl per-  
t a i n s  t o  t h e  p a r t  of t he  wing work- 
i n g  as a s l i p p i n g  wing and i s  d e t e r -  
mined by t h e  methods s e t  f o r t h  above 

= Mw  COS.^, t h e  lift c o e f f i c i e n t  
= c /cos x and t h e  p r o f i l e  

t h i c k n e s s  r a t i o  Fer = c/cos x. 
An approximate expres s ion  f o r  

t h e  second d rag  c o e f f i c i e n t  compo- 
n e n t ,  which does depend on a, takes 
t h e  form 

- from t h e  e f f e c t i v e  va lues  Maef - 

Y ef Y - C 

'CY 

Q4. 

Q2 
. .  

- (V-1-50 ) 
o . am .a04 'a06 , QOP 6; cx w i - Aswpc;, 

where 
F igure  V-1-9. P o l a r s  of 
Wings w i t h  Various Sweep 

- wg 
c = 0 .06 .  

Angles ( A  = 4 ;  ?l = 2 ;  Aswp = 1 2 [k'? C o s z X  & + ( I +  (V-1-51) 
A t  Ma = - - - 0 . 0 0 5 ) .  -!- Sslj COS XA;.~.] . 

McocrCx p r  

I n  t h i s  formula,  A p r  p e r t a i n s  
t o  t h e  p a r t  of t h e  wing working as s t r a i g h t  wing and i s  d e t e r -  
mined f o r  t h e  a c t u a l  va lues  of Mw, c ,  and c - t h e  parameter  Asl 
p e r t a i n s  t o  t h e  p a r t  of khe wing working as a s l i p p i n g  wing, and /225  
i s  determined f o r  M m e f ,  c 

above method f o r  s p e c i f i e d  cond i t ions .  

Y '  

C ( s e e  F ig .  v-1-8). e f '  y e f  
F igure  V-1-9 p r e s e n t s  t h e  r e s u l t s  of  a c a l c u l a t i o n  by  t h e  

Example. C a l c u l a t e  t h e  wave-drag c o e f f i c i e n t  of  a swept 
wing whose geometric c h a r a c t e r i s t i c s  are defi-ned by  t h e  follow- 
i n g  parameters :  
i s  moving-:at an angle. of a t t a c k  a = 5' a t  t h e  v e l o c i t y  corresponding 
t o  M = 0.8.  The a t t a c k  ang le  a t  which c = 0 i s  a. = - 2 O .  

= 0 .8  and a = 5'. The fo l lowing  c r i t i c a l  Mach number correponds 
t o  t h i s  value [ s e e  (V-1-45)l: 

= 8/3; ?l = 2;  x1 = 45'; c = 0 . 1 .  The wing Awg 

Y Y 
Assume t h a t  t h e  wing ' s  l i f t  c o e f f i c i e n t  i s  0.382 f o r  Mw = 



Since t h e  g iven  Mach number Mm = 0.8 > MmCr, t h e  f l i g h t  cor-  
responds t o  s u p e r c r i t i c a l  f low.  

The wave d rag  c o e f f i c i e n t  

where cx  w o  i s  c a l c u l a t e d  w i t h  (V-1-48). 
parameters  appear ing  i n  t h i s  expres s ion .  The dimensionless  quan- 
t i t y  

Let us  c a l c u l a t e  c e r t a i n  

i s  found w i t h  (V-1-43) from t h e  value x w o  P r  The parameter  c 
of  (V-1-44): 

0.8-0.703 z= -0.327 1-0.703 - , 

and from (V-1-46) 

Applying (V-1-43), w e  g e t  

c, wo pr = (0.25-0.327 + 1.2.0.3272-0.G-0.32i5) 0.064=0.013. 

W e  t hen  compute the  c o e f f i c i e n t  cx w o  sl [ see  (V-1-43 1. 

For  t h i s  purpose,  w e  determine 
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and then  c a l c u l a t e  

wo I= (0.25.0.027 + i .2- 0.0272-0.45-0.02i~) 0.097 = 0.0074. 

Applying (V-1-48), 

I -- [ (i -0.544) 0.013 {- (i f-0,544) O.@@i4~0.70713] = 0.005. cx wo- 2 

We c a l c u l a t e  t h e  induced d rag  component cx i. For  t h i s  

purpose,  we f i n d  t h e  c o e f f i c i e n t  A i n  (V-1-50). A and Asl 
S W P  P r  - 

a r e  t h e  unknown v a r i a b l e s  i n  t h i s  formula.  If w e  know M W ,  c ,  
and c t h e  value of A can be found from F ig .  v-1-8 or from t h e  
i n t e r p o l a t i o n  formula 

Y' P r  

Ca lcu la t ions  g ive  A = 0.034. 
P r  

I n  a s imilar  manner, we determine Asl = 0 . 0 0 3  from t h e  1 2 2 6  - 
With t h e  d a t a  ob ta ined ,  y e f '  va lues  of M m e f ,  c e f ,  and c 

Similarity rules. Along w i t h  t h e  r e l a t i o n s h i p s  c i t e d  above, 
t hose  t ha t  proceed from s i m i l a r i t y  t h e o r y ' c a n  be  used i n  ca lcu-  
l a t i n g  d rag  f o r  t h e  c o n d i t i o n s  of t r a n s o n i c  f l i g h t :  

(V-1-52 ) 

For a r e c t a n g u l a r  wing, t h e  drag  s i m i l a r i t y  r u l e  has t h e  
fo l lowing  f u n c t i o n a l  dependence: 



Figure  V-1-10. Drag Figure  V-1-11. Drag of Rectangular  Wings 
of  Rectangular  Wing a t  Transonic  Speeds. 
a t  Mm = 1. 

For a = 0 ,  

A t  Mol = 1, (V-1-53) and (V-1-54) s i m p l i f y :  

(V-1-5 3 

(V-1-5 4 ) 

(V-1-53' 

(V-1-54' ) 

The curve r e p r e s e n t i n g  (V-1-54') i s  shown i n  F ig .  V-1-10. 
It w a s  p l o t t e d  on t h e  basis of  exper imenta l  d a t a  f o r  a r e c t a n -  
g u l a r  wing wi th  rhomboid p r o f i l e .  

Experimental  data on t h e  d rag  of r e c t a n g u l a r  wings a t  
t r a n s o n i c  speeds are a l s o  g iven  i n  F igs .  V-1-11 and V-1-12. 
These data can be used i n  approximate c a l c u l a t i o n s  of t h e  d rag  
of wings wi th  va r ious  types  of p r o f i l e s .  Here t h e  wings need 
not  be r e c t a n g u l a r ;  they may a l s o  be s l i g h t l y  t r a p e z o i d a l .  

30 5 



- e ‘13 
Figure  V-1-12 .  Drag of Rectangular  Wings 
a t  Transonic  Speeds. 

Moment and Aerodynamic Center  ( C e n t e r  of Pressure) 

p r e s s u r e )  of a modern symmetrical  p r o f i l e  w i th  a t h i c k n e s s  r a t i o  
Research has  shown t h a t  t h e  aerodynamic focus ( c e n t e r  of 

TABLE V-1-4. VALUES OF THE F U N C T I O N  F ( u )  O F  TAPER EFFECT 
ON CENTER OF PRESSURE POSITION 

of t h e  o rde r  of c = 0 .04  i n  incompress ib le  flow i s  s i t u a t e d  a t  
22-25% of  chord behind t h e  nose; on t h e  wing, t h i s  p o i n t  l i e s  on 
t h e  mean aerodynamic chord and i s  a t  t h e  same r e l a t i v e  d i s t a n c e  
from i t s  l e a d i n g  edge. 

To compute t h e  p o s i t i o n  of  t h e  c e n t e r  of  p r e s s u r e  (aerody- 
namic c e n t e r )  a t  subsonic  speeds ,  we may make use o f  t h e  approxi-  
mate formula 

where c i s  t h e  d i s t a n c e  t o  t h e  p r o f i l e  c e n t e r  of p r e s s u r e ,  
expressed a s  a f r a c t i o n  of t h e  mean aerodynamic chord and F ( u )  i s  
a f u n c t i o n  c h a r a c t e r i z i n g  t h e  i n f l u e n c e  o f  t a p e r  on t h e  c e n t e r  of  
p r e s s u r e  p o s i t i o n .  Values of t h i s  f u n c t i o n  a r e  g iven  i n  Table 

C . P  P r  

V-1-4. 

A s  we have noted ,  t h e  q u a n t i t y  c i n  (V-1-55) can be 
C O P  P r  

se t  equa l  t o  0 .22-0 .25  f o r  p r o f i l e s  w i th  t h i c k n e s s e s  of t h e  



orde r  of 0 . 0 4 .  

The r e l a t i v e  d i s t a n c e  of t h e  c e n t e r  of p r e s s u r e  (aerodynamic 
c e n t e r )  X c , p / b M ~ c  from t h e  beginning of t h e  mean aerodynamic chord 
f o r  swept wings a t . l ow v e l o c i t i e s  and smalls ang le s  of a t t a c k  can b e  
determined from t h e  curves i n  F ig .  V-1-13  [61] .  The dashed l i n e s  

1 2 2 8  

i n d i c a t e  xcBp/bMAC f o r  wings 

F igure  V-1-13.  P o s i t i o n  of 
Wing Center of P res su re  
(Aerodynamic Cen te r )  a t  Low 
Flow V e l o c i t i e s  and Small  
Angles of  At tack .  The 
Dashed Lines Character-  
i z e  t h e  Center  of P r e s -  
s u r e  P o s i t i o n  f o r  a Wing 
wi th  an Unswept T r a i l i n g  
Edge. 

Let us cons ide r  how t h e  

with unswept t r a i l i n g  edges.  

F igure  V-1-14 shows t h e  i n -  
f l u e n c e  of c o m p r e s s i b i l i t y  on t h e  
c e n t e r  of p r e s s u r e  p o s i t i o n  f o r  
swept wings i n  l i n e a r i z e d  sub- 
s o n i c  flow. The dashed curves 
were obta ined  by  e x t r a p o l a t i n g  
d a t a  from a t h e o r e t i c a l  c a l c u l a -  
t i o n .  

Research has  shown t h a t  i n  
t h e  t r a n s o n i c  speed range ( M m C r  < 
< Ma, < 11, t h e  p r e s s u r e  c e n t e r  
s h i f t s  s l i g h t l y  a f t  wi th  i n c r e a s -  
i n g  M m .  From t h e  value found for 
t h e  l i f t  c o e f f i c i e n t  and t h e  
c e n t e r  of p r e s s u r e  i n d i c a t e d  
above, we can determine t h e  pro- 
f i l e  o r  wing moment c o e f f i c i e n t  
f o r  a s u b c r i t i c a l  flow v e l o c i t y .  

S i m i l a r i t y  theo ry  impl i e s  
t h e  fo l lowing  r e l a t i o n  between 
t h e  moment c o e f f i c i e n t s  of t h i n  
wings i n  compressible  and incom- 
p r e s s i b l e  flows a t  i d e n t i c a l  
a t t a c k  ang le s  : 

The c o e f f i c i e n t  mzic i s  deter-  
mined f o r  a wing i n  incompress ib le  
flow and deformed i n  accordance 
with t h e  s i m i l a r i t y  formulas 
(V-1-14] and ( V - 1 - 1 9 ) .  

moment i s  determined for a wing. ~~ ~ 

with  d e f l e c t e d  f l a p s .  If t h e  c a l c u l a t i o n  i s  performed abour an 
a x i s  pas s ing  through t h e  c e n t e r  o f  g r a v i t y ,  t h e  pitching-moment 
c o e f f i c i e n t  i s  
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where x 
g r a v i t y  and t h e  aerodynamic c e n t e r ,  reckoned from t h e  l e a d i n g  
edge; m i s  t h e  moment c o e f f i c i e n t  f o r  c = 0 ;  

and FF a r e  t h e  r e s p e c t i v e  coord ina te s  of t h e  c e n t e r  of 
g 

zo Y 

Am, o fps - 0.25AC, fps ; (V-1-58) 

E x a m p l e .  C a l c u l a t e  t h e  c o e f f i c i e n t  of c e n t e r  of  p r e s s u r e  
and moment f o r  a wing w i t h  t h e  fo l lowing  geometry: 

6 5 4 3 2 1 0  &m ' 7 6  5 4 3 2  t o  
L g m  

Figure  V-1-14. In f luence  of Compres- 
s i b i l i t y  on P o s i t i o n  o f  Center of 
P res su re  (Focus) f o r  Swept Wings. 

L e t  us assume t h a t  
t h e  wing, which has a sym- 
m e t r i c a l  rhomboid p r o f i l e  
(ao = 0 f o r  such a wing) ,  
i s  i n  motion a t  an angle  
a = 5' a t  a speed co r re -  
sponding to Moo = 0 . 6 .  
For t h e s e  cond i t ions ,  t h e  
l i f t  c o e f f i c i e n t  c = 

= 0.255. 
Y 

We assume t h a t  c 
i s  0.25 f o r  t h i s  p r o f i l e .  

C O P  P r  

C O P  
We c a l c u l a t e  c 

from (V-1-55), i n  which 
F ( q )  = 0 .006  ( s e e  T a b l e  
V-1-4) and 

We c a l c u l a t e  t h e  cen- 
t e r  of p r e s s u r e  c o e f f i -  
c i e n t  
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and the moment coefficient 

SV-2. SUPERSONIC SPEEDS 

Flow -~ Around a Thin Plate 

sional flows and compression-shock theory, we can calculates 
supersonic flow past a thin plate (Figs. V-2-1 and V-2-2). 

Applying the method of characteristics for plane two-dimen- 

The calculation is performed separately for the upper and 
lower surfaces. To investigate the flow over the upper surface, 
which is characterized by additional expansion, we use the gener- 
a1 relation (IV-1-17) of the nethod of characteristics, which /230 
enables us to calculate the flow for arbitrary Mm and attack 
angle. This relationship is simplified in two particular cases. 

Moa - y@z 0 

v, TOP c3 

Bottom 
Figure V-2-1. Thin Plate in 
Supersonic Flow. Figure V-2-2. Diagram 

of Supersonic Flow Past 
a Plate at an Angle 

The first pertains to lin- of Attack. 
earized flow (small Mm and angle 
a). From (111-2-30), we find 
formulas for the additional disturbance velocity and the pressure 
coefficient on the upper surface: 

(v-2-1) 

The second case is characterized by hypersonic flow (M >> 1, 
arbitrary a). The local Mach numbers M should be determine8 by 
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TABLE V-2-1. PARAMETERS OF FLOW 
OF ATTACK 

AROUND A T H I N  PLATE AT AN ANGLE / 2 3 1  

Flow con- Flow var- 
d i  t i o n s  i a b l e  

Formula Remarks 

L inea r i zed  P res su re  coef-  
flow a t  f i c i e n t  
Mm > 1 (small 
a t t a c k  ang le  
a >  

Upper s u r f a c e  
(vacuum) 
Lower s u r f a c e  
(compression) 
Angles a as- 
sumed pos i -  
t i v e  

C oe f f i c i e  n t  
of wave d rag  
L i f t  c o e f f i -  
c i e n t  

V e r y  h i g h  Angle between 
speeds Each wave and 

( a t t a c k  angle  
a a r b i t r a r y )  

Mm >>  1 v m  

Mach number M 

Upper s u r f a c e  

31 >arm 
2 '  

As a ' (k-1) Ifx 

flow separ -  
ates from 
l e a d i n g  edge 
and formula 
does no t  apply 

2k - 
k - I  
2 

Pre s s ure  

P res su re  
c o e f f i c i e n t  ?h 

k-I 

Density 

Temperature 

Ve 1 o c i  t y 

Lower s u r f a c e  A r b i t r a r y  Hor i zon ta l  
> 1 (a t -  ve 1 o c i  t y  

t ack  ang le  component Mm 

V e r t  i c  a1  
ve 1 o c i  t y  

also arbi-  
t r a r y  1 

component 
- ' 4  
p = - (sin? 0. - lr;?) kfi Pres  s u r e  

c o e f f i c i e n t  

.- .. _ _  - ._ . . . . .. . .. . , 



TABLE V-2-1 (Con t ’d . )  

Flow con- Flow va r -  
d i t i o n s  i ab  l e  

Dens i ty  

I n c l i n a t i o n  
a n g l e  o f  
compression 
shock 

Ma >> 1 (a t -  Same param- 
t a c k  a n g l e  e t e r s  as 
a r b i t r a r y )  f o r  Mm > 1 

Mm >> 1 (a t -  H o r i z o n t a l  
t a c k  a n g l e s  v e l o c i t y  com- 
small) ponent  i n -  

creme n t 
V e r t  i c a1 
v e l o c i t y  
component 
Pre  s s u re  

Dens i ty  

KS 

P r e s  s u r e  
c o e f f i c i e n t  
Mach number M 

Formula 
I’ k+i - ._ 

pm k - i ”  

v,=v,+v, = x =v, (l-msin20,) 2 

v -- *”, sin 0. cos e. . y -  k+i 
4 p =---sin20, 

k + l  
- 

1 2 3 2  

Remarks 

2 
i i T l  tg a = __ sin 8, cos 0, x 

Lower s u r f a c e  

K f  
k T i  K ,  -- 4 

+[ (y K ) 2 + l ] 1 ’ 2  

+ m  Ks \ I + - [  1 
a k ( k - I )  



TABLE V-2-1 (Cont'd.) 

Flow con- Flow var- 
di ti ons iable 

Total aero- Wave drag 
dynamic coefficient 
coefficients 

Lift coef- 
ficient 

Formula Remarks 

For K < 1 - 

cx w a 
Ma + 03 

Ma = 0 
C" = (Is -+ 1) a2 

cU = 2na 

(IV-1-18) and the pressure by (IV-7-12). 

In investigating the flow on the lower surface of the plate, 
where the stream is compressed, we can examine the general case, 
which is characterized by arbitrary M and attack angle. In this 
case, the variables should be calculated from the general rela- 
tionships of compression-shock theory. In particular, the pres- 
sure on the lower surface is determined f rom (111-4-25). 

As for the upper surface, we can examine two particular 
cases of flow: linearized (Ma and ci small) and hypersonic (Ma >> 
>> 1, arbitrary attack angles). 

sion on the lower surface can be calculated by the method of 
characteristics, using formulas analogous to (V-2-2): 

In the case of linearized flow, the case of weak compres- 

(V-2-2) 

Hypersonic flows are calculated from the theory of the strong 
shock wave. For example, pressure is determined by (111-4-19). 

The results of a calculation of the flow variables for a 
thin plate at an angle of attack and the wave-drag and lift coeffi- 
cients appear in Table V-2-1. 



A t  hypersonic  flow v e l o c i t i e s ,  t h e  gas  undergoes chemical 
t r ans fo rma t ions  on t h e  s i d e  o f  t h e  p l a t e  w i t h  t h e  compression 
shock. I n  the  g e n e r a l  ca se ,  the  flow a long  the s t r e a m l i n e  from 
t h e  compression shock t o  t h e  p l a t e  w i l l  move a t  v a r i a b l e  d e n s i t y .  
I f ,  however, t h e  shock wave i s  t h i n ,  the  change i n  d e n s i t y  can /233 
be d i s r ega rded ,  and w e  can assume f o r  the  w a l l  t h a t  t h e  r e ' l a t i v e  
q u a n t i t y  For t h i s  ca se ,  the  p r e s s u r e  c o e f f i -  
c i e n t  on t h e  p l a t e  i s  

= p,/ps - p, /p, .  

- 
For a f i x e d  a, w e  can a s s i g n ,  f o r  example, p and determine 

the  ang le  O s  of  an a t t a c h e d  shock by us ing  the  hypersonic-theory 
formulas 

where 

The range of v a r i a t i o n  of t h e  f u n c t i o n  f ( n ) : O  f ( n )  < 1 cor re -  
sponds t o  t h e  i n t e r v a l  0 1. n 5 0 .5 .  The va lue  of cos* ( O s  - a >  
i s  determined from the  d i f f e r e n c e  O s  - a. Applying (111-4 -141 ,  
i n  which ATn = 1 - p ,  we can,  a s s i g n i n g  VA1/2 ,  determine t h e  en- 
t h a l p y  i2 and, knowing i2 and p = p,/p, r e f e r  t o  the thermody- 
namic t ab le s  t o  c a l c u l a t e  t h e  p r e s s u r e  p p .  From p 2 ,  u s ing  
( 1 1 1 - 4 - 1 2 ) ,  we can improve Vnl  and t h e n  f i n d  t h e  oncoming-flow 
v e l o c i t y  V, = Vnl / s in  O s .  

touches t h e  w a l l ,  cos ( O s  - a) =: 1 and t h e  p r e s s u r e  c o e f f i c i e n t  

- 

For h igh  v e l o c i t i e s ,  a t  which the  wave 

(V-2-5 ' ) 

P r o f i l e  i n  Supersonic  Flow 

Pressure  d i s t r i b u t i o n .  L e t  us examine a sharp-edged pro- 
f i l e  i n  a s u p e r s o n i c  flow a t  an angle .of  a t t a c k  (F ig .  V-2-3). The 
problem of  flow around t h e  p r o f i l e  can be so lved  by the  method 
o f  c h a r a c t e r i s t i c s .  I n  approximate form, t h i s  problem can be  
so lved  us ing  a method t h a t  combines the theo ry  of p l ane  f lows 
(Prandtl-Meyer t h e o r y )  and compression-shock theo ry .  Here, 
Prandtl-Meyer flow can be i n v e s t i g a t e d  w i t h  t he  r e l a t i o n s h i p s  
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of t h e  c h a r a c t e r i s t i c s  method f o r  p l a n e  f lows .  

Y f 

- --=-3. 

F i g u r e  V-2-4. Geometry of  
P r o f i l e  w i t h  Curved Con- 
t o u r  (1 i s  t h e  p r o f i l e  
c e n t e r l i n e ) .  F i g u r e  V-2-3. Thin P r o f i l e  i n  

Flow a t  Angle o f  A t t a c k .  I )  re- 
g i o n  o f  f low w i t h  expans ion;  11) 

For  t h i n  p r o f i l e s  and r e g i o n  o f  f low w i t h  compression.  

proximate  s o l u t i o n  can b e  o b t a i n e d  i n  e x p l i c i t  form. For  t h i s  
purpose ,  t he  f u n c t i o n  6 = f ( O ) ,  where 0 i s  t h e  a n g l e  between t h e  
t a n g e n t  to t h e  p r o f i l e  a t  a g i v e n  p o i n t  and t h e  v e c t o r  vm, i s  
r e p r e s e n t e d  i n  t h e  form of  a s e r i e s  i n  powers o f  t h e  small param- 
e t e r  0. The c o e f f i c i e n t s  o f  On  are t h e  co r re spond ing  d e r i v a t i v e s  
a F / a O n  and a re  de termined  from t h e  e p i c y c l o i d  e q u a t i o n  0 = u(M) t 
+ c o n s t  and t h e  e x p r e s s i o n  f o r  p r e s s u r e  i n  an  i s e n t r o p i c  f low.  

t e r m  i n  0' i n  t h e  expans ion  t o  o b t a i n  

s m a l l  a t t a c k  a n g l e s ,  a n  ap- 

S i n c e  the  p r o f i l e  i s  t h i n ,  w e  can  l i m i t  o u r s e l v e s  t o  t h e  

where 

(V-2-6) 

Formula (v-2-6) a p p l i e s  to expans ion  f low f o r  0 3  0 and t o  
compression f low f o r  0 > 0 .  Here, compression f low can b e  re-  
ga rded  as i s e n t r o p i c  o r  be  a s s o c i a t e d  w i t h  pas sage  th rough  a 
shock.  Formula (V-2-6)  co r re sponds  t o  t h e  second-approximation 
t h e o r y  e l a b o r a t e d  by P r o f .  Busemann and ,  i n  t h e  USSR, by P r o f .  
A . A .  - Lebedev. It i s  assumed i n  f i r s t - a p p r o x i m a t i o n  t h e o r y  t h a t  
p = 2c,O. 

Aerodynamic c o e f f i c i e n t s  i n  l i n e a r i z e d  f l o w .  The t h i c k n e s s  
of a p r o f i l e  can b e  made s o  small as to p e r m i t  s e t t i n g  c p  = 0 i n  
(v-2-6) and ,  consequen t ly ,  t o  pe rmi t  u s e  o f  t h e  f i r s t - approx ima-  
t i o n  t h e o r y .  Assuming t h a t  0 = y '  a ,  w e  o b t a i n  l i n e a r i z e d  re- 
l a t i o n s h i p s  f o r  c a l c u l a t i o n  o f  p r e s s u r e  on t h e  upper  and lower  



p r o f i l e  s u r f a c e s :  

where t h e  d e r i v a t i v e s  

are c a l c u l a t e d  from the  famil iar  expres s ions  yu = yu(x)  f o r  t he  
upper and y1 = y,(x) f o r  t h e  lower contour  (F ig .  V-2-4'). 
p r o f i l e  i s  symmetr ical ,  l y h l  = Iyi l . '  

we can d e r i v e  t h e  fo l lowing  r e l a t i o n  f o r  t h e  l i f t  of a sha rp  t h i n  
p r o f i l e  w i t h  a r b i t r a r y  c r o s s  s e c t i o n :  

I f  t h e  

/235 1' - Using t h e  formulas f o r  t he  p r e s s u r e  c o e f f i c i e n t s  pu and 5 

(V-2-8 ) 

For a t h i n  p r o f i l e  of a swept i n f i n i t e - s p a n  wing, t he  l i f t  
coe f f i c i e  n t  

(V-2-8' ) 

It i s  remembered tha t  t h e  l e a d i n g  edge i s  supe r son ic ,  s o  t h a t  
Mm cos  x > 1. 

The wave d rag  c o e f f i c i e n t  

where x = x/b. 

A t  ze ro  ang le  of a t t a c k  

(V-2-10) 



I n  t h i s  formula 

s o  t ha t  

(v-2-11) 

where k ,  i s  a c o e f f i c i e n t  t ha t  depends on t h e  shape and dimen- 
s i o n s  of t h e  p r o f i l e  o r ,  more p r e c i s e l y ,  on t h e  parameter  Fc, 
which i s  t h e  r a t i o  of t h e  d i s t a n c e  from the  nose t o  t h e  p o i n t  of 
g r e a t e s t  t h i ckness  t o  t h e  chord (F ig .  V-2-5). 

Values of t h i s  c o e f f i c i e n t  a r e  given i n  T a b l e  V-2-2 [SI. It 
i s  assumed i n  t h e  tab le  tha t  i s  the same f o r  t h e  bottom and 
t o p  s u r f a c e s .  

The c o e f f i c i e n t  c determines t h e  d rag  governed b y  t h e  x wo 
t h i c k n e s s  and shape of t h e  p r o f i l e  and i s  independent  of a t t a c k  
ang le .  

The f i r s t  two terms i n  (V-2-9)  determine t h a t  p a r t  o f  t h e  
t o t a l  p r o f i l e  d rag  t h a t  depends on a t t a c k  ang le .  

The component governed by  l i f t  

(v-2-12) 

i s  independent  of t h e  dimensions and shape o f  t he  p r o f i l e .  

p r o f i l e  shape,  
The second component, which does depend on a t t a c k  ang le  and 

can a l s o  be  w r i t t e n  

( V-2- 1 3  ) 

/2 36 

(V-2-14 ) 
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where dF/dx i s  a d e r i v a t i v e  c a l c u l a t e d  from t h e  equa t ion  7 = 
= %(yu + y,) of t h e  p r o f i l e  c e n t e r l i n e .  
i s  a s s o c i a t e d  wi th  t h e  s imultaneous e f f e c t  of a t t a c k  ang le  and 
p r o f i l e  shape.  This  component i s  ze ro  when t h e  t r a i l i n g  edge i s  
sha rp  o r ,  i f  i t  i s  n o t ,  when t h e  p r o f i l e  i s  symmetrical .  

The second component 

TABLE V-2-2. VALUES OF THE COEFFICIENT k ,  
AND RELATIVE DISTANCE Fc TO THE POINT OF 
MAXIMUM THICKNESS 

- 
P r o f i l e  form x C  2k 1 

Rhomboid 0 . 5  4 
Wedge 0 . 4  4 .16  

I? 0 . 3  4.76 
P a r a b o l i c  symmetric a1 0 . 5  5.33 
Wedge wi th  one f l a t  s i d e  0 .5  8 
Same 0 . 4  8.32 

0 . 3  9 .52  
Pa rabo l i c  w i th  one f l a t  s i d e  0 . 5  1 0 . 6 7  

I 1  

Formed by  two c i r c u l a r  a r c s  0 . 5  1613 

.- For t h e  most commonly encountered 
symmetr ical  p r o f i l e s  o r  p r o f i l e s  t h a t  
are sha rp  a t  both ends,  

-1 p* (V-2-15 ) 2ki;S 
CX w= v m  f 4  

- 
The above formulas can be used f o r  

- b 
~ . .  

. s l i g h t l y  curved wings se t  a t  a s m a l l  
F igure  V-2-5. Geom- 
e t r y  of  P r o f i l e  wi th  

angle  of a t t a c k .  

Flow a r o u n d  p r o f i  l e  w i t h  c o n s i d e r a -  St ra igh t -L ine  Walls. 
t i o n  o f  n o n l i n e a r  e f f e c t .  This  flow i s  
c a l c u l a t e d  us ing  (V-2-6) f o r  t h e  pres -  

s u r e  c o e f f i c i e n t s .  For t h e  top  of t h e  p r o f i l e ,  

- 
(v-2-16 ) Pu = ci (Y: - a) f c2 (g2 - a)";! 

and f o r  t h e  bottom 

(V- 2-17 ) 



I n t e g r a t i n g  over  t h e  s u r f a c e  of  a p r o f i l e  of  a s s igned  form, 
w e  can o b t a i n  r e l a t i o n s h i p s  f o r  t h e  l i f t  and wave-drag c o e f f i -  
c i e n t s  : 

e, == 4ci (a-ao); 
cxw=acy --8c2aA2f2c,B2-2c2A3, 

(V-2-18)  

(v-2-19) 

where a0 i s  t h e  a t t a c k  ang le  a t  which c = 0 (angle  of  ze ro  l i f t ) ,  /237 
and i s  c a l c u l a t e d  by  t h e  formula 

Y 

TABLE V-2-3. VALUES OF THE COEFFICIENTS A,, B,, AND A ,  FOR CALCULA- 
T I O N  OF THE AERODYNAMIC COEFFICIENTS 

P r o f i l e  form 

P r o f i l e  formed 
by a r c s  of 
c i r c l e s  ; pro- 
f i l e  has  ver-  
t i c a l  symmetry 
(F ig .  V-2-6a) 

P r o f i l e  formed 
by two t r a p e -  
zo ids  (F ig .  

Same formulas 
apply t o  rhom- 
boid  p r o f i l e  
(b2U = bpl = 0) 

V-2-6b ) 

P r o f i l e  formed 
by a r c s  of 
c i r c l e s  wi th  
d i f f e r e n t  r a d i i  
(F ig .  V-2-6b) 

Formulas f o r  C o e f f i c i e n t s  
A, ,  B,,  A 3  

Az=-(;z 16 - 
3 1 - 4  

Bz--  3 ( c ; , + 3  16 - 
A3-O 

Remarks 

- - - 
c1 = cl/b; - 
= cU/b. 
With h o r i z o n t a l  
symmetry, lcll = 

- cu 
El = bl/b,  cu = 

= bu/b 

< o  
c > o  
For symmetrical  
p r o f i l e  lcll = 

- 

U 

c -  u '  b l l  = b l u  bel = b 

h o r i z o n t a l  sym- 

- 4  - i '  i' - -  3u 
A 2 ' = 8 [ c :  (~+Z)-~:-(?;;L-+&)] For p r o f i l e  wi th  

The q u a n t i t i e s  A , ,  B,, and A , ,  which depend on p r o f i l e  form, 
are determined as fo l lows :  
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(v-2-2 1 ) 

Combining (v-2-18) and (V-2-19) and dropping terms of 
h ighe r  o r d e r s  from t h e  r e s u l t i n g  expres s ion ,  w e  f i n d  t h e  p o l a r  
equat ion  of t h e  p r o f i l e :  

c' (v-2-22) ''C - 2- x -  &, , %cy+CxwO' . -  

where c i s  the  wave-drag c o e f f i c i e n t  a t  zero l i f t  and i s  
equal  t o  

x w o  

cxWo = 2ciBz - 2czA3. (V-2-23) 

Values of t h e  c o e f f i c i e n t s  A , ,  B,,  and A ,  f o r  c e r t a i n  pro- 

P r o f i l e  w i t h  minimum d r a g .  Having determined t h e  minimum 1238 

f i l e  types  a r e  given i n  T a b l e  V-2-3. 

of t h e  drag  f u n c t i o n  expressed  by  (V-2-23), w e  can f i n d  t h e  pro- 
f i l e  shape corresponding t o  cx w g  min f o r  a given th i ckness  
r a t i o .  Research has shown t h a t  t h i s  p r o f i l e  i s  a wedge w i t h  a 
r e l a t i v e  d i s t a n c e  t o  t h e  p o i n t  of maximum th i ckness  

E .- - b i = T - T ( i + y c ) ,  bl - i c2 - where c = ~ .  

The c o e f f i c i e n t  of minimum wave drag  i s  

(V-2-24 ) 

(V-2-2 5 ) 

By determining d rag  as a f u n c t i o n  of t h e  dimensions of a 
reaches  p r o f i l e  w i t h  a given shape,  w e  can e s t ab l i sh  tha t  c 

i t s  s m a l l e s t  value (provided t h a t  t h e  maximum th i ckness  r a t i o  i s  
g iven)  when t h e  th i cknesses  of t h e  upper and lower p a r t s  of t h e  
p r o f i l e  a r e  t h e  same, i . e . ,  when t h e  p r o f i l e  has h o r i z o n t a l  sym- 
m e t r y .  For example, f o r  a p r o f i l e  formed by a r c s  of c i r c l e s  

x w o  
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F i g u r e  V-2-6. P r o f i l e  Geometr ies .  a )  

1 

p r o f i l e  
fogmed by two c i r c u l a r  a r c s  ( p r o f i l e  has v e r t i c a l  

c )  p r o f i l e  formed by a r c s  of  c i r c l e s  o f  d i f f e r e n t  
r a d i i .  

a s y m m e t r y ) ;  b) p r o f i l e  formed by two t r a p e z o i d s ;  

c x , w o = ~ c I c 2  - (  1 -- ,":f). - (v-2-2 6 ) 

The p o i n t  of maximum p r o f i l e  t h i c k n e s s ,  which c o r r e s p o n d s  
to t h e  v a l u e  of t he  c o e f f i c i e n t  cx w g  i n  (v-2-26), i s  de termined  
by  t h e  d i s t a n c e  r a t i o  

F o r  a symmetr ica l  p r o f i l e  formed by two t r a p e z o i d s  w i t h  
g i v e n  d i s t a n c e s  b , ,  b , ,  and c, t h e  minimum d r a g  

i s  r e a c h e d  when 

(V-2- 2 8 ) 

(V-2-29) 

When t h e  wing i s  mounted on a v e h i c l e  w i t h  a s p e c i f i c  d e s i g n , ,  
impor tance  a t t a c h e s  to i t s  s t r e n g t h  c h a r a c t e r i s t i c s ,  which depend /239 
i n  many r e s p e c t s  on t h e  shape  o f  t he  p r o f i l e  and i t s  moment of 



F 

i n e r t i a  w i th  r e s p e c t  t o  t h e  chord. It i s  t h e r e f o r e  important  t o  
determine the  minimum p r o f i l e  d rag  a t  a given moment of i n e r t i a .  
Ca lcu la t ions  show t h a t  t h i s  d rag  f o r  a p r o f i l e  formed by  two 
t r a p e z o i d s  i s  

cx wo- 5c# . - (  1 - - g:-) -1. c2 . 

The moment of i n e r t i a  corresponding t o  t h i s  d rag  

t h e  o t h e r  p r o f i l e  dimensions are 

(V-2- 30) 

(V-2-31) 

(v-2-32) 

P r o f i l e  w i t h  maximum l i f t / d r a g  r a t i o .  Analyzing (V-2-22) 
and (V-2-23), we can e s t ab l i sh  t h a t  t h e  maximum l i f t / d r a g  r a t i o ,  

occurs  when 

For a f i x e d  th i ckness  r a t i o ,  t h e  p r o f i l e  w i t h  m a x i m u m  l i f t /  
d rag  r a t i o  w i l l  b e  rhomboid w i t h  a r e l a t i v e  d i s t a n c e  t o  t h e  p o i n t  
of  maximum t h i c k n e s s  determined b y  (V-2-24). T h e  t h i cknesses  of 
t h e  top  and bottom p a r t s  of t h e  p r o f i l e  a r e  

Accordingly,  t h e  formula f o r  t h e  maximum l i f t / d r a g  r a t i o  

(V-2- 36 ) 
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L i f t  a n d  drag of  swept i n f i n i t e - s p a n  wing. For a swept i n -  
f i n i t e - s p a n  wing w i t h  a supe r son ic  l e a d i n g  edge (M, cos x > l), 
the  aerodynamic c o e f f i c i e n t s  and t h e  corresponding f o r c e s  can be  
determined from the  va lues  of e o  f o r  a s t r a igh t -wing  

Y 
p r o f i l e  w i t h  t h e  cond i t ion  tha t  MWs = M, cos x i s  t aken  as t h e  
free-stream Mach number. 
M, i n  a l l  of  t h e  above formulas f o r  c 
t h e  p r o f i l e  of  the  i n f i n i t e - s p a n  swept wing. 

v e l o c i t y  V, a r e  c a l c u l a t e d  by the  formulas 

and c i  

Thus, M, cos x must be s u b s t i t u t e d  f o r  
and cx i n  conve r t ing  t o  

Y 

The l i f t  and d rag  of t h e  p r o f i l e  i n  t h e  d i r e c t i o n  of t h e  

- i  1' = - cnpp,v%Sw, COS= x;  2 v  
t - y w- -_ c~wp,uv:~sw,cos~~, 

whence i t  fo l lows  t h a t  f o r  a swept wing 

(V-2-37) 
(V-2-38) 

(V-2-37' 
(V-2-38 ' ) 

For symmetrical  p r o f i l e s  /240 

(V-2-39) 

(V-2-40 ) 

For a wing w i t h  a subsonic  l e a d i n g  edge (Moo cos x < l), t h e  
methods of subsonic-  o r  t ransonic- f low aerodynamics should b e  
used i n  c a l c u l a t i n g  the aerodynamic c o e f f i c i e n t s  of t h e  p r o f i l e  
p l aced  i n  t h e  d i r e c t i o n  of  t h e  v e l o c i t y  component M, cos x. 

Center of  pressure.  I n  t h e  case  of l i n e a r i z e d  flow around 
a t h i n  p r o f i l e ,  t h e  p r e s s u r e  c e n t e r  l i e s  a f t  t h e  c e n t e r  of t he  
chord and, consequent ly ,  t h e  c e n t e r  of p r e s s u r e  c o e f f i c i e n t  c 
= x /b = 1/2. A d e v i a t i o n  from t h i s  f i g u r e  r e s u l t s  from the  

n o n l i n e a r  e f f e c t  governed by  p r o f i l e  t h i c k n e s s  and shape.  T h i s  
e f f e c t  man i fe s t s  i n  a r e d i s t r i b u t i o n  of p r e s s u r e ,  which i s  c a l -  
c u l a t e d  by (V-2-3). 

- - 
c * P  

C * P  



Figure  V-2-7. Aerodynamic 
C o e f f i c i e n t s  of Rectangu- 
l a r  Wing of I n f i n i t e  Span. 

F igure  V-2-8. In f luence  
of Sweep on Aerodynamic 
C h a r a c t e r i s t i c s  of In-  - f in i t e -Span  Wing (M, = 2, 
c = 0.08). 

I f  w e  examine t h e  symmetr ical  
p r o f i l e  normally used, t h e  expres-  
s i o n  f o r  t h e  c e n t e r  of  p r e s s u r e  
c o e f f i c i e n t  w i l l  be [26] 

where 

(V- 2-4 1) 

(V-2-42) 

C o e f f i c i e n t  k, depends on p r o f i l e  shape.  For a rhomboid 
p r o f i l e ,  k, = 1; f o r  a p r o f i l e  formed by  two c i r c l e s ,  k, = 4/3. 

The c e n t e r  of p r e s s u r e  c o e f f i c i e n t  of a swept-wing p r o f i l e  
i s  

(V-2-4 3 ) 

Figure  V-2-7 and V-2-8 show curves of  t h e  aerodynamic coef-  
f i c i e n t s  of i n f i n i t e - s p a n  wings i n  t h e  range from s o n i c  t o  super-  
s o n i c  speeds.  

SV-3. LIFT AND MOMENT OF T H I N  FINITE-SPAN WINGS. DRAG DEPENDENT /241 
ON LIFT 

Let us .examine t h e  aerodynamic c h a r a c t e r i s t i c s  of f i n i t e -  
span wings wi th  s m a l l  bu t  f i n i t e  t h i c k n e s s  f o r  s m a l l  a t t a c k  
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ang les .  I n  o t h e r  words, l e t  us  seek a l i n e a r i z e d  s o l u t i o n  of 
(v-1-6) f o r  t h e  v e l o c i t y  p o t e n t i a l .  

The unknown v e l o c i t y  p o t e n t i a l  4 '  can be  p re sen ted  as the 
sum $ : ,  + $;, where $1 
wing of  g iven  t h i c k n e s s a t ' z e r o i a n g l e  o f a t t a c k ;  0: i s  t h e  p o t e n t i a l  
f u n c t i o n  ob ta ined  from t h e  c o n d i t i o n  o f  flow around an i n f i n i t e s i -  
mal ly  t h i n  p l a t e  of  the  same planform as t h e  wing a t  t h e  g iven  
ang le  of  a t t a c k .  

i s  t h e  p o t e n t i a l  of t h e  flow around a 

Accordingly,  t h e  wing 's  l i f t  i s  e q u a l  t o  t h e  l i f t  of the  
p l a t e ,  and i t s  d rag  w i l l  be composed of two p a r t s :  t he  d r a g  of  
a wing o f  t h e  given t h i c k n e s s  a t  a = O  ( cy  = 0 ;  p r o f i l e  assumed 
symmetr ical)  and t h e  p l a t e  d rag  f o r  a # 0 .  

De l t a  w i n g .  Consider a wing of d e l t a  planform w i t h  super-  
s o n i c  l e a d i n g  edges.  To c a l c u l a t e  t h e  p r e s s u r e  d i s t r i b u t i o n  and 
aerodynamic c o e f f i c i e n t s ,  w e  can use the method of sou rces ,  
which P ro f .  N . A .  K r a s i l ' s h c h i k o v  used i n  1947 as a basis f o r  
s o l u t i o n  of t h e  problem of  supe r son ic  flow over  a f i n i t e - s p a n  
wing. 

I n  t h e  g e n e r a l  c a s e ,  the  v e l o c i t y  p o t e n t i a l  from the  s y s t e m  
of sou rces  and s i n k s  by which t h e  g iven  s u r f a c e  i s  r ep laced  i s  
g iven  by (IV-3-1). For a f l a t  p l a t e ,  t h e  f u n c t i o n  f ( E , < )  i s  t o  
b e  s e t  equa l  t o  a c e r t a i n  cons t an t  fo. Then t h e  v e l o c i t y  poten- 
t i a l  a t  a c e r t a i n  p o i n t  A from t h e  source  s y s t e m  i s  

The range of i n t e g r a t i o n  i s  determined by t h e  area obta ined  
by i n t e r s e c t i n g  t h e  y = 0 p l ane  w i t h  t h e  s u r f a c e  of  t h e  Mach cone 
( d i s t u r b a n c e  cone) and bounded, consequent ly ,  by  t h e  equa t ion  of  
a pa rabo la  

where x, x, 2 a r e  t h e  coord ina te s  of p o i n t  A .  The i n t e g r a l  o f  
(V-3-1T can be eva lua ted  d i r e c t l y .  Remembering (V-3-2), w e  f i n d  
t h a t  t h e  f i r s t  d e f i n i t e  i n t e g r a l  i s  IT. S ince ,  moreover, - 
and s 2  = x 

Mach cone w i t h  t h e  y = 0 p l ane ,  which corresponds t o  z = zA, t hen  
t h e  unknown p o t e n t i a l  a t  p o i n t  A i s  

- XA, 
- a ' y A ,  where xA i s  t h e  i n t e r s e c t i o n  p o i n t  of  t h e  

A 1 
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r p =  -- "kp (.A - a'y - ZA1). , 

The v e r t i c a l  v e l o c i t y  component 

(V-3-31 

The same v e l o c i t y  value w i l l  o b t a i n  when t h e  p o i n t  i s  on t h e  
y = 0 p l ane .  

I f  t h e  s u r f a c e  i s  i n  flow a t  an a t t a c k  ang le  a, w e  have from 

Assume t h a t  a wing i n  t h e  form of  a t h i n  t r i a n g u l a r  p l a t e  /242 

t h e  cond i t ion  o f  nonsepa ra t ing  flow f ,  = aVm/.rr. 

has  an i n f i n i t e  span (F ig .  V-3-1). I n  zone I between t h e  super-  
s o n i c  l e a d i n g  edge and t h e  g e n e r a t r i x  of t h e  Mach cone wi th  apex 
a t  0 ,  t h e  components of t h e  a x i a l  d i s tu rbance  v e l o c i t y  and t h e  
p r e s s u r e  c o e f f i c i e n t  a r e  determined by  t h e  o rd ina ry  theory  of 
P i n e a r i  zed flow : 

Figure  V-3-1. Flow Around Delta 
Wing. a )  wi th  supe r son ic  lead- 
i n g  edges; b )  w i th  subsonic  
l e a d i n g  edges.  

Consider r eg ion  11, 
which l i e s  i n s i d e  t h e  Mach 
cone. The added v e l o c i t y  
component a t  p o i n t  A r e s u l t s  
from t h e  a c t i b n  of sources  i n  
r eg ions  ADE,  BCO and BDO. 

Here t h e  sou rce  i n t e n s i t y  i n  r e g i o n  BDO i s  e q u a l  bu t  oppos i t e  i n  
s i g n  t o  t h e  i n t e n s i t y  i n  r e g i o n  ADE.  

Sources i n  r e g i o n  ADE induce a v e l o c i t y  determined by (V-3-5). 
The v e l o c i t y  corresponding to r e g i o n  BDO i s  

where 
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I n t e g r a t i n g ,  
, _  

1 U-U' 
I u x =  fo 'arccbs a'V1-n' n (1-u) ' (v-3-8) 

where n = t a n  x / a ' ,  u = t a n  xzA/xA, w i t h  0 < u < n < 1. 

an expres s ion  analogous t o  (V-3-7) and can be p re sen ted  i n  the 
form 

The v e l o c i t y  induced by  sou rces  i n  r e g i o n  BCO i s  found from 

where In1 < 1, In1 > u > 0 .  

v e l o c i t y  component a t  p o i n t  A f o r  r e g i o n  11: 
Summing (V-3-51, (V-3-81 and (V-3-9), w e  o b t a i n  t h e  a x i a l  

(V- 3-1 0 ) 

I n  t h i s  r eg ion ,  t h e r e f o r e ,  t h e  p r e s s u r e  c o e f f i c i e n t  [58] i s  

(V-3-11) 

where t h e  "-" p e r t a i n s  t o  the  upper s u r f a c e  and "+" t o  t h e  lower 
s u r f a c e  of  the wing. 

The l i f t  c o e f f i c i e n t  

where 
._ 

i i Ids = 'z x 2  ctg 2 do; SGg= f x* ctg x. 



In t roduc ing  p1 and pu from (V-3-11], w e  o b t a i n  f o r  c 
mula from which i t  fol lows tha t  t h e  l i f t  c o e f f i c i e n t  f o r  a d e l t a  
wing w i t h  a supe r son ic  l ead ing  edge i s  independent of  sweep ang le  
and i s  determined i n  t he  same way as f o r  a f l a t  unswept p l a t e .  

a f o r -  Y 

The d rag  c o e f f i c i e n t  governed by wave l o s s e s  i s  

(V- 3- 1 2  ) 

T h i s  l i f t -dependen t  d rag  can b e  determined i n  t h e  same way 
as t h e  induced d rag  of a d e l t a  wing w i t h  supersonic  l ead ing  edges .  
S ince  the  cond i t ions  of c o n i c a l  flow a r e  s a t i s f i e d ,  t h e  c e n t e r  o f  
p r e s s u r e  i s  a t  a d i s t a n c e  from t h e  apex equa l  t o  2/3 of t h e  r o o t  
chord. 

The  p r e s s u r e  d i s t r i b u t i o n  and, consequent ly ,  t h e  aerodynamic 
c o e f f i c i e n t s  f o r  a d e l t a  wing w i t h  subsonic  l ead ing  edges ( s e e  F ig .  
V-3-1) w i l l  be d i f f e ren t ;  owing t o  t he  subsonic  n a t u r e  of t h e  flow 
over t he  s u r f a c e .  

The flow around a wing s e t  a t  an angle  of a t t a c k  ci i s  equiva- 
l e n t  t o  t h e  flow from cont inuous ly  d i s t r i b u t e d  d i p o l e s ,  t h e  poten- 
t i a l  f u n c t i o n  f o r  which i s  g iven  by  Formula ( I V - 4 - 4 ) .  

pend on t = S/E and t h e  d i p o l e  d i s t r i b u t i o n  f u n c t i o n  can be pre-  
s en ted  i n  t h e  form m ( & , E ; )  = s f ( t ) .  Thus t h e  expres s ion  f o r  t h e  
d i p o l e  p o t e n t i a l  w i l l  be 

S ince  t h e  flow around t h e  wing i s  c o n i c a l ,  a l l  v a r i a b l e s  de- 

where t o  and - to are t h e  va lues  of t = t a n  y1 corresponding to t h e  
l e a d i n g  edges;  i s  determined from t h e  cond i t ion  t h a t  t h e  super-  
s o n i c  d i s t u r b a n c e s  propagate  w i t h i n  t h e  Mach cone. 

Accordingly,  t h e  rad icand  i n  (V-3-13) vanishes  f o r  E = E ~ .  

W e  o b t a i n  by  i n t e g r a t i o n  

lo  
(V- 3-14 ) 

where 
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- 
F ,yn-3’2a’a (6- i - E B  + arctht) ; (V-3-15 

(V-3-16 ) 

Q2 

According to (v-3-16), the function F depends on the vari- 

The function f(t), which represents the intensity of the / 2 4 4  

ables y/x, z / x ,  & / E .  

distributed sources, is found from the condition of nonseparating 
flow over the wing, according to which iVa)V-~~=J’Na-=(a~.~~!OU)u-o. 
sequently, 

Con- 

Research has shown that the function f(t) can be presented 
/- -7, in the formif(l)=-.fo],r:-t-, where f, is a constant. The value of this 

constant can be found from (V-3-17)  by substituting the given func- 
tion f(t) in it. Integrating, 

(V- 3-18 ) 

where ‘F(1frl-a’2t:)  is a complete elliptic integral of the second 
kind with parameter h.=l/l --‘?ti; 

Passing to y + 0, 

from which the axial component 

(V-3-18’ ) 

(V- 3-20 ) 



h 

The p r e s s u r e  c o e f f i c i e n t s  on the  upper ( - )  and lower (+)  
wing s u r f a c e s  are determined i n  accordance w i t h  t h e  vx: 

(V- 3-2 1 ) 

where t h e  a b s o l u t e  va lue  of a i s  used. 

The l i f t  and moment c o e f f i c i e n t s  can b e  found from t h e  p res -  
s u r e .  For wings of a r b i t r a r y  planform 

(V- 3- 22  ) 

(V-3-23)  

where t h e  moment c o e f f i c i e n t  i s  computed f o r  t h e  r o o t  chord b r t ;  

Remembering t h a t  ri = OJ f o r  a d e l t a  wing and r e a r r a n g i n g ,  we 
o b t a i n  

1 tg v, 

In t roduc ing  p1 and from ( V - 3 - 2 1 ) ,  
U 

(V-3-24 ) 

(V-3-25)  

(V-3-26)  

(-3-27 

It fo l lows  from t h e s e  expres s ions  tha t  t h e  c e n t e r  of pres- 
s u r e  c o e f f i c i e n t  of a de l t a  wing i s  2 / 3 .  
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Figure  V-3-2. T h e o r e t i c a l  
Curve f o r  L i f t  C o e f f i c i e n t  
of  D e l t a  Wing. Experiment- 
a1  Data: o - c = ~ % ,  0 - - ; = 3 %  

- 

Y 
and mZ can be s i m p l i f i e d  f o r  t h e  
p a r t i c u l a r  case  of a wing w i t h  
very s m a l l  a s p e c t  r a t i o .  L e t t i n g  
a ' t ,  -f 0 ,  we f i n d  t h a t  E ( k )  -t 1 
and, consequent ly ,  

The formulas g iven  f o r  c 

In t roduc ing  t h e  a s p e c t  r a t i o  
X = 4 t a n  yl, w e  o b t a i n  
wg 

I f  a ' t ,  -t 1, t h e n  E ( k )  -f 7r/2 and t h e  formula f o r  c assumes 
Y 

a form remin i scen t  of t h e  case  of  a supersonic-edged wing. 

Values of t h e  d e r i v a t i v e  ea c a l c u l a t e d  f o r  d e l t a  wings w i t h  
Y 

sub- and supersonic  l e a d i n g  edges are given i n  F ig .  V-3-2 as func- 
t i o n s  of  t a n  yl / tan 1.1 = a r t O .  

The same f i g u r e  shows exper imenta l  data f o r  wings w i t h  a 
symmetr ical  p r o f i l e  formed by a r c s  of c i r c l e s .  The l a r g e s t  d i f -  
f e r ence  between t h e  exper imenta l  and t h e o r e t i c a l  r e s u l t s  occurs  
f o r  a ' t ,  nea r  u n i t y ,  i . e . ,  when the  l e a d i n g  edge becomes almost 
s o n i c .  

Drag of wings w i t h  subsonic  l e a d i n g  edge. When wings have 
sha rp  subsonic  l e a d i n g  edges,  v o r t i c e s  de tach  from t h e  edge and 
d rag  i n c r e a s e s  as a r e s u l t .  To prevent  vo r t ex  detachment,  t h e  
l e a d i n g  edge i s  made s l i g h t l y  rounded. Since t h e  v e l o c i t i e s  on 
t h e  edge remain q u i t e  h igh ,  t h e  p r e s s u r e  w i l l  be very s m a l l  and 
a s u c t i o n  f o r c e  w i l l  appear and reduce drag .  I f  t h e  c o e f f i c i e n t  
of s u c t i o n  fo rce  i s  denoted by cx s ,  t h e  t o t a l  d rag  c o e f f i c i e n t  
of a wing w i t h  a subsonic  l e a d i n g  edge w i l l  be 

cr -- c y a  - c, sa , (V-3-30] 

Research has shown t h a t  
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Accordingly,  

If a ' t ,  = 1 ( s o n i c  l ead ing  edge ) ,  t h e n  cg=c~IAWg. For wings 
of very s m a l l  a s p e c t  r a t i o  ( a ' t o - - + O ) c , = c ~ ! ~ k , , ,  which i s  c o n s i s t e n t  
w i t h  t h e  expres s ion  f o r  t h e  induced-drag c o e f f i c i e n t  i n  t h e  case  
of an incompress ib le  f l u i d .  

/246 

Figure  V-3-3. Wings w i t h  Supersonic  T r a i l i n g  and 
L a t e r a l  Edges. a )  t e t r a g o n a l  wing w i t h  sweptback 
t r a i l i n g  edge; b )  t e t r a g o n a l  wing w i t h  sweptfor-  
ward l e a d i n g  edge; c )  pentagonal  wing; d )  hexa- 
gonal  wing. 

Wings i n  t h e  f o r m  o f  t e t r a g o n a l ,  p e n t a g o n a l ,  and  h e x a g o n a l  
p l a t e s  C581. The methods of flow theory  f o r  d e l t a  wings can be 
used i n  c a l c u l a t i n g  t h e  aerodynamic c h a r a c t e r i s t i c s  of  t e t r a g o n a l ,  
pentagonal ,  and hexagonal-plate  wings w i t h  supe r son ic  t r a i l i n g  
and l a t e r a l  edges ( F i g .  V-3-3). Flow over such wings i s  char- 
a c t e r i z e d  by t h e  absence of  zones of i n t e r f e r e n c e  between t h e  a f t  
and l a t e r a l  a r e a s  bounded by  t h e  i n t e r s e c t i o n s  of Mach cones w i t h  
wing, i . e . ,  t h e  flow a t  t h e  l a t e r a l  and t r a i l i n g  edges w i l l  be  
pu re ly  supe r son ic .  

shapes w i l l  b e  t h e  same as those  for t h e  t r i a n g u l a r  p l a t e  and 
a r e  s e l e c t e d  w i t h  c o n s i d e r a t i o n  of t he  leading-edge form - sub- 
o r  supe r son ic .  The l i f t ,  moment, and drag  c o e f f i c i e n t s  can be 
determined by i n t e g r a t i o n  over t h e  p r e s s u r e  p a t t e r n .  

of a subsonic  l e a d i n g  edge 

The formulas f o r  t h e  s u r f a c e  p r e s s u r e  on wings of t h e s e  

W e  c i t e  r e s u l t s  ob ta ined  f o r  a t e t r a g o n a l  wing. I n  t h e  case  
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For wings w i t h  supe r son ic  l e a d i n g  edges 

I_ arccos n -- 
i--n2 1 -  ' 

- &(3-E? . 

(1-E2) 'I/i-?Ze 
(v-3-35) 

where n = t a n  x1 t a n  1-1, n, = t a n  xt  t a n  1-1. 

t e t r a g o n a l  wings d i f f e r  l i t t l e  i n  shape from d e l t a s .  I n  t h i s  
case ,  w i t h  t h e  c o n d i t i o n  t ha t  ] E [  << 1, 

Ca lcu la t ions  by t h e s e  formulas can be s i m p l i f i e d  i f  t h e  

where c 
d e l t a  wing and t h e  q u a n t i t y  

and mZA are the  l i f t  and moment c o e f f i c i e n t s  of  t h e  /247 Y A  

1 where x 
edges an1 
v-3-3. 

are t h e  sweep ang le s  of  t h e  l e a d i n g  and t r a i l i n g  
are t h e  wing dimensions i n d i c a t e d  i n  F ig .  

*W 

For  wings o f  t h e  " d o v e t a i l "  type  (F ig .  V-3-3a1, E i s  pos i -  
t i v e ,  bu t  it i s  nega t ive  f o r  rhomboid p l a t e s  (Fig.  V-3-3b). 

I n  t h e  p a r t i c u l a r  ca se  when t a n  yl/ tan 1-1 >> 1 f o r  a wing 
w i t h  a supe r son ic  l ead ing  edge, t h e  parameter  E has p r a c t i c a l l y  
no i n f l u e n c e  on c 
change l i f t  a lmost  i n  p r o p o r t i o n  t o  the change i n  p l a t e  a r e a .  

and t h e  d o v e t a i l  o r  b o a t t a i l  w i l l .  Y' 

Figure  V-3-4 shows curves of 
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Figure  V-3-4. Diagrams f o r  Calcu- 
- l a t i o n  of  L i f t  o f  Te t ragonal  P l a t e s  
(m = t a n  yl / tan 11). 

obta ined  by  t h e  l i n e a r  
theory  f o r  t e t r a g o n a l  
p la tes  w i t h  t h e  condi- 
t i o n  t ha t  the t r a i l i n g  
edges are supersonic .  
F igure  V-3-5 shows c a l -  
c u l a t e d  r e s u l t s  c h a r a c t e r -  
i z i n g  the  c e n t e r  of p re s -  
s u r e  p o s i t i o n  on these 
p l a t e s .  

S i m i l a r  curves  p l o t -  
t e d  f o r  a pentagonal  
p l a t e  appear  i n  F i g s .  
v-3-6-v-3-8. cc.p 

The f r o n t a l  d rag  of  
t h e  wings i s  c a l c u l a t e d  
as fo l lows .  If  t h e  edge 
i s  supe r son ic ,  t hen ,  ir- 
r e s p e c t i v e  of p l a t e  shape 

I 
IC I T - -  -c,a=* '(ta>ij.. (v-3-38) 

c t  Figure  V-3-5. Diagrams f o r  Calcu- 
l a t i o n  o f  Center  of  P res su re  Coef- 
f i c i e n t  f o r  Te t ragonal  Wings ( m  = 
= t a n  yl / tan 11). 

i s  subsonic ,  t h i s  coef-  
f i c i e n t  must be reduced 

by t h e  suc t ion - fo rce  c o e f f i c i e n t ,  i . e . ,  t h e  c a l c u l a t i o n  must be 
performed by  (V-3-30). The s u c t i o n  f o r c e  i s  

If t h e  l e a d i n g  edge /248 

where R i s  the  span (see Fig.  V-3-31. 

Divid ing  F by t h e  product  qS where S i s  the area o f  t h e  
wg ' wg given  p l a t e  form, w e  o b t a i n  cx s .  

c a l c u l a t i o n  can be  performed by  t he  formula 
For a t e t r a g o n a l  wing d i f f e r i n g  s l i g h t l y  from t h e  d e l t a ,  t h e  

(V-3-40) 
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Figure  V-3-7. Curves f o r  Calcu- 
l a t i o n  of L i f t  C o e f f i c i e n t s  f o r  
Pentagonal  Wings of Large Aspe e t  
Ra t io .  

where ( cx  s )n  i s  c a l c u l a t e d  by  

(V-3-31)  f o r  a t r i a n g u l a r  p l a t e .  

L e t  us examine wings w i t h  F igure  V-3-6. Diagrams f o r  
C a l c u l a t i o n  of  L i f t  Coef- 
f i c i e n t s  of Pentagonal 
Wings of S m a l l  Aspect Ratio.  

subsonic  t r a i l i n g  edges,  assum- 
i n g  t h a t ,  as i s  the  case  i n  
p r a c t i c e ,  t h e  t r a i l i n g  edges are 
supe r son ic .  Flow c a l c u l a t i o n s  
f o r  such wings a r e  more compli- 

c a t e d  owing t o  t h e  formation of i n t e r f e r e n c e  zones a t  t h e  l a t e r a l  
edges and t h e  n e c e s s i t y  of  account ing  f o r  gas  overflow i n t o  t h e s e  
zones from one s i d e  of t h e  p l a t e  t o  t h e  o t h e r .  

Zones of i n f l u e n c e  i n s i d e  t h e  Mach cones a r e  shown i n  F ig .  
V-3-9 f o r  a hexagonal wing. I n  zone I ,  t h e  flow i s  determined by  
the  subsonic  l ead ing  edges and t h e i r  i n f l u e n c e  on overflow from 
the  bottom t o  t h e  top  s u r f a c e  (or v i c e  v e r s a )  must be t aken  i n t o  
account  i n  t h e  flow c a l c u l a t i o n .  I n  zone 11, flow i s  in f luenced  /249 
by t h e  r i g h t  l a t e r a l  edge, and i n  zone I11 a l s o  by  t h e  l e f t  edge. 

S ince  ' the  flow i s  symmetr ical  w i t h  r e s p e c t  t o  the  x-axis ,  we 
can r ega rd  zones I ,  11, and I11 as s i t u a t e d  on t h e  same s ide  of 
t h e  x-axis .  

A t  a g iven  f ree-s t ream1 v e l o c i t y ,  t h e  v a r i a b l e s  a t  a g iven  
p o i n t  on the  s u r f a c e  of  t h e  hexagonal wing (F ig .  V-3-10]  or i t s  
r e s u l t a n t  aerodynamic c h a r a c t e r i s t i c s  depend i n  t h e  most g e n e r a l  
case  on the  s e t  o f  dimensionless  geometr ica l  c h a r a c t e r i s t i c s  of  
t h e  p l a t e ,  namely, t h e  a s p e c t  r a t i o  X 
and t h e  ang le s  x1 and xt  ( o r  t h e  corresponding y1 and y t ) .  

brt 'btp , t h e  t a p e r  rl = 
wg' 
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I n  zone I behind t h e  
subsonic  l ead ing  edge, t h e  
p r e s s u r e  c o e f f i c i e n t  i s  de- 
termined by  (V-3-21). The 
c h a r a c t e r i s t i c  parameter  f o r  
t h i s  zone i s  t h e  lead ing-  
edge i n c l i n a t i o n  y1 ( o r  t h e  
sweep ang le  x,). 

sources  and s i n k s ,  we can 
determine t h e  p r e s s u r e  i n  

have shown t h a t  t h e  p re s -  

i s  

Applying t h e  method of  

F igure  V-3-8. Center  of  P res su re  zones I1 and 111. S tud ie s  
C o e f f i c i e n t  of  Pentagonal  Wing 
( c  = xcp/brt) .  s u r e  c o e f f i c i e n t  i n  zone I1 

C P  

tx 

Figure  V-3-9. Diagram of  
Flow Around Hexagonal Wing 
With Subsonic Leading and 
L a t e r a l  Edges and Super- 
s o n i c  T r a i l i n g  Edges. 

t h i s  zone are opposed, w i th  t h e  
v e l o c i t y  component vanishes .  

F igure  V-3-10, Geom- 
e t r y  of Hexagonal Wing. 

1250 where z = 2z/!?., and t a n  8 = 
= z/x. The excess  p r e s s u r e  
i n  zone I11 i s  zero ,  s i n c e  
t h e  e f f e c t s  of t h e  l e a d i n g  
and l a t e ra l  edges on flow i n  

r e s u l t  t h a t  t h e  a d d i t i o n a l  a x i a l  

In t roduc ing  t h e  va lues  of pl and 5 from (V-3-41) i n t o  
U 

(V-3-22) and (V-3-23), w e  can compute t h e  l i f t  and moment coef- 
f i c i e n t s .  I n  t h e  case  most f r e q u e n t l y  encountered,  i n  which zone 
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I l l  Ill IIIIII I I I I 1  I I 

Figure  V-3-11 .  Diagram 
of  Flow Over Hexagonal 
Wing w i t h  Supersonic  
Leading and T r a i l i n g  
Edges and Subsonic 
Lateral Edges. 

I11 i s  absen t  and only zones I and I1 
remain (Mach waves AC and BD, which 
o r i g i n a t e  a t  t h e  forward co rne r s  of 
t h e  l a t e ra l  edges,  as shown i n  F ig .  
V-3-11,  c r o s s  a t  a p o i n t  o f f  t h e  wing).  

To determine the.aerodynamic 
c o e f f i c i e n t s  f o r  a pentagonal  wing, 
w e  must s e t  t a n  xt  = 0 .  
o n a l  wings,  rl = 0 3 .  

For t e t r a g -  

L e t  us cons ide r  the  aerodynamic 
c h a r a c t e r i s t i c s  of  hexagonal wings - 
w i t h  supe r son ic  l e a d i n g  and t r a i z i n g  
edges and subsonic  l a t e ra l  edges (Fig.  
V - 3 - 1 1 ) .  

The flow over  such a wing i s  com- 
p l e x  i n  n a t u r e  and i s  c h a r a c t e r i z e d  by  
t h e  i n f l u e n c e  of  t he  l a t e r a l  edges on 
t h e  v a r i a b l e s  i n  zones 111, I V ,  and V. 
I n  zones I and 11, t h e  flow w i l l  b e  
t h e  same as on a d e l t a  wing w i t h  super-  
s o n i c  l e a d i n g  edges.  

In zone I ,  t h e  added a x i a l  v e l o c i t y  component and the p res -  
s u r e  c o e f f i c i e n t  are determined by (V-3-5)  and (V-3-61 ,  r espec-  
t i v e l y ,  and i n  zone I1 by (V-3-10)  and ( V - 3 - 1 1 ) .  

Using t h e  method of sou rces ,  w e  can determine the analogous 
q u a n t i t i e s  i n  t h e  remaining zones.  L e t  us p r e s e n t  t h e  c o e f f i -  
c i e n t  va lues  i n  zones 111, I V ,  and V. I n  zone 111, the  p r e s s u r e  
c o e f f i c i e n t  

i n  zone I V  

(V- 3-4 2 ) 

and i n  zone V 

where 
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(v-3-45) 

I n  t h e s e  formulas ,  t h e  parameter  U - L S ~ ~ / ( Z ~ , ~ , ) = ~ ~ +  1)/(2q). 

moment c o e f f i c i e n t s  f o r  t h e  hexagonal wing. To conver t  t o  the  
pentagonal  wing, w e  s e t  t a n  xt = 0.  

Using (V-3-22) and (V-3-23), w e  can determine the l i f t  and /251 

P r a c t i c a l  i n t e r e s t  a t t a c h e s  
t o  t h e  case  of flow i n  which t h e  
Mach l i n e s  OB and AC i n t e r s e c t  on 
t h e  wing ( F i g .  V-3-12a) o r  when 
t h e s e  l i n e s  i n t e r s e c t  o f f  t h e  wing 
( F i g .  V-3-12b). The p r e s s u r e  d i s -  
t r i b u t i o n  must be c a l c u l a t e d  w i t h  
c o n s i d e r a t i o n  of t h e  number and 
convent iona l  numeration of  t h e  i n -  
f l uence  zones. W e  s e e  from F ig .  
V-3-12a t h a t  there  are f o u r  such 
zones ( I - I V ) ,  and t h r e e  (1-111) i n  
F ig .  V-3-Ub. 

A 

Figure V-3-12. Hexagonal 
Wings w i t h  Supersonic  
Leading and T r a i l i n g  
Edges and Subsonic Late- 
r a l  Edges. 

Applying (V-3-22) and (V-3-23), 
we can s a t i s f y  ou r se lves  t h a t  a l -  
though t h e  p r e s s u r e  d i s t r i b u t i o n s  
d i f f e r ,  t h e  aerodynamic c o e f f i -  
c i e n t s  corresponding to t h e  two 
flow schemes are t h e  same. 

tX tx tx 

Figure  V-3-13. Diagram of  Flow Over Rectangular  
Wing. a )  zones I1 t o  not  i n t e r s e c t ;  b )  flow 
w i t h  formation of  zone 111; c )  m u l t i p l e  i n t e r -  
s e c t i o n  of wave zones. 



Figure  V-3 - l c  V a r i a t i o n  of ca/X 
f o r  Various q. 

of I s o l a t e d  Y wg 

*Translator's Note: Figure numbering follows the  same order as 
i n  the  o r ig ina l  Russian t e x t .  Figures V-3-14 and V-3-15 a re  on 
Page 343. 
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1 / 2  
Wing as Function of Parameters 'Aw@' =awgl/M& - 1; h,-AWg\ tan x 
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A,= 
5 .  

4 

3 

2 
1 

0 

6 

b 

F igure  V-3-17.  V a r i a t i o n  of  c of  I s o l a t e d  
c * P  

=Awgtan-~l,, f o r  va r ious  11 . 
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cc. ,  , .: . - ,  -d j :: 

Wing as a Function of Parameters &a', A i = ,  

. . . . .. 



R e c t a n g u l a r  wing. Figure  V-3-13 shows a r e c t a n g u l a r  wing 
whose l e a d i n g  and t r a i l i n g  edges are supe r son ic  whi le  i t s  la te-  
r a l  edges are subsonic .  
zone I, and t h e  p r e s s u r e  i s  determined by (v-3-6) f o r  a t h i n  
p l a t e  w i t h  t h e  c o n d i t i o n  cos x = 1. 

I n  zone 11, where t h e  l a t e r a l  edge i n f l u e n c e s  flow, 

Ordinary supe r son ic  flow p r e v a i l s  i n  

(V-3-46 ) 

I f  the  r i g h t -  and l e f t - l a t e r a l - e d g e  zones I1 i n t e r s e c t ,  t h e  
p r e s s u r e  c o e f f i c i e n t  i n  t h e  r e s u l t i n g  - i n t e r s e c t i o n  zone I11 i s  
FIII = (Wlft + ( F I I ) r g h t  - P I '  

For the  cases  of flow shown schemat i ca l ly  i n  F ig .  V-3-13, 
which correspond t o  t he  c o n d i t i o n  \&,JrN:-1>1,, w i t h  which t h e  
Mach l i n e s  BD and AC i n t e r s e c t  a t  p o i n t s  E and F, r e s p e c t i v e l y ,  
on t h e  wing t r a i l i n g  edge (F ig .  V-3-13b), 

c , = 4 a t g p  ('-- ; E )  ; 
nl ,=2&p (1--) - 2tgp 9 . 

3 h  

(v-3-47) 

(V-3- 4 8 ) 

The flow i s  more complex i f [ ? & g V h E z i ; - < l . , I n  t h i s  case  (F ig .  
V-3-13c), new wave r eg ions  a r i se  as a r e s u l t  of i n t e r s e c t i o n  of  
t h e  i n c i d e n t  Mach waves and those  r e f l e c t e d  from t h e  l a t e ra l  
edges.  The d a t a  i n  F ig .  V-3-14 can be used t o  determine t h e  
c o e f f i c i e n t  c f o r  t h e  wing. 

Y 
The r e s u l t s  given f o r  c and mZ can be used t o  f i n d  t h e  

(F ig .  
Y 

c . p l b r t  = mz/Cy 
c e n t e r  of p r e s s u r e  c o e f f i c i e n t  c = x  

C * P  
V-3-15). 

The drag  c o e f f i c i e n t  of  t h e  r e c t a n g u l a r  wing i s  

(v-3-49) 

I n  p r a c t i c a l  ca l cu la t ions . . o f  aerodynamic c o e f f i c i e n t s ,  i t  i s  
more convenient t o  use t he  curves shown i n  F igs .  V-3-16, a-f and 
V-3-17, a-f, which c h a r a c t e r i z e  t h e  v a r i a t i o n  of ca/X and the  

Y wg 
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Figure V-3-14. Curve for Calcu- Figure V-3-15. 
lation of Lift of Finite-Span 
Rectangular Wing. of Finite-Span Rectangu- 

of Pressure Coefficient 

lar Wing. 

coefficient c as function of the parameters A w g l ~ h i % - l ,  h, = 

=awg tan xl/2, [tan xlI2 = 0.5 (tan x1 + tan xt)l and n .  
From cc.p’ which is equal to the ratio of the center of pres- 

sure distance to the root chord brt, we can determine the distance 
to the center of pressure as a fraction of mean aerodynamic chord: 

c .P 

SV-4. DRAG OF WINGS OF FINITE THICKNESS 

W i n g  o f  d e l t a  p l a n f o r m .  To determine the drag due to thick- 
ness, it is necessary to investigate flow around the wing at zero 
attack angle ( z e r o  lift). The investigation can be carried out 
with the method of sources. 

Let us consider a thin wing of delta planform C581. From 
the gasdynamic standpoint, this wing is equivalent to a system 
of distributed sources (sinks), whose velocity potential is 
determined by (IV-3-1). 

The function f(&,c), which determines the source intensity, 
is round from the condition of nonseparating flow. With (V-3-4) 
in mind, 

(V- 4 -1 ) 
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where y '  i s  the  s lope  of the p r o f i l e  a t  t h e  p o i n t  under cons ider -  
a t i o n .  

Formulas (V-3-5) and (V-3-9) 
w i t h  (V-4-1) s u b s t i t u t e d  f o r  f o  
can be  used t o  determine the 
added a x i a l  v e l o c i t y  component on 
a wing w i t h  a supe r son ic  l e a d i n g  
edge. Accordingly,  we o b t a i n  
t h e  fo l lowing  r e l a t i o n s h i p s  f o r  
t h e  p r e s s u r e  c o e f f i c i e n t .  I n  the 
zone between t h e  Mach wave and 
t h e  l e a d i n g  edge 

(V-4-2) 2Y' . a'v-' 
- 
p -  Figure V-4-1. Delta Wing of 

F i n i t e  Thickness w i t h  Sub- 
son ic  Leading Edge i n  Super- 
son ic  Flow. 

and i n  t h e  r e g i o n  w i t h i n  t h e  Mach 
cone 

(v-4-31 

To c a l c u l a t e  the  flow around a wing w i t h  a subsonic  l e a d i n g  
edge, (IV-3-11 should be used w i t h  t h e  c o n d i t i o n  t h a t  t h e  l i m i t s  
of  i n t e g r a t i o n  a r e  determined w i t h  c o n s i d e r a t i o n  of  t h e  source  
d i s t r i b u t i o n  i n  t h e  r e g i o n  between Mach l i n e s  AC and AE and t h e  
corresponding segments of t h e  l e a d i n g  edges (F ig .  V-4-1). 

The v e l o c i t y  p o t e n t i a l  f o r  p o i n t  A can be p re sen ted  i n  the  
form of three components determined by  t h e  a c t i o n  of t h e  sources  
i n  zones OCB,  OBAF and FAE. Accordingly,  (V-3-1) becomes 

(v-4-4) 

I f  t h e  sources  are d i s t r i b u t e d  i n  the  y = 0 p l ane ,  t h e  func- 
t i o n  
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The coord ina te s  zc and zE, which a r e  determined by the  pos i -  
t i o n  of p o i n t  A ,  can be  found d i r e c t l y  from F ig .  V-4-1. Differen-  
t i a t i n g  w i t h  r e s p e c t  t o  x i n  (V-4-4), w e  f i n d  t h e  a d d i t i o n a l  a x i a l  
v e l o c i t y  component, and then  determine t h e  expres s ion  f o r  t h e  
p r e s s u r e  c o e f f i c i e n t  

I f  p o i n t  A ,  l i e s  between t h e  wing l e a d i n g  edge and t h e  Mach 
wave, c a l c u l a t i o n s  analogous t o  t hose  given f o r  p o i n t  A w i t h  con- 
s i d e r a t i o n  of  the f a c t  t h a t  t h e  sources  i n  t h e  shaded r eg ion  of 
F ig .  V-4-1 a c t  on p o i n t  A g ive  f o r  the  p r e s s u r e  c o e f f i c i e n t  

/258 

(V-4-6) 

Delt-a .- - wing wi th  rhomboid 

s e n t s  a diagram of  t h i s  wing. 
The  d rag  due t o  wing t h i c k n e s s  
can be  c a l c u l a t e d  us ing  t h e  r e -  
s u l t s  given above f o r  t h e  d e l t a  
wing w i t h  cons t an t  p r o f i l e  con- 
t our  i n  c l i n  a t i on. 

Y prof i le - .  F i g u r e  V-4-2 pre-  

4l 4%; 
2 Three des ign  cases  should 

be cons idered  i n  determining 
t h e  aerodynamic c h a r a c t e r i s t i c s  
(F ig .  V-4-3): 

F 
Figure  V-4-2. D e l t a  Wing w i t h  
Rhomboid P r o f i l e .  

a )  l e a d i n g  edges and l i n e s  
AB and AC o f  maximum p r o f i l e  t h i c k n e s s  supe r son ic  (1 > n > nC, 
where n = t a n  x1 t a n  p, nC = t a n  xc t a n  11); 

( n  > 1 > n C ) ;  
b )  l e a d i n g  edges subsonic ,  and l i n e s  AB and AC supersonic  

c )  l i n e s  AB and AC subsonic  ( n  > nC > 1). 

L e t  us cons ide r  t he  case  1 > n > nC. The p r e s s u r e  d i s t r i b u -  
t i o n  on zone OBA i s  c a l c u l a t e d  b y  (V-4-2)  i n  t h e  r eg ion  between 
the  boundary of t he  Mach wave and the  l e a d i n g  edge and by (V-4-31 
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i n  t h e  zone i n s i d e  t h e  Mach a n g l e .  
I n t e g r a t i n g  ove r  area OBA, w e  ob- 
t a i n  t h e  component o f  t o t a l  d r a g  
c o e f f i c i e n t  

where b l / b r t  (see F i g .  V-4-2); F 

i s  a f u n c t i o n  e q u a l  t o  
Figure  V-4-3. Design Cases 
of Flow Around Del ta  Wing. 
1-1) edges OB ( O C )  and AB 
( A C )  s u p e r s o n i c  (1 > n > 

2-2) edge OB sub- > n C ) ;  
s o n i c ,  edge AB supe r -  
s o n i c  ( n  > 1 > n C ) ;  
3-3) edges OB and AB sub- 
s o n i c  ( n  > nC > 1). 

- i-s F ( n ,  b,) =1 ~ arccosn+ (v-4-8) 
i + b ,  {1--n2 

- [+ + arcsin ( ~ ; , n ) ] } -  I ~- * 

The second d r a g  component i s  
governed by  t h e  a c t i o n  o f  t h e  
s o u r c e s  t h a t  g i v e  r i s e  to t h e  
v e r t i c a l  v e l o c i t y  component v = 

= y iVm and i n f l u e n c e  f low i n  r e g i o n  ABD w i t h  i n c l i n a t i o n  Y ; . ~  
The p r e s s u r e s  i n  t h e  zones of  wing area ABD o u t s i d e  and i n s i d e  
t h e  Mach a n g l e  are  c a l c u l a t e d  by (V-4-2) and (V-4-3), r e s p e c t -  
i v e l y .  I n t e g r a t i n g  over  s u r f a c e  ABD, w e  o b t a i n  

To c a l c u l a t e  t h e  t h i r d  d r a g  component, i t  i s  n e c e s s a r y  to 
t a k e  account  o f  s o u r c e s  on area ABD w i t h  i n t e n s i t y  fu:=V1o(y;--y;):~. 

Using t h i s  i n t e n s i t y ,  t h e  p r e s s u r e s  i n  t h e  co r re spond ing  zones 
are  de termined  by (V-4-2) and (V-4-3) w i t h  y l  i n  t h e s e  formulas  
r e p l a c e d  by y i  - y:. 

/259 

I n t e g r a t i n g  ove r  area ABD, 

Summing t h e  components, w e  f i n d  t h e  t o t a l  wing d r a g  c o e f f i -  
c i e n t  c = c + c + c . 

X X I  x2 x3 

I n  t h e  second c a s e ,  n > 1 > nC,  d r a g  i s  c a l c u l a t e d  s i m i -  
l a r l y  w i t h  t h e  c o n d i t i o n  t h a t  t h e  p r e s s u r e  on t h e  l e a d i n g  p a r t  
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of t h e  wing i s  found by (V-4-6) .  
The f i r s t  d rag  component i s  found 
accord ingly  f o r  zone AOB, and t h e  
second component from t h e  sources  
f a  = yiVoo/.rr d i s t r i b u t e d  on r eg ion  
ABD. The q u a n t i t y  c x 3 ,  which cor-  
responds to supersonic  edge AB and 
depends on sources  i n  r e g i o n  ABD 
wi th  i n t e n s i t y  f ,  = ( y i  - yi)V,/.rr, 
i s  determined by ( V - 4 - 1 0 ) .  

F igure  V-4-4. V a r i a t i o n  of 
Drag C o e f f i c i e n t  of D e l t a  
Wing wi th  Rhomboid P r o f i l e  
and Supersonic  Leading 
Edge as a Funct ion of 
P o s i t i o n  of Maximum Thick- 
ness  f o r  Various Sweep 
Angles. 

For t h e  t h i r d  c a s e ,  which i s  
c h a r a c t e r i z e d  by subsonic  edges OB 
and AB and, consequent ly ,  n > nC > 
> 1, t h e  t h r e e  d rag  components 
are c a l c u l a t e d  i n  t h e  same way as 
i n  t h e  preceding  case ,  except  t h a t  
edge AB i s  subsonic  and t h e r e f o r e  
b ,n  > 1. 

T o  t h e s e  t h r e e  components, we 
must add t h e  d rag  due t o  t h e  i n -  

f l uence  e x e r t e d  on r e g i o n  AEB by sources  w i t h  i n t e n s i t y  f o  = ( y i  - - y i ) V c o / ~ ,  on r e g i o n  ABD. 
i n  r eg ion  AEB, t h e  t h i r d  p a r t  of t h e  drag  i s  expressed  by 

Since  t h e  p r e s s u r e  i s  found from (V-4-61 

Summing t h e  components, we f i n d  t h e  t o t a l  d rag  c o e f f i c i e n t  
-1 

Figures  V-4-4 and V-4-5 show r e s u l t s  from a c a l c u l a t i o n  of 
t h e  d rag  parameter  cxaT/4F2 f o r  d e l t a  wings wi th  supersonic  (F ig .  
V-4-41 and subsonic  (F ig .  V-4-5)  l e a d i n g  edges as a f u n c t i o n  of 
1 - GI f o r  va r ious  n = t a n  x1 t a n  u .  

Tetragonal wing with rhomboid p r o f i l e .  The scheme se t  
f o r t h  above f o r  c a l c u l a t i o n  of flow around a d e l t a  wing by t h e  
source  method can be  used to c a l c u l a t e  t h e  d rag  of  a wing of 
a r b i t r a r y  p l a n  f orm . 
(F ig .  V-4-6 ) .  The flow around t h e  wing can be p re sen ted  as t h e  
r e s u l t a n t  flow from t h r e e  source  systems having a t r i a n g u l a r  d i s -  

OBL ( w e  are cons ide r ing  h a l f  of t h e  wing) and has t h e  i n t e n s i t y  

L e t  us cons ider  a t e t r a g o n a l  wing wi th  a rhomboid p r o f i l e  

t r i b u t i o n .  The f i r s t  source  s y s t e m  i s  d i s t r i b u t e d  i n  t r i a n g l e  1 2 6 0  
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f ,  = y'Vm/n; t h e  s o u r c e s  o f  t h e  second sys tem w i t h  i n t e n s i t y  
fo = ( y i  - yi)Vm/n are d i s t r i b u t e d  i n  t r i a n g l e  ABD and ,  f i n a l l y ,  
t h o s e  of  t h e  t h i r d  sys tem,  which have t h e  n e g a t i v e  i n t e n s i t y  
f ,  = -y:Vm/~, are d i s t r i b u t e d  i n  r e g i o n  DBL. 

I n  t h e  most g e n e r a l  c a s e ,  
t h e  a d d i t i o n a l  a x i a l  v e l o c i t y  
component a t  a c e r t a i n  p o i n t  on 
t h e  wing s u r f a c e  and, consequent-  
l y ,  t h e  p r e s s u r e  w i l l  be  d e t e r -  
mined as a r e s u l t  of  a d d i t i o n  o f  
components o b t a i n e d  from each  
s o u r c e  d i s t r i b u t i o n .  Depending 
on sweep a n g l e  o r  t h e  p o s i t i o n  
of  each  o f  t h e  t h r e e  s o u r c e  d i s -  
t r i b u t i o n s  r e l a t i v e  to t h e  s u r -  
f a c e  p o i n t  under  c o n s i d e r a t i o n ,  
t h e  p r e s s u r e  c o e f f i c i e n t  w i l l  b e  
de te rmined  by E q s .  ( V - 4 - 2 ) ,  
( V - 4 - 3 ) ,  ( V - 4 - 5 ) ,  and ( V - 4 - 6 ) .  

F i g u r e  V-4-5. V a r i a t i o n  of  
Drag C o e f f i c i e n t  o f  Delta 
Wing w i t h  Subsonic  Leading 
Edge as a Func t ion  of  Maxi- 
mum-Thickness P o s i t i o n .  

L e t  wing edges  OB, AB, and 
DB b e  subson ic .  We can t h e n  ex- 
amine t h e  f o u r  r e g i o n s  oz 

Z D 1  Z A l ,  zA1 z D 2 ,  and zD Z ,  e ach  of  
which i s  c h a r a c t e r i z e d  by t h e  same 

D i  ' 
2 

F i g u r e  V-4-6. T e t r a g o n a l  Wing w i t h  Rhom- 
b o i d  P r o f i l e .  

p o s i t i o n s  o f  t h e  s o u r c e - d i s t r i b u t i o n  zones.  Consequent ly ,  t h e  
p re s su re1  d i s t r i b u t i o n  w i l l  be i d e n t i c a l  w i t h i n  . the  zone 
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around each s e c t i o n ,  and t h e  p r o f i l e s  w i l l  have i d e n t i c a l  l o c a l  
drag  c o e f f i c i e n t s .  

The flow around p r o f i l e  EGJ w i t h  coo rd ina te  z ( 0  5 z < z ) 
1 1 -  D i  

i s  c a l c u l a t e d  as fo l lows .  The p r e s s u r e  c o e f f i c i e n t  on segment EF 
w i t h  i n c l i n a t i o n  y:, which depends on t h e  source  d i s t r i b u t i o n  i n  

has  t h e  same i n c l i n a t i o n ,  i t  i s  a l s o  necessary  to cons ide r  t h e  
i n f l u e n c e  of sources  i n  zone A B L .  Consequently,  t h e  c o e f f i c i e n t  
c a l c u l a t e d  by ( v - 4 - 6 ) . w i t h  y i  - y; s u b s t i t u t e d  f o r  y: and 0 c a l -  
c u l a t e d  w i t h  r e s p e c t  to p o i n t  B a t  t h e  o r i g i n  must be added to 

t r i a n g l e  OBL, i s  c a l c u l a t e d  from (V-4-5). For segment FG, which 1261 

(V-4-5). 

The second p r e s s u r e  component on p r o f i l e  segment GH w i t h  
i n c l i n a t i o n  y; must be c a l c u l a t e d  by (V-4-5) w i t h  y i  - y: sub- 
s t i t u t e d  f o r  y: . 
t o  add t o  t h e  above two components a t h i r d  governed by t h e  a c t i o n  
of sources  i n  t r i a n g l e  DBL and determined by (V-4-6) wi th  - y i  
s u b s t i t u t e d  f o r  y:.  

z 4  i s  i n v e s t i g a t e d  s i m i l a r l y .  Four segments must a l s o  be exam- 
ined  i n  t h e  z, s e c t i o n .  On t h e  f i r s t  segment, which l i e s  between 
t h e  l e a d i n g  edge and Mach l i n e  A A , ,  w e  have one p res su re -coe f f i -  
c i e n t  component determined from (V-4-5). On t h e  second segment, 
which i s  bounded by t h e  Mach l i n e s  A A ,  and DD,, we must add a 
component c a l c u l a t e d  by (V-4-6) w i t h  y: r ep laced  by y i  - y:. 
T h e  t h i r d  p r o f i l e  segment l i e s  between l i n e  DD, and edge AB. To 
t h e  two preceding  p r e s s u r e - c o e f f i c i e n t  components, w e  add a t h i r d  
found from (V-4-6) w i t h  - y i  s u b s t i t u t e d  f o r  y: and t h e  apex D 
regarded  as be ing  a t  t h e  o r i g i n .  On t h e  f o u r t h  segment, which 
extends to t h e  t r a i l i n g  edge, t h e  p r e s s u r e  components a r e  d e t e r -  
mined i n  t h e  same way a s  f o r  t h e  t h i r d .  

F i n a l l y ,  on t h e  f o u r t h  p r o f i l e  segment H J ,  i t  i s  necessary  

Flow over t h e  wing i n  s e c t i o n s  w i t h  t h e  coord ina te s  z,, Z Z ,  

Three p r o f i l e  segments must be examined i n  t h e  z 3  s e c t i o n  
and two i n  t h e  z q  s e c t i o n .  Since t h e  z 4  s e c t i o n  l i e s  behind 
wave DD,, t h r e e  source  d i s t r i b u t i o n s  w i l l  i n f l u e n c e  flow simul- 
taneous ly  a t  each p o i n t  of t h i s  s e c t i o n .  

If t h e  wing edges are supe r son ic ,  (V-4-31 must be  used i n -  
stead of  (V-4-5) to determine t h e  p r e s s u r e  c o e f f i c i e n t s .  

C a l c u l a t i o n  of  t h e  flow over  a symmetrical  rhomboid-profile 
wing by t h e  above method i n d i c a t e s  t h a t  t h e  d rag  c o e f f i c i e n t  
governed by  t h i c k n e s s  can be p re sen ted  i n  the  form 
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where b, = b , /b r t ,  6, = b, /br t ,  - f i s  a f u n c t i o n  t h a t  depends on 
t h e  parameters  ", b , ,  b , ,  and t a k e s  va r ious  forms, depending on 
t h e  r e l a t i o n s h i p s  between t h e  va lues  of t h e s e  parameters .  

The  forms of t h e  f u n c t i o n  f a r e  obta ined  f o r  t h e  fol lowing-  
t h r e e  cases  as a r e s u l t  o f  t h e  Fnves t iga t ion :  n < F,, F2 < n < b, 
and n > 6,. 

Figure  V-4-7, a and b ,  shows c a l c u l a t i o n s  of a 1 c x / c 2  by  

- - 

(V-e-12) as a f u n c t i o n  of n = l / n  f o r  va r ious  c, and 5,. 

Swept wing w i t h  curved p r o f i l e .  The flow over a t h i n  swept 
wing w i t h  a c u r v i l i n e a r  p r o f i l e  can be c a l c u l a t e d  by t h e  method 
of sou rces .  

L e t  us assume tha t  a t h i n  p r o f i l e  i s  symmetrical  and formed 
by a r c s  of c i r c l e s  (F ig .  V-4-8). The source-method formulas 
given above should be used t o  determine t h e  p r e s s u r e  c o e f f i c i e n t  
a t  a c e r t a i n  s u r f a c e  p o i n t  A ,  fo l lowed b y  summing of t h e  pres -  
s u r e  components induced by  t h e  va r ious  source  d i s t r i b u t i o n s .  

It i s  f i rs t  necessary  t o  i n s p e c t  t h e  d i s t r i b u t i o n  of sou rces  
w i t h  i n t e n s i t y  f o  = yiVm/~, w h i c h i s  determined by t h e  i n i t i a l  
s l o p e  of t h e  p r o f i l e .  Assuming t h a t  t h e  l e a d i n g  edge i s  subsonic  
and apply ing  (V-4-51, we o b t a i n  f o r  t h e  p r e s s u r e  c o e f f i c i e n t  126 2 

(V-4-13 ) 

where 

A p r e s s u r e  i s  induced a t  p o i n t  A by sources  w i t h  i n t e n s i t y  
dy'  d i s t r i b u t e d  i n  a t r i a n g l e  k i t h  an apex a t  p o i n t  C (F ig .  
(V-4-8): 

where 
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Figure  V-4-7. Wave Drag C o e f f i c i e n t  
of Wing &s a FuEction n = l / n  f o r  
Various b, and b, .  

I f  u > 1, t h e  pres -  
s u r e  c o e f f i c i e n t  i n c r e -  
ment i s  c a l c u l a t e d  i n  
accordance wi th  (V-4-6) :  

(V- 4- 15 ) 

W e  can convert  from 
t h e  d i f f e r e n t i a l  d y '  to 
;dy' = (dy'/dz) d x  = - -  
[ (dy'/ds) ' tg ~ly, , /cr~j ._ da,, where 
dy' ldx- -2y;Jb f o r  t h e  c i r -  
c u l a r  a r c .  

To o b t a i n  t h e  total 
p r e s s u r e  component, 
(V-4-14)  must b e  i n t e -  
g r a t e d  from (5, = u 1  t o  
0 2  = 1, and (V-4-15)  from 
u ,  = 1 to u 2  = n .  I f  t h e  
p o s i t i o n  of p o i n t  A i s  
such t h a t  i t  i s  in f luenced  
by  sources  wi th  i n t e n s i t y  
f ,  = y;VW/.rr i n  a t r i a n g l e  
wi th  apex B, t h e  l i m i t  of  
i n t e g r a t i o n  0, = n f o r  
(V-4-15)  should be r e -  
p laced  by u 2  = ag, where 
a B = [ t g X 1 Z . 4 / ( X ~ , - X ~ ) ]  (n. 

The t h i r d  component 
o f  p r e s s u r e  a t  p o i n t  A 
w i l l  b e  determined by t h e  
i n d i c a t e d  source  d i s t r i b u -  
t i o n  f ,  = 'Yo ' V  w /IT 

(V-4-16)  

The t o t a l  p r e s s u r e  c o e f f i c i e n t  f o r  t h e  p a r t i c u l a r  p o i n t  can 

The p r e s s u r e  d i s t r i b u t i o n  around a p r o f i l e  w i th  a c i r c u l a r -  

be found by  summing t h e  components ob ta ined .  

a r c  contour ,  computed by t h e  above method f o r  Mw = 1 . 4  and 
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Figure  V-4-8. Swept Wing w i t h  
C u r v i l i n e a r  P r o f i l e .  

x1 = 60° as a f u n c t i o n  of the r a t i o  
The  spanwise v a r i a t i o n  of t h e  l o c a l  
F ig .  V-4-10. 

Figure  V-4-9. Chordwise 
P res su re  D i s t r i b u t i o n  on 
Wing w i t h  60" Sweep Angle. 

z/b appear  i n  F ig .  V-4-9. 
drag  c o e f f i c i e n t  i s  shown i n  

Wings o f  arbitrary planform. The problem of  flow around a 
wing of a r b i t r a r y  planform can be reduced by the  method of  
sou rces  t o  a problem of  flow over  t r i a n g u l a r  s u r f a c e s .  I n  t h i s  
method, t h e  given s u r f a c e  i s  f i l l e d  out  i n  p l a n  t o  form a tr i-  
ang le .  It can then  be assumed tha t  t h e  flow around the  g iven  
s u r f a c e  i s  induced by  sources  wi th  p o s i t i v e  i n t e n s i t y  d i s t r i b u t e d  
on t h e  t r i a n g u l a r  s u r f a c e  and by sources  of the oppos i t e  s i g n  on 
t h e  added p a r t  of t h e  s u r f a c e ,  which i s  a l s o  dismembered i n t o  
i n d i v i d u a l  zones of t r i a n g u l a r  form. 

/264 

By way of example, l e t  u s  cons ide r  a hexagonal wing as a 
t r i a n g u l a r  wing w i t h  a t i p  rake of chord MN (see Fig .  V-4-6). 

The flow p a s t  such a wing i s  c a l c u l a t e d  as fo l lows .  F i l l i n g  
out  t h e  wing t o  t h e  t r i a n g u l a r  form ODC, w e  c a l c u l a t e  the  flow 
from sources  d i s t r i b u t e d  on area ODC.  Here the  flow on area OMD 
(MD i s  a Mach l i n e )  remains t h e  same as f o r  t h e  o r i g i n a l  wing. 
T h e  parameters  ob ta ined  f o r  t h e  t i p  MDN must be  improved, s i n c e  
-it w i l l  be  i n f luenced  by sources  of t h e  oppos i t e  s i g n  i n  t r i a n g l e  
MNC . 

General re la t ionsh ip  f o r  drag o f  f i n i t e - s p a n  swept wing. 
The t o t a l  d rag  of an aerodynamical ly  f l a t  wing i s  

cx = C x f  + C x d  + Act, (V- 4-1 7 ) 

where A i s  a c e r t a i n  c o e f f i c i e n t .  
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Figure  V-4-10. Spanwise 
D i s t r i b u t i o n  of P r o f i l e  
Drag on Wing wi th  60° 
Sweep and a Symmetrical 
P r o f i l e  Formed by Arcs 
of C i r c l e s  (1) s t r a i g h t  
wing; 2) swept wing);  
t h e  a b s c i s s a  i s  d i s t a n c e  
from t h e  root s e c t i o n  
i n  f r a c t i o n s  of r o o t  
chord. 

E -  
51 

I 

I 
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Figure  V-4-11.  V a r i a t i o n  of 
- P r o p o r t i o n a l i t y  C o e f f i c i e n t  
c i n  (V-4-20) According t o  
Linear  Theory ( n  = 2, xc = 

= 0 . 5 ;  Xwg t a n  x = 3.67). 

X 

The value of t h i s  c o e f f i -  
c i e n t  i s  determined by  t h e  type  
of l e a d i n g  edge. I f  t h e  lead-  
i n g  edge i s  supe r son ic ,  A = 

= (ca)";  i f  subsonic ,  A < (c;)-'. 
The q u a n t i t y  cx W n  i s  t h e  wave- 

Y 

d rag  c o e f f i c i e n t  of t h e  wing a t  
a = 0 .  T h i s  q u a n t i t y  i s  convenient ly  expressed  i n  terms of t h e  
p r o f i l e  wave d rag  c o e f f i c i e n t  cx w ,  u s ing  t h e  r e l a t i o n  

C = c c  x w o  x x w '  

where 

(V- 4- 1 8  ) 

(V- 4-19 ) 

The p r o p o r t i o n a l i t y  c o e f f i c i e n t  c can be r ep resen ted  with-  
X 

i n  t h e  framework of  t h e  l i n e a r ' t h e o r y  as a f u n c t i o n  C61 

A s  an example, F ig .  V-4-11  shows a cx curve f o r  a swept wing 
w i t h  t a p e r  n = 2, t h e  a b s c i s s a  Fc = 0 . 5 ,  and X t a n  x = 3.67. 
Here t h e  ang le  x (F ig .  V-4-12) i s  measured wi th  r e s p e c t  to t h e  
l e a d i n g  edge. 

/265 wg 
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F i g u r e  V-4-12. Geom- F i g u r e  V-4-13. Wave Drag 
e t r y  of  Swept Wing. o f  Wings 

When t h e  wing has an  unsymmetr ical  p r o f i l e  (see F i g .  V-2-5) 
w i t h  d i f f e r e n t  maximum-thickness p o s i t i o n s  x 

on t h e  lower and upper  s u r f a c e s ,  t h e  c o e f f i c i e n t  c shou ld  be 

de te rmined  as t h e  sum 

and xc 
c1 U 

x w o  

x w o  1 + w 0 u '  = c  w 0 
(V-4-2 1 ) 

where t h e  f i r s t  t e r m  a p p l i e s  t o  t h e  lower  s u r f a c e  and t h e  second 
t o  t h e  upper  s u r f a c e .  

By way o f  i l l u s t r a t i o n ,  F i g .  V-4-13 shows cu rves  o f  t h e  wave 
drag c f o r  wings of v a r i o u s  p lanforms.  All wings have l e n t i c u -  
l a r  p r o f i l e s  w i t h  a t h i c k n e s s  r a t i o  c = 0 . 0 5 .  

paramete r s  (geomet r i c  and aerodynamic)  o f  a swept wing a t  Mm = 
= fi. 

x wo 

S i m i l a r i t y .  L e t  u s  u s e  t h e  s u b s c r i p t  "*" t o  deno te  t h e  

It  can be shown t h a t  t h e  geomet r i c  pa rame te r s  o f  wings w i l l  
b e  i n t e r r e l a t e d  as f o l l o w s  f o r  any Mw > 1 and a t  Mw = fl: 

(V-4-22 ) 
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The co r re spond ing  r e l a t i o n  between t h e  aerodynamic c o e f f i -  
c i e n t s  of  t h e s e  wings and t h e i r  s e c t i o n s  w i l l  be  as f o l l o w s :  

(V-4-2 3 ) 

( V - 4 - 2 4 )  

Thus, t o  c a l c u l a t e  t h e  pa rame te r s  a t  a c e r t a i n  Mm > 1, i t  /26 6 
i s  n e c e s s a r y  t h a t  they  b e  known f o r  wings w i t h  s e v e r a l  o t h e r  
t a p e r s  n* and a s p e c t  r a t i o s  A, b u t  t h e  same s e c t i o n  shape  and 
a t t a c k  a n g l e s  as t h e  o r i g i n a l  wing. 

By way of  example,  F i g .  V-4-14  
shows t h e o r e t i c a l  can  = f ( A , )  
cu rves  f o r  swept wings f o r  v a r i o u s  
t a n  x, and a t a p e r  o f  q, = 1. 

To u s e  t h e s e  curves  f o r  o t h e r  
Ma > 1, i t  i s  s u f f i c i e n t  t o  sub- 
s t i t u t e  cz V X + - - ~ ; A ~ J ~ R E , - - ~ ;  t.gx/V&1:--1 

f o r  ea A,, t a n  X, i n  F i g .  V-4-14 
i n  accordance  w i t h  t h e  g i v e n  t r a n s -  
f o r m a t i o n  fo rmulas .  

Y 

a Y * ,  
F i g u r e  V - 4 - 1 4 .  c = f ( h , )  

f o r  Swept Wings w i t h  
Var ious  t a n  x n  and a 

Taper TI, = 1. SUPERSONIC FLOW AROUND WINGS 

Y 

SV-5 .  THE N O N L I N E A R  PROBLEM OF 

A p p l i c a t i o n  ~~~~ o f  t h e  __- Method o f  Char- 
a c t e r i s t i c s  

C a l c u l a t i o n  of f l o w  p a s t  s h a r p  p r o f i l e .  I n  t h e  g e n e r a l  c a s e  
of s u p e r s o n i c  f low around a sharpened  c u r v i l i n e a r  p r o f i l e  o f  a rb i -  
t r a r y  t h i c k n e s s ,  t h e  Ma o f  which can a l s o  be  a r b i t r a r y ,  t h e  l o c a l  
aerodynamic pa rame te r s  of  t h e  g a s  can be c a l c u l a t e d  by t h e  method 
of  c h a r a c t e r i s t i c s .  

T h e  c a l c u l a t i o n  i s  performed as f o l l o w s .  A r a t h e r  s m a l l  wedge 
s u r f a c e  OA ( F i g .  V-5-1)  i s  t a k e n  i n  t h e  neighborhood of  t h e  
sharpened  l e a d i n g  edge and t h e  f low v a r i a b l e s  c a l c u l a t e d  f o r  i t  
by t h e  t h e o r y  of  t h e  o b l i q u e  compression shock.  The r e s u l t  i s  
c o n s t r u c t i o n  o f  +,he r e c t i l i n e a r  shock segment OC and d e t e r m i n a t i o n  
of  i t s  i n t e r s e c t i o n  p o i n t  C w i t h  t h e  s imple  s t r a i g h t  wave drawn 
from p o i n t  A .  Th i s  wave AB c o i n c i d e s  w i t h  a c h a r a c t e r i s t i c  t h a t  
might  c o n v e n t i o n a l l y  be c a l l e d  t h e  f i r s t - f a m i l y  c h a r a c t e r i s t i c .  
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The flow over t h e  c u r v i l i n e a r  
contour  downstream from p o i n t  A de- 
pends on the shape of t h i s  contour ,  
t h e  va lues  of t h e  gas  parameters  a t  
p o i n t s  on c h a r a c t e r i s t i c  A C ,  and 
the  i n t e r a c t i o n  w i t h  t h e  shock wave, 
as t h e  r e s u l t  of which t h e  shock 

form. Here w e  can i s o l a t e  a con- 
t o u r  segment AL where t h e  curv i -  
l i n e a r  shock has no i n f l u e n c e .  T h i s  

X wave i t s e l f  a c q u i r e s  a c u r v i l i n e a r  

F igure  V-5-1. Diagram segment can be determined by  draw- 
I l l u s t r a t i n g  Calcula-  i n g  r e c t i l i n e a r  f i r s t - f a m i l y  char-  
t i o n s  of Supersonic  Flow a c t e r i s t i c s  from c l o s e l y  spaced 
Around P r o f i l e  by Method p o i n t s  F, G ,  e t c . ,  to t h e i r  i n t e r -  
of C hara c t  e r i  s t i c s . s e c t i o n s  a t  p o i n t s  D ,  E,  e t c . ,  w i t h  

t h e  corresponding elements  of second- 
f a m i l y  c h a r a c t e r i s t i c s .  The second- 

f a m i l y  c h a r a c t e r i s t i c  element NI, drawn from p o i n t  N i n t e r s e c t s  
t h e  p r o f i l e  contour  a t  a p o i n t  L,  which w i l l  b e  t h e  boundary of  
t h e  sought  p o t e n t i a l  ( i r r o t a t i o n a l )  f low segment, which i s  inde-  /267 
pendent of flow behind t h e  c u r v i l i n e a r  wave. 

of t h e  simple wave, which i s  known as t h e  theo ry  of Prandtl-Meyer 
p o t e n t i a l  expansion flows ( s e e  page 190). I n  t h i s  t heo ry ,  f o r  
example, t h e  expansion angle  of a flow w i t h  t h e  i n i t i a l  cond i t ion  
M = 1 f o r  p o i n t  F w i l l  b e  uF = BA - BF + uA. 
MF a t  p o i n t  F i s  found from Table IT-1-1. The c a l c u l a t i o n  f o r  
o t h e r  p o i n t s  of t h i s  contour ,  i n c l u d i n g  p o i n t  L,  i s  analogous.  

On t h i s  segment, t h e  l o c a l  M i s  determined from t h e  theo ry  

The corresponding 

P res su re  must be determined by  t h e  formula 

where M i s  t h e  l o c a l  Mach number and p i  i s  t h e  flow s t a g n a t i o n  
p r e s s u r e  behind shock O C .  T h i s  p r e s s u r e  i s  assumed to be t h e  
same both  f o r  p o i n t s  A ,  F, ..., L and f o r  a l l  o t h e r  p o i n t s  down- 
s t ream from L.  

The p r e s s u r e  c o e f f i c i e n t  i s  c a l c u l a t e d  by (IV-7-12). The 
flow w i l l  be r o t a t i o n a l  i n  t h e  r eg ion  b.etween t h e  second-family 
c h a r a c t e r i s t i c  CL and t h e  c u r v i l i n e a r  w a l l ,  and w i l l  depend on 
flow cond i t ions  immediately behind t h e  c u r v i l i n e a r  shock wave, 
which takes t h e  form of a broken l i n e  t ha t  i s  extended out  s t e p -  
wise i n  t h e  course of s o l v i n g  t h e  problem. The a p p r o p r i a t e  
method of c h a r a c t e r i s t i c s  must be used f o r  t h e  flow c a l c u l a t i o n  
i n  combination w i t h  shock-wave theo ry .  
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Let us examine calculation of the flow in triangle CDH. It 
will bedetermined if the flow variables are found at points C, D, 
and H. At point C, the gas variables are found as the parameters 
immediately behind the shock. At point D, the parameters will be 

vF, BD = 6,. Hence the same as at point F; in particular, vD - 
the inclination of characteristic DH to the x-axis - can be found; 
it will be defined by the angle B, + vD. 

sion shock and characteristic DH, it is necessary to examine the 
shock and characteristic equations simultaneously. Here the 
equation for the characteristic must be written with considera- 
tion of flow vorticity. As a result of solving the corresponding 
equation system, we determine the angle difference 

- 

To determine the flow at point H, which lies on the compres- 

where 

AIZ = DN sin p D .  

and then determine uH and the corresponding M . 
clination €IsH at point H is determined from the values of MH and 
the angle B H  = ABD + 8,. The gas variables at this point can be 
refined by repeating the calculation using the new pTH corre- 
sponding to the parameters MH and esH. 

intersection of the two characteristics HJ and EJ of the second 
and first families, respectively. For this purpose, we use for 
the characteristics the equations that take account of flow vor- 
ticity. By solving them simultaneously, we obtain 

The shock in- 
H 

We can now find the variables at point J, which lies at the 

where /268 
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The difference 

corresponds to this A B B , .  

Thus, the angles B,, wJ, uJ and the number MJ can be calcu- 
lated for point J. 

lie on the curvilinear shock or at the nodes of conjugate char- 
acteristics are determined in a similar manner. 

The variables of the gas at other points of this region that 

The last element in the calculation is determination of the 
rotational-flow parameters at points on the contour. By way of 
example, let us consider point S .  Since it lies on the contour 
and, simultaneously, on the second-family characteristic PS, we 
can use the equation for this characteristic, 

where 

Api = PhP - pis; 
An = PS sin pp. 

The A B p  in this equation is equal to the difference BS - B P ,  
in which angle BS is known by hypothesis. 
find the values of w S’  us’ and MS at point S. 

Determination of the coordinates of points at the nodes of 
the characteristic net, on the compression shock or on the con- 
tour, is a component part of the calculations. 

Calculating A w p ,  we 

As an example, let us consider the intersection point J of 
the two conjugate characteristics HJ and EJ. Its coordinates yJ 
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and xJ are determined by solving the equations 

By way of illustration, let us calculate the coordinates of 
points H and S. The former is situated on the shock and a first- 
family characteristic. 
determined by solving the equations 

Its coordinates yH and xH are therefore 

(V-5-71 

The second point S is located simultaneously on the contour 
and on the second-family characteristic PS. 
and xs are therefore determined by the equations 

Its coordinates ys 

The coordinates of other points are determined in a similar 
manner. 

The above method of flow calculation can also be used when 
the profile is set at an angle of attack. If the attack angle is 
such that the angle between the tangent to the contour at the 

must consider formation of a shock wave above and below the pro- 
file in accordance with the hypothesis for which the calculation 
was set forth. 

point and the vector vm is smaller than 180°, the calculation 1 2 6 9  

If one of the tangents is 
inclined to the vector Vm by 
180" or more, no shock is 
formed on the corresponding 
side and the flow must be cal- 
culated by the Prandtl-Meyer 
theory, i.e., by the simple- 
wave formulas. 

Figure V-5-2. Calculation of This method of calcula- 
Supersonic Flow Around Profile tion enables us to find the 
by Strip Method. 1) strips; M distribution over the pro- 
2) local profiles. file. The pressure can be 

found from M and then the 
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aerodynamic coefficients can be calculated by Formulas (I-3-20), 
(1-4-16) and (1-5-12). 

the swept wing is represented in the form of a set of narrow 
strips oriented in the direction of the oncoming-flow velocity 
vector (Fig. V-5-2) ,  can be used for approximate determination 
of the aerodynamic characteristics of a wing with a swept leading 
edge. The basic premise is that the supersonic flow is regarded 
as two-dimensional for each strip and there is no interaction 
between strips. The flow can therefore be calculated, for exam- 
ple, by the method of characteristics for two-dimensional flows. 
the strip method gives good results for high velocities, but 
it can also be used for small supersonic speeds to obtain esti- 
mates. 

Swept  w i n g .  The "method of strips," in which the surface of 

If the profile is thin and the Mm are small, the local flow 

The aerodynamic force, moment, or corresponding coefficient 

can be calculated in accordance with1 the linearized theory. 

can be evaluated by summing the aerodynamic characteristics span- 
wise for each strip. Formulas (1-3-281, (1-4-22) and (1-5-16) 
should be used for this purpose. 

Aerodynamic Characterixtics at Very High (Hypersonic) -Speeds 

A p p l i c a t i o n  o f  N e w t o n ' s  m e t h o d .  The basis of the Newtonian 
method, which is used for approximate determination of profile 
aerodynamic characteristics for hypersonic speeds, is the working 
relationship (IV-7-2). The quantity p* that appear sin it - the 
pressure coefficient on the corresponding side at the sharp for- 
ward point of the profile -is calculated by the exact theory of 
flow around a plate. 
vector V, is q*. This angle is equal to q at an arbitrary point 
of the profile where the pressure coefficient is p. 

The cosines of the angles n* and q are determined from 

are found by Formulas (IV-7-3). 

The angle between the profile normal and 

(IV-7-4) by calculating the ratio Vn,/v, = cos q, in which the 
values of cos ax and cos a 
Since ay/ax = tan B ,  where B is the angle between the tangent to 
the profile and the chord, and ay/az = 0, cos a = sin 8 ,  cos a = 

X Y - - -  cos B .  

Y 

Consequently 

At the nose point, where B = Bp, 



Thus, (IV-7-2) can be w r i t t e n  

(V-5-10 ) 

T h i s  formula a p p l i e s  f o r  a p o s i t i v e  

i . e . ,  f o r  ca ses  i n  which t h e  va lues  of  p 
&re themselves p o s i t i v e ,  wi th  t h e  l i m i t  
p = 0 .  A t  contour  p o i n t s  where t h i s  

Yl ,=I value  i s  r e a l i z e d ,  the  c o n d i t i o n  a = e ,  
from which t h e  coord ina te s  of p o i n t s  on 

Yu,xu--,- i n c l i n a t i o n  of t h e  l o c a l  s u r f a c e  elemenq, :& _--- 
--- & 

Figure  V-5-3. Bound- t h e  boundaries  of  t h e  "shaded zone" - 

v, 

a r i  e s of '' Shaded '' can be found, must be s a t i s f i e d  ( F i g .  
Zone on P r o f i l e  (1 V-5-3). The r e s p e c t i v e  equa t ions  f o r  
i s  t h e  Shaded Zone). de t e rmina t ion  of t h e s e  coord ina te s  on 

t h e  upper and lower p a r t s  of t h e  p r o f i l e  
have t h e  form 

(V-5-11) 

A t  p o i n t s  i n  t h e  "shaded zone," t h e  c o e f f i c i e n t  6 = 0 i s  
t o  be taken  i n  accordance w i t h  Newton's t heo ry .  

T h e  p r e s s u r e  d i s t r i b u t i o n s  are found s e p a r a t e l y  f o r  the t o p  
of t h e  p r o f i l e ,  where t h e  contour  equa t ion  yu  = y u ( x ) ,  and on t h e  

bottom, where y1 = y , (x ) ,  
s u r e  c o e f f i c i e n t  a r e  

The corresponding formulas f o r  t h e  pres -  

(V-5-12 ) 

The c o e f f i c i e n t  F* i s  determined from the  theo ry  of  ob l ique  
compression shock i n  t h e  g e n e r a l  ca se  f o r  a r b i t r a r y  ang le s  f3 and 

BPI .  The formulas a r e  accord ingly  s u i t a b l e  f o r  bo th  t h i n  and 
t h i c k  p r o f i l e s  i n  flows a t  h igh  M a t  a r b i t r a r y  a. I f  t h e  pro- 
f i l e s  a r e  t h i n  and t h e  a t t a c k  angyes s m a l l ,  Formulas (V-5-12) 
s i m p l i f y :  

PU 

(V-5-12 ) 
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I n  us ing  t h e  formula f o r  cl, it  should be  remembered t h a t  
t h e  angle  8, i s  c a l c u l a t e d  from t h e  contour  equa t ion  y1 = y,(x) 
on the  assumption t h a t  t h e  coord ina te s  yl ,  l i k e  yu ,  a r e  p o s i t i v e .  
Consequently, t h e  angles  8, = (dy/dx)l are p o s i t i v e  a t  t h e  begin- 
n ing  of t h e  p r o f i l e ,  bu t  may become nega t ive  a t  the t r a i l i n g  edge. 

We have from t h e  theory  of t h e  obl ique  compression shock 
f o r  t h e  p r e s s u r e  c o e f f i c i e n t  pQ 

r -  -X 

1 

where 0 = 

I n  t h e  extreme case  of Ma@, -t CQ, 

- c1 f o r  t h e  t o p  and Ool = BPl - c1 f o r  t h e  bottom. ou 

E- CY = 5 (PI -;") & (v-5-16 ) 

- b =2xm 

- - 0 .  Xm 

- 

1 2 = (k 4.- 1) (ppu-~1)*; 

i;; =. (k -+ 1) (Pp1-a)*. 
(V-5-14 ) 

The va lue  k = 1 corresponds to t h e  so -ca l l ed  pure Newtonian /27l 
t heo ry ;  t hen  

(V-5-16' ) 



JiilJJg, ,..-- - 

where cl and Zu are d imens ion le s s  c o o r d i n a t e s  o f  p o i n t s  on the  
boundary of t h e  "shaded zone" f o r ' s h e  later and upper  s u r f a c e s  
of  t h e  p r o f i l e ,  r e s p e c t i v e l y ,  and p1 and p 
c o e f f i c i e n t s  c a l c u l a t e d  by (V-5-12) and (V-5-12'). 

are t h e  p r e s s u r e  
U 

The wave drag c o e f f i c i e n t  

A f t e r  s u b s t i t u t i n g  O1 = B, - a and Ou = B, - a ,  w e  f i n d  

- - 
X 

1 u- (-5-17 ' X 

C x  = ac - FIBldF + puBudF. 
y o  0 

T h e  moment c o e f f i c i e n t  about  t h e  l e a d i n g  edge i s  

1. 

0 
m = - (Cl - pu)X dF 

Z 

o r  

(V-5 -1 8 ) 

(V-5-18' ) 

A s  a n  example,  c o n s i d e r  c a l c u l a t i o n  of  t h e  aerodynamic c h a r a c t e r -  
i s t i c s  of a symmetr ica l  p r o f i l e  whose con tour  i s  formed by a- 
second-order  p a r a b o l i c  curve ? = 4x(l - x),  where y = y/ym, x = 

= x/2xm ( F i g .  V-5-4). 

f a c e s  are 
The  r e s p e c t i v e  con tour  e q u a t i o n s  f o r t h e  lower  and upper  s u r -  

- - 
= - 2 c F ( l  - x ) ;  y, = 2 C X ( l  - X I ,  Y 1  

where 

We de te rmine  t h e  a n g l e s  B, and B,: 

B1 - - - 2C( l  - 2 q ;  f3, = 2C( l  - 2.J. 



W e  f i n d  t h e  coord ina te s  of  p o i n t s  on the  "shaded zone" 
boundary from t h e  cond i t ions  

from which we see t h a t  

- CY 
3 

IO 

5 

0 

-5 

. .  

30 

10 

4 

-+3 - ( - 3. r.2 

0.4 _ _  

I n t e g r a t i n g  i n  ( V - 5 - 1 6 ? )  and 
10 20 - cz ( V - 5 - 1 7 ' )  f o r  a < 2c and p: and 

p? determined from ( V - 5 - 1 4 ) ,  w e  
F igure  V-5-5. P o l a r s  f o r  a o b t a i n  expres s ions  f o r  t he  l i f t  
P l a t e  and Two Thin P r o f i l e s .  and d rag  c o e f f i c i e n t s :  

- 

g=o 
C 

3 

1 0 1  I Figure  V-5-6. P o l a r s  f o r  Wing 
P r o f i l e s  as Found w i t h  the  
Newtonian Formula. 

(V-5-19 
~- 

a ;4 
(V-5- 2 0 ) - 

- c x w = p  ( 2 c 3 + 3 a 2 c + - -  - , 

where 
- (V-5- 2 1 ) p* = k + 1. 

The moment c o e f f i c i e n t  i s  determined s i m i l a r l y  by  (v-5-18). 

Formulas (V-5-19)  and (V-51-20) do no t  apply f o r  t h e  case  
ci > 2c, i . e . ,  when t h e  a t t a c k  ang le s  a r e  equa l  t o  o r  g r e a t e r  t han  
the i n c l i n a t i o n  of  t h e  p r o f i l e  a t  the l e a d i n g  edge. I n  t h i s  case ,  

3 6 4  



t he  e n t i r e  upper s u r f a c e  w i l l  be  i n  t h e  "b lanketed  zone," and, 
consequent ly ,  the  l i m i t s  of i n t e g r a t i o n  w i l l  be  x1 = 1 and xu = 0 .  

Accordingly,  w e  o b t a i n  f o r  t h e  l i f t  and d rag  c o e f f i c i e n t s  

4 . -  
cy=p* ( a 2 1 - q  ' 3  ; - - 
c;,., = p* (4ac2 + as). 

(V- 5-2 2 ) 
(V-5-23) 

The aerodynamic c o e f f i c i e n t s  f o r  va r ious  p r o f i l e s  can be 
c a l c u l a t e d  i n  t h e  same way i f  t h e i r  forms are given.  

A s  w e  have noted ,  k =-1 corresponds to "pure" Newtonian 
theory  and, consequent ly ,  p* = 2. P r o f i l e  p o l a r s  corresponding 
t o  (V-5-19) and (V-5-20) have been p l o t t e d  i n  F igs .  V-5-5 and 
V-5-6 f o r  t h i s  va lue .  Analys is  of t h e  curves shows, f o r  ex- 
ample, t ha t  a d e l t a  p r o f i l e  has l i f t / d r a g - r a t i o  advantages over  
rhomboid p r o f i l e s  a t  l a r g e  enough ang le s  of a t t a c k .  

f l o w s .  C a l c u l a t i o n  of p r e s s u r e  by t h i s  method r e q u i r e s  Formula 

t h e  fo l lowing  form (provided  t h a t  t h e  wing i s  t h i n  and the Moo are 
very large)  : 

M e t h o d  u s i n g  t h e  t h e o r y  o f  c o m p r e s s i o n  shocks  and e x p a n s i o n  

(IV-7-16) w i t h  t h e  parameters  indexed 2 and t h e  f u n c t i o n  E i n  /273 
P 

2k 

where K ,  = MmO,,. 

t h e  form 
Af te r  t r ans fo rma t ions ,  Formula (IV-7-16) can b e  brought  t o  

2k 

where 

(V-5-2 4 ) 
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. k - i  2k (v-5-26 ) 

I f  the a t t a c k  ang le  i s  l a r g e  enough, no shock forms on the 
top  of  t he  p r o f i l e  and the p r e s s u r e  d i s t r i b u t i o n  can be found 
by t h e  simple-wave formula 

where t h e  ang le  0 i s  reckoned from t h e  d i r e c t i o n  of  v e c t o r  vm. 
2 

k - 1  For $AL,@l<- the  p r e s s u r e  c o e f f i c i e n t  i s  s e t  equa l  to zero .  

It must b e  remembered i n  c a l c u l a t i o n s  w i t h  (V-5-24) tha t  i t  
a p p l i e s  when the  d i s t u r b a n c e s  r e f l e c t e d  from p o i n t  C of t h e  shock 
wave do not  r each  the  contour .  I f ,  however, t h e  s u r f a c e  of t h e  
p r o f i l e  i s  curved, d i s t u r b a n c e s  r e f l e c t e d  from t h e  shock wave 
must, g e n e r a l l y  speaking,  be taken  i n t o  c o n s i d e r a t i o n  i n  d e t e r -  
mining p r e s s u r e .  However, s tudy  has  shown t h a t  t h e s e  d i s tu rbances  
are of low i n t e n s i t y  even a t  h igh  supersonic  speeds.  

f o r  Mm > 3 and 0 < 25O. I t s  accuracy improves f o r  k - c l o s e  to 
u n i t y  (see Fig .  V-5-12). 

I n f l u e n c e  o f  physicochemical  t r a n s f o r m a t i o n s .  A method of 
flow c a l c u l a t i o n  a p p l i c a b l e  to an i d e a l  gas  was considered ear- 
l i e r .  I n  hypersonic  flows i n  which t h e  p r o p e r t i e s  of t h e  gas d i f -  
f e r  from those  of t h e  i d e a l  gas ,  t h e  d i s t u r b e d  flow can b e  d e t e r -  
mined-by t h e  method of c h a r a c t e r i s t i c s ,  which takes account of 
equ i l ib r ium chemical r e a c t i o n s  [Eqs. (IV-1-46)-(IV-1-50)]. 

Formula (V-5-24) can b e  used w i t h  an e r r o r  of  less  than  10% 

To s i m p l i f y  t h e  problem, we can examine, i n s t e a d  of flow a t  
thermodynamic equ i l ib r ium,  a "frozen" flow i n  which t h e  gas  has 
t h e  same equ i l ib r ium composition as a t  a c e r t a i n  p o i n t  or on a 
c e r t a i n  zone behind t h e  shock. T h i s  flow w i l l  correspond to /274 
chemica l - reac t ion  t i m e s  l onge r  than  t h e  c h a r a c t e r i s t i c  p a r t i c l e -  
t r a n s l a t i o n  t ime.  

For  t h e  "frozen" s t a t e  of a d i s s o c i a t e d  gas  t h a t  o r i g i n a l l y  
c o n s i s t e d  of p i a t o m i c  molecules ,  w e  have t h e  equat ion  p - ~ p ( i - k a )  /?T 
= jpf?,T, where i f l r=zR( l+a)  i s  t h e  gas  cons t an t  f o r  t h e  "frozen" 
s t a t e .  The degree of d i s s o c i a t i o n  ci i s  determined f o r  e q u i l i b -  
rium cond i t ions  d i r e c t l y  behind t h e  shock and assumed cons t an t  
f o r  t h e  e n t i r e  flow. The "frozen" gas  w i l l  be  c h a r a c t e r i z e d ,  
a p a r t  from t h e  modified gas  cons t an t  R f ,  by  t h e  e f f e c t i v e  i s e n -  
t r o p i c  s p e c i f i c - h e a t  r a t i o  k f =  (cp/cD)f . ,  



t 

For the  " f rozen"  s ta te ,  i n  which t h e  ra tes  of a l l  chemical 
r e a c t i o n s  are very low and the  v i b r a t i o n a l  energy l e v e l s  do not  
e x c i t e  owing t o  t h e  long  r e l a x a t i o n  t i m e ,  t he  i s e n t r o p i c  exponent 
Jkf=(7+3a) / (5+a) .  Another "frozen" s ta te  i s  c h a r a c t e r i z e d  by chemi- 
cal-recombinat ion r e l a x a t i o n  t imes  t h a t  are s u b s t a n t i a l l y  g r e a t e r  
t h a n  the  r e l a x a t i o n  t i m e  f o r  v i b r a t i o n a l  degrees  of  freedom, which 
are f u l l y  e x c i t e d  behind t h e  shock. For  t h i s  s t a t e ,  kf1=(9+a) l (7-a) .  
The d i f f e r e n c e  between these two k inds  of " f rozen"  s t a t e  can be 
brought  ou t  by c o n s i d e r a t i o n  of t h e  CY = 0 case .  Then the  
"frozen" gas  has k = 7/5 f o r  t h e  f i r s t  s t a t e  and kf = 9/7 f o r  t h e  

second w i t h  t h e  f u l l y  e x c i t e d  v i b r a t i o n a l  l e v e l s .  

by t h e  method of c h a r a c t e r i s t i c s ,  u s ing  (IV-1-17) o r  (IV-1-18) 
w i t h  the  e f f e c t i v e  va lue  o f  k f .  

o f  "frozen" s ta te  i s  known, t h e  equ i l ib r ium degree of d i s s o c i a -  
t i o n  a should be  determined behind t h e  shock wave. T o  e s t a b l i s h  
t h e  type  of "frozen" f low,  i t  i s  necessary  t o  know t h e  correspond- 
i n g  gas  r e l a x a t i o n  t imes .  

S o l  u t i  on f o r  thermodynamic equi 1 i brium condi t i  ons. Refer- 
ence [l8] examines a method f o r  s o l u t i o n  of  t h e  problem of flow 
of an e q u i l i b r i u m - d i s s o c i a t i n g  gas  around a convex s u r f a c e  ( s e e  
F ig .  IV-1-31; i t  i s  based on use of  diagrams of  t h e  thermodynamic 
f u n c t i o n s  of  a i r  a t  h igh  tempera tures  [13]. T h i s  flow i s  de- 
s c r i b e d  by t h e  d i f f e r e n t i a l  equa t ion  

f 

"Frozen" d i s t u r b e d  flow around a p r o f i l e  can be  c a l c u l a t e d  

To f i n d  t h i s  va lue  when t h e  type  

where Vr i s  t h e  rad ia l  v e l o c i t y  component, which co inc ides  i n  
d i r e c t i o n  w i t h  a r a y  drawn from t h e  v e r t e x  of t h e  convex angle  -- 
and t h e  parameters  \P=rCi/Vi+ 2ez; A=2( io- -co) .  

The c o e f f i c i e n t s  cn are determined from t h e  i s en t rop ic - f low 
condlt&on,which takes the  form ; i = c o + c , a f c z a * L  us ing  t a b l e s  o r  i-a 
(enthalpy-speed of sound) diagrams f o r  a c e r t a i n  range of  en- 
t h a l p y  v a r i a t i o n .  By s o l v i n g  t h e  d i f f e r e n t i a l  equa t ion ,  w e  ob- 
t a i n  t he  r e l a t i o n  between the r o t a t i o n  ang le  and gas parameters 
w i t h  c o n s i d e r a t i o n  of d i s s o c i a t i o n .  

For g iven  i n i t i a l  flow c o n d i t i o n s ,  these parameters, as i n  
the  case  of c o n s t a n t  h e a t  c a p a c i t i e s ,  depend on t h e  t o t a l  r o t a -  
t i o n  ang le  w = wm + B y  where wm i s  t h e  i n i t i a l  r o t a t i o n  ang le  
reckoned from the  d i r e c t i o n  of the v e l o c i t y  v e c t o r  t h a t  co r re -  
sponds t o  M = 1. 
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Reference [18] p r e s e n t s  t ab les  of  t he  a n g l e  W m  c a l c u l a t e d  
f o r  va r ious  e n t r o p i e s  S and e n t h a l p i e s  of  s t a g n a t i o n  io=i ,$0 ,5%.  
Adding t h e  given flow angle:  o f  t u r n  B t o  wm and de termining  
w = wo3 + 8 ,  we can use the same tables t o  f i n d  the  l o c a l  gas  

p e r a t u r e  are determined from t a b l e s  o r  diagrams of the thermo- 
dynamic func t ions  of  a i r  f o r  t h e  known - i and s. 
parameters  (2, V, 2, M). The corresponding p r e s s u r e  and t e m -  /2 75 

A s  an example C181, l e t  
us  c a l c u l a t e  t h e  v a r i a b l e s  of 
an a i r  flow ( w i t h  the  i n i t i a l  
cond i t ions  V = 2500 m / s ,  S = 
= 1.4*104 m27s2-deg, i = 
= 28.87.10~ m 2 / s 2 )  when i t  
t u r n s  through an ang le  B = 20'. 
The s t a g n a t i o n  e n t h a l p  
= 28.8740~ + 0.5-2500 = 
= 31.995*106 m 2 / s 2 .  From t h e  

F igure  V-5-7. P r o f i l e  of  t ab l e  C181, w e  f i n d  t h e  ang le  
A r b i t r a r y  Form w i t h  "Shaded w o  = 4.19O f o r  t h i s  va lue  of 
Zone" 1. io and t h e  g iven  en t ropy  S = 

= 1.4-104 m / s 2 * d e g  and ca lcu-  
l a t e  w = 4.19" + 20' = 24.19'. 

We f i n d  t h e  d i s t u r b e d  parameters  f o r  t h i s  ang le  from t h e  same 
tab le :  V = 3472 m / s ,  a = 1955 m / s ,  M = 1.776, and i = 25.973 x 
x lo6 m 2 / s 2 .  The fo l lowing  approach should  be t aken  t o  f i n d  the  
d i s t r i b u t i o n  of t h e  parameters  of a d i s s o c i a t i n g  gas  over  t h e  
convex s u r f a c e  of a s h a r p  p r o f i l e .  F i r s t  the  d i s s o c i a t i n g - g a s  
parameters  are determined d i r e c t l y  behind t h e  shock on t h e  pro- 
f i l e  nose.  These parameters  are regarded as i n i t i a l  data f o r  
s o l u t i o n  of t h e  f low- turn  problem. Knowing, f o r  example, 
t h e  i n i t i a l  en tha lpy  is and speed of sound as, we can r e fe r  t o  
t h e  i-a diagram E131 t o  f i n d  t h e  en t ropy  S and, w i t h  considera-  
t i o n  of t h e  t o t a l  en tha lpy  io = i 
angle  Assigning t h e  l o c a l  i n -  
c l i n a t i o n  a n g l e  B of t h e  tangent  t o  the  p r o f i l e  contour ,  we can 
f i n d  the  angle  w = wm + B and t h e n  use t h e  tab le  [18] t o  d e t e r -  
mine t h e  gas  v a r i a b l e s  a t  t h i s  p o i n t .  

a r b i t r a r y  form (F ig .  V-5-7, t h e  p r e s s u r e  c o e f f i c i e n t  can be  c a l -  
c u l a t e d  by t h e  " tangent  s u r f a c e "  method. I n  t h i s  method, t h e  
p r e s s u r e  a t  a c e r t a i n  p o i n t  of t h e  p r o f i l e  i s  assumed t o  be t h e  
same as on a f l a t  p l a t e  i n c l i n e d  t o  t h e  d i r e c t i o n  of  t h e  oncoming 
flow a t  an ang le  equa l  t o  t h e  angle  between-the tangent  t o  t h e  
contour  a t  t h e  p a r t i c u l a r  p o i n t  and v e c t o r  Vm. 

f o r  a f l a t  p l a t e .  If  t h e  a t t a c k  ang le  i s  a, t h e  p r e s s u r e  coef- 
f i c i e n t  on t h e  lower p l a t e  s u r f a c e  accord ing  t o  (V-5-13), i n  
which w e  se t  0 ,  = a, w i l l  be  

- 
I y i o  - 

+ 0.5V2, determine the  i n i t i a l  
of t u r n  wm from t h e  t ab le  'p181. 

The  m e t h o d  o f  " t a n g e n t  s u r f a c e s . "  For a sha rp  p r o f i l e  of 

The i n i t i a l  exp res s ions  f o r  t h e  c a l c u l a t i o n  are t h e  formulas 
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(V- 5 - 2 8 ) 

Formula (V-5-27) can be used f o r  t h e  top  s u r f a c e  w i t h  a s u b s t i -  
t u t e d  f o r  0.  P r a c t i c a l l y  t h e  same r e s u l t s  a r e  obta ined  w i t h  t h e  
expres s ion  [ 6 ]  

These formulas g ive  good r e s u l t s  when Mma > 0 . 5 .  L e t  us 
use 0 t o  denote t h e  l o c a l  a t t a c k  angle  f o r  t h e  t angen t  p l ane .  
Then w i t h  0 p o s i t i v e ,  t h e  p r e s s u r e  c o e f f i c i e n t  a t  the correspond- 
i n g  p o i n t  w i l l  be 

f o r  a nega t ive  angle  

T h e  l o c a l  a t t a c k  angle  

o = y i  - a (on lower s u r f a c e ) ;  

0 = y ’  - a (on upper s u r f a c e ) ,  
U 

w i t h  

y i  = dyl/dx (on lower s u r f a c e ) ,  

y: = dyu/dx (on upper s u r f a c e ) ,  

where y1 = f l ( x )  and yu = f U ( x )  are t h e  equa t ions  of the  lower 
and upper contours  r e s p e c t i v e l y .  

I n  t h e  extreme case  w i t h  Mm -t m 
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We can f i n d  t h e  o t h e r  aerodynamic c o e f f i c i e n t s  from t h e  

A t  small ang le s  of a t t a c k ,  t h e  l i f t  c o e f f i c i e n t  is- c a l c u l a t e d  

known p r e s s u r e  c o e f f i c i e n t .  

by (V-5-16). 

T h i s  formula can be w r i t t e n  

where 

(V-5-33) 

07-5-34 1 

i s  the  p r o f i l e  l i f t  c o e f f i c i e n t  f o r  Ma -t 03, and t h e  added t e r m  

Ac, = [ (AF1.- A&) d; (v-5-35 
0 

accounts  f o r  t h e  i n f l u e n c e  of  Ma. The r e s p e c t i v e  p r e s s u r e  coef- 
f i c i e n t s  are 

07-5-36 

and A T  i s  determined by t h e  expres s ions  

Formula (V-5-18) f o r  t h e  moment c o e f f i c i e n t  about t h e  lead- 
i n g  edge can be w r i t t e n  

in, --= In,, 4- Am,, 
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where 

I '  

ij 
1 

0-5-39) 

(V-5-40 ) 

T h e  f r o n t a l - d r a g  c o e f f i c i e n t  of  
a p r o f i l e  w i t h  t h e  l o c a l  a t t a c k  a n g l e s  
O1 and Ou on t h e  lower and upper  s u r -  
f a c e s  i s  d e t e r m i n e d  by (V-5-17'). 

S i n c e  

I -  - 
cy = cy m {- A c ~ ,  p :: p- + Ap, 

F i g u r e  V-5-8. Wedge P r o -  
f i l e .  t h e n  

where 

(V- 5 - 4 3 ) 

A s  a n  example,  l e t  us  examine a wedge p r o f i l e  ( F i g .  V-5-8). 
The l o c a l  a t t a c k  a n g l e s  on t h e  lower  and upper  s u r f a c e s ,  r e s p e c -  
t i v e l y ,  are 

a+- , ~ ~ = a - - "  el=-( "2- 2 '  

where c = c/b.  

If t h e  a t t a c k  a n g l e s  cx < c/2, 



where 

and 0,  = 0 corresponds t o  K, and 0, = Ou t o  K,.  1 
I n  accordance w i t h  t h e  va lues  ob ta ined ,  

(V-5-47)  

where 

I n  t h e  p a r t i c u l a r  case  of  a t h i n  p l a t e ,  w e  must se t  c = 0.  
Accordingly,  

A t  t h e  l i m i t ,  as Mcoa + m 

(V-5-49 ' I 
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Figure  V-5-9. 
Wedge P r o f i l e .  

9 
.__ 

I 2000 

P o l a r s  f o r  

cx w= (k + 1) a$.. (V-5-50 ' 

P r o f i l e  o f  a r b i t r a r y  form. 
Using t h e  above method, w e  can 
c a l c u l a t e  aerodynamic c o e f f i c i e n t s  
f o r  p r o f i l e s  of a r b i t r a r y  form. 
It i s  necessary  t o  know the equa- 
t i o n s  f o r  t h e  lower and upper. con- 
t o u r s ,  i . e . ,  t h e  f u n c t i o n s  y , ( ~ )  
and y U ( x ) .  

Ca lcu la t ions  i n d i c a t e  t h a t ,  
as i n  t h e  case  of t h e  wedge pro- 
f i l e ,  t h e  c o e f f i c i e n t s  of  l i f t  
(moment) and wave d rag  of t h e  pro- 
f i l e  of arbitrarx form, r e f e r r e d  
r e s p e c t i v e l y  t o  c 2  and c3i a r e  
f u n c t i o n s  of t he  r a t i o  a /c .  

The corresponding formulas f o r  
t h e  t h r e e  p r o f i l e  types  are g iven  
i n  Table V-5-1  [ S I .  Analysis  of 
these formulas i n d i c a t e s  t ha t  t h e  

p o l a r  of t h e  p r o f i l e  expressed  by  c /c2 = f ( c x  
f u n c t i o n  of t h e  r a t i o  a/c. For approximate de t e rmina t ion  of  
cy/c2 as a f u n c t i o n  of c x  w/c3 i n  t h e  case  of an a r b i t r a r y  pro- 
f i l e ,  t h e r e f o r e ,  w e  can use ,  f o r  example, t h e  curves  f o r  t h e  
wedge p r o f i l e  ( F i g .  V-5-9) .  

/c3) i s  a weak 
Y 

The c e n t e r  of  p r e s s u r e  c o e f f i c i e n t  

can be determined from t h e  data i n  T a b l e  V-5-1. 

F igure  V-5-10 p r e s e n t s  curves  c h a r a c t e r i z i n g  the v a r i a t i o n  
of the  c e n t e r  of  p r e s s u r e  c o e f f i c i e n t  f o r  t h e  three p r o f i l e s .  
The p r e s s u r e  c e n t e r  f o r  t h e  f l a t  p l a t e  occurs  a t  ha l f  chord of 
t h e  p l a t e ,  s o  t h a t  c = 1 /2 .  

C - P  
The l i f t / d r a g  r a t i o  i s  t o  be  c a l c u l a t e d  by the e q u a l i t y  
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TABLE v-5-1. AERODYNAMIC COEFFICIENTS OF PROFILE AT VERY LARGE M~ 

Profile type 

0 

I Lift coefficient I 

c /ca - = c 
U 

C 

2 ( k + 1 ) $  
. .  

1 I ,Parameter AIm! Hi. 
, determining 

,I:% +:Ac,/za 

I 
I 

Ac U 
Coefficient Kn,: 

all u' I C i 

I , 
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S K 2  ($-$)I 

Profile type ! 

See Profile type 1, page 374 

See profile type 2, page 374 

See profile type 3, page 374 

Drag coefficient i 

x (5- 3 -  t-1 1 x 3 + -  ( I) -4 (+-i)] 

aa $6 F- 
C a  

- 12 2 + 8 )  
C 

a3 
( k + i ) . , s  

x (p+;)3 

+ T K ,  1 ('i-2)- 

1 ( f -2) ]  

K [KI (:++) - 

--K2 (:-+)I 

1 coefficient IC,, 

a / l u ' l > i  1 

W 
-4 
wl 



1 

' 

-7 1 (kS 1) 7 a 

Profile type 

, 1  
2 

c2 c 

-- (kS 1) x 

x (---+I) a2 a 
See profile type 1, page 374 , 

See profile type 2, page 374 

3 j See profile type 3, ;age 374 

I 

Moment coefficient 

mzt3  = mz,/~2+Amzf~Z 

I 
L -7 &-I) X 

I% 

E '  
-(IC+ 1) -= 

1 
2 

--(/c+i)x 

x (;++)2 

a/l U' I 4 i 

x ( K , - y 2 -  3 

-- K 3 )  1 '  
4 

x (h'i - K,) 

rl 

Parameter JI, 141, 
determining 
Coefficient Kn ' 

-- I 
lil I, AI, ( a + c )  L 

li, 1 aI,(a-c) 

x (A-, + h-rJ 
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For very l a r g e  Mm, t h i s  q u a n t i t y  can be eva lua ted  by t h e  
formula K = c /c . 

Ym xo> 

C C .  

r.0 

LIS 

46 

44 

42 

0 

If  w e  i n t roduce  t h e  - -  nomenclature C ~ J C ~  = = ' c ~ , ~ ;  - -  

Figure-V-5-11 p r e s e n t s  
v a l  e s  of Kc f o r  t h r e e  pro- 
f i l e s  w i t h  r e c t i l i n e a r  con- 
t o u r s .  

Variable heat  c a p a c i t i e s .  
L e t  us cons ider  a very-high- 

F igure  V-5-10, Center  of Pressure  v e l o c i t y  flow of  an i d e a l  
C o e f f i c i e n t  f o r  P r o f i l e s  a t  Very gas over a p r o f i l e  when the  
Large Moo. 

va lue  of k,  < km i s  preserved .  
gent  wedges, t h e  p r e s s u r e  c o e f f i c i e n t  a t  a c e r t a i n  p o i n t  on a 

i s  e n t  r o p i  c spec i f i c-he a t  
r a t i o  behind t h e  shock 
v a r i e s  and a c e r t a i n  f i x e d  

According to t h e  method of  t an -  

t h i n  p r o f i l e  w i th -ang le  0 > 0 

KE 

i s  

where 

The tangent-wedge method can 
be improved by cons ide r ing  t h e  e f -  
f e c t  of t h e  cu rva tu re  r e s u l t i n g  
from c e n t r i f u g a l  f o r c e s .  The  cor- 
responding focmula, de r ived  f o r  
very s m a l l  l / p ,  takes t h e  form 

Figure  V-5-11. Curves f o r  
C a l c u l a t i o n  of L i f t / D r a g  
Ra t ios  of  P r o f i l e s  w i t h  Rec- 
t i l i n e a r  Contours.  
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where z i s  t h e  coord ina te  of t h e  p r o f i l e  p o i n t  reckoned a long  t h e  
normal t o  vec to r  Vw and R i s  t h e  p r o f i l e  r a d i u s  of cu rva tu re .  

(IV-7-22)  g ives  b e t t e r  r e s u l t s  t han  t h e  Newton method i n  the  
p r e s s u r e  c a l c u l a t i o n  f o r  concave p r o f i l e s  w i t h  k = 1 . 4  and f o r  
convex p r o f i l e s  as k -f 03. 

Calculation by the Busemann formula. The Busemann formula 1283 

I 

. . I  
Figure  V-5-12. P res su re  D i s -  

F igure  V-5-13. Zones of In- 
f luence  a t  V e r y  Large Mw. 

- t r i b u t i o n  over P r o f i l e  (M, = 0 3 ,  

c = 0 . 1 ) .  1) According to 
Newton formula;  2 )  accord ing  
t o  Busemann formula; 3)  accord- 
i n g  t o  method us ing  r e l a t i o n -  
s h i p s  on t h e  shock and i n  a 
s imple wave; 0 )  accord ing  t o  
t h e  method of c h a r a c t e r i s t i c s .  

S e t t i n g  f ( x )  = 1 i n  t h i s  
formula,  w e  o b t a i n  t h e  fol low- 
i n g  working r e l a t i o n  f o r  the  
p r o f i l e :  

For a t h i n  p r o f i l e ,  we can use ( I V - 7 - 2 1 ) ,  s e t t i n g  v = 1: 

where y = y(x) i s  t h e  equa t ion  of t h e  p r o f i l e  contour .  

For comparison, F ig .  V-5-12 p r e s e n t s  r e s u l t s  of p r e s s u r e  
c a l c u l a t i o n s  by t h e  Newton and Busemann formulas and by  t h e  
method of c h a r a c t e r i s t i c s .  We s e e  t h a t  f o r  k = 1 . 0 5 ,  t h e  Buse- 
mann formula g i v e s  r e s u l t s  c l o s e  t o  those  obta ined  by t h e  method 
of  c h a r a c t e r i s t i c s .  

Similarity law for flow around profiles. Research has es -  
t a b l i s h e d  t h a t  K = MwC and 01/c are s i m i l a r i t y  parameters  for 



I 

. f low around t h i n  p r o f i l e s .  T h i s  fo l lows ,  f o r  example, from t h e  
" tangent-surface" method. The g e n e r a l  form of t h e  s i m i l a r i t y  
formulas f o r  d rag  and l ift i s  as fo l lows:  

For K + a. t h e  r a t i o s  cx w/c3 and c /c2 become func t ions  of  
Y 

only t h e  one parameter  a/;, as i s  confirmed by c a l c u l a t i o n s  us ing  
t h e  Newton method and t h e  Busemann formula.  

Wings o f  f i n i t e  span. Flow over f i n i t e - s p a n  wings can be  
c a l c u l a t e d  by  t h e  "method of s t r i p s . "  T h i s  method g ives  b e t t e r  
r e s u l t s  a t  very h igh  speeds t h a n  a t  moderate Mm. 

T h i s  i s  because t h e  zones of i n f l u e n c e  of t h e  l a t e r a l  edges 
narrow cons iderably  a t  h igh  speeds ,  as does t h e  zone of i n f l u e n c e  
e x e r t e d  on t h e  wing around t h e  r o o t  s e c t i o n  b y  d i s t u r b a n c e s  o r i -  
g i n a t i n g  from t h e  v e r t e x  (F ig .  V-5-13), s o  t h a t  they  become very 
s m a l l  by  comparison w i t h  the  t o t a l  wing a r e a .  

One of t h e  methods s e t  f o r t h  above can be used t o  c a l c u l a t e  
hypersonic  flow over t h e  p r o f i l e  ( s t r i p ) ,  and t h e  o v e r - a l l  aero-  
dynamic c o e f f i c i e n t s  of a wing of g iven  planform can be found by 
spanwise i n t e g r a t i o n  of t h e  aerodynamic c h a r a c t e r i s t i c s  ob ta ined  
f o r  t h e  s t r i p .  

/284 

T h e  s i m i l a r i t y  formulas (V-5-56), which should b e  regarded  
as expres s ions  f o r  t h e  l o c a l  aerodynamic c o e f f i c i e n t s ,  can be 
used t o  c a l c u l a t e  t h e  t o t , a l  c h a r a c t e r i s t i c s .  When t h e  p r o f i l e  
t h i c k n e s s  r a t i o  does not  change a long  t h e  span,  Formulas (V-5-56) 
w i l l  g ive  t h e  aerodynamic-coeff ic ient  va lues  f o r  t h e  e n t i r e  wing. 

SV-6. WAKE DRAG. ' V I S C O U S  I N T E R A C T I O N  

Wake d r a g .  A wake d rag  i s  added t o  t h e  d rag  components due 
t o  f_r ic t ion  and p r e s s u r e  on the  forward s u r f a c e  f o r  wings w i t h  
b l u n t  t r a i l i n g  edges. Research has shown t h a t  t h e  wake p r e s s u r e ,  
which determines wake d rag ,  depends s u b s t a n t i a l l y  on t h e  s t r u c -  
t u r e  of the  boundary l a y e r  o n t h e  area between the  t r a i l i n g  edge 
( p o i n t  of s e p a r a t i o n )  and the  s t i c k i n g  p o i n t  on t h e  a x i a l  l i n e  
a t  which the boundary l a y e r  detached from t h e  t r a i l i n g  edge con- 
verges .  

Purely turbulent  a n d  purely laminar f lows .  If  t h e  p o i n t  of 
t r a n s i t i o n  of a lamipar boundary l a y e r  t o  t u r b u l e n t  l i e s  upstream 
of  t h e  detachment p o i n t  (base s e c t i o n ) ,  the  flow w i l l  b e  pu re ly  
t u r b u l e n t  on the segment between t h i s  p o i n t  and t h e  s t i c k i n g  
p o i n t .  F igure  v-6-1 shows t h e  v a r i a t i o n  of wake p r e s s u r e  f o r  t h i s  
case .  The curve c h a r a c t e r i z i n g  the  r a t i o  of t h e  wake p r e s s u r e  
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F i g u r e  V-6-1. V a r -  F i g u r e  V-6-2. I n f l u e n c e  o f  
i a t i o n  of  Wake Drag Reynolds Number on Wake 
Behind a P r o f i l e  w i t h  P r e s s u r e  f o r  Turbu len t  
R e l a t i v e l y  Thin  Bound- . Boundary Layer .  
a r y  Layer .  

behind  t h e  b l u f f  base o f  t h e  p r o f i l e  t o  t h e  free-stream p r e s s u r e  
de t e rmines  t h e  wake p r e s s u r e  f o r  p r o f i l e s  w i t h  r e l a t i v e l y  t h i n  
t u r b u l e n t  l a y e r s  i n  accordance  w i t h  t h e  formula  pwke/p, = f t ( M , ) .  
I n  a more g e n e r a l  c a s e ,  t h e  formula  shou ld  a l s o  r e f l e c t  t h e  de- 
pendence o f  wake p r e s s u r e  on boundary-layer  t h i c k n e s s .  A v a i l a b l e  
e x p e r i m e n t a l  d a t a  p o i n t  t o  t h e  more g e n e r a l  r e l a t i o n  

i s  t h e  t h i c k n e s s  of  t h e  t r a i l i n g  edge .  wke where c 

I n t r o d u c i n g  t h e  Reynolds number, w e  o b t a i n  

(v-6-1) 

(v- 6-2 ) 

where b - i s  t h e  p r o f i l e  chord .  

boundary l a y e r s  i n  which t h e  t r a n s i t i o n  p o i n t  i s  downstream o f  
A s imilar  r e l a t i o n  can a l s o  b e  o b t a i n e d  f o r  p u r e l y  l amina r  

t h e  s t i c k i n g  p o i n t :  1285 

Exper imenta l  cu rves  co r re spond ing  t o  (v-6-1) appea r  i n  F i g .  
v-6-2. 
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Figure  V-6-3. V a r i a t i o n  of Wake 
Pressure  Behind P r o f i l e  w i t h  Mixed 
Boundary Layer. 

Mixed f l o w .  A mixed 
boundary l a y e r  forms when 
t h e  t r a n s i t i o n  p o i n t  l i e s  
between t h e  detachment 
and s t i c k i n g  p o i n t s .  Under 
t h i s  flow cond i t ion ,  s tudy  
of the  wake p r e s s u r e  be- 
comes p a r t i c u l a r l y  d i f f i -  
c u l t ,  p r i m a r i l y  because of 
unc lea r  d e f i n i t i o n  of t h e  
t r a n s i t i o n  p o i n t .  Wake 
p r e s s u r e  i n  t h e  presence 
of a mixed bounary l a y e r  
has  been s t u d i e d  b y  wind- 
t u n n e l  t e s t i n g  of wing 
models. The r e s u l t s  of 
t h e s e  measurements permit  
t h e  conclus ion  t h a t  t h e  
r e l a t i v e  wake p r e s s u r e  can 
be r ep resen ted  by (v-6-1) 
and p l o t t e d  g r a p h i c a l l y  i n  
t h e  form of a family of 
curves ,  as shown i n  F ig .  
v-6-3. The wake p r e s s u r e  

behind t h e  r o f i l e  i n c r e a s e s  wi th  i n c r e a s i n g  parameter  
b/(cwke Re'/'). At s m a l l  Reynolds numbers ( l a r g e  va lues  of t h i s  
pa rame te r ) ,  a laminar  boundary l a y e r  i s  observed i n  p r a c t i c e  be- 
tween t h e  detachment and s t i c k i n g  p o i n t s ,  and t h e  wake p r e s s u r e  
i s  found to b e  h ighe r  t han  i s  c h a r a c t e r i s t i c  f o r  a pu re ly  laminar  
flow. 

Wake p r e s s u r e  i s  a l s o  in f luenced  by  o t h e r  parameters ,  such as 
t h e  a t t a c k  ang le  and h e a t i n g  or coo l ing  of t h e  boundary l a y e r .  

V i scous  i n t e r a c t i o n .  Let us cons ide r  t h e  change i n  p r e s s u r e  
on t h e  s u r f a c e  of a sharpened p r o f i l e  owing to i n t e r a c t i o n  of a 
hypersonic  boundary layer  wi th  an i n v i s c i d  flow. 

Weak i n t e r a c t i o n .  I n  weak i n t e r a c t i o n ,  t h e  p r e s s u r e  v a r i e s  
only  moderately from t h e  o r i g i n a l  c o n d i t i o n s .  Values of K* 1.1 
o r  d6*/dx < B with  a r b i t r a r y  K = M,B correspond to weak i n t e r a c -  
t i o n  [ see  Formula ( I V - l O - 2 ) ] .  Such i n t e r a c t i o n s  ar ise  on t h i n  
wedgesat  smal l  ang le s  of a t t a c k a n d  l a r g e  R e  and M ,  o r  a t  moderate 
supe r son ic  speeds and s m a l l  R e .  Weak i n t e r a c t i o n  occurs  on t h i c k  / 2 8 6  
wedges a t  l a r g e  ang le s  o f a t t a c k o n  t h e  s i d e  of t h e  wedge a t  which 
t h e  compression occurs .  

Applying t h e  theo ry  of t h e  ob l ique  compression shock and t h e  
tangent-wedge method, we a r r i v e  a t  t h e  fo l lowing  r e l a t i o n s h i p  f o r  
induced p r e s s u r e  [59]  f o r  a wedge wi th  a laminar  boundary l a y e r  
and a w a l l  i n c l i n a t i o n  ang le  B *  = f3 + d6*/dx: 



where 

The q u a n t i t y  Ti i s  a hypersonic  i n t e r a c t i o n  parameter  de- 
f i n e d  by  t h e  r e l a t i o n  

The s u b s c r i p t  i p e r t a i n s  t o  i n i t i a l  cond i t ions  i n  a homo- 
geneous flow of  i n v i s c i d  gas  around t h e  wedge. The o t h e r  param- 
e t e r s  a r e :  

(V-6-8) 

T h e c o e f f i c i e n t s A  and B a r e  f u n c t i o n s  of P r a n d t l  number. 
For Pr = 1, A = 0.865, B = 0.166; f o r  P r  = 0.725 t h e  c o e f f i c i e n t s  
A = 0.968 and B = 0 . 1 4 5 .  We may assume f o r  a h e a t - i n s u l a t e d  
w a l l  

where D = 0.599 for P r = 1  and D = 0.556 f o r  P r  = 0.725. For a 
very co ld  w a l l ,  Twl/Ti << 1 and, i n  approximation,  

d i = ( k - i ) B .  (V-6- 11 ) 

. I n  both  p a r t i c u l a r  cases, t h e  induced p r e s s u r e  i s  determined 
I f  we in t roduce  t h e  i n t e r a c t i o n  only by t h e  parameters  K and xi. 

parameter  



- 3 1/2 Re--'/2 X=hI,c, Xm , 

which is determined f o r  t h e  cond i t ions  i n  undis turbed  flow, the  
r a t i o  xi/x w i l l  depend only on K = M;B. For K > > 1 ,  

Since pi - f o r  p - T, we.  have (&/Mi) pz 1 ~ )  - -JKz. 

Consequently, t h e  o rde r  of magnitude of t h e  p r e s s u r e  change 
. ,  

i s  

(V-6-12 ) 

For a f l a t  p l a t e  a t  ze ro  a t t a c k  angle  K = 0 ,  J, = J, = 1. 
Experimental  d a t a  obta ined  f o r  a hea t - in su la t ed  p l a t e  confirm 
t h e  r e s u l t s  ob ta ined  from (V-6-4) f o r  k = 1 . 4  and P r  = 0.725 f o r  
t h e  p r e s s u r e  r a t i o  

(V-6 -13 ) 

Good agreement i s  observed between experiment and t h e  weak- 
- i n t e r a c t i o n  formula up t o  va lues  o f  t h e  hypersonic  parameter  
x = 3-4. 

Research has shown t h a t  t h e  local heat flow and equ i l ib r ium 
w a l l  t empera ture  depend very l i t t l e  on induced p r e s s u r e .  The 
l o c a l  c o e f f i c i e n t  of f r i c t i o n  v a r i e s  more e x t e n s i v e l y  i n  accord- 
ance w i t h  t h e  r e l a t i o n  

(V-6 -14 ) 

where c$', cfr' are t h e  l o c a l  c o e f f i c i e n t s  of f r i c t i o n  w i t h  and w i t h -  
ou t  an induced p r e s s u r e ,  r e s p e c t i v e l y ;  t h e  d e r i v a t i v e  

(V-6 -15 ) 

S t r o n g  i n t e r a c t i o n .  The r eg ion  of s t r o n g  i n t e r a c t i o n  i s  
c h a r a c t e r i z e d  by d6*/dx > B and K* >> 1. T h i s  r eg ion  i s  formed 
i n  f l o w  around a p l a t e  a t  a s m a l l  angle  of a t t a c k  when t h e  Mach 
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numbers a r e  q u i t e  l a r g e  and the  l o c a l  Reynolds numbers are no t  
l a r g e .  

TABLE v-6-1. PARAMETERS analyzed by the  method of  t angen t  
FOR CALCULATION OF VIS- wedges, which g i v e s  the fo l lowing  
COUS I N T E R A C T I O N  r e l a t i o n s h i p  f o r  t h e  induced p res -  

s u r e :  

The s t r o n g  i n t e r a c t i o n  can be 

~ . - . - . . - - . 
.?wl;- 

0 .  - 
0 . 2  

i .o 

3k+ 1 p - ' p 2  + --8k p - 2 , (  v-6-16) 2 k + l  ( k + 1 ) 3  
-_ 
P w  

. .  

where R* = M, (g + d 6 * i d ~ ) .  

w r i t t e n  
The expres s ion  f o r  p/p, can b e  

. 0 . 6  . 

P - = p o i  (1 + && + P:! +-P3"') X (V-6-17) Po0 x 

Here p o  depends on t h e  w a l l  coo l ing  gwl = iwl/io6. 

g i v e s  va lues  of p o  f o r  k = 1 . 4  and Pr = 1. 
p 2 ,  and p 3  are determined exper imenta l ly  or from hypersonic  
boundary-layer t heo ry .  For a p l a t e ,  K = M,B = 0 and 

Table V-6-1 
T h e  c o e f f i c i e n t s  p l ,  

. . .  
-= P POX+ Pz. (v-6-18) 
P w  

For a h e a t - i n s u l a t e d  w a l l  a t  P r  = 1 and k = 1 . 4 ,  c a l c u l a -  
t i o n s  g ive  p2  = 0.759. Consequently,  

_- -0.5142+0.759., (v-6-18 ) 
Pm 

T h i s  formula ag rees  w i t h  exper imenta l  data f o r  ~ = M % C % ~  = 
= 3.5-7. 

To estimate t h e  v a r i a t i o n  of t h e  c o e f f i c i e n t s  of f r i c t i o n  
and hea t  t r a n s f e r  a t  s t r o n g  i n t e r a c t i o n ,  we can use t h e  r e l a t i o n -  
s h i p s  

(v-6 -19 ) 



I '  

, 

R.0 

18 

14 

T a b l e  v-6-1 g i v e s  t h e  c o e f f i c i e n t s  - c and - s f o r  k = 1 . 4  and 
P r  = 1. 

SV-7. AERODYNAMICS OF BLUNT WEDGES AT H I G H  SUPERSONIC SPEEDS 

/yqflI 1 . 

.- -. 

I Flow Around Blunt  P r o f i l e  Leading Edge 

around t h e  f r o n t  of a p r o f i l e  whose con tour  h a s  an  a r b i t r a r y  
c u r v i l i n e a r  shape  ( F i g .  V-7-1). 

S e p a r a t i o n  and  s h a p e  o f  s h o c k  wave .  L e t  us  c o n s i d e r  f low 

I n  t h e  l i m i t  as Ma) -P 01 a t  k = 1 . 4 ,  t h e  r a t i o  s O / R s o  = 0.1586. 
A t  very  h i g h  s p e e d s ,  i t  i s  n e c e s s a r y  t o  c o n s i d e r  t h e  i n f l u e n c e  of  
d i s s o c i a t i o n  and i o n i z a t i o n  o f  t h e  gas  i n  t h e  shock l a y e r .  I n  
t h i s  case, t h e  f o l l o w i n g  e x p r e s s i o n  C591 shou ld  b e  used i n s t e a d  
O f  (V-7-1): 
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P r a c t i c a l  i n t e r e s t  a t t a c h e s  t o  c a l c u l a t i o n  of  the wave-drag 
c o e f f i c i e n t  of a b l u n t  nose.  L e t  t h e  segment l e n g t h  of t h i s  nose 
(a long  t h e  chord)  be xe, and l e t  the nose be symmetr ical  about 
t h e  chord. T h e  d rag  c o e f f i c i e n t  r e f e r r e d  t o  t h e  t o t a l  l e n g t h  of 
t h e  nose ( i t s  chord)  i s  

(V-7-41 

I n  t h e  p a r t i c u l a r  ca se  i n  which t h e  nose contour  i s  a c i r c u -  
l a r  a r c ,  t h e  expres s ion  f o r  cx w i l l  b e  

- cosp cos? p 
1 -sin B c, w= 2po 

For a s e m i c i r c u l a r  contour  ( B  = O ) ,  

4 -  
cx w = 3 Po. 

(V-7-51 

(v-7-5' 1 

C a l c u l a t i o n  o f  f low around p r o f i l e  with b lunt  c u r v i l i n e a r  
contour us ing  Newtonian theory .  When t h e  Newton formula i s  used, 
t h e  p r e s s u r e  d i s t r i b u t i o n  f o r  a p r o f i l e  w i t h  a b l u n t  nose i s  c a l -  
c u l a t e d  i n  t h e  same way as t h a t  f o r  a p r o f i l e  w i t h  a sha rp  lead- 
i n g  edge. 

I n  t h e  g e n e r a l  ca se ,  such p r o f i l e s  may have "blanketed zones" 
w i t h  ze ro  excess  p r e s s u r e  on both  t h e  t o p  and bottom s u r f a c e s  
when l o c a l  a r e a s  o f . t h e  contour  have a nega t ive  i n c l i n a t i o n  t o  
t h e  oncoming-flow v e l o c i t y  v e c t o r .  

The c a l c u l a t i o n s  are s i m p l i f i e d  t o  a degree  when there  a r e  
no such a r e a s  and, consequent ly ,  t h e  e n t i r e  contour  i n t e r a c t s  w i th  
gas  p a r t i c l e s .  I n  t h i s  case ,  the  excess  p r e s s u r e  w i l l  be  pos i -  
t i v e  everywhere on t h e  contour .  For convenience i n  t h e  c a l c u l a -  
t i o n s ,  we can a r b i t r a r i l y  i s o l a t e  t h e  b l u n t  nose and p e r i p h e r a l  
p a r t s  from t h e  t o t a l  contour .  The aerodynamic c o e f f i c i e n t  i s  c a l -  
c u l a t e d  as t h e  sum of two components f o r  each of these p a r t s .  

Consider ,  f o r  example, t h e  expres s ion  f o r  t h e  f r o n t a l  d rag  
of  a p r o f i l e  i n  t h e  form of  a symmetr ical  wedge w i t h  a rounded 
nose i n  flow a t  ze ro  angle  of a t , t ack .  I f  t h e  nose l e n g t h  i s  xe, the  
p r o f i l e  l e n g t h  i s  x and t h e  S n c l i n a t i o n  ang le  of t h e  wedge p l ane  
i s  6, t hen  t h e  drag  c o e f f i c i e n t  c a l c u l a t e d . f o r  l e n g t h  x i s  

P '  
P 
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cx,w'2;o[ (e?) z+- sin" f5 (1-")I. (V-7-6 1 
1 .  cos p Z P  

T h i s  va lue  of cx  may be s e t  equa l  t o  t h e  a x i a l - f o r c e  coef- 
f i c i e n t  i n  cons ide r ing  flow around t h e  p r o f i l e l a t  an angle  of a t t a c k  
when t h e  v e l o c i t y  head i s  c a l c u l a t e d  by  t h e  expres s ion  
0.5pmV: cos2 B .  The a x i a l  f o r c e  

Consequently t h e  a x i a l - f o r c e  c o e f f i c i e n t ,  r e f e r r e d  t o  t h e  1 v e l o c i t y  head pmVm/2, i s  

C x p  = c xw cos" p. (V-7-7)  

Bluntness  i n  t h e  Form o f ,  a F l a t  P l a t e  /291 

F l o w  scheme a n d  e q u a t i o n  system [47 ] .  L e t  us examine t h e  
flow scheme i n  the  coord ina te s  X ,  Y around t h e  l e a d i n g  edge of a 
p r o f i l e  i n  the  form of a f l a t  p l a t e  of w i d t h  2b (F ig .  V-7-5) .  A 
c u r v i l i n e a r  wave forms i n  f r o n t  of t h e  p l a t e ,  a t  a d i s t a n c e  s o  
from t h e  c r i t i c a l  p o i n t .  The v e l o c i t y  components r e f e r r e d  t o  
Vm w i l l  be- denoted f o r  an a r b i t r a r y  s t r e a m l i n e  p o i n t  b y  v Y = 

- . - 

= vy/vm; vx = VX/Vm. 

T o  c a l c u l a t e  i n v i s c i d  two-dimensional flow around a p l a t e  
when a c u r v i l i n e a r  shock forms, i t  i s  necessary t o  use a system 
of gasdynamic equat ions  i n c l u d i n g  an equa t ion  of c o n t i n u i t y ,  
equa t ions  of motion i n  t h e  p r o j e c t i o n s  onto  t h e  Y- and X-axes, 
and an en t ropy  equat ion .  

complex problem. The  system can be s i m p l i f i e d  on t h e  basis  of 
a model of two-dimensional Newtonial flow when l/p, = pm/p2 i s  
ze ro  and t h e  wave a p p l i e s  d i r e c t l y  t o  t he  s u r f a c e  of t h e  p l a t e .  
Assuming t h e  flow v e l o c i t y  t o  be l a r g e  enough and t h e  flow t o  b e  
c l o s e  t o  t h e  l i m i t i n g  Newtonian c a s e ,  we can t r e a t  = 6 ,  as a 
s m a l l  parameter  ( p  = 6 ,  i s  t h e  d e n s i t y  r a t i o  f o r  the .norma1 com- 
pr .ess ion shock)  and p r e s e n t  t h e  v a r i a b l e s  c h a r a c t e r i z i n g  t h e  flow 
i n  t he  form of a s e r i e s  i n  t h i s  s m a l l  parameter .  The expansion 
i s  based on de te rmina t ion  of t h e  o r d e r  of t h e  gasdynamic v a r i a b l e s  
behind t h e  shock by use of t h e  fo l lowing  r e l a t i o n s h i p s :  

I n  t he  g e n e r a l  c a s e ,  s o l u t i o n  of t h i s  system i s  a h igh ly  

- 
tg* es); 1 '  - = 60 (1 + - 

Pz I +T, (v-7-8 1 
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F i g u r e  V-7-5. Two- 
Dimensional  P l ane  
Supe r son ic  Flow 
Around a Blunt  Nose. 
1) r e g i o n  of  e x t e r -  
n a l  se r ies  expansion;  
2 )  r e g i o n  of i n t e r -  
n a l  se r ies  expansion.  

- -  - -  (v-7-9 I 

(v- 7- 11 ) 

p2- pm = I - ti,, - t g2 0,; 

vy2 = (1 - tio - t g z  0,) t g  8,; 
VAS2 = (6, + t.g’ 0,) (I - tg‘ 0,); (V-7- 10 ) 

- 
i2 =,! + Fm - tg? e,, (V-7-12 ) 

(V-7-13 

When 6 o  + 0 and t h e  shock a p p l i e s  to 
t h e  nose ,  t h e  s l o p e  of t h e  shock w i t h  re- 
s e c t  to t h e  v e r t i c a l  a x i s  i s  o f  t h e  o r d e r  

The o r d e r s  
o f  magni tude o f  t h e  o t h e r  pa rame te r s  are 
de termined  a c c o r d i n g l y ,  namely: 

6,12,  I: i . e . ,  t a n  Os = O(Si/2). 

L e t  us i n t r o d u c e  t he  new c o o r d i n a t e  x = X6i1/2 , b u t  keep the  o l d  
c o n t e n t  of t h e  v a r i a b l e  Y ,  which w e  sha l l  deno te  by y = Y f o r  
t h e  sake of t i d i n e s s .  Taking account  o f  t h e  o r d e r s  of magnitude / 2 9 2  
of  t h e  v a r i a b l e s  behind  t h e  shock ,  we can  e x p r e s s  t h e  q u a n t i t i e s  
c h a r a c t e r i z i n g  t h e  f low i n  t h e  d i s t u r b e d  f low r e g i o n  n e x t  to t h e  
shock i n  t h e  form o f  expans ions  i n  powers of t h e  s m a l l  pa rame te r  
6 , :  

(V-7-14 ) 
(V-7-15) 
(v-7-16 ) 
(V-7-17) 

where u ,  v, 2, and p are  c e r t a i n  d imens ion le s s  f u n c t i o n s  of  t h e  
v a r i a b i e s  x = XS;’/~, y = Y .  

u s i n g  t h e  new c o o r d i n a t e  x = X6,’/’, w e  can o b t a i n  t h e  e q u a t i o n s  
f o r  t h e  d i s t u r b e d  f low i n  a s i m p l i f i e d  ( l i m i t )  form. Take, f o r  
example,  t h e  c o n t i n u i t y  e q u a t i o n  d ( p ~ - ~ ) , ’ d A - - ~ .  3(pVY)/J~’==O. After  ap- 
p r o p r i a t e  s u b s t i t u t i o n s  

Cons ide r ing  t h e  form of  Expansions (V-7-14)-(V-7-17) and 
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Comparing the t e r m s  i n  t h e  l e f t  member of the  equa t ion ,  w e  
no te  that  t h e  f i r s t  and t h i r d  are of h ighe r  nega t ive  o rde r  and 
can be d i s r ega rded .  The equa t ion  then  becomes 

S u b s t i t u t i n g  the  va lues  a u / 8 X = ( a ~ / a s ) S ; ' / ~ ,  8uli3Y,-8a~/ay, of t h e  de- 
r i v a t i v e s ,  w e  o b t a i n  a u / 8 x f a u l a y = 0 .  I n  the  coord ina te s  &, E, t h e r e -  
f o r e ,  t h e  c o n t i n u i t y  equa t ion  has been brought t o  t h e  form f o r  an 
incompress ib le  f l u i d .  S impl i f i ed  forms of t h e  o t h e r  s y s t e m  equa- 
t i o n s  can be  obta ined  s i m i l a r l y .  A s  a r e s u l t ,  t h e  equa t ion  system 
w i l l  b e  

Equation (V-7-19) has been obta ined  f o r  t h e  cond i t ion  t ha t  i n  
t h e  equa t ion  

- vX (av,/ax) + 7, (a~,iau) = - (16) aTpy,, 

t ransformed to t h e  v a r i a b l e s  y = Y ,  x = X6,'/2 w i t h  a p p l i c a t i o n  of 
Expansions (V-7-14)-(V-7-17), t h e  term oF/ay i s  n e g l i g i b l y  sma l l  
and t h a t  w e  can s e t  ap/ay=:o. 

It fol lows from t h i s  t h a t  t h e  p r e s s u r e  does not  change i n  
t h e  d i r e c t i o n  of t h e  a x i s  Y = y .  The f i r s t  two equat ions  of 
the  system enable  us t o  determine t h e  v e l o c i t y  f i e l d .  The t h i r d  
and f o u r t h  s e r v e  f o r  c a l c u l a t i o n  of t he  p r e s s u r e  and c o r r e c t i o n  
of t h e  d e n s i t y .  

The boundary cond i t ions  a r e  determined by t h e  cond i t ions  of 
flow immediately behind t h e  compression shock and on t h e  s u r f a c e  
of t h e  nose.  It fo l lows  from (V-7-9)-(V-7-11), (V-7-14)-(V-7-16), 
and t h e  r e l a t i o n  ( d X / d Y ) ,  = t a n  O s  t h a t  t h e f u n c t i o n s g ,  v,..and E 
must s a t i s f y  t h e  fo l lowing  cond i t ions  on t h e  shock wave: 
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(v-7-22) 
(V-7-23 

I n v e s t i g a t i o n  shows t h a t  t he  c o n d i t i o n  u/v -f 0 cannot be  
s a t i s f i ed  on t h e  s u r f a c e ,  s i n c e  t h e  two-dimensional f low desc r ibed  
by equa t ion  system (V-7-18)-(V-7-21) does not  occur  nea r  t h i s  
s u r f a c e .  More p r e c i s e l y ,  t h e  v e l o c i t i e s  here a r e  d i f f e r e n t  i n  
o rde r  of magnitude from t h o s e  nea r  t h e  shock, a l though t h e  o r d e r s  
of  magnitude of t h e  p r e s s u r e  and d e n s i t y  remain the  same over  t he  
e n t i r e  flow r e g i o n  between t h e  shock and the  nose.  .Hence t h e  re- 
g ion  of flow between t h e  c u r v i l i n e a r  wave and t h e  p l a t e  must b e  
r e so lved  i n t o  two p a r t s :  e x t e r n a l  and i n t e r n a l  expansion r eg ions  
(see Fig .  V-7-5). The flow i n  t h e  o u t e r  r e g i o n  i s  desc r ibed  by 
System (V-7-18)-(V-7-21) and by cond i t ions  (V-7-22)-(V-7-23). A s  
concerns t h e  i n t e r n a l  r eg ion ,  where t h e  nonseparat ing-f low condi- 
t i o n  u/v -f 0 must be  s a t i s f i ed ,  t h e  f low parameters  can be pre-  
s e n t e d  i n  the  form of  t h e  expansions 

- 312- - (V-7- 2 4 ) v,=s, u ( . , y ) + . * . ;  
- d -  (V-7-25) v, = 6ov (5, y) + - * - ; 

p - p p , = 1 i - 6 , P ( . ,  y)+,...; 
6 = p;' +i; (Z y) f - . ., 

- -  - -  - -  (V-7-26 ) 
(V-7-27) 

where K i s  the  v a r i a b l e  corr_esponding t.0 e -  t he - i sne r  r e g i o n  and i s  
determined by t h e  e q u a l i t y  s = 6 ; ' / 2 ( X - s o ) ;  U, U, p ,  p a r e  v a r i a b l e s  
analogous t o  LI, 1, E and p i n  t h e  i n t e r n a l  expansion r eg ion .  

c o n t i n u i t y ,  motion and en t ropy  equa t ions ,  
A f t e r  s u b s t i t u t i n g  Expansions (V-7-24)-(V-7-27) i n t o  the  

(V-7-28 ) 

(v-7-29) 

(V-7-30 1 

(V-7-31) 

We see from t h e  second-equa t ion  t h a t  t h e  p r e s s u r e  i s  indepen- 
den t  of 2 and depends only on x. 

a r y  cond i t ions  a t  t h e  wall  
The s o l u t i o n  of  t h i s  equa t ion  system must s a t i s f y  t h e  bound- 
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where Vg i s  t h e  v e l o c i t y  a t  t h e  w a l l  f o u n d . b y i n t e g r a t i o n  of (V-7-30) 
w i t h  the  cond i t ion  t h a t  fi = 0 ,  and i s  re la ted  t o  p r e s s u r e  by the  
formula 

For a g iven  J T ,  t h i s  q u a n t i t y  w i l l  determine t h e  p r e s s u r e  / 2 9 4  
throughout t h e  i n n e r  r eg ion .  Consequently, a&h~~=  -W6 (dV6/rlu)’ and 
(V-7-30] becomes a pu re ly  k inemat ic  r e l a t i o n .  Solv ing  Eqs. 
(V-7-28) and (V-7-30],  w e  can f i n d  t h e  v e l o c i t y  va lues  6(%,?)  
and ?(%,?),which s a t i s f y  t he  boundary cond i t ions  a t  t h e  w a l l  
(V-7-32) .  

The s o l u t i o n s  of t h e  equat ions  f o r  t h e  o u t e r  and i n n e r  r e -  
g ions ,  which s a t i s f y  t h e  boundary cond i t ions  on t h e  shock and 
on t h e  w a l l ,  r e s p e c t i v e l y ,  a r e  a l s o  s u b j e c t  to conjugat ion  con- 
d i t i o n s  a t  t h e  boundary between t h e  two r eg ions ,  s o  t h a t  t h e  flow 
i n  t h e  r eg ion  under c o n s i d e r a t i o n  can be determined uniquely.  

t he  method of s o l v i n g  t h e  equat ions  or conjugat ing  t h e  r e s u l t i n g  
s o l u t i o n s ,  we p r e s e n t  only t h e  b a s i c  r e s u l t s  t ha t  are of p r a c t i -  
c a l  importance f o r  aerodynamic c a l c u l a t i o n s .  

R e s u l t s  o f  s o l u t i o n  o f  t h e  e q u a t i o n s .  Without dwel l ing  on 

Sepa ra t ion  and shape of shock wave. The d i s t a n c e  t o  the  
shock wave i n  dimensionless  form i s  

The equat ion  of  t h e  shock wavemcurve can be given i n  t h e  fol- 
lowing approximate form: 

- 
where y = y/b,  x = x/b. 

c o e f f i c i e n t  i s  
Pressure  and v e l o c i t y .  The working formula f o r  t h e  p r e s s u r e  
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The f u n c t i o n  p , (y )  can be approximated by 

Consequently, the  p r e s s u r e  c o e f f i c i e n t  

The v e l o c i t y  a t  t h e  w a l l  i s  c a l c u l a t e d  by  the formula 
V,b/V,=60Vd, wh-ere Vg i s  c a l c u l a t e d  by  (V-7-33). I n t roduc ing  t h e  
va lue  o f  p, (y)  from (V-7-37) i n t o  (V-7-33),  w e  f i n d  an approxi-  
mate r e l a t i o n  f o r  use i n  c a l c u l a t i n g  v e l o c i t y :  

From t h i s ,  w e  determine t h e  v e l o c i t y  g r a d i e n t  a t  t h e  c r i t i -  
c a l  p o i n t :  

(V-7-40 ) 

Drag. The d rag  of a p l a t e  i s  determined by i n t e g r a t i n g  over  
i t s  s u r f a c e .  Using (V-7-38), w e  can o b t a i n  a r e l a t i o n  f o r  t h e  
d rag  c o e f f i c i e n t  referred t o  t h e  p l a t e ' s  span 2b: 

1 

Cxlw=-;- xw L-- s &T= 2 (i -0.956,). (V-7 -41)  QLb 

Aerodynamic  c a l c u l a t i o n  o f  t h e  w i n g .  Methods of c a l c u l a t i n g  
hypersonic  flow around a p l a t e  p l aced  crosswise  i n  the  flow can 

i n  the  fo l lowing  c a s e s .  

These methods are used t o  c a l c u l a t e  t h e  flow around a f l a t -  
b lun ted  wing-prof i le  l e a d i n g  edge a t  a near-zero angle  of a t t a c . k .  

be used t o  determine t h e  aerodynamic c h a r a c t e r i s t i c s  of a wing 1 2 9 5  

The flow over t h e  p e r i p h e r a l  p a r t  of t h e  p r o f i l e  can be de- 
termined,  for example, by  t h e  Newtonian co rpuscu la r  t heo ry ,  and 
t h e  o v e r - a l l  aerodynamic c h a r a c t e r i s t i c s  of t h e  wing by t h e  
"method of s t r i p s .  " 

3 9 4  



W e  might examine another  case  of  mot ionof  a wing t h a t  i s  char-  
a c t e r i z e d  by  a t t a c k  ang le s  nea r  9 0 ° .  This  type of  motion may 
occur  when a v e h i c l e  r e e n t e r s  t h e  atmosphere a t  hypersonic  speeds 
and t h e  wing i s  used as a brake o f f e r i n g  t h e  h i g h e s t  p o s s i b l e  
f r o n t a l  d rag .  

The "method of  s t r i p s , "  i n  which t h e  flow a long  t h e  p l a t e  
( s t r i p )  i s  assumed p lane ,  i s  used t o  c a l c u l a t e  flow around a 
wing. T h i s  flow i s  approximated w i t h  a s e r i e s  of p l a t e s ,  each 
of which i s  cons idered  t o  be  s e t  pe rpend icu la r  t o  t h e  d i r e c t i o n  
of t h e  oncoming flow. Here t h e  o v e r - a l l  aerodynamic c o e f f i c i e n t  
of t h e  wing w i l l  b e  t h e  same as f o r  an i s o l a t e d  p l a t e .  For ex- 
ample, t h e  o v e r - a l l  d rag  c o e f f i c i e n t  w i l l  b e  given by  (V-7-41). 

It must be remembered i n  us ing  t h e  "method of  s t r i p s "  t h a t  
i t  g i v e s  b e t t e r  r e s u l t s  f o r  p a r t s  of  t h e  wing t h a t  are q u i t e  fa r  
from both t h e  t ip .  and r o o t  chords and where t h e  flow i s  n e a r l y  
p lane .  

The o v e r - a l l  aerodynamic c h a r a c t e r i s t i c s  of a f i n i t e - s p a n  
wing, as c a l c u l a t e d  by  t h e  "method of  s t r i p s , "  must be regarded 
as t e n t a t i v e  and r e q u i r i n g  v e r i f i c a t i o n  and improvement e i t h e r  
by more r igo rous  t h e o r e t i c a l  methods o r  by  experiment .  

P r o f i l e  _ w i t h  s m a l l  Bluntness  

Research has  shown t h a t  t h e  d rag  of  a p r o f i l e  w i t h  a s m a l l  

t h e  d rag  of  t h e  b l u n t  nose and tha t  of 
t h e  r e s t  of t h e  p r o f i l e ,  which i s  ca lcu-  
l a t e d  i n  accordance w i t h  t h e  theo ry  of  
flow around b l u f f  bodies  wi thout  con- 
s i d e r a t i o n  of t h e  s m a l l  i n f l u e n c e  ex- 
e r t e d  on t h i s  drag  by d i s t u r b a n c e s  
emanating from t h e  subsonic  r eg ion .  

b l u n t n e s s  a t  moderate supe r son ic  speeds can be obta ined  by summing 

J 
2 

A t  very h igh  supersonic  speeds ,  
t h i s  e f f e c t  may become s u b s t a n t i a l .  To 
e v a l u a t e  t h e  l e n g t h  L of t h e  p r o f i l e  
segment on which a s m a l l  b l u n t i n g  of  

F igure  V-7-6. P l a t e  t h i c k n e s s  d e x e r t s  an i n f l u e n c e ,  we can 
of F i n i t e  Thickness use  t h e  expres s ion  L/d 'L B - 3 ,  where B 
i n  Supersonic  Flow. i s  t h e  c h a r a c t e r i s t i c  i n c l i n a t i o n  angle  

of  t h e  s u r f a c e .  For example, i f  B = 0 . 1 ,  
a s m a l l b l u n t n e s s  changes the flow p a t t e r n  

and t h e  p r e s s u r e  d i s t r i b u t i o n  on a l e n g t h  L 'L l O O O d  s u b s t a n t i a l l y .  

P l a t e  o f  f i n i t e  t h i c k n e s s .  Let us cons ide r  a p l a t e  of small 
t h i c k n e s s  d i n  a flow a t  very h igh  supe r son ic  v e l o c i t y  (F ig .  V-7-6). 
The s t u d i e s  of  P ro f .  G . G .  Chernyy C381 have shown t h a t  t h e  pres -  
s u r e  d i s t r i b u t i o n  over  the  s u r f a c e  of t h e  p l a t e  i s  c h a r a c t e r i z e d  
by t h e  g e n e r a l  r e l a t i o n  
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I1 l l l l l  I I I I I I I  I I 

1 
(V-7-42) ' % P i p ,  Pa . cx -.$), hl 

where P I  i s  a c e r t a i n  f u n c t i o n  of t h e  parameters  k; @Jf2)-iX/d: 
c i s  t h e  d rag  c o e f f i c i e n t  of t h e  b l u n t n e s s .  
X 

Figure  V-7-7. Pressu re  D i s -  F igure  V-7-8. Func- 
t r i b u t i o n s  on P la tes  w i t h  t i o n s  x and-  x1 used 
Wedge (@ x )  and Rounded ( 0 )  i n  C a l c u l a t i n g  Flow 
Edges. The Drag of t h e  Around a P l a t e  of 
Rounded Edge was Calcu- F i n i t e  Thickness and 
l a t e d  by the  Formula a Blunted Wedge. 
c -  = - - P o . ,  The Unbroken Line 

Represents  Formula (V-7-44). 

2 -  

The equa t ion  o f  t h e  bow'compression shock curve i s  

where R,  i s  a c e r t a i n  f u n c t i o n  of  t h e  same parameters ,  which are 
t o  be regarded  as s i m i l a r i t y  parameters  f o r  hypersonic  flow 
around a b lun ted  p l a t e .  

Formulas (V-7-42) and (V-7-43) agree  w e l l  w i t h  c a l c u l a t i o n s  
by t h e  method of c h a r a c t e r i s t i c s  f o r  a p l a t e  w i t h  a rounded f l a t  
b l u n t n e s s o r a  wedge-shaped l e a d i n g  edge s o  s e l e c t e d  tha t  the  s o n i c  
v e l o c i t y  occurs  on i t  (F ig .  V-7-7). 



A t  very h igh  f l i g h t  speeds ,  the  p r e s s u r e  p, i s  small by 
comparison w i t h  t h e  p r e s s u r e  behind t h e  shock. I n  t h i s  case ,  
the  parameter p, and, w i t h  i t ,  Moo e x e r t  l i t t l e  i n f l u e n c e ,  and 
(V-7-42) and (V-7-43) assume t h e  s i m p l e r  forms 

2/3 . + = j l ,  (A) cy3 (5) ;.? 
(v-7- 4 4 ) 
(v-7-45 1 

where x and xlare  func t ions  t h a t  depend only on t h e  r a t i o  of 
s p e c i f i c  heats. 

Values of these f u n c t i o n s  are r ep resen ted  by  the s o l i d  l i n e s  
i n  Fig.  V-7-8. The approximating r e l a t i o n s h i p s  f o r  the  func t ion  
x ( k )  and Xl (k )  (dashed curve i n  F ig .  V-7-8) take t h e  form 

The q u a n t i t i e s  de f ined  by (V-7-44) and (V-7-45) should be 
regarded as t h e  p r i n c i p a l  terms of t h e  s e r i e s  ob ta ined  by ex- 
panding the  func t ions  
parameter  x/(cxM:d) i s  small. 

and R ,  w i t h  the  cond i t ion  t ha t  t h e  

I n  the c a l c u l a t i o n s ,  i t  
must be remembered t h a t  t h e s e  
formulas g ive  s a t i s f a c t o r y  re- 
s u l t s  when t h e  Reynolds numbers 
computed from p l a t e  t h i ckness  
exceed 2000.  

T h i n  wedge w i t h  small b l u n t -  
ness. Hypersonic flow theory  
g ives  t h e  fo l lowing  g e n e r a l  fo r -  
mula . f o r  the  p r e s s u r e  d i s t r i b u -  
t i o n  over  t h e  s u r f a c e  of a b lun ted  
wedge w i t h  a semivertex angle  8,: 

F igure  V-7-9. Pressu re  D i s -  
t r i b u t i o n  on Wedge w i t h  
S m a l l  :Bluntness.  The Dashed ,p,vk tgz&k=P2 ( 7 - 7 )  -. (V-7-48 1 
Line Represents  a Sharp - 

Wedge. 

2P 4 ig3& ' 2  

The shape o f  t h e  shock wave 
i s  . cha rac t e r i zed  by t h e  r e l a t i o n  
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Figure  V-7-10. Shape of Bow Wave 
i n  Front  of  Wedge. 1) w i t h  b lun t -  
bess;!2)]sharpwedge;  3)  shock 
co inc id ing  f a r  from the  nose w i t h  
t h e  shock i n  f r o n t  of t h e  sha rp  
wedge. 

I n  t h e s e  expres s ions ,  
P, and R, are c e r t a i n  func- 
t i o n s  of the parameter  
4 t a n 3  Bwx/(cxd); c x  i s  the  

drag  c o e f f i c i e n t  of t h e  b l u n t  
nose.  Re la t ionsh ips  (V-7-48) 
and (V-7-49), which were de- 
r i v e d  w i t h  ou t  c ons i de r a t  i on 
of t h e  i n i t i a l  p r e s s u r e ,  are 
r ep resen ted  g r a p h i c a l l y  i n  
F igs .  V-7-9 and V-7-10. 

The q u a n t i t y  
4 tan3Bwx/(c,d) i s  a s i m i -  
l a r i t y  parameter  f o r  hyper- 
s o n i c  flow around a b l u n t  
wedge. A t  lower v e l o c i t i e s ,  
when back p r e s s u r e  i s  t aken  
ink0  account ,  i t  i s  neces- 

s a r y  t o  in t roduce  one more parameter  Mac ( c  i s  t h e  wedge t h i c k -  
nes s  r a t i o  2 t a n  B W ) ,  and, i n  t h e  g e n e r a l  case ,  a l s o  t h e  s p e c i f i c -  
h e a t  r a t i o  &, which t a k e s  account of t h e  p r o p e r t i e s  of t h e  gas .  

The t o t a l  d rag  Xwe of a wedge of  l e n g t h  xw w i t h  a b lun ted  
l e a d i n g  edge i s  

.:. .:<..:. s. .. .. . -... , .- . .< . . , , - .. .. ” 

where X i s  ha l f  t h e  d rag  of t h e  b lun t ,nes s .  

The d rag  c o e f f i c i e n t  of t h e  wedge i s  

where t - 4 t a n 3  Bwxw/cxd). 

The approximate r e l a t i o n  
F igure  V-T-ll p r e s e n t s  a diagram of (V-7-51) f o r  small t .  - 



corresponds to l a r g e  4. 
I f  t h e  d rag  of the b l u n t  s u r f a c e  

i s  c a l c u l a t e d  as t h e  sum of t h e  drags  
of t h e  b lun tness  and a sharpened wedge, 
w e  can use (V-7-52) w i t h  2 / t  s u b s t i -  
t u t e d  f o r  2 k / t .  

F igure  V-7-11. Drag 
C o e f f i c i e n t  of Blunted 
Wedge. 

Law o f  s i m i l a r i t y .  

Pressure  c e n t e r  o f  b lunted pro- 
f i l e .  The c e n t e r  of p r e s s u r e  of  a 
b lun ted  p r o f i l e  i s  s h i f t e d  forward 
from i t s  p o s i t i o n  f o r  t h e  same p r o f i l e  
w i t h  a sha rp  edge. 

T h i s  s h i f t  may be s u b s t a n t i a l .  
Thus, f o r  example, f o r  a p r o f i l e  i n  
t h e  form of a b lun ted  p l a t e ,  t h e  
c e n t e r  of p r e s s u r e  i s  l o c a t e d  a t  1 / 4  
of  t h e  p l a t e  l eng th  from t h e  l ead ing  
edge a t  very h igh  speeds ,  and not  a t  
t h e  c e n t e r ,  as i n  t h e  case  of an i n -  
f i n i t e s i m a l l y  t h i n  p l a t e .  

The v a r i a t i o n  of t h e  drag c o e f f i c i e n t  of 
a b l u n t  wedge i s  c h a r a c t e r i z e d  by  a s i m i l a r i t y  law f o r  which t h e  
g e n e r a l  expe r s s ion  i s  

.. . 

cxWs = C2F (k, K ,  K*), (v-7-53 1 

o r ,  a t  very h igh  speed 

(v-7-54) 

where t h e  s i m i l a r i t y  parameters  a r e  

I n  (V-7-53), (V-7-54)  t h e  funct i 'ons  F and F, are determined respec-  
t i v e l y  by  t h e  parameters  k _ , . K ,  K* and k, K**. The dimension d i s  
given as a f r a c t i o n  of wedge l e n g t h .  

- 

The p r e s s u r e  d i s t r i b u t i o n  over t h e  s u r f a c e  of t h e  wedge and 
t h e  coord ina te s  of  p o i n t s  on t h e  bow shock wave a r e  determined 
by t h e  g e n e r a l  r e l a t i o n s h i p s  of s i m i l a r i t y  t heo ry  

399 



K+-'Y = R3 ( K + - k ,  k, K )  , , 

which become f o r  very h igh  supersonic  speeds 

(p*)-'& == R, [(K**)-ls, %I. 
0 

(17-7-56 
(V-7-57 

(V-7-58 

(V-7-59 

T h e f u n c t i o n s P ,  and R ,  are determined by t h e  parameters  K*x, E, 
K ,  and P-, RoD by t h e  parameters  k**x, k_; and y- are measured 
as f r a c t i o n s  of wedge l eng th .  

Effect  of sweep on drag. The d rag  i n c r e a s e  caused by b l u n t -  
i n g  t h e  l ead ing  edge i s  m i t i g a t e d  f o r  swept wings. S tud ie s  have 
shown [ 5 5 ]  t h a t  t h e  d r a g  of  a c y l i n d r i c a l  swept wing can be found 
i n  approximation by t he  formula 

§V-8. ANNULAR WINGS 

Incompressible flow. The l i f t  of an  annu la r  wing a t  zero  
anglelofi a t t ack , can :  bejdetermined by t h e  formula [ 61 : 

(v-8-1) - 

i n  which A 
parameter  of t h e  wing p r o f i l e .  

= 2r/b i s  t h e  a s p e c t  r a t i o  and ~ ~ = c ; ~ = 8 c , ~ / ~ o l  i s  a 
wg 

The lift i s  c a l c u l a t e d  from t h e  expres s ion  Y = 2c q rb ,  where 
Y 

2rb i s  the  a r e a  of  t h e  wing 's  h o r i z o n t a l  p r o j e c t i o n .  

The induced d rag  c o e f f i c i e n t  of  an annu la r  wing 

(V-8-2) 



L e t  c x o  be t h e  wing ' s  d r a g  c o e f f i c i e n t  a t  c = 0 ,  referred t o  
Y 

t h e  area 2rb .  The f r o n t a l  d r a g  i s  t h e r e f o r e  

Xo = BcXoqrb. (V-8-31 

The same f o r c e  can b e  de te rmined  from t h e  e x p r e s s i o n  

-& = cXpqS = 2cXpqzrb, (V-8-3' ) 

where S = 2 r r b  i s  t h e  area of a c y l i n d e r  o f  r a d i u s  r a n d  l e n g t h  b, 
e q u a l  t o  t h e  p r o f i l e  chord and c i s  the  p r o f i l e  d r a g  c o e f f i -  

XP 
c i e n t  f o r  c = 0.  

Y 
Comparing t h e  two e x p r e s s i o n s  f o r  x o ,  w e  f i n d  

c,o = nc,,: (V-8- 4 ) 

Accordingly ,  t h e  t o t a l  f r o n t a l  d r a g  c o e f f i c i e n t ,  c a l c u l a t e d  
as a l i f t  c o e f f i c i e n t  from t h e  area of t he  wing h o r i z o n t a l  pro-  
j e c t i o n  i s  

. -¶ c,=c,o+c,* = z c x p + -  "V - 2nhwg 
(V-8-51 

The p i t c h i n g  moment, which i s  u s u a l l y  de te rmined  w i t h  r e s p e c t  
t o  t h e  c o o r d i n a t e  a x i s  z, i s  c rea ted  s o l e l y  by l i f t .  To de te rmine  
i t ,  w e  can proceed  from t h e  f a c t  t h a t  t he  c e n t e r  of  p r e s s u r e  o f  
t h e  wing ( o r  t h e  aerodynamic c e n t e r  f o r  an  unsymmetr ical  p r o f i l e )  
w i l l  occupy t h e  same a x i a l  p o s i t i o n  r e l a t i v e  t o  t h e  l e a d i n g  edge 
as does t h e  p r o f i l e  c e n t e r  of p r e s s u r e ,  i . e . ,  w e  can assume t h a t  

C = c  c.p.wg c .p  . p r o  

Thus,  

(V-8-6) 

M Z  = Yc c . p . p r  b, 

and i t s  c o e f f i c i e n t  
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Effect of compressibility. For subsonic  speeds,  t h i s  ef-  
f e c t  can be taken  i n t o  account w i t h  the  formulas 

(V-8-8 ) 

(V-8-9 1 

f o r  a wing i n  incom- y c i  and 'xi c i .  

S tud ie s  have shown t h a t  t h e  c e n t e r  of p r e s s u r e  (aerodynanic 

Supersonic speeds. The r e c i p r o c a l  e f f e c t s  between s e c t i o n s  

Here the  c o e f f i c i e n t  c 
p r e s s i b l e  flow a r e  c a l c u l a t e d  f o r  t h e  a spec t  r a t i o  -_ A o ~ = A w g l ~ f - J f L .  -_ -_  

c e n t e r )  p o s i t i o n  does not  change i n  l i n e a r i z e d  compressible  flow. 

a r e  weaker i n  supersonic  than  i n  subsonic  flow. T h i s  i n f l u e n c e  
decreases  w i t h  i n c r e a s i n g  M,. 

I f  t h e  Mach cone o r i g i n a t i n g  a t  t h e  l ead ing  edge o f  a sec-  
t i o n  does not  i n t e r s e c t  t h e  chord of t h e  d i a m e t r i a l l y  oppos i t e  
s e c t i o n ,  t h e  i n t e r a c t i o n  between s e c t i o n s  may be d is regarded  i n  
f i r s t  appr  oximati  on. 

I n  t h i s  ca se ,  i t  may be assumed tha t  each s e c t i o n  i n  t h e  
p lane  y = cons t  w i l l  be a t  an angle  of a t t a c k  a = a cos y .  Con- 
sequen t ly ,  t h e  s e c t i o n  l i f t  coe f f i c i en t  i n  t h e  same p lane  w i l l  be 

Y 

Oa 0 (V-8-10) c; = .,""a, = cy a cos y = cy cos y, 

where c o  i s  the l i f t  c o e f f i c i e n t  o f t h e  p r o f i l e a t  angle  of a t t a c k  a. 
Y 

Assuming t h a t  t h e  l i f t  dY' i n  t h e  p lane  y = cons t  i s  d e t e r -  
mined f o r  a wing element wi th  a r e a  dS = brdy by t h e  e q u a l i t y  

PWVL dY'  = C; - br dy,. 
2 

w e  f i n d  t h e  a c t u a l  l i f t  of t h e  element 

402 



The wing l i f t  

2x 

Y = ciqbr.1 cos2y dy = cEqnbr.. 
0 

Consequently,  t h e  l i f t  c o e f f i c i e n t  

(v- 8-11 ) 

Since t h e r e  i s  no s u c t i o n  f o r c e  on t h e  l e a d i n g  edge of  an 
annu la r  wing i n  supe r son ic  f low,  t h e  f r o n t a l  d rag  c o e f f i c i e n t  
due t o  l i f t  

C,t = c,a. (v-8-12 ) 

The f r o n t a l  drag c o e f f i c i e n t  f o r  c = 0 i s  found from (V-8-5), 

X P  Y 

The wing aerodynamic c e n t e r  w i l l  occupy the same p o s i t i o n  

Y 
w i t h  c s e t  equal  t o  t h e  p r o f i l e  d r a g  c o e f f i c i e n t  a t  c = 0 and 
t h e  g iven  Moo. 

r e l a t i v e  t o  t h e  l e a d i n g  edge as t h e  aerodynamic c e n t e r  of the  
s e c t i o n  p r o f i l e  a t  t h e  same Moo. 

ment owing t o  t h e  symmetrical  d i s t r i b u t i o n  o f  t h e  l i f t  w i t h  r e -  
s p e c t  t o  t h e  - z-axis .  
v i r t u e  of t h e  wing 's  a x i a l  symmetry. 

The f r o n t a l  drag due to l i f t  does no t  cause a p i t c h i n g  mo- /3O 1 

T h e  c o e f f i c i e n t  m Z  w i l l  a l s o  b e  ze ro  by 

§V-g. C R U C I F O R M  W I N G S  

F igure  V-9-1 i s  a diagram of  flow p a s t  c ruc i form wings. I n  
c a l c u l a t i n g  aerodynamic c h a r a c t e r i s t i c s  f o r  such wings, w e  can 
proceed from t h e  f a c t  t h a t  t h e  i n f l u e n c e  of t h e  s l i p  of  each p l ane  
on t h e  c o e f f i c i e n t  c and m Z  can be disregarded w i t h  2J, = 90' 
( J ,  i s  t h e  i n c l i n a t i o n  of the  p l ane  t o  t h e  z1-axis) and a small 
a t t a c k  ang le .  

c y '  x' 

A t  supersonic  speeds ,  because each p l ane  i s  i n  t h e  p lane  of 
symmetry of t h e  o t h e r ,  t h e  assumption t h a t  t h e r e  i s  p r a c t i c a l l y  
no mutual i n f l u e n c e  between them w i l l  b e  j u s t i f i e d  w i t h  a c e r t a i n  
approximation.  
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I n  view of the  above, 
each p l a n e  of a c ruc i form wing 
w i t h  t he  ang le  JI = 45' w i l l  
have the same aerodynamic char-  
a c t e r i s t i c s  as i t  would have i n  
i s o l a t e d  form a t  t h e  same flow 
v e l o c i t y .  vu" 

The e f f e c t i v e  a t t a c k  ang le  
of  each p l ane  of  a c ruc i form 
wing a t  an ang le  of  a t t a c k  a , (F ig .  

ql cosy 

Figure  V-9-1. Diagram of Flow V-9-1) w i l l  be 
Around Cruciform Wing. 

S e t t i n g  the a t t ack -ang le  d e r i v a t i v e  of t h e  i s o l a t e d - p l a n e  
l i f t  c o e f f i c i e n t  equa l  t o  cos, w e  f i n d  the  l i f t  c o e f f i c i e n t s  
c and c of t h e  two p lanes  of t h e  c ruc i form wing: 

Y 
Y1 Y 2  

where c o  i s  t h e  l i f t  c o e f f i c i e n t  of an i s o l a t e d  p l ane  a t  an angle  
of a t t a c k  a. 

Y 

The l i f t  c o e f f i c i e n t  of t h e  e n t i r e  c ruc i form wing, referred 
t o  t h e  area of one p l a n e ,  i s  

b . e . ,  i t  i s  equa l  t o  t h e  l i f t  c o e f f i c i e n t  of an i s o l a t e d  p lane  a t  
t h e  same ang le  o f ' a t t a c k  a. 

The d rag  c o e f f i c i e n t  governed by  l i f t  and r e f e r r e d  t o  t h e  
area of one p l ane  i s  found, as f o r  an o rd ina ry  wing, i n  t h e  form 

A t  subsonic  speeds ,  A 2. 1/(nXWg), where X i s  the a s p e c t  wg - 
r a t i o  o f  t h e  i n d i v i d u a l  wing; a t  supe r son ic  speeds ,  A = l / c i a  
( i f  t h e r e  i s  no s u c t i o n  f o r c e  on t h e  wing l e a d i n g  edges ) .  
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The frontal drag of a cruciform wing at c = 0 will be twice Y 
the frontal drag of the ordinary wing; consequently, cx = 2ci, 
where the coefficients cx anc co are referred to the area of one 
plane. X 

In attaching a cruciform wing to a body (see Fig. XV-1-3), 
it is necessary to consider the reciprocal effects between the 
planes and the body. In first approximation, this effect can be 
considered separately for each plane. The coefficients co co 
coa found in,this manner for an individual plane are then sub- Y 
stituted into the formula given above to obtain the characteris- 
tics of the cruciform wing with consideration of the body effect. 

SV-10. NONSTATIONARY. WmG AEROlXNAMICS - 

y’ x’ 

Plate -in-Supersonic Flow 

If a wing is in nonstationary flow, which corresponds to con- 
ditions under which it executes an oscillatory motion, the aero- 

dynamic characteristics also depend on 
the parameters that determine this motion. 

Figure V-10-1. Non- 
stationary Aerody- 
namic Characteris- 
tics of Rectangular 
Plate of Infinite 
Span (axis of rota- 
tion - at 1/4 chord; 
x = x /b = 0.25). 
PO ro 

A.S an example for the most commonly 
encountered form of. harmonic oscillations, 
Figs. V-10-1 and V-10-2 [ 6 ]  show the theo- 
retical curves of the nonsteady character- 
istics of an infinite-span flat plate at 
M = 0 and Ma = 3. The moment coeffi- 
cyents shown in Figs. V-10-1 and V-10-2 
correspond to a reduction point situated 
at a distance xro = 0.25b from the lead- 
ing edge. 

Figures V-10-3-V-10-8 show the sta- 
bility derivatives as functions of aspect 
ratio for rectangular and delta wings in 
subsonic flow. These data indicate that 
the effect of the Strouhal number St on 
the nonsteady characteristics decreases 

The same effect is observed at small A 
at supersonic speeds. The influence of St 
also diminishes with increasing Moo (Figs. 
V-10-9 and V-10-10). 

wg’ 

In solving practical problems, it is 
necessary to deal with St of the order of 
O.O5-O.O7. With a certain accuracy, there- 
fore, we can use the nonstationary char- 
acteristics for St + 0, i.e., assume that 
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t h e  s t a b i l i t y  d e r i v a t i v e s  do not  depend on t h e  frequency of t h e  
o s c i l l a t i o n s .  According to t h i s  hypo thes i s  and f o r  x = 0.25b, 
w e  o b t a i n  t h e  fo l lowing  va lues  of t h e  s t a b i l i t y  d e r i v a t i v e s  f o r  
an i n f i n i t e - s p a n  p l a t e  i n  supe r son ic  flow under harmonic-osci l la-  
t o r y  c o n d i t i o n s :  

ro 

OG 16 24 3.2 St 0 

- 44 

-48 

- 1.2 
-1.6 

Figure  V-10-2. Nonsta- 
t i o n a r y  Aerodynamic Char- 
a c t e r i s t i c s  of I n f i n i t e -  
SEan Rectangular  Plate  
('ro = 0.25). 

nf -a4k -0.2 

0 

I St=D.25 0.5 2 I 

2 3 

(v-10- 1 ) 

(v-10 -2 ) 

(V-10 - 3 ) 
(V-10-4 ) 
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F igure  V-10-3. C o e f f i c i e n t  
ma ( S o l i d  Lines f o r  Rectan- 
g u l a r  wings,  Dashed Lines 
f o r  De l t a  Wings). 
Aspect Ra t io .  The Wing Ro- 
t a t i o n  Axis is a t  1/11 Root 
Chord, i . e . ,  x = 0 . 2 5 .  

Z 

i s  t h e  
w g  

r o  

F igure  V-10-4. C o e f f i c i e n t  
m ( S o l i d  Lines f o r  S t r a i g h t  
Wings, Dashed Lines f o r  De l t a  
Wings ) ; 
Rat io ;  xro 

dr 
Z 

i s  t h e  Aspect 
= 0.25. 

- 
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. . .  

w 
C$ 

42 

0 

- a2 

-a4 

-46 

F i g u r e  V-10-5. Coef- 
f i c i e n t s  m:z and miz 
( S o l i d  L i n e s  f o r  Rec- 
t a n g u l a r  Wings, Dashed 
L i n e s  f o r  Del ta  Wings);  
X i s  t h e  Aspect  R a t i o ;  
-wg 

r o  x = 0.25.  

F i g u r e  V-10-7. C o e f f i c i e n t  

cBz ( S o l i d  Lines  f o r  Rec- 
t a n g u l a r  Wings, Dashed 
L i n e s  f o r  D e l t a  Wings) ;  
h i s  t h e  Aspect  R a t i o  and 
2% 

Y 

= 0.25 .  
0 

- .. -.. . 

F i g u r e  v-10-6. c o e f f i c i e n t  

c ( S o l i d  L i n e s  f o r  Rec- 
t a n g u l a r  Wings, Dashed L i n e s  

i s  t h e  f o r  De l t a  Wings);  
Aspect  R a t i o ;  xro = 0.25.  

w 
Y 

Xwg - 

Cr” 

3 

2 

I 

0 

I 2 3 A,, 

F i g u r e  v-10-8. C o e f f i c i e n t s  
c a and c d ( S o l i d  L i n e s  f o r  
Y Y 

R e c t a n g u l a r  Wings, Dashed 
Lines  for Del ta  Wings);  Awe: 

.. a - 
i s  t h e  Aspect  R a t i o ;  xro = 
= 0 . 2 5 .  



Figure  V-10-9. Non- 
s t a t i o n a r y  Aerody- 
namic C h a r a c t e r i s t i c s  
of Rectangular  Wing 
a s  Funct ions of 

C$ 

-0.2 

-Q4 

2 3 "A,, I 

Figure  V-10-10. Coef- 
f i c i e n t s  ca and c6 a s  
Funct ions of Aspect 
R a t i o  of Rectangular  
Wing. 

Y Y 

The r e l a t i o n s h i p s  g iven  here  /305 
can be used w i t h  a c e r t a i n  approx- 
imat ion  i n  p r a c t i c a l  c a l c u l a t i o n s  
f o r  any o t h e r  l a w  of v a r i a t i o n  of 

t h e  k inemat ic  parameters  i n  t ime i f  t h e  c o n d i t i o n  S t  -t 0 i s  sa t i s -  
f i e d .  T h i s  i s  t h e  "harmonici ty"  hypo thes i s .  

Wings i n  Subsonic Flow 

I n  p r a c t i c a l  c a s e s ,  we can d i s r e g a r d  t h e  i n f l u e n c e  of velo- 
c i t y  v a r i a t i o n  on t h e  aerodynamic c h a r a c t e r i s t i c s  (except  f o r  mo- 
t i o n s  w i t h  very l a r g e  a c c e l e r a t i o n s ) .  Assuming f u r t h e r  t h a t  t h e  
s l i p  ang le  Bs, = 0 ,  we o b t a i n  f o r  t h e  aerodynamic c o e f f i c i e n t s  

The curves of Figs.V-10-3 - V-10-8, which correspond t o  an 
incompress ib le  medium (M, = O ) ,  can be used t o  compute t he  sta- 
b i l i t y  d e r i v a t i v e s .  

Compress ib i l i t y  ( f o r  M, - < MWCr) can be t aken  i n t o  cons idera-  
t i o n u s i n g t h e  s i m i l a r i t y  theory  of subsonic  f lows.  Here t h e  cor- 
responding r e l a t i o n s h i p s  w i l l  p e r t a i n  only to t h e  s t a t i c  s t a b i l i t y  
d e r i v a t i v e s  and t o  t h e  r o t a r y  d e r i v a t i v e s  w i t h  r e s p e c t  t o  wz. 
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The method of t h e  c a l c u l a t i o n  i s  as fo l lows .  The geometri-  
c a l  parameters  of a f i c t i t i o u s  wing i n  incompressible  flow are 
determined from t h e  g iven  wing form, i t s  a spec t  r a t i o ,  and Mm: 

(V-10-7) 

where t h e  parameters  s u b s c r i p t e d  'lit" p e r t a i n  t o  incompress ib le  
f l o w .  Then t h e  a p p r o p r i a t e  diagrams o r  formulas are used t o  
f i n d  t h e  s t a b i l i t y  d e r i v a t i v e s  f o r  t h e  f i c t i t i o u s  wing. The cor-  
responding c o e f f i c i e n t s  f o r  t h e  wing i n  compressible flow are 
c a l c u l a t e d  from t h e  r e s u l t s :  

(v-10-8) 

(V-10-9) 

Rolling-moment derivatives.[61]. The t h e o r e t i c a l  va lues  of  
t h e  roll-damping d e r i v a t i v e  ~ l ~ l , / a ~ , ( ~ ,  = Q21/2Vm, where R i s  t h e  
wingspan) a r e  given i n  F ig .  V-10-11 f o r  s t ra ight -edged  t ape red  
wings i n  subsonic  flow (M, < M m c r ) .  
t ha t  t h e  d e r i v a t i v e  m l X  depends on t h e  parameter 5, which re- 
p r e s e n t s  t h e  r a t i o  of t h e  a c t u a l  (exper imenta l )  s lope  of  t he  pro- 
f i l e  l i f t  curve t o  t h e  t h e o r e t i c a l  va lue ,  and on t h e  t a p e r  ?'I = 
= brt /btp and t h e  angle  ~ 1 1 4 = L 7 T C t g [ ( i - - i ' ) i / J t 6 , X l / ~ j  i n  degrees .  Like 
a l l  subsequent d e r i v a t i v e s ,  m:x i s  determined f o r  coord ina te s  
bound t o  t h e  wing (F ig .  V-10-11). 

It fol lows from t h i s  f i g u r e  

When t h e  v e h i c l e  s l i p s ,  another  t r a n s v e r s e  moment whose mag- 

The s t a t i c  t r a n s v e r s e  s t a b i l i t y  d e r i v a t i v e  m t  depends i n  
n i t u d e  i s  (h,/ap)p,, ==m$.l a t  small s l i p  ang le s  makes i t s  appear- 
ance. 
t h e  g e n e r a l  case  on wing planform and Mm. Experimental  va lues  of 
m$ a r e  given i n  F ig .  V-10-12 as func t ions  of a spec t  r a t i o  X 
f o r  ?'I = 1 and ?'I = 2 and s m a l l  flow v e l o c i t i e s  (M, = 0 ) .  
d e r i v a t i v e s  m t  depend weakly on the  t a p e r  n, s o  t h a t  w e  may as- 
sume i n  approximation t h a t  mB i s  a f u n c t i o n  only of t h e  a s p e c t  
r a t i o  X and the  sweep ang le .  

/307 wg 
The 

X 

wg 
The r o l l i n g  moment changes as t h e  v e h i c l e  r o t a t e s  about i t s  

= Q R/2Vm. The t h e o r e t i c a l  va lues  of t h e  c r o s s  
v e r t i c a l  a x i s  a t  angu la r  v e l o c i t y  Q . T h i s  change i s  equa l  t o  
mxy/wy,  where w 

Y w 
Y Y 



/ 3 0  6 

F i g u r e  V-10-11.  Roll-Damping Der iva t ives  f o r  
Swept Wing a t  Subsonic  Speeds .  

0 I 2 3 4 5 6 7 A w g  

F i g u r e  V-10-12. S t a t i c  
Transverse S t a b i l i t y  D e -  
r i v a t i v e  for Swept Wings 
a t  Low Speeds ( S o l i d  Lines 
f o r  q = 1, Dashed L i n e s  rl = 2 ) .  

F i g u r e  V-10-13. Varia- 
t i o n  of Cross Rotary  
Der iva t ive  m l Y  of  Swept 
Wing i n  I n c o m p r e s s i b l e  
Flow: S o l i d  L i n e s  f o r  
rl = 1, Dashed L i n e s  f o r  

= 2. 

410 
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0.1 

0 

V-10-14. V a r i a t i o n  of Ra t io  
of Weathercock S t a t i l i t y  Der iva t ive  
mf3 to c 2  as Function of Wing Sweep 

Y Y 
Angle and Aspect Ra t io .  

r o t a r y  s t a b i l i t y  d e r i v a t i v e  t i o n  Coincides  w i t h  Wing 
m l Y  f o r  swept wings w i t h  t a p e r  
and s t r a i g h t  edges a r e  shown i n  
F ig .  V-10-13 f o r  incompressible  flow. To account f o r  the  i n f l u -  
ence of c o m p r e s s i b i l i t y  on t h e  d e r i v a t i v e s  m! and mxY i t  i s  neces- 
s a r y  to use t h e  t r ans fo rma t ions  ( V - l O - 7 ) - ( V - l O - g ) .  

t h e  d i r e c t i o n a l  moment i s  governed by s l i p  and r o t a t i o n  about 
t h e  l o n g i t u d i n a l  and v e r t i c a l  axes a t  t h e  r e s p e c t i v e  angu la r  
v e l o c i t i e s  wx and w The directional-moment increments  t h a t  

r e s u l t  a r e  equal  to m $ 

t h e  x - a x i s ) ,  and mWYw ( f o r  r o t a t i o n  about t h e  x-axis). Theore t i -  
tal va lues  of t h e  weathercock-moment d e r i v a t i v e  f o r  swept wings 
without  t a p e r ,  which has no s u b s t a n t i a l  i n f l u e n c e ,  can be d e t e r -  
mined from F ig .  V-10-14  for subsonic  flow (M, = 0 ) .  The d i rec-  
tional-moment d e r i v a t i v e  mwx ( c r o s s  d e r i v a t i v e  of angular  velo- 
c i t y  of t r a n s v e r s e  motion) can b e  determined w i t h  t h e  a u x i l i a r y  
c o e f f i c i e n t s  Aml and Am, b y  t h e  formula 

F igure  V-10-15.  V a r i a t i o n  
of C o e f f i c i e n t s  Aml and Am, 
Which Determine S t a t i c  D e -  
r i v a t i v e  of D i r e c t i o n a l  
Moment (Center  of Rota- 

Aerodynamic C e n t e r ) .  

w 

Deriva t ives  o f  d i r e c t i o n a l  moment [Sl]. The v a r i a t i o n  of 

y '  f3 ( f o r  s l i p ) ,  mwXw ( f o r  r o t a t i o n  about 
Y sl Y X  

Y Y  - 

Y 

n@ = Am,c, + Am, (C:)prr 

where c i s  t h e  wing l i f t  c o e f f i c i e n t  and t h e  d e r i v a t i v e  
Y 

(v- 10-10 ) 



I 

i . e . ,  i t  i s  e q u a l  t o  t h e  d e r i v a t i v e  o f  p r o f i l e  d r a g .  The coef-  1308  
f i c i e n t s  Am, and Am, are r e p r e s e n t e d  i n  F i g .  V-10-15 f o r  swept 
wings w i t h o u t  t a p e r ,  which has p r a c t i c a l l y  no i n f l u e n c e  on the 
v a l u e s  of  these c o e f f i c i e n t s .  According t o  F i g .  V-10-15, t h e  
c o e f f i c i e n t  Am, depends i n  i n c o m p r e s s i b l e  f low on t h e  sweep a n g l e  
x and t h e  a s p e c t  r a t i o  A wh i l e  t h e  c o e f f i c i e n t  Am, depends 
only  on a s p e c t  r a t i o .  

wg ’ 

-.- 
0 1 2 3 4 5 6 7 8 L g  

F i g u r e  v-10-16. V a r i a t i o n  of  
C o e f f i c i e n t s ,  Am, and Am,, which 
Determine D i r e c t i o n a l  Damping 
D e r i v a t i v e  ( C e n t e r  of R o t a t i o n  
C o i n c i d e n t  w i t h  Wing Aerody- 
namic C e n t e r ) .  

The d i r e c t i o n a l  damping 
d e r i v a t i v e  

where t h e  p r o f i l e  d r a g  c o e f f i -  
c i e n t  

(v-10-12 ) 

The c o e f f i c i e n t s  Am3 and Am, are  
g i v e n  f o r  swept wings i n  incom- 
p r e s s i b l e  f low i n  F i g .  v-10-16. 
With a c e r t a i n  approximat ion ,  
these  c o e f f i c i e n t s  may b e  con- 
s ide red  independent  o f  t a p e r .  
The e f f e c t  of c o m p r e s s i b i l i t y  
on t h e  direc, t ional-moment  de- 
r i v a t i v e  can  b e  t a k e n  i n t o  ac- 
count  w i t h  t h e  t r a n s f o r m a t i o n s  
(V-10-7)-(V-lO-g). 

Wings i n  S u p e r s o n i c  Flow (Slen- 
der-Body Theory - 

-. - __ 

General re1 a t i  onships for  s t a b i  1 i t y  der i  v a t i  ves o f  wings o f  
a r b i t r a r y  form. I f  alA i s  n e a r  z e r o ,  t h e  s t a b i l i t y  d e r i v a t i v e s  
can be  c a l c u l a t e d  a c c o r d i n g  t o  the  s lender-body t h e o r y .  S t u d i e s  
have shown tha t  t h e y  are independent  o f  M, and are de termined  by 
wing geometry.  

same p o s i t i o n i n g  o f  t h e  c a n t i l e v e r s  ( F i g .  V - 1 0 - 1 7 ) .  We s h a l l  de- 
t e r m i n e  t h e  d e r i v a t i v e s  i n  t h e  body c o o r d i n a t e  sys tem s, y, g, 
whose o r i g i n  need n o t  c o i n c i d e  w i t h  t h e  c e n t e r  o f  g r a v i t y  of t h e  
area.  

Motion of t h e  wing i s  c h a r a c t e r i z e d  by t h e  a t t a c k  a n g l e  ci 

X’ 
and s l i p  a n g l e  B,,, and by t h e  a n g u l a r  v e l o c i t y  components Q 

wg 

L e t  us  examine wings of  a r b i t r a r y  c o n f i g u r a t i o n  b u t  w i t h  t h e  



R and R z .  The t r a n s l a t i o n a l  displacement  a t  v e l o c i t y  Vo3 may 
be nonuniform. 

Y '  

The s t a b i l i t y  d e r i v a t i v e s  f o r  wings a r e  determined i n  t h e  
slender-body theory  by Expressions (IV-7-11)-(IV-7-45). The 
q u a n t i t i e s  Bik, C i k ,  D ik ,  Aik t h a t  appear  h e r e  depend on t h e  

attached-mass c o e f f i c i e n t s ,  which, i n  t u r n ,  a r e  determined b y  t h e  
c r o s s - s e c t i o n a l  form of t h e  wings.  These c o e f f i c i e n t s  have been 
found f o r  s e v e r a l  wing c o n f i g u r a t i o n s ,  of which we s h a l l  examine 
t h e  two-, t h r e e - ,  and f o u r - c a n t i l e v e r  c o n f i g u r a t i o n s .  Here, t h e  
two-cant i lever  wing appears  i n  c r o s s  s e c t i o n  as a s t r a i g h t - l i n e  
segment i n  t h e  <-plane on t h e  h o r i z o n t a l  a x i s .  Let t h e  wingspan 
( i . e . ,  t h e  segment l e n g t h )  be 2%. T h i s  segment i s  t ransformed 

mula ( s e e  Table  IV-4-1) 
i n t o  a c i r c l e  of r a d i u s  r o  i n  t h e  a-plane by  t h e  conformal f o r -  /309 

(V-10-13) rz 
' 0 '  

5 .71 (T .!- B 

where ro  = % / 2 .  

Applying (Iv-6-51) 
and (Iv-6-52), w e  can 
f i n d  t h e  complex poten- 
t i a l s  W, and W , and w i t h  
(IV-6-53) and tIV-6-54) 
we can determine poten- 
t i a l  W , .  The a t t ached-  
mass c o e f f i c i e n t s  a r e  
found b y  (IV-6-4) or 
(IV-6-4'). 

Figure  V-10-17. Nomenclature f o r  
Wing i n  Determinat ion of S t a b i l i t y  
D e r i v a t i v e s  ( n  - i s  t h e  Number of 
C a n t i l e v e r s ) .  

In performing t h e  
c a l c u l a t i o n s ,  i t  must be 
remembered t h a t  t h e  velo-  
c i t y  component Vz i n  the 

d i r e c t i o n  of t h e  z-axis  
does not  cause d iF turb-  
ances ,  s o  t h a t  i t  can be 
s t a t e d  a t  once t h a t  t h e  
attached-mass c o e f f i c i e n t s  

A , ,  = A , ,  = A , ,  = 0. 

Formula (IV-6-4) should be used to c a l c u l a t e  t h e  a t t ached-  
m a s s  c o e f f i c i e n t s  f o r  o t h e r  wing c r o s s - s e c t i o n  shapes ,  w i t h  ap- 
p r o p r i a t e  mod i f i ca t ion  f o r  t he  shapes of  t h r e e -  or fou r -can t i -  
l e v e r  wings. 



I n  examining a c a n t i l e v e r  i n c l i n e d  t o  t h e  i- o r  z -ax is ,  t h e  
v e l o c i t i e s  V 
d i r e c t i o n  of t h e  c a n t i l e v e r  and normal t o  i t .  

and Vz must be r e so lved  i n t o  components-in t h e  Y 

C a l c u l a t i o n s  i n d i c a t e  t h a t  t h e  attached-mass c o e f f i c i e n t s  
X 1 2 ,  X 1 3 ,  A , ,  a r e  zero f o r  a l l  t h r e e  c o n f i g u r a t i o n s .  A s  f o r  t h e  
o t h e r  c o e f f i c i e n t s ,  t h e y  have t h e  fo l lowing  va lues  [51]: two- 
c a n t i l e v e r  wing (p l ane  c o n f i g u r a t i o n )  

t h r e e - c a n t i l e v e r  wing 

f o u r - c a n t i l e v e r  wing ( c ruc i fo rm c o n f i g u r a t i o n )  

Knowing t h e  attached-mass c o e f f i c i e n t s ,  w e  can use  (IV-6-47) 
t o  f i n d  t h e  o o e f f i c i e n t s  Aik. S ince  t h e  attached-mass c o e f f i -  
c i e n t s  X = A = A = 0 ,  t h e  corresponding c o e f f i c i e n t s  Aik 

a r e  a l s o  equa l  t o  zero ,  i . e . ,  A = A = A = 0 .  
1 2  1 3  2 3  

1 2  1 3  2 3  

Taking t h e  wing a r e a  ( S  = S and 2Rm = b as c h a r a c t e r -  /310 wg m 
i s t i c  parameters  i n  (IV-6-47), we o b t a i n  t h e  fo l lowing  expres-  

A on t h e  t r a i l i n g  edge: s i o n s  f o r  t h e  c o e f f i c i e n t s  A A 

two-cant i lever  wing 
2 2 '  3 3  1 1 '  

t h r e e - c a n t i l e v e r  wing 

f our-cant i l e v e r  wing 

( V-10 - 15 ) 

(v-10-15') 

( V- 10 - 15 " ) 
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S e t t i n g  R = Rm = bm/2 i n  t h e s e f o r m u l a s , w e  o b t a i n  t h e  va lues  
- - 

of t h e  c o e f f i c i e n t s  XI,, A 2 2 ,  A , ,  f o r  the  cond i t ions  on-the L r a i l -  
i n g  edge. It must be remembered tha t  t h e  c o e f f i c i e n t s  A I , ,  A I , ,  
K Z 3  are equa l  t o  zero .  

From t h e  c o e f f i c i e n t s  Aik ,  we can c a l c u l a t e  t h e  c o e f f i c i e n t s  
B i k >  ' i k ,  D i k  from (IV-6-46). 
corresponding t o  t h e  i n d i c e s  i k  = 1 2 ,  13,  23 ,  are equa l  to zero 
because A , ,  = A , ,  = A,, = 0. 
(IV-6-45) s u b s t a n t i a l l y .  

Nine of  t h e s e  c o e f f i c i e n t s ,  t hose  

T h i s  s i m p l i f i e s  Formulas (IV-6-11)- 

Determinat ion of t h e  o t h e r  va lues  of t h e  c o e f f i c i e n t s  Bik, 
Dik from (IV-6-46) r e q u i r e s  knowledge of  t h e  c a n t i l e v e r  plan-  ' ik '  

form. Here t h e  c a n t i l e v e r s  may d i f f e r  i n  form from convent iona l  
d e l t a s ;  f o r  example, they may have c u r v i l i n e a r  edges.  

By way of example, l e t  us cons ide r  c a l c u l a t i o n  of t h e  sta- 
b i l i t y  d e r i v a t i v e s  f o r  a t h i n  f l a t  d e l t a  wing and a fou r -can t i -  
l e v e r  ( c ruc i fo rm)  c o n f i g u r a t i o n .  

D e l t a  w i n g .  The fundamental nomenclature f o r  t h i s  wing i s  

= 0.5bmc and as our  c h a r a c t e r i s t i c  l i n e a r  d i -  
shown i n  F ig .  V-10-17. A s  our  c h a r a c t e r i s t i c  a r e a ,  we s h a l l  t a k e  
t h e  wing a r e a  S 
mension t h e  span 2 R m  - - bm. 

wg 

A f t e r  s u b s t i t u t i n g  t h e  va lues  Aii (V-10-14) i n t o  (IV-6-46) 
and i n t e g r a t i n g  on t h e  assumption t h a t  t h e  coord ina te  o r i g i n  coin-  
c i d e s  w i t h  t h e  c e n t e r  of g r a v i t y  ( x  = c / 3 ) ,  we o b t a i n  

c . g  

where t h e  wing a s p e c t  r a t i o  

(V-10-19) 

In t roduc ing  Aii ,  Bii, Ci i ,  and Dii i n t o  t h e  g e n e r a l  expres-  
s i o n s  f o r  the  s t a b i l i t y  d e r i v a t i v e s ,  (IV-6-ll)-(IV-6-45), w e  ob- 
t a i n  t h e i r  va lues  f o r  t h e  d e l t a  wing. 



The s t a t i c  s t a b i l i t y  d e r i v a t i v e s  take t h e  form 

The r o t a r y  d e r i v a t i v e s  

f' 
I 

The a c c e l e r a t i o n  d e r i v a t i v e s  

(v-10-20) 

(v-10-21) 

(V-10 -22 ) 

(V-10 - 2 3 ) 

(V-10- 2 4 ) 

(V-10-25 ) 

(v-10-26 ) 

(V- 10- 2 7 ) 

(V-10-28 ) 

(v-10-29 ) 

(V- 10- 30 ) 

(V-10- 31) 

(V-10- 3 2 ) 

The r e m a i n i n g  d e r i v a t i v e s  w i t h  r e s p e c t  to t h e  a c c e l e r a t i o n s  
a re  z e r o .  I n  u s i n g  t h e  e x p r e s s i o n s  f o r  t h e  d e r i v a t i v e s ,  i t  must 
b e  remembered t h a t  a l l  p a r a m e t e r s  were c a l c u l a t e d  f o r  t h e  c h a r -  
a c t e r i s t i c  l e n g t h  bm. For  example,  u ) . ~ . - =  ace el era ti on where t h e  

d e r i v a t i v e  F:.: cividt. 

- .  

A number o f  s t a b i l i t y  d e r i v a t i v e s  depend on t h e  t r a n s l a t i o n -  
a l  a c c e l e r a t i o n .  If  t h e  i n f l u e n c e  o f  t h i s  a c c e l e r a t i o n  i s  n i l  
o r  n e g l i g i b l y  s m a l l ,  w e  must s e t  
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E T h e  r e l a t i o n s h i p s  g i v e n  
h e r e  can be used to ana lyze  
s p e c i f i c  forms of  motion,  
e . g . ,  r o l l i n g  motion,  motion 
i n  t h e  p re sence  of only  
l o n g i t u d i n a l  damping, e t c .  
I n  per forming  t h e  a n a l y s i s ,  
i t  must be  remembered t h a t  
t h e s e  r e l a t i o n s h i p s  are  s u i t -  
a b l e  only  f o r  wings of s m a l l  

F i g u r e  v-10-18. Nomenclature for a s p e c t  r a t i o  w i t h  t h e  condi-  
Cruciform Wing i n  De te rmina t ion  t i o n  t h a t  t h e  p roduc t  " ' A w g  

be  s m a l l .  of S t a b i l i t y  D e r i v a t i v e s .  

When t h i s  c o n d i t i o n  i s  m e t ,  t h e  wing i s  s i t u a t e d  n e a r  t h e  
a x i s  of t he  Mach cone.  A t  large Moo or w i t h  a n  i n c r e a s e  i n  a s p e c t  
r a t i o ,  t h e s e  r e l a t i o n s h i p s  g i v e  i n c r e a s i n g l y  u n s a t i s f a c t o r y  re- 
s u l t s .  T h e  i n f l u e n c e  of  a s p e c t  r a t i o  and Ma, w i l l  b e  examined be- 
low. 

F o u r - c a n t i l e v e r  ( c r u c i f o r m )  w i n g .  The  b a s i c  dimensions of  
a wing whose f o u r  c a n t i l e v e r s  are i d e n t i c a l  are  shown i n  
F i g .  V-10-18.  I n t r o d u c i n g  (V-10-15) f o r  Aii i n t o  ( I V - 6 - 4 6 ) ,  w e  
o b t a i n  t h e  f o l l o w i n g  r e l a t i o n s h i p s  for Bii, C i i ,  Dii 

The  formulas  f o r  Cii  and Dii a re  s u i t a b l e  f o r  any p o s i t i o n  /312 
of t h e  coor id ina te  o r i g i n  of  t h e  body system chosen.  If t h e  o r i -  
g i n  i s  p l a c e d  a t  t h e  wing-area c e n t e r  of  g r a v i t y ,  i t  i s  n e c e s s a r y  
to s e t  x / c  = - 1/3. I n  t h i s  c a s e ,  C = C = - r / (36XWg),  
D = D = 4r / (135Xig) .  

as f o l l o w s .  

cog 1 1  2 2  

1 1  2 2  

The s t a b i l i t y  d e r i v a t i v e s  ( I V - 6 - l l ) - ( I V - 6 - 4 5 )  are  w r i t t e n  

S t a t i c  s t a b i l i t y  d e r i v a t i v e s  : 



(V-10 -38 ) 

r o t a r y  d e r i v a t i v e s  : 

a c c e l e r a t i o n  d e r i v a t i v e s  : 

S = bmc/2 i s  taken  as t h e  c h a r a c t e r i s t i c  a r e a  i n  c a l c u l a t -  wg 
i n g  t h e  d e r i v a t i v e s ,  and t h e  span of t h e  wing a t  t h e  base 2Rm = bm 

as t h e  c h a r a c t e r i s t i c  l eng th .  The parameters  wx, w w 7 and 
t h e i r  d e r i v a t i v e s  a r e  determined,  as f o r  a p l ane  wing, from t h e  
c h a r a c t e r i s t i c  l eng th  bm. 

In f luence  of Wing Aspect-Ratio - and Ma on S t a b i l i t y  Der iva t ives  

D e l t a  w i n g .  Slender-body theory  g ives  s t a b i l i t y  d e r i v a t i v e s  
t h a t  a r e  independent of Ma. Nor does t h i s  theory  permit  es tab-  
l i s h i n g  the e f f e c t  of  a spec t  r a t i o  on t h e  d e r i v a t i v e s ,  though i t  
might appear ,  tha t  the  corresponding expres s ions  convey i t .  T h i s  /313 
i s  because the  appearance of  A i n  t h e s e  expres s ions  arises not  

wg 
from the phys ica l  p rocess  but  from t h e  formal  s e l e c t i o n  of  t h e  
c h a r a c t e r i s i t c  geometr ica l  parameters .  

y '  z' 
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Figure  V-10-19. Rela- F igure  V-10-20. R a t i o s  of 
t i o n  f o r  Transverse S ta -  D e l t  a-Wing S t a b i l i t y  Deriva- 
b i l i t y  Der iva t ive  of  t i v e s  Ca lcu la t ed  by Linear-  
D e l t a  Wing f o r  Moo = n: 
1) accord ing  t o  s l e n d e r -  Body Theory: 

i z e d  Theory and Slender-  

body theo ry ;  2) accord-  
i n g  t o  l i n e a r i z e d  t h e o r y ;  
o ) - a n g l e  B = 50 f o r  wing- 
w i t h  subsonic  l e a d i n g  
edge. The r e s u l t s  of supersonic  

l i n e a r i z e d  theory  should be used 
t o  e s t a b l i s h  the  s t a b i l i t y  de- 
r i v a t i v e s  as func t ions  of IJI and 

= 4a' t a n  yl, where Y1 i s  t h e  
Let us cons ide r  a d e l t a  wing. The independent var iabye  f o r  

wg 
x 
t h e  s t a b i l i t y  d e r i v a t i v e s  i s  a'X 

wg 
semiver tex  ang le  of t h e  wing. The wing a r e a  S i s  t h e  c h a r a c t e r -  
i s t i c  area f o r  c a l c u l a t i o n  of t h e  d e r i v a t i v e s ,  and the span bm i s  
t h e  c h a r a c t e r i s t i c  l e n g t h .  

wg 

To a s c e r t a i n  t h e  i n f l u e n c e  of a s p e c t ' r a t i o  and M-, l e t  us 
compare t h e  most important  s t a b i l i t y  d e r i v a t i v e s  as ob ta ined  by  
t h e  slender-body and l i n e a r i z e d  t h e o r i e s .  T h i s  comparison w i l l  
a l s o  enable  us t o  e s t a b l i s h  t h e  p o s s i b i l i t y  of u s ing  t h e  s l ende r -  
body theory  and t h e  accuracy t h a t  can be expected.  We s h a l l  ex- 
amine t h e  case  i n  which t h e r e  i s  no l o n g i t u d i n a l  a c c e l e r a t i o n  
and = 0 .  

S t a t i c  s t a b i l i t y  d e r i v a t i v e s .  We s h a l l  ana lyze  t h e  s t a b i l i t y  
d e r i v a t i v e s  f o r  t h e  moments w i t h  c o n s i d e r a t i o n  of t h e  f a c t  t h a t  
t h e  moments a r e  c a l c u l a t e d  w i t h  r e s p e c t  t o  the wing's c e n t e r  o f  
g r a v i t y ,  about which t h e  r o t a t i o n  t a k e s  p l a c e .  S p e c i a l  mention 
w i l l  be made of a d i f f e r e n t  p o s i t i o n i n g  o f  t h e  c e n t e r s  of moment 
and r o t a t i o n .  C a l c u l a t i o n s  by t h e  aerodynamic theory  of t h e  
s l e n d e r  body g ive  ma = 0 ,  i . e . ,  t h e  same value as t h e  l i n e a r i z e d  
theo ry .  T h i s  i n d i c a t e s  t ha t  t h e  slender-body theo ry  g ives  a 
ra ther  good approximation.  
i n d i c a t e s  t h a t  t h e  i n f l u e n c e  of Ma on t h e  s t a t i c  s t a b i l i t y  de r iva -  
t i v e  cannot b e  determined w i t h i n  t h e  framework of t h e  l i n e a r  
t heo ry .  

Z 

A t  t h e  same t i m e ,  t h e  r e s u l t  m i  = 0 



If t h e  c e n t e r  of moments does not  co inc ide  w i t h  t h e  c e n t e r  
of g r a v i t y ,  m: # 0 .  F igure  V-10-25 shows a pitching-moment 
curve c a l c u l a t e d  i n  t h e  l i n e a r i z e d  theo ry  f o r  an a x i s  of r o t a -  
t i o n  pass ing  through t h e  o r i g i n  of t h e  chord and a supe r son ic  
l e a d i n  edge. I n v e s t i g a t i o n s  have e s t a b l i s h e d  t h a t  t h e  de r iva -  
t i v e  m! does not  depend on t h e  a s p e c t  r a t i o  of a d e l t a  wing. 

There a r e  d i f f e r e n c e s  i n  t h e  r e s u l t s  f o r  t h e  t r a n s v e r s e  
s t a b i l i t y  d e r i v a t i v e  m g .  
data for t h e  case  Ma = fi, w e  s e e  t h a t  t h e  va lues  of  mx g iven  
by  t h e  two t h e o r i e s  f o r  t h e  d e l t a  wing are s i m i l a r  u n t i l  t h e  
l e a d i n g  edge becomes s o n i c  (alXwg = 4 ) .  
remains nega t ive  ( s t a b i l i z i n g )  accord ing  t o  t h e  l i n e a r i z e d  theo ry  
f o r  t h e  subsonic  edge, bu t  becomes p o s i t i v e  ( d e s t a b i l i z i n g )  f o r  /314 
a supe r son ic  edge. I n  t h e  zone of t r a n s i t i o n  from t h e  sub- t o  
the supe r son ic  edge, t h e  d i f f e r e n c e  between t h e  t h e o r i e s  becomes 
e s p e c i a l l y  pronounced. 

va lue  of t h e  r o l l i n g  moment. 
l e a d i n g  edge becomes s o n i c  and t h e  d e s t a b i l i z i n g  e f f e c t  appears  
sooner .  When t h e  edge passes  from sub- t o  supe r son ic ,  t h e  de- 
pendence of mx on Bs, d e v i a t e s  from l i n e a r i t y .  

c i e n t ,  i n t r o d u c i n g  t h e  n o t a t i o n  

I n  F ig .  V-10-19, which shows computed 
B 

Here t h e  d e r i v a t i v e  m! 

S l i p  ang le  i n f l u e n c e s  sweep ang le  and, consequent ly ,  t h e  
With i n c r e a s i n g  ang le  BS,, t h e  

Let us cons ide r  t h e  d e r i v a t i v e s  of t h e  normal-force c o e f f i -  

( V-1 0- 50 ) 

Here t h e  numerator i s  t h e  d e r i v a t i v e  obta ined  from t h e  l i n e a r i z e d  
theo ry ,  which i s  equa l  t o  

(V- 10 - 5 1 ) 

and t h e  denominator i s  t h e  d e r i v a t i v e  found from slender-body 
a = ITA /2. The f u n c t i o n  E i n  (V-10-51) i s  a complete theo ry ,  cNt 

W!Z 
e l l i p t i c  i n t e g r a l - o f  t h e  second k ind  w i t h  t h e  parameter  k = 
= [l - (aXw,/2)21’/2. 

~ 

Figure  V-10-20 shows a curve of  c o n s t r u c t e d  as a f u n c t i o n  
The b reak  i n  t h e  curve occurs  a t  a’Awg - of  t h e  parameter  a’X 

= 4, #when t h e  edge becomes s o n i c .  With i n c r e a s i n g  a s p e c t  r a t i o  or 

- 
wg 
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Moo, s lender-body t h e o r y  g i v e s  i n c r e a s i n g l y  u n d e r s t a t e d  v a l u e s .  
F i g u r e  V-10-20 shows a c$ curve  f o r  a d e l t a  wing w i t h  a supe r -  
s o n i c  l e a d i n g  edge .  

Rotary d e r i v a t i v e s  and d e r i v a t i v e s  w i t h  r e s p e c t  to t h e  a c c e l -  
e r a t i o n s .  One o f  t h e  rotary d e r i v a t i v e s ,  namely t h e  ro l l -damping  
d e r i v a t i v e ,  i s  de te rmined  i n  l i n e a r i z e d  t h e o r y  by t h e  e x p r e s s i o n s  

(V-10-52 ) 

where K i s  a complete  e l l i p t i c  i n t e g r a l  of t h e  f i r s t  k i n d :  

w i t h  t h e  pa rame te r  k 

I n  s lender-b ody 
The d e r i v a t i v e  r a t i o  

n/2 

K = 5 (I - B? sin2 $)-'/2d* (V-10-52') 
0 

= [l - ( a ' A  /2)211/2. 

- x t  wg 

wg 
t h e o r y ,  t h e  same d e r i v a t i v e  m w x = - n A  /32. 
? ? l ~ ~ ~ ? Z ~ ~ / I / Z ~ ~  i s  shown i n  F i g .  V-10-20. Slen-  

der-body t h e o r y  g i v e s  smaller  v a l u e s  of  t he  d e r i v a t i v e s  t h a n  does 
t h e  l i n e a r i z e d  t h e o r y ,  a l t h o u g h  t h e  d i f f e r e n c e  i s  smaller  t h a n  
f o r  t h e  d e r i v a t i v e  c i .  

r e s p e c t  to a and w z ,  which a r e  de te rmined  d i f f e r e n t l y  i n  t h e  two 
t h e o r i e s .  According to t h e  l i n e a r i z e d  t h e o r y ,  

L o n g i t u d i n a l  damping depends on t h e  d e r i v a t i v e s  o f  m Z  w i t h  

I n  the- s lender-body t h e o r y  ,,:the d e r i v a t i v e s  are  I N : ' = -  --:ij(3AWg),~ /315 
--wX . .  - - - 

n z y =  .--x;9)k,., The r a t i o s  mZ and I;;, can  be  c a l c u l a t e d  from t h e  
known d e r i v a t i v e  v a l u e s ,  and a re  p l o t t e d  i n  F i g .  V-10-20 and 
V-10-21, r e s p e c t i v e l y .  

421 
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According t o  t h e  l i n e a r i z e d  t h e o r y ,  t h e  d e r i v a t i v e s  of  t h e  
normal - force  c o e f f i c i e n t s  are d e t e r m i n e d  as f o l l o w s :  

I n  t h e  s lender -body t h e o r y ,  
the  d e r i v a t i v e s  are  d y f i n e d  by t h e  
e x p r e s s i o n s  O - ’  

According t o  b o t h  t h e o r i e s ,  t h e  
c o r r e s p o n d i n g  d e r i v a t i v e s  w i t h  re-  
s p e c t  to w z  and _. d e t e r m i n e  t h e  

r a t i o s  3 and E?. 
shows a c u r v e  of  and 
F i g .  V-10-21 cl: . 

C.\vt,= 2 ~ 1 3 ,  C: t = 2 ~ 1 3 .  

- 
F i g u r e  V-10-20 - 

- 

F i g u r e s  V-10-24 and V-10-27 
Delta-Wing S t a b i l i t y  D e -  show c u r v e s  of  c;, c>. c o n s t r u c t e d  
r i v a t i v e s  C a l c u l a t e d  by by t h e  l i n e a r i z e d - t h e o r y  f o r  a 
L i n e a r i z e d  and S l e n d e r -  s u p e r s o n i c  wing edge ( t h e  a x i s  o f  
Body T h e o r i e s .  r o t a t i o n  p a s s e s  t h r o u g h  t h e  r o o t -  

F i g u r e  V-10-21. R a t i o  o f  - 

chord  o r i g i n ) .  

A n a l y s i s  o f  a v a i l a b l e  data i n d i c a t e s  t h a t  s lender -body t h e o r y  
can  be used  q u i t e  c o n f i d e n t l y  t o  c a l c u l a t e  t h e  d e r i v a t i v e s  a t  
v e r y  small a s p e c t  r a t i o s .  F o r  l a r g e  a s p e c t  r a t i o s ,  however, t h i s  
t h e o r y  i s  s u i t a b l e  o n l y  f o r  q u a l i t a t i v e  estimates,  f o r  example,  
of t h e  c e n t e r - o f - p r e s s u r e  p o s i t i o n  and t h e  s t a b i l i z i n g  e f f e c t s  o f  
damping. 

A t  s m a l l  a s p e c t  r a t i o s ,  t h e  c e n t e r  o f  p r e s s u r e  c o o r d i n a t e  i n  
t h e  c a s e  of r o t a t i o n  a b o u t  t h e  c e n t e r  of  g r a v i t y  i s  d e t e r m i n e d  as 
f o l l o w s  by t h e  s lender -body t h e o r y :  

Thus, t h e  c e n t e r  of p r e s s u r e  l i e s  b e h i n d  t h e  c e n t e r  o f  
g r a v i t y  and ,  c o n s e q u e n t l y ,  t h e  damping moment i s  a s t a b i l i z i n g  
moment. For  c t ’ X  > 4 ,  t h e  l i n e a r i z e d  t h e o r y  i n d i c a t e s  C , ? Z = - ~ ,  

w g  
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w h i l e  .t)zyz' i s  nonzero  and n e g a t i v e .  T h i s  means t h a t  t h e  c e n t e r  o f  
p r e s s u r e  has moved to a n  i n f i n i t e  d i s t a n c e  b e h i n d  t h e  wing. Con- 
s e q u e n t l y ,  t h e  q u a l i t a t i v e  p i c t u r e  of  damping s t a b i l i z a t i o n  p r e -  
d i c t e d  by s lender -body t h e o r y  i s  p r e s e r v e d .  

However, q u a l i t a t i v e  a n a l y s e s  by t h e  s lender -body t h e o r y  
must b e  made w i t h  c a u t i o n .  For  example,  i p  a motion t h a t  i n -  
v o l v e s  a t i m e  change i n  t h e  a t t a c k  a n g l e  ( z  # 0 ) ,  t h e  c e n t e r  of  
p r e s s u r e  c o e f f i c i e n t  i s  d e t e r m i n e d  i n  t h e  s lender -body t h e o r y  by 

/316 

(V- 10-5 8 ) 

F i g u r e  V-10-22. I l l u s t r a t -  
i n g  Conversion o f  S t a b i l i t y  
D e r i v a t i v e  from One C e n t e r  
of  R o t a t i o n  ( C e n t e r  of  Mo- 
ments )  to Another .  

Consequent ly ,  t h e  normal _ .  
f o r c e  rT;; i s  a l w a y s  s t a b i l i z i n g .  
It f o l l o w s  from t h e  l i n e a r i z e d  
t h e o r y  t h a t  t h e  c e n t e r  o f  p r e s -  
s u r e  c o o r d i n a t e  w i l l  b e  t h e  same 
as t h a t  g i v e n  by  s lender -body 
t h e o r y .  But ,  as w e  see from F i g .  

V-10-21, t h e  normal  f o r c e  c,%z 
becomes n e g a t i v e  a t  c e r t a i n  

T h i s  means t h a t  wg' v a l u e s  of  c i ' X  
a d e s t a b i l i z i n g  e f f e c t  n o t  p r e -  
d i c t e d  by  t h e  s lender -body t h e o r y  

_. 

makes i t s  a p p e a r a n c e .  

I n  t h e  g e n e r a l  c a s e ,  t h e  c e n t e r  of  r o t a t i o n  need n o t  co in-  
c i d e  w i t h  t h e  c e n t e r  of  moments, i . e . ,  w i t h  t h e  p o i n t  a b o u t  which 
t h e  moments a re  d e t e r m i n e d .  Then i t  i s  sometimes n e c e s s a r y  to 
c o n v e r t  t h e  d e r i v a t i v e s  from one c e n t e r  of  r o t a t i o n  (or one cen- 
t e r  o f  moments) t o  a n o t h e r .  The c o n v e r s i o n  formulas  a re :  

(V-10-59) 

(V-10-6 0 ) 

(V-10 - 6 1) 
(V-10-62 ) 

I n  t h e s e  f o r m u l a s ,  t h e  primed c o e f f i c i e n t s  are 
o f  t h e  d e r i v a t i v e s  f o r  t h e  g i v e n  r o t a t i o n  o r  moment 

t h e  v a l u e s  
c e n t e r  ( i n  



t h e  g e n e r a l  ca se ,  t h e s e  c e n t e r s  do not  c o i n c i d e ) ;  t h e  o t h e r  coef- 
f i c i e n t s  correspond t o  t h e  new p o s i t i o n s  of t h e s e  c e n t e r s .  Here, 
t h e  new c e n t e r s  o f  moments and r o t a t i o n  are l o c a t e d  a t  t h e  respec-  
t i v e  d i s t a n c e s  R, and R, a f t  of t h e  o l d  ones (F ig .  V-10-22) .  A 
c e r t a i n  l e n g t h  R ,  which i s  se t  e q u a l  t o  the  span bm f o r  a wing, 
i s  t h e  c h a r a c t e r i s t i c  dimension. 

The r o l l i n g  moments caused by  r o t a t i o n  about t h e  x-axis  a r e  
determined i n  .Lhe l i n e a r i z e d  theo ry  by  t h e  formula 

(V-10-6 3) 

w h i l e  i n  t h e  slender-body theo ry  m::.-~.*/(91,,~). The d i f f e r e n c e  i s  
s u b s t a n t i a l .  The r a t i o  of t h e  corresponding d e r i v a t i v e s  i s  

(V-10 -6 4 ) 

A s  X +- 0 ,  t h i s  r a t i o  mz'-+i. 

Forces  and moments of  t h e  Magnus e f f e c t .  The f o r c e s  and mo- 
wg 

ments of t h e  Magnus e f f e c t  a r i s e  from obl ique  flow around a wing 
i n  r o t a t i o n  about t h e  l o n g i t u d i n a l  a x i s .  These f o r c e s  are p r o -  
p o r t i o n a l  t o  t h e  products  awx or Bslwx.  I n  p a r t i c u l a r ,  t he  l a t -  
e r a l  f o r c e  Z Q awx, and t h e  yawing moment M I n  t h e  wind 
axes ,  t h e  s t a b i l i t y  d e r i v a t i v e s  f o r  l a t e r a l  f o r c e  and yawing mo- 
ment a r e  determined as follows i n  t h e  l i n e a r i z e d  theo ry :  

Q awx. /318 Y -  - 

(V-10-65 ) 

(v-10-66) 

For " ' A w g  - > 4 ,  bo th  d e r i v a t i v e s  a r e  zero .  

I n  t h e  slender-body theo ry ,  t h e  express ions  cF;'x. -:;-, I??;?- 

correspond t o  t h e  c o e f f i c i e n t s  i n  (V-10-65) and (V-10-66) .  F igure  
V-10-20 shows t h e  curve of t h e  r a t i o  cz 
t h e o r i e s  d i f f e r  q u a l i t a t i v e l y  f o r  a'X = 4.  

wg 

c e r t a i n  data on t h e  s t a b i l i t y  d e r i v a t i v e s  f o r  a r e c t a n g u l a r  wing, 

n 
!I). wg 

. A s  we s e e ,  t h e  two 

R e c t a n g u l a r  w i n g .  Figures  V-10-23 through V-10-30 p r e s e n t  
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F i g u r e  V-10-23. Dependence 
of on Aspect R a t i o  and 
M a t  S u p e r s o n i c  Speeds 
(3t = 0 ) .  

F i g u r e  V-10-24. Dependence 
o f  c i  on Aspect R a t i o  and 
Mm a t  S u p e r s o n i c  Speed 
( S t  = 0 ) .  

F i g u r e  V-10-25. Dependence 
o f  mg on Aspect  R a t i o  and 
Mm a t  S u p e r s o n i c  Speeds 
( S t  = 0 ) .  

FiguTe V-10-26. Dependence 

o f  m: on Aspect  R a t i o  and 
Mm a t  S u p e r s o n i c  Speeds 

- 

( S t  = 0 ) .  

as o b t a i n e d  i n  t h e  l i n e a r i z e d  t h e o r y .  I n  c o n t r a s t  t o  t h e  c a s e  
of d e l t a  wings ,  t h e  s t a b i l i t y  d e r i v a t i v e s  depend on a s p e c t  
r a t i o  ( t h e  s o l i d  l i n e s  i n  t h e  f i g u r e s  r e p r e s e n t  t h e  c h a r a c t e r -  
i s t i c s  for t h e  r e c t a n g u l a r  wing, and the  dashed l i n e s  t h o s e  of  
t h e  d e l t a ) .  



Figure V-10-27. Depen- 
dence of c:' on Aspect 
Ra t io  and M, a t  Super- 
s o n i c  Speeds ( S t  = 0 ) .  

F igure  V-10-28. . Depen- 

dence of  c:' on Aspect 
R a t i o  and M, a t  Super- 
son ic  Speeds ( S t  = 0 ) .  

F igure  V-10-29. Depen- 
W Z  dence o f  m on Aspect 

R a t i o  and Moo a t  Super- 
son ic  Speeds ( S t  = 0 ) .  

Z 

Research has shown tha t  
a t  supersonic  speeds ,  t h e  
r o t a r y  d e r i v a t i v e s  depend l e s s  

F igure  V-10-30. Depend- 
W Z  ence of mZ on Aspect 

R a t i o  and M, a t  Supersonic  
Speeds ( S t  = 0 ) .  

on S t r o u h a l  number t h e  sma l l e r  
t h a t  number and t h e  sma l l e r  t h e  
wing a spec t  r a t i o .  Here, t h e  aerodynamic-charac te r i s t ic  va lues  
obta ined  f o r  S t  + 0 can b e  used w i t h  adequate accuracy i n  t h e  
range o f  S t  encountered i n  p r a c t i c e .  
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Figure  V-10-31 .  I l l u s t r a t i n g  Deter-  
mina t ion  of R o l l  Damping Moment. 

F igures  V-10-23 through V-10-30 p r e s e n t  t h e  corresponding 
d a t a  f o r  t h e  c o e f f i c i e n t s  of  t h e  r o t a r y  d e r i v a t i v e s  ca lcu-  
l a t e d  f o r  axes of  r o t a t i o n  and moments t ha t  pas s  through t h e  
o r i g i n  of t h e  wing r o o t  chord. 

Dampi n g  c h a r a c t e r i s t i c s  o f  r o l l  i n g  m o t i o n .  We s h a l l  i n -  
v e s t i g a t e  s e p a r a t e l y  t h e  r o t a t i o n  o f  a wing about t h e  x-axis a t  
angular  v e l o c i t y  fix (F ig .  V-l0-31), which r e s u l t s  i n  t F e  appear- 
ance of a r o l l  damping moment M opposed t o  t h e  d i r e c t i o n  of ro-  
t a t i o n  and equa l  t o  M = m S Rq. 

X 

x x wg 
I n  t h e  g e n e r a l  ca se ,  t h e  damping-moment c o e f f i c i e n t  i s  

I n  p r a c t i c a l  c a s e s ,  t h e  a c c e l e r a t i o n s  iX a r e  s m a l l ,  s o  t h a t  
we can w r i t e  

Using t h e  "method of  s t r i p s , "  we f i n d  f o r  t h e  wing as a 
who l e  

(V-10-6 8 )  

where z = 2 z / R ;  elc1 i s  t h e  d e r i v a t i v e  f o r  a given s e c t i o n ,  d e t e r -  
mined from t h e  c o n d i t i o n  

Y 
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in which 

The other nomenclature is evident from Fig. V-10-31. 

The damping-coefficieat derivative can be calculated by 
(v-10-68) f o r  b>/lh, and c f  (E,Mm), which for the given wing are Y 
knownasfunctions of the coordinate and Mm. 
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Chapter  V I  

FRICTION AND HEAT TRANSFER ON WINGS 

§VI-1. PARAMETERS O F  FRICTION I N  FLOW AROUND A FLAT PLATE 

Homogeneous Boundary Layer 

Incompressible boundary layer. L e t  us examine c a l c u l a t i o n  
o f  t h e  f r i c t i o n  pa rame te r s  f o r  a p l a t e  i n  i n c o m p r e s s i b l e  f low.  
The r e s u l t  o f  t h i s  c a l c u l a t i o n i s  t h e  d e t e r m i n a t i o n o f  suchboundary-  
l a y e r  v a r i a b l e s  as t h i c k n e s s  and t h e  c o n v e n t i o n a l  d i sp lacement  
and momentum t h i c k n e s s e s .  A s  w e  s h a l l  show, t hese  pa rame te r s  
can b e  used t o  c a l c u l a t e  more complex c a s e s  o f  gas  f low i n  t h e  
boundary l a y e r ,  t h o s e  c h a r a c t e r i z e d  by c o m p r e s s i b i l i t y  and high-  
t empera tu re  e f f e c t s  and c u r v i l i n e a r  shape o f  t h e  washed s u r f a c e .  

i b l e  boundary l a y e r  around a p l a t e  on t h e  assumption tha t  t h e  
boundary l a y e r  has a c e r t a i n  s m a l l  f i n i t e  t h i c k n e s s  g iC  and t h a t  

t h e  v e l o c i t y  d i s t r i b u t i o n s  a c r o s s  t h e  s e c t i o n s  o f  t h e  l amina r  and 
t u r b u l e n t  boundary l a y e r s  are c h a r a c t e r i z e d  r e s p e c t i v e l y  by t h e  
p a r a b o l i c  l a w  proposed by Pohlhausen 

L e t  us considerJ  t h e  b a s i c  r e l a t i o n s h i p s  f o r  an  incompress- 

and t h e  "seventh r o o t "  l a w  ( a c c o r d i n g  t o  Karman) 

( V I - 1 - 1 )  

( V I - 1 - 2 )  

which i s  a p a r t i c u l a r  c a s e  o f  t h e  more g e n e r a l  "k th- root"  law - 

(VI-1-3) 

I n t r o d u c i n g  ( V I - 1 - 1 )  and VI-1-2) i n t o  i n t e g r a l  r e l a t i o n s h i p  
( 1 1 1 - 2 - 4 2 ) ,  w e  f i n d  t h e  t h i c k n e s s  of  t h e  boundary l a y e r :  



where xw i s  t h e  l eng th  of  t h e  p l a t e ;  x = x/xw i s  a dimensionless  

coord ina te ;  R e  = V6xw/v. 

The f r i c t i o n  s t r e s s  T ~ ~ . ~ ~  on t h e  w a l l  i s  determined by 

s u b s t i t u t i n g  Expression ( V I - 1 - 4 )  f o r  t h e  l a y e r  t h i c k n e s s  i n t o  
t h e  formulas 

t h e  f i r s t  of which p e r t a i n s  to a laminar  boundary l a y e r  and t h e  
second t o  a t u r b u l e n t  boundary l a y e r .  A s  a r e s u l t ,  

where R e x  = V x/v i s  t h e  l o c a l  Reynolds number. 6 
From t h e  s t r e s s  T w e  can f i n d  t h e  l o c a l  c o e f f i c i e n t  of  / 3 2 l  w l . i c '  

f r i c t i o n  

(VI-1-71 c Re;* 7wl .k  

4 
Cf+ ic " : 

where q = ( p 6 V ; ) / 2 .  

TABLE V I - 1 - 1 .  VALUES OF COEFFICIENTS AND EXPONENTS 
I N  FORMULAS FOR BOUNDARY-LAYER PARAMETERS 

. .~ . . .. - - ___ . -- .. . . . 

I A I . . B  ! . c  I . D - : I . " /  

1- 5.8 1.0.332 1 0.664 I -1:"" 1 '.; I -'L 1 '  1 0.37 I 0.0289 1 0.0978.1 0.074 [ I -5 i 

Boundary layer 

.-I__ 

Lamha 
. .  - . __  . . -. . 

Turbulent 

Applying ( V I - l - 7 ) ,  we determine t h e  average va lue  o f  t h i s  
c o e f f i c i e n t  : 

( VI-1-8 ) 



Values of t h e  c o e f f i c i e n t s  A ,  B ,  C ,  and D and t h e  exponents  

E e r  . y e s u I t s  f o r  t h e  t u r b u l e n t  boundary l a y e r .  Formula 

m - and n - are  g i v e n  i n  T a b l e  V I - 1 - 1 .  

(VI-1-8) f o r  t h e  77Cur5iiTent f r i c t i o n c o e f f i c i e n t  c f  ic can be 
used w i t h  g r e a t e r  conf idence  i f  R e  does n o t  exceed 1 0  . Other  
r e l a t i o n s h i p s  g i v e  b e t t e r  r e s u l t s  f o r  larger  v a l u e s .  Fo r  example, 
f o r  R e  i n  t h e  range  l o 6  < R e  < 10’ 

C, t.ic r2z 0.42’7 (Ig Re - 0.40i)-’*46. (VI-1-9  ) 

The f o l l o w i n g  formula can a l s o  b e  used f o r  t h e  i n t e r v a l  
5 * 1 0 6  < R e  < lo1’: 

ct t.ic = 0.043 Rc-’J.*67. ( V I - 1 - 1 0 )  

For Reynolds numbers i n  t h e  range  2 * 1 0 6  < Re < 10’’ we have 

cf t.fc = 0.032 Re-0-145. ( V I - 1 - 1 1 )  

For  l a r g e r  Reynolds numbers, w e  can c o n s i d e r  t h e  u n i v e r s a l  
P r a n d t l - S c h l i c h t i n g  formula  f o r  c a l c u l a t i o n  of  t h e  average  tu rbu-  
l e n t - f r i c t i o n  c o e f f i c i e n t :  

( V I - 1 - 1  2 ) 

The Schultz-GrGnow formula f o r  c a l c u l a t i o n  o f  t h e  l o c a l  t u r -  
b u l e n t  f r i c t i o n  c o e f f i c i e n t  may b e  r ega rded  as e q u a l l y  u n i v e r s a l :  

( V I  - 1-1 3 ) 

here,  R e x  can vary  up t o  lo9. 

The t h i c k n e s s  of  a boundary l a y e r  w i t h  a v e l o c i t y  p r o f i l e  
c h a r a c t e r i z e d  by t h e  power l a w  ( V I - 1 - 3 )  can  b e  de te rmined  from 
t h e  e x p r e s s i o n  

2 

( V I - 1 - 1 4 )  



where 

and, accord ing  t o  Wishard, t h e  c o e f f i c i e n t  c e q u a l s  

iT= @.917/F-1- 3.3’13. 

TABLE V I - 1 - 2 .  VALUES OF THE PARAMETERS E AND C 

Values of and a r e  given i n  T a b l e  VI-1-2. 

The exponent E can b e  determined by  t h e  f o r m u l a  

- 
k = 2.33 (Ig Re**- 1), (VI-1-15) 

where Re** = V 6 * * / V 6 .  6 

The fo l lowing  r e l a t i o n s h i p  e x i s t s  between t h e  c o n v e n t i o n a l  

i c  
displacement  and momentum th i cknesses  6 *  and 6 * *  and t h e  t h i c k -  
ness  6 of t h e  boundary l a y e r  i n  an i n c o m p r e s s i b l e  fluid: 

- 
k 

6t.ic ( V I - 1 - 1 6  ) i 
k - i l  (k+l) (f-1-2) q i c  = 7 6t.k , 6:.L = 

E x a m p l e .  Determine t h e  parametersof  a boundary  layer on a 

= 200 m / s ;  H = 2000 m ;  v6 = 0.1715*10-4 m 2 / s 2 ;  x = 1 m .  

p l a t e  f o r  t h e  cond i t ions  

V 

S o l u t i o n  i s  by t h e  method of success ive  a p p r o x L m a t i o n s .  W e  
t a k e  t h e  exponent i n  t h e  v e l o c i t y - d i s t r i b u t i o n  l a w  k = 7 . 4 6  as 
our f i r s t  approximation and c a l c u l a t e  t h e  c o r r e s p o n d d n g  

I 



c o e f f i c i e n t s  B and 

- C = 0.917z-I- 2.3/13 = 9.18; 

From (IV-1-14) w e  de te rmine  the l a y e r  t h i c k n e s s :  

From (v1-1-16), w e  f i n d  

We t h e n  de te rmine  

and c a l c u l a t e  k i n  t h e  second approximat ion:  

Using this k, w e  improve t h e  boundary-layer  pa rame te r s :  

These data cor respond t o  

- k:12.3.5(Ig lGG80-1)= 7.57. 

........... .... 11 
I I. .I ,,,..,...,-,. ,.,, -.I.-.I ., .. ..-,----.-... __. .. - .-_ - .. ._ ............. .- -. 
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Since  the  r e s u l t i n g  E d i f f e r s  i n s i g n i f i c a n t l y  ( ' L O .  2g) from 
the  v a l u e  i n  t h e  p r e c e d i n g  approximat ion ,  w e  may r e g a r d  k = 7.57 
and t h e  boundary-layer  pa rame te r s  co r re spond ing  to i t  as f i n a l .  

Influence of altitude. T h i s  e f f e c t  m a n i f e s t s  i n  a n  a l t i t u d e  
v a r i a t i o n  of  Reynolds number. I f  R e  = Mma x /v near t h e  ground 

and v are  t h e  speed  of sound and t h e  k inemat i c  v i s c o s i t y  
c o e f f i c i e n t ,  r e s p e c t i v e l y ,  n e a r  t h e  ground)  and R e  = Mmaxw/v a t  a 
c e r t a i n  a l t i t u d e ,  w e  can w r i t e  f o r  i t  

g g w  g 
( ag g 

where 

are f u n c t i o n s  t h a t  de t e rmine  t h e  v a r i a t i o n  of  d e n s i t y ,  t h e  speed  
o f  sound, and t h e  dynamic v i s c o s i t y  c o e f f i c i e n t  w i t h  a l t i t u d e .  
The v a l u e s  of  t h e s e  f u n c t i o n s  are  found from the a p p r o p r i a t e  
t ab les  (see Appendix No. 2 ) .  

fer). The boundary-layer  p a r a m e t e r s ,  and e s p e c i a l l y  t h e  f r i c -  
t i o n a l  s t ress  and c o e f f i c i e n t  o f  f r i c t i o n ,  w i l l  d i f f e r  subs t an -  
t i a l l y  from t h e  v a l u e s  f o r  i ncompress ib l e  f low a t  h i g h  v e l o c i t i e s  
owing to t h e  a c t i o n  o f  such  f a c t o r s  as c o m p r e s s i b i l i t y ,  h e a t i n g ,  
and heat t r a n s f e r .  

Influence of compressibility (in the absence of heat trans- 

These pa rame te r s  can be c a l c u l a t e d  by v a r i o u s  methods w i t h  
c o n s i d e r a t i o n  o f  t h e  above f a c t o r s ,  depending on t h e  n a t u r e  o f  
t h e  thermal  p r o c e s s e s  t h a t  take p l a c e .  L e t  us  examine a ca l cu -  
l a t i o n  based on t h e  assumpt ion  t h a t  t h e r e  i s  no heat t r a n s f e r  
( a l though  aerodynamic h e a t i n g  o f  t h e  boundary l a y e r  does  take  
p l a c e )  and w i t h o u t  t a k i n g  any o f  t h e  p o s s i b l e  phys icochemica l  
p r o c e s s e s  i n t o  accoun t .  

I f  w e  assume t h a t  h e a t i n g  takes  p l a c e  w i t h  no change what- 
e v e r  i n  i n t e r n a l  energy ( w e  s h a l l  d i s r e g a r d  t h e  work of  v i s c o u s  
f o r c e s  and conduct ion  o r  r a d i a t i o n  of  h e a t ) ,  t h e n  t h e  i n f l u e n c e  
o f  h e a t i n g  on t h e  boundary-layer  pa rame te r s  w i l l  m a n i f e s t  i n  a 
dependence o f  these  pa rame te r s  on Moo. 

The co r re spond ing  r e l a t i o n  f o r  a l amina r  boundary l a y e r  
takes t h e  form 

4 3 4  



. C f 1  _ _  - (1 + O.O3Xl~)-'?. (VI-1-18) 
CI 1 . i C  

For a t u r b u l e n t  boundary l a y e r ,  t h e  form of t h e  r a t i o  
cf t l c f  t . i c  
by t h e  exponent  i n  t h e  l a w  of v e l o c i t y  v a r i a t i o n ,  i . e . ,  by k o r ,  
which i s  t h e  same t h i n g ,  by t h e  Reynolds number. However, as w e  
see from F i g .  V I - 1 - 1 ,  v a r i a t i o n  of E from 5 t o  9 ,  which c o r r e -  
sponds to a change i n  Reynolds number from l o 6  to lo8, has  p rac -  
t i c a l l y  no e f f e c t  on t h e  r a t i o  cf  t / c f  t . i c .  

r a t i o  i s  independent  of E (of Reynolds number). 
F i g .  V I - 1 - 1 ,  t h e  r a t i o  of t h e  c o e f f i c i e n t s  of f r i c t i o n  i s  p r e -  
s e n t e d  as a f u n c t i o n  of M6 f o r  a t u r b u l e n t  l a y e r  i n  t h e  form 

as a f u n c t i o n  of"M6 w i l l  g e n e r a l l y  be de te rmined  

We may t h e r e f o r e  assume f o r  p r a c t i c a l  pu rposes  t h a t  t h i s  
According t o  

( V I - 1 - 1 9  ) 

where t = - 0 . 4 3  f o r  6 < M 6  < 15 and t = - 0 .39  for 0 < M 6  < 6 .  

An e x p e r i m e n t a l  s t u d y  of t h e  i n -  
f l u e n c e  of w a l l  t empera tu re  on t h e  
r a t i o  cf  t / c f  t . ic showed t h a t  t h i s  
e f f e c t  i s  minor i n  a t u r b u l e n t  f low 
and need n o t  b e  t a k e n  i n t o  accoun t  i n  
p r a c t i c a l  c a l c u l a t i o n s  i f  t h e  c o e f f i -  
c i e n t s  of f r i c t i o n  are  c a l c u l a t e d  f o r  
t h e  pa rame te r s  a t  t h e  o u t e r  boundary 
of t h e  l a y e r .  Here t h e  formula  w i l l  

( a d i a b a t i c )  w a l l .  
5 IO wfi be more e x a c t  f o r  a h e a t - i n s u l a t e d  0 

F i g u r e  V I - 1 - 1 .  R a t i o  
for a Tur- Apart  from ( V I - 1 - 1 9 ) ,  w e  can  use  

a r e l a t i o n s h i p  found by Acad. A . A .  
Dorodni t  s i n  

Cf  t'cf t . i c  
b u l e n t  Boundary Layer 
as a Func t ion  of M6 f o r  
Var ious  k . 

cft = 0.4T2 (1 4- O , l M i ) - o ' i  x 
A [lg Re (I +0.2N$)-'*761--2.58 ( V I - 1 - 2 0 )  

o r  t h e  L u t e r  formula  

~ , ~ = 0 . 0 6 3 1 e s p  (-0.i72M;) (VI-1-21) 
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which give better results for Reynolds numbers in the'range 
lo6 < Re < 10". 

Boundary-layer thicknesses can be calculated with (VI-1-4) 
with consideration of compressibility and wall temperature by con- 
verting in that formula to determining parameters. The displace- 
ment and momentum thicknesses can be determined by (VI-1-16) from 
the layer thickness found in this manner. A correction f o r  the 
Mach-number effect must be applied to k in calculations with 
(VI-1-14). This can be done by applying ( V I - l - l 5 ) ,  in which 

t Re** = 0.036 (1 f 31:) . (VI -1-2 2 ) 

The quantities 6 * *  and 6 *  can be calculated directly with 
the expressions 

f 
b* 
b 

1 

b= b** S PbYd P V X  (I -$) d ($) ; --= S (1 -*) d (%) , (VI-1-23) 
0 0 

in which it is assumed that V,iV6= (y!&)''; I r , ' f ~ ~ - - - - ( T o - ~ w l ) / ( ~ o ~ - ~ w ~ ) ,  where 
To and Tos are the respective stagnation temperatures in the 
boundary layer and the free stream. Here density is determined 
from the equation p = pRT for the condition that ap/ay = 0 in the 
boundary layer. 

The momentum and displacement thicknesses, referred to the 
boundary-layer thickness and calculated for the "seventh root" 
law, are expressed as follows: 

where 

(VI-1-24) 

(VI- 1- 2 5 ) 
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Figure  VI-1-2. Rat io  F igure  VI-1-3. R a t i o  
6 z * / 6 t  as a Funct ion 6; / 6 t  as a Funct ion 

of Mg and t h e  R e l a t i v e  of Mg and R e l a t i v e  
Wall Temperature Twl. Wall Temperature Twl. 

F igu res  VI-1-2 and VI-1-3 p r e s e n t  t h e  r e s u l t s  of c a l c u l a t i o n  
of 6 t * / 6  

p e r a t u r e  Twl = Twl/T,. 
and 6 z / 6 t  as f u n c t i o n s  of M6 and t h e  r e l a t i v e  w a l l  t e m -  

t- 

With 

= ( 1 / 2 ) C f X  t X  

t h e  va lues  of  6;*/", we can use t h e  formula 6;* = 
t o  c a l c u l a t e  t h e  boundary-layer t h i c k n e s s .  

(VI-1-2 6 ) 

The r a t i o s  6;*/6t and 6;/6t were obta ined  f o r  cond i t ions  
under which t h e  i n f l u e n c e  of t h e  laminar  sub laye r  i s  not  t aken  
i n t o  account .  S tud ie s  have shown t h a t  t h i s  e f f e c t  on 6;/gt i s  
s m a l l  and may be d i s r ega rded .  

A s  f o r  t h e  momentum t h i c k n e s s ,  t h e  laminar  sub laye r  may have 
a s u b s t a n t i a l  i n f l u e n c e ,  and one t h a t  i n c r e a s e s  wi th  dec reas ing  
R e 6  and wi th  i n c r e a s i n g  Mg. The q u a n t i t y  6E*/6t can be /3?6 
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r e p r e s e n t e d  by t h e  g e n e r a l  r e l a t i o n s h i p  

(VI-1-27) 

where (6:*/6t)Re6=m i s  t h e  r a t i o  of t h e  momentum t h i c k n e s s  t o  t h e  

l a y e r  t h i c k n e s s  when t h e r e  i s  no laminar  sub laye r  (see Fig .  
V I - 1 - 2 ) ;  R e 6  = V66/v6 .  
s u l a t e d  w a l l  (Fwl = l), the' f u n c t i o n  

For t h e  p a r t i c u l a r  case  of a hea t - in-  

The f u n c t i o n  N, i s  c a l c u l a t e d  by t h e  formula 

Ar2 r 1 - 

where h = 3.9 - 0.6dM6 - 3 f o r  M 6  > 3 and h = 3.9 f o r  1 < M6 5 3. 
For M6 

I n f l u e n c e  o f  h i g h  t e m p e r a t u r e s  on f l o w  i n  t h e  boundary  l a y e r .  
Owing to flow s t a g n a t i o n  i n  t h e  boundary l a y e r  and t h e  temperature  
r i s e ,  t h e  d e n s i t y  of t h e  gas  changes,  and t h i s  i n f l u e n c e s  t h e  
boundary-layer parameters .  The  p rope r ty  of c o m p r e s s i b i l i t y  and 
t h e  dependence of  the  boundary-layer v a r i a b l e s  on Mach number a r e  
mani fes ted  h e r e .  

1, N, = 1. 

With i n c r e a s i n g  v e l o c i t y ,  temperature  i n c r e a s e s  and t h e  
boundary l a y e r  i s  hea ted  t o  such a degree t ha t  chemical r e a c t i o n s  
may t a k e  p l a c e  i n  i t .  A s  a r e s u l t ,  o t h e r  p h y s i c a l  parameters  of 
t h e  gas  a lso change a long  w i t h  d e n s i t y .  These e f f e c t s  a r e  of de- 
c i s i v e  importance i n  shaping t h e  f r i c t i o n  and heat-exchange 
p rocesses  i n  t h e  boundary l aye r .  However, q u i t e  major d i f f i c u l -  
t i e s  a r e  encountered i n  t a k i n g  them i n t o  c o n s i d e r a t i o n .  For t h i s  
reason ,  a t t empt s  have been made t o  f i n d  comparat ively s imple 
approximate methods f o r  c a l c u l a t i o n  of t h e  boundary layer  a t  
very h igh  flow v e l o c i t i e s .  One of them, which w i l l  be examined 
below, i s  based on t h e  use of r e l a t i o n s h i p s  de r ived  from i n v e s t i -  
g a t i o n  of t h e  bpundary l a y e r  i n  an incompress ib le  medium. Near 
t h e  s u r f a c e ,  t h e r e  are a l w a y s  r eg ions  i n  which t h e  flow i s  exten-  
s i v e l y  s t agna ted  and, consequent ly ,  the  p r o p e r t i e s  of t h e  gas 
make a c l o s e  approach . t o  t h o s e  i n  an incompress ib le  medium. I f  
w e  cons ide r  flow i n  t h i s  r e g i o n  t o  have t h e  b a s i c  i n f l u e n c e  on 
f r i c t i o n  and h e a t - t r a n s f e r  p rocesses ,  we can i n v e s t i g a t e  t h e  
boundary l a y e r  by r e l a t i o n s h i p s  t h a t  are s u p e r f i c i a l l y  s i m i l a r  
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to t h o s e  f o r  t h e  i n c o m p r e s s i b l e  medium. The d i f f e r e n c e  w i l l  b e  
tha t  pa rame te r s  de te rmined  i n  accordance  w i t h  t h e  l o c a l  t e m -  
p e r a t u r e  v a l u e s  i n  t h e  boundary l a y e r  w i l l  appea r  i n  these rela- 
t i o n s h i p s .  Here, as r e s e a r c h  has  shown, s a t i s f a c t o r y  r e s u l t s  
are o b t a i n e d  i f  t h e  c a l c u l a t i o n  i s  made f o r  a de te rmin ing  t e m -  
p e r a t u r e  T* and t h e  de t e rmin ing  e n t h a l p y  i*, d e n s i t y  p * ,  coef -  
f i c i e n t s  u * ,  v * ,  e t c .  t h a t  cor respond t o  i t .  

L e t  us examine c e r t a i n  r e l a t i o n s h i p s  f o r  c a l c u l a t i o n  of 

Laminar bound-ary l a y e r .  I n  i n t r o d u c i n g  t h e  de t e rmin ing  

t h e  boundary l a y e r  from de te rmin ing  pa rame te r s .  

pa rame te r s ,  we can use  r e l a t i o n s h i p s  t h a t  take account  o f  t h e  
i n f l u e n c e  o f  h i g h  t e m p e r a t u r e .  For  example, i n  accordance  w i t h  
( V 1 - 1 - 4 ) ,  t h e  t h i c k n e s s  of t h e  h igh- tempera ture  boundary l a y e r  
i s  

61 = 61.1, (= cL* 'Po F)"2 . 
( V I - 1 - 4 '  ) 

I n  t he  g e n e r a l  c a s e ,  t h e  d isp lacement  and momentum t h i c k -  
n e s s e s  can b e  de te rmined  s i m i l a r l y  w i t h  c o n s i d e r a t i o n  o f  d i s -  
s o c i a t i o n  and t h e  w a l l  t empera tu re .  I n  a d d i t i o n  to c a l c u l a t i o n  
by t h e  de te rmining- tempera ture  method, t h e  t h i c k n e s s e s  can a l s o  
b e  computed w i t h  t h e  o r d i n a r y  boundary- layer  e q u a t i o n s .  If c = 

P 
= c o n s t  and P r  = 1, s o l u t i o n  o f  t hese  e q u a t i o n  g i v e s  r e l a t i o n -  
s h i p s  t ha t  e n a b l e  u s  to determine  boundary-layer  pa rame te r s  c l o s e  
to t h e  t r u e  ones as f u n c t i o n s  of w a l l  t empera tu re  and M 6 .  
r e l a t i o n s h i p s  have t h e  form 

/327 

These 

(VI-1-29 

where Fwl = Twl/T,; t h e  c o e f f i c i e n t  

Here x = x/xk, R e  = V6xk/v6; t h e  c o e f f i c i e n t  Awl i s  found from 
one of  Formulas (VI-3-2). 
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W e  can c a l c u l a t e  t h e  c o e f f i c i e n t  X 6  on s u b s t i t u t i n g  T 6 f o r  
Twl i n  t h e s e  fo rmulas .  

t i o n  f o r  t he  f r i c t i o n  stress 
Taking (VI-1-5) as t h e  s t a r t i n g  formula ,  w e  f i n d  t h e  re la -  

(VI-1-5 ' ) 

The r a t i o  of f r i c t i o n  s t resses  i s  e q u a l  t o  t h e  r a t i o  o f  
t h e  l o c a l  and mean c o e f f i c i e n t s  o f  f r i c t i o n :  

- cf 1 - f x  1 

f x  l . i c  

C 

C 
w l . 1  - T - 

f l . i c  C w l .  l . i c  T 
( V I - l -  31 ) 

We see from ( V I - 1 - 4 ' )  t h a t  t h e  t h i c k n e s s  of  a l amina r  bound- 
a r y  l a y e r  i n c r e a s e s  w i t h  r i s i n g  t empera tu re .  
i n  v i s c o s i t y ,  f r i c t i o n  s t ress  d e c r e a s e s  because  o f  t h e  lower 
d e n s i t y ,  which has t h e  dominat ing  e f f e c t  on f r i c t i o n .  The re la-  
t i o n s h i p s  f o r  t h e  boundary-layer  pa rame te r s  s i m p l i f y  i n  t h e  ab- 
s ence  o f  d i s s o c i a t i o n ,  when w e  can s e t  pS/p*=T*/T6,  p*/ya= (T*/Tb)". 

The f o l l o w i n g  p rocedure  i s  used i n  c a l c u l a t i n g  f r i c t i o n  
s t r e s s  b y  t h e  de termining- tempera ture  ( e n t h a l p y )  method for g i v e n  
stream pa rame te r s  on t h e  o u t e r  and i n n e r  boundar i e s  of  a l amina r  
boundary l a y e r .  

F i r s t ,  t h e  de t e rmin ing  e n t h a l p y  i s  found. T h i s  can be done 

Desp i t e  t h e  i n c r e a s e  

by (IV-8-7) or a r e l a t i o n  d e r i v e d  for a l amina r  boundary l a y e r  

Here, t h e  i* c a l c u l a t e d  from t h e  P r *  = Prwl a t  t h e  w a l l  i s  
de te rmined  as t h e  f i r s t  approximat ion .  Then t h i s  i* i s  used t o  
f i n d  t h e  second-approximation P r * ,  and s o  f o r t h .  

de t e rmin ing  e n t h a l p y  i n  f i r s t  approximat ion ,  i . e . ,  c a l c u l a t e  i* 
by (VI- l -32) ,  s e t t i n g  P r *  = P r  i n  i t .  w l  

f i c i e n t  o r  h e a t  t r a n s f e r  from t h e  t r u e  v a l u e s  does n o t  exceed 

I n  p r a c t i c e ,  w e  can l i m i t  o u r s e l v e s  t o  c a l c u l a t i o n  of t he  

Here t h e  l a r g e s t  p o s s i b l e  d e v i a t i o n  of t h e  f r i c t i o n  coef-  /328 

10%. 
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Figure  VI-1-4. cfl V/Rem (Rea=Re=Vbzk/v6) as a 
Funct ion - of M and t h e  Enthalpy Ra t io  
iwl = iwl/io ?Laminar Boundary Layer ) .  

QO 75 

R05 

- 
Figure  V I - 1 - 5 .  c VRe, as a Funct ion of Mw 

and t h e  Enthalpy R a t i o  Fw,- = iwl/io (Tur- 
b u l e n t  Boundary L a y e r ) .  

f t  

The determining temperature  i s  found for t h e  de te rmining  en- 
t ha lpy  by r e f e r e n c e  t o  t ab les  o r  diagrams of t h e  thermodynamic 
func t ions  of a i r ;  t h e n  c = p*p* /p6p6  i s  c a l c u l a t e d  and t h e  l o c a l  
and average c o e f f i c i e n t s  of f r i c t i o n  a r e  found: 
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I f  t h e  c o e f f i c i e n t  of f r i c t i o n  i s  determined f o r  bo th  s ides  
of t h e  p l a t e ,  t h e  r e s u l t  ob ta ined  must be doubled. 

Turbulent  boundary l a y e r .  I f  w e  s t a r t  w i t h  t h e  power l a w  1329 
( V I - 1 - 2 )  f o r  t h e  v e l o c i t y  d i s t r i b u t i o n  and t h e  corresponding ex- 
p r e s s i o n  ( V I - 1 - 4 1  f o r  t h e  incompress ib le  boundary l a y e r ,  we can 
in t roduce  de f in ing  parameters  t o  f i n d  a formula f o r  t h e  boundary- 
l a y e r  t h i c k n e s s :  

( V I  - 1 - 4 I' ) 

The formulas f o r  t h e  s t r e s s  and c o e f f i c i e n t  of f r i c t i o n  have 
t h e  same s u p e r f i c i a l  form as (Vi-1-5I) and (VI-1-31). The d i f -  
f e r ence  i s  t h a t  t h e  l a y e r  t h i ckness  must b e  t aken  accord ing  t o  
( V I - 1 - 4 " ) .  Applying (VI-1-8) t o  c a l c u l a t e  t h e  c o e f f i c i e n t  o f  
f r i c t i o n  of a f l a t  p l a t e  i n  incompress ib le  flow, we can o b t a i n  
a g e n e r a l i z e d  expres s ion  f o r  t h e  c o e f f i c i e n t  of  f r i c t i o n :  

(VI-1-34) 

i n  which n = - 1/2 f o r  a laminar  boundary - l a y e r  and n = - l /5  f o r  
a t u r b u l e n t  l a y e r .  F igu res  VI -1 -4  and VI-1-5 show -how t h e  product  
cfRein depends on a number of parameters  when i t  i s  c a l c u l a t e d  
w i t h  d i s s o c i a t i o n  taken  i n t o  account .  

To c a l c u l a t e  t h e  c o e f f i c i e n t  of f r i c t i o n  i n  a d i s s o c i a t e d  
boundary l a y e r ,  w e  can a l s o  use t h e  formula 

(VI-1-35] 

which i s  der ived from the  g e n e r a l  equat ions  of t h e  t u r b u l e n t  bound- 
a ry  l a y e r .  I n  t h i s  formula,  cf o t  i s  t h e  c o e f f i c i e n t  of f r i c t i o n  
c a l c u l a t e d  f o r  t h e  corresponding l o c a l  Mm, Twl/Ts and Reg = Vs6/vs ,  
b u t  i n  t h e  absence of d i s s o c i a t i o n ;  as and awl a r e  t h e  degrees  of 
d i s s o c i a t i o n  a t  t h e  o u t e r  l a y e r  boundary and a t  t h e  w a l l ,  r espec-  
t i v e l y ,  and can b e  determined f o r  a i r  on t h e  assumption that  a i r  
i s  a diatomic gas  model. 

The l o c a l  c o e f f i c i e n t  of  f r i c t i o n  
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-0.27 -0.55 cl O,t = 0.058 Re, (+) (i + r ~ i i  j = 

-0.27 
=ctot.ic (9). (1 + y r n r f  ( V I  - 1- 36 ) 

where R e x  = Vgx/vb. 

C e r t a i n  data on t h e  c o e f f i c i e n t  cf  Ot are g iven  i n  F igs .  VI-1-6 
The c a l c u l a t i o n s  a r e  performed f o r  a g iven  w a l l  temperature.  

through VI11-8. 

The v a r i a t i o n  of cfxt/cf ot c a l c u l a t e d  from VI-1-35 
shown g r a p h i c a l l y  i n  F ig .  VI-1-9 .  It fol lows from Fig .  VI-1-9 
tha t  d i s s o c i a t i o n  makes i t s e l f  f e l t  e i t he r  i n  a 22% i n c r e a s e  i n  
f r i c t i o n  c o e f f i c i e n t  i f  a6 = 1, awl = 0 ,  t h e  s u r f a c e  i s  c a t a l y t i c ,  
and t h e  atoms a l l  recombine a t  t h e  w a l l ,  o r  i n  an equa l  dec rease  
if a&= 0 ,  awl = 1 and t h e  s u r f a c e  i s  not  a c a t a l y s t .  

The formula g iven  above f o r  t h e  c a l c u l a t i o n  of  themboundary 
l a y e r  i n  terms of de te rmining  parameters  can be a p p l i e d  t o  any 
case  of flow. An example1 i s  a flow over an a d i a b a t i c  w a l l ,  i . e . ,  
an unheated and uncooled w a l l .  I f  t h e r e  i s  no heat exchange i n  
t h e  gas ,  t h e  v a r i a t i o n  of t h e  thermodynamic parameters  a c r o s s  t h e  
l a y e r  w i l l  be  a d i a b a t i c .  Then t h e  above formulas w i l l  r e f l e c t  
t h e  i n f l u e n c e  of c o m p r e s s i b i l i t y  (M-) on the boundary-layer param- 
e t e r s .  

i s  

F igure  VI-1-6. Local  F r i c t i o n  
C o e f f i c i e n t  on a P l a t e  i n  an In- 
compressible  Turbulent  Flow. 

more r e l i ab le  i n  a p p l i c a t i o n  t o  c 
f o r  very h igh  v e l o c i t i e s .  It i s  

.The  q u a l i t a t i v e  p a t t e r n  
of t h i s  e f f e c t  can be  i n -  
spec ted  q u i t e  e a s i l y  w i t h  
t h e  formulas.  Compressi- 
b i l i t y  w i l l  dominate a t  
moderate flow v e l o c i t i e s  
when there  i s  l i t t l e  heat- 
i n g .  As a r e s u l t ,  the  gas  
w i l l  be " s o f t e r "  and more . 
compliant t o  d e n s i t y  change. 
T h i s  imp l i e s  tha t  the premise 
of i n c o m p r e s s i b i l i t y  of t he  
gas  i n  t h e  boundary l a y e r  i s  
less r e l i a b l e  a t  moderate 
speeds t h a n  a t  h igh  speeds ,  
when t h e  gas  becomes h a r d e r  
as a r e s u l t  o f  a s u b s t a n t i a l  
t empera ture  r i s e  and behaves 
as an incompress ib le  medium. 
Thus, these formulas w i t h  t h e  
de te rmining  parameters  are 

a l c u l a t i o n  of the boundary l a y e r  
a l w a y s  impor tan t  t ha t  t h e  

443 



Figure  VI-1-7. Local F r i c t i o n  
Coef f i c i en t  on a P la te  i n  Com- 
p r e s s i b l e  Flow i n  t h e  Absence of  
D i s s o c i a t i o n  ( a s  = a = 0 ) .  w l  

de te rmining  parameters  are 
c a l c u l a t e d  w i t h  cons idera-  
t i o n  of  t h e  gas  tempera ture  
( en tha lpy )  a t  the w a l l ,  which 
p a r t i c i p a t e s  i n  shaping t h e  
f r i c t i o n  and he a t  - t r a n s  f e r  
p rocesses .  

The procedure for c a l -  
c u l a t i n g  t h e  parameters  of  a 
t u r b u l e n t  boundary l a y e r  by 
the  determining-enthalpy 
method f o r  g iven  cond i t ions  
on t h e  o u t e r  boundary of  the 
l a y e r  and t h e  w a l l  w i l l  b e  
t h e  same as for a laminar  
l a y e r .  

When t h e  parameters  are 
not  g iven  f o r  the  w a l l , - b u t  
must be determined by ca lcu-  
l a t i o n .  t he  f r i c t i o n  param- 

e t e r s  f o r  both laminar  and t u r b u l e n t  boundary l a y e r s  are cbmputed 
j o i n t l y  w i t h  t h e  heat flows and s u r f a c e  tempera ture ,  u s ing  t h e  
a p p r o p r i a t e  h e a t - t r a n s f e r  equa t ions .  

Approximate c a l c u l a t i o n  of 

Figure  VI-1-8. Local F r i c t i o n  
C o e f f i c i e n t  on a P l a t e  i n  Com- 
D r e S S i b l e  Flow i n  t h e  Absence of 
b i s s o c i a t i o n  (aa = a 
Ms = 4. 

= 0 1 ,  w l  

turbulent  f r i c t i o n  on p l a t e . ( a f t e r  
V . M .  I y e v l e v ) .  The l o c a l  
f r i c t i o n a l  stress 

where 
Ai =0.03327~-~.2~~++3.966.10-*; (VI-1-38) 

Z =  1.175ReX; (VI-1-39) 
P V Z  Re -3. (VI-1-40) 

Pi  I -  

The parameter  px i s  a cer -  
t a i n  d e n s i t y  determined by  t h e  
r e  l a t i o n  

where p 1  and p 2  are t h e  respec-  
t i v e  d e n s i t i e s  a t  t h e  e n t h a l -  
p i e s  i, and i,: 
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Figure  VI-1-9 .  R a t i o  
of  F r i c t i o n  Coeff- 
i c i e n t  on a P l a t e  
wi th  Cons idera t ion  
of D i s s o c i a t i o n  t o  
i t s  Value i n  t h e  
Absence of Dissoc ia-  
t i o n .  
(105 <-Reb 4 103; 3 -< 316 -< 4; 

0,04 < T w l / T b  4 1.0) 

( V I  -1- 4 2 ) 
I 1- 

I 3 

1, = 

iz :< 

(i* + iwl) + y ‘ig ; . .  
(3i,=, + iwl) +s “I. 

I n  ( V I - 1 - 4 0 ) ,  1-1, i s  de f ined  as t h e  
v i s c o s i t y  a t  en tha lpy  i , .  

Mixed -. -- Boundary Layer /332 

T r a n s i t i o n  p o i n t .  C r i t i c a l  Reynolds 
number. I n  addres s ing  ou r se lves  t o  c a l -  
c u l a t i o n  of the boundary layer ,  we must 
ana lyze  t h e  n a t u r e  of t h a t  l ayer  on a 
p l a t e  and e s t a b l i s h  whether i t  i s  lami- 
n a r ,  mixed, o r  pu re ly  t u r b u l e n t .  I f  t h e  
boundary l a y e r  i s  mixed, i t  i s  necessary  
to determine t h e  p o s i t i o n  of t h e  t r a n s i -  
t i o n  p o i n t  xt (F ig .  V I - 1 - 1 0 > .  

from t h e  laminar  t o  t h e  t u r b u l e n t  bound- 
a r y  l a y e r  t a k e s  p l a c e  g radua l ly ,  b u t  i t  
i s  s t i l l  p o s s i b l e  t o  mark t h e  beginning 
and end of t h e  t r a n s i t i o n  r e g i o n  c l e a r l y .  

S t r i c t l y  speaking,  t h e  t r a n s i t i o n  

10 ios 106 io7 Re, 

Figure  V I - 1 - 1 0 .  Mixed Figure  V I - 1 - 1 1 ,  V a r i a t i o n  
Boundary Layer on P l a t e .  of Fr ic t ion-Drag Coeff i -  

c i e n t  i n  Incompressible  
Flow as a Funct ion of R e x .  We may t h e r e f o r e  speak of c r i t -  

i c a l  Reynolds numbers, one of 
which corresponds t o  t h e  begin- 
n ing  of t h e  t r a n s i t i o n  and t h e  o t h e r  t o  i t s  end. 

The minimum c r i t i c a l  Reynolds number, below which a l l  v i -  
b r a t i o n s  damp out  i n  a laminar  boundary l a y e r ,  corresponds to 
t h e  beginning of the t r a n s i t i o n  r eg ion .  FigureVI-1-11, which 
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shows t h e  v a r i a t i o n  of  f r i c t i o n - d r a g  c o e f f i c i e n t  i n  an incompres- 
s i b l e  flow as a f u n c t i o n  of Rex = V6x/v6, i n d i c a t e s  t h a t  t he  mini- 
mum c r i t i c a l  number i s  approximately l o 6 .  

The c fx  minimum i s  fol lowed by  a sha rp ,  almost s t epwise  i n -  
c r e a s e  i n  t h e  l o c a l  f r i c t i o n  c o e f f i c i e n t ,  which r eaches  a maxi- 
m u m  va lue ,  corresponding t o  t h e  boundary of t he  t r a n s i t i o n  r e g i o n  
and t h e  maximum c r i t i c a l  Reynolds number, of about 5 0 1 0 ~ .  The 
t u r b u l e n t  boundary l a y e r  w i l l  be s t a b l e  t o  t h e  r i g h t  of  t h i s  
boundary. 

Experimental  data i n d i c a t e  t h a t  t h e  presence of a laminar  
segment and a t r a n s i t i o n  r e g i o n  does not  i n f l u e n c e  t h e  develop- 
ment of  t h e  t u r b u l e n t  boundary l a y e r  beyond t h e  t r a n s i t i o n  p o i n t .  
Beyond t h a t  p o i n t ,  t h e r e f o r e ,  w e  can use r e l a t i o n s h i p s  de r ived  on 
t h e  assumption tha t  t h e  flow i n  t h e  boundary l a y e r  i s  f u l l y  turbu-  
l e n t .  

The p o s i t i o n  of  t h e  t r a n s i t i o n  p o i n t  on t h e  s u r f a c e  of  a 
body depends on many f a c t o r s ,  p r i n c i p a l  among which a r e  t h e  t u r -  
bulence of t h e  flow; t h e  c o n d i t i o n  of t h e  s u r f a c e ,  t h e  tempera- 
t u r e  f a c t o r ,  and M6. 

Below w e  s h a l l  examine t h e  t r a n s i t i o n  p o i n t  corresponding t o  
a c r i t i c a l  Reynolds number de f ined  as t h e  mean between i t s  va lues  
f o r  t h e  beginning and end of  t h e  t r a n s i t i o n .  

Thus, t h e  scheme adopted h e r e  corresponds t o  an i n f i n i t e s i :  
mally s m a l l  t r a n s i t i o n  r e g i o n .  

T h e  i n f l u e n c e  of t u rbu lence  i n  an incompress ib le  f l u i d  on Re 
a t  t h e  t r a n s i t i o n  p o i n t  i s  i l l u s t r a t e d  i n  F ig .  V I - 1 - 1 2  [ t h e  degree  
of t u rbu lence ,  which i s  p l o t t e d  a g a i n s t  t h e  a x i s  of a b s c i s s a s ,  i s  
measured i n  pe rcen t  and i s  equal  t o  ( l / V )  x J/fiTv----------- .:I ( t i ' *  -;. ~ ' 2  -;- w'*j. ioo, 
where u ' ,  V I ,  and w '  are t h e  p u l s a t i o n  v e l o c i t y  components and 
V i s  t h e  average flow v e l o c i t y ] .  

c r  

With i n c r e a s i n g  M6, t h e  i n f l u e n c e  of t u rbu lence  on Recr d i -  /333 
minishes ,  and t h e  e f f e c t  can be d i s r ega rded  f o r  M6 > 4-5 (F ig .  
VI-1-13). 

The i n f l u e n c e  of s u r f a c e  cond i t ion  on Recr, which i s  char-  
a c t e r i z e d  by  t h e  parameter  A/6% ( A  i s  t h e  roughness h e i g h t  and 
6 *  i s  t h e  displacement t h i c k n e s s ) ,  i s  shown i n  F ig .  V I - 1 - 1 4  f o r  
va r ious  M We no te  t h a t  w i t h  i n c r e a s i n g  M roughness has l e s s  
and l e s s  i n f l u e n c e  on t h e  c r i t i c a l  Reynolds number, which can be 
d i s r ega rded  a t  M6 > 4-5. 

6 '  6 '  

4 4 6  



Figure  VI -1 -12 .  
l ence  i n  Incompressible  F l u i d  on Reynolds Number 
a t  t h e  T r a n s i t i o n  P o i n t .  

In f luence  of t h e  Degree of Turbu- 

I 

m 

Cooling of t h e  washed su r -  
f a c e  c o n t r i b u t e s  t o  s t a b i l i z a -  
t i o n  of t h e  boundary l a y e r  and 
r a i s e s  t h e  c r i t i c a l  Recr. The 

f l o w - s t a b i l i t y  c r i t e r i o n  i n  t h e  
boundary l a y e r  i s  t h e  tempera- 
t u r e  f a c t o r  Twl = Twl/Tr, which 
i s  t h e  argument of R e c r /  

i n  F ig .  V I - 1 - 1 5 .  

F igure  V I - 1 - 1 3 .  I n f luence  of When t h e  s u r f a c e  i s  cooled,  
Degree of Turbulence on C r i t -  t h e  boundary-layer displacement  
i c a l  Reynolds Number a t  V a r -  t h i ckness  becomes s m a l l e r ,  s o  
i ous  M g  (According to Van t h a t  when a c e r t a i n  6" < A i s  
Dreest  ) . reached,  t h e  cool ing  e f f e c t  w i l l  

be reduced owing to t h e  i n f l u -  
ence of roughness on t h e  c r i t i -  

c a l  Reynolds number. 

The data of F ig .  V I - 1 - 1 5  were used t o  p l o t  a u n i v e r s a l  curve 
(F ig .  V I - 1 - 1 6 )  t h a t  c h a r a c t e r i z e s  Recr/(RecF- 

of  t h e  parameter  (Twl - l)/Mi, which i n c l u d e s ,  as w e  s e e ,  t h e  
temperature  f a c t o r  and M6. 

) as a f u n c t i o n  
Twl=l 

Analysis  of t h e  data g iven  he re  i n d i c a t e s  t h a t  t h e  e f f e c t  of  
such f a c t o r s  as degree of t u rbu lence ,  roughness,  and w a l l  coo l ing  
on t h e  laminar - to- turbulen t  t r a n s i t i o n  of t h e  boundary layer  de- 
c r e a s e s  wi th  i n c r e a s i n g  M6. 
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T h e o r e t i c a l  and exper imenta l  data on t h e  c r i t i c a l  Reynolds 
numbers can be used to c o n s t r u c t  diagrams t h a t  d e f i n e  r eg ions  of 

F ig .  V I - 1 - 1 7 ,  where t h e  r eg ions  i n s i d e  curves 1 and 2 correspond 
to a s tab le  laminary boundary l a y e r  observed i n  p l a t e  exper i -  
ments. 

s t a b l e  laminar  boundary l a y e r s .  One such diagram i s  shown i n  1335 

Having determined t h e  
t r a n s i t i o n  p o i n t ,  we can 
c a l c u l a t e  t h e  boundary-layer 
parameters  s e p a r a t e l y  f o r  
t h e  pure laminar  and pure 
t u r b u l e n t  r eg ions .  Beyond 
p o i n t  T ( s e e  F ig .  V I - 1 - 1 0 ) ,  
however, t h e  r e l a t i o n s h i p s  
f o r  c a l c u l a t i n g  t h e  turbu-  I 

l e n t  boundary l aye r  cannot 
be a p p l i e d  d i r e c t l y ,  s i n c e  
t h e  l a y e r  begins  not  a t  zero  
t h i c k n e s s ,  bu t  a t  a c e r t a i n  
f i n i t e  t h i ckness .  To e l i m i -  
n a t e  t h i s  mismatch, i t  i s  b/s* 0 1 2 

necessary  to f i n d  a conven- 
t i o n a l  o r i g i n  of t h e  turbu-  
l e n t  boundary l a y e r ,  which i s  
de f ined  i n  F ig .  V I - 1 - 1 0  by 

F igure  V I - 1 - 1 4 .  I n f luence  of Sur- 
f ace  Condit ion on C r i t i c a l  Rey- 
nolds  Number. 

p o i n t  0 ' .  One of t h e  two- 
fo l lowing  schemes can be used f o r  t h i s  purpose.  

I n  t h e  f i r s t ,  i t  i s  assumed t h a t  t h e  d i s t a n c e  Ax to p o i n t  O ' ,  
which i s  t h e  o r i g i n  of a convent iona l  p l a t e  wi th  a completely 
t u r b u l e n t  l a y e r ,  must be such as to ensure  a turbulent-boundary- 
l a y e r  t h i ckness  tit a t  t h e  t r a n s i t i o n  p o i n t  equa l  to t h e  th i ckness  
of t h e  boundary l a y e r  a t  l eng th  x t .  
t h e  cond i t ion  

At low v e l o c i t i e s ,  t h i s  g ives  

where A I  = 5 .8 ;  A, = 0 . 3 7 ;  t h e  Reynolds numbers 

Here t h e  c r i t i c a l  Reynolds number R e x  cr can be found from 
t 

t h e  d a t a  given above. At t h e  same t ime,  determining parameters  
can b e  used to t a k e  approximate account of t h e  e f f e c t  of high 
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Figure VI-1-15. Influence 
- of Temperature Factor 
Twl = Twl/Tr on the Ratio 

Dreest, Mg = 3.65; 3) Van 
Dreest, M g  = 2.7; 2) Jane, 
M g  = 3.0; 4) Browning, 
M g  = 1.85; 5 )  Zanesskiy, 
M 6  = 1.67. 

to I 
- Q04 

Figure VI-1-16. Experiment- 
al Curve Characterizing 
Variation of Re&,/ (Recr >-  

Tw 1= 1 
as a Function of the Param- 
eter (Twl - I)/M:. 

velocities. For this purpose, 
the Reynolds-number expressions 
can be written in the form 

where Rex cr for the incompressible boundary layer can be assumed 
t 

equal to (2-5)-106. 
find Ax. 

thicknesses 6 * *  rather than the boundary-layer thicknesses 
are the same for the laminar and turbulent layers at 
the transition point, and Ax is calculated from this condi- 
tion. The working formula will be similar to (VI-1-43), 
with the difference that the coefficients A 1  and A 2  must 
be assumed equal to 0.808 and 0.036, respectively. In the 
second scheme, the values for Ax will be somewhat larger than 
in the first. It can be assumed that the mean between the Ax 

Since the coordinate xt is known, we can 

It is assumed in the second scheme that the momentum 
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values  given by t h e s e  two schemes w i l l  
be a b e t t e r  approximation of r e a l i t y . .  

F igure  VI-1-17. De- 
t e rmina t ion  of Re-  
g ion of Stable  Lami-  
n a r  Boundary Layer. 
1) p l a t e  ( t u n n e l ) ;  
2 )  p l a t e  ( f l i g h t ;  
3 )  cone ( f l i g h t ) .  

When we have found O ' ,  w e  can pro- 
ceed t o  c a l c u l a t e  t he  boundary-layer 
t h i c k n e s s e s ,  t h e  t a n g e n t i a l - s t r e s s  d i s -  
t r i b u t i o n ,  and t h e  l o c a l  c o e f f i c i e n t s  
of f r i c t i o n ,  us ing ,  i f  necessary ,  rela- 
t i o n s h i p s  t h a t  i n c o r p o r a t e  de te rmining  
parameters .  

The average f r i c t i o n  c o e f f i c i e n t  
f o r  a p l a t e  of l e n g t h  xw washed by a 
mixed  boundary l a y e r  i s  determined i n  
accordance w i t h  F ig .  VI-1-10 by t h e  
formula /336 

X 2' 

JW t w  
C f i c  -= c/ I . i c  -+ c;t.Ic -- c;t.ic 2, (VI-1-44) 

where x' = xw - - xt + Ax. 

The Reynolds number f o r  t h e  f i rs t  c o e f f i c i e n t  c ~ ~ , ~ ~  i s  com- 
puted from l eng th  x t ,  t h a t  f o r  t h e  second c o e f f i c i e n t  chtSic from 
l e n g t h  x ' ,  and tha t  f o r  t h e  t h i r d  c o e f f i c i e n t  cFteic from l e n g t h  
Ax. 

F r i c t i o n  on a P l a t e  Se t  a t  an Angle of Attack .- - 
Let us cons ide r  a p l a t e  i n  a supersonic  flow w i t h  an a t t a c h e d  

compression shock. The f r i c t i o n  i s  c a l c u l a t e d  s e p a r a t e l y  f o r  each 
s ide  w i t h  t h e  c o n d i t i o n  t h a t  t h e  flows over t h e  top  and bottom a r e  
independent .  One of them a r i s e s  as a cons t an t -ve loc i ty  flow be- 
h ind  an obl ique  compression shock, and t h e  o t h e r  a l s o  w i t h  con- 
s t a n t  v e l o c i t y  as an expansion flow behind a simple shock. 

The r e l a t i o n s h i p s  given above are t h e r e f o r e  used t o  d e t e r -  
mine t h e  l o c a l  and average f r i c t i o n  c o e f f i c i e n t s .  Here, t h e  
parameters  c a l c u l a t e d  by  compression-shock and Prandtl-Meyer ex- 
pansion-flow t h e o r i e s  on t h e  upper and lower s u r f a c e s  of t h e  
p l a t e  a r e  given.  

determining-enthalpy method. 
lower and upper p l a t e  s u r f a c e s  a r e  r e s p e c t i v e l y  equa l  t o  

I n  t h e  g e n e r a l  ca se ,  t h e  c a l c u l a t i o n  can be performed b y  t h e  
The f r i c t i o n a l  f o r c e s  a c t i n g  on t h e  
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where q1 = p,V;/2, qu = p u V t / 2  are t h e  
v e l o c i t y  heads;  cf  and cf  a r e  t h e  
average f r i c t i o n  c o e f f i c i e n t s  on 
t h e  bottom and t o p ,  r e s p e c t i v e l y .  

The t o t a l  f r i c t i o n  of a p l a t e  i n -  
c l i n e d  a t  an angle  a i s  

Ra = Rf I + Rf U.= 2cjaqxWl ( V I  -1- 4 5 ) 

where q = p 6 V i / 2 ,  and t h e  c o e f f i c i e n t  

F igure  V I - 1 - 1 8 .  R a t i o  
(VI -1 -46)  s of  Ve loc i ty  Heads i -  

on Lower (So l id  Lines)  Cf a = -2- (Cf l Q l . +  C,LilJ1 

and -Upper (Dashed 
Lines)  Sur faces  of 
P l a t e  t o  t h e  Veloc i ty  where 
Head q, = p,V:/2. 

I n  t h e  case  of a zero  a t t a c k  ang le ,  R f a = o  - - 2dfa,oqxw* 

Consequently,  

where 

( V I - 1 - 4 7 )  

( V I - 1 - 4 8 )  

F igure  V I - 1 - 1 8  shows t h e  r a t i o s  of t h e  v e l o c i t y  heads s1 and 
- 

and F i g .  V I - 1 - 1 9  t h e  va lues  of  t h e  c o e f f i c i e n t s  kal and kau 9, 
f o r  laminar  and t u r b u l e n t  boundary l a y e r s .  

F igure  VI-1-20  shows diagrams f o r  t h e  r e s u l t a n t  ka p l o t t e d  /338 - 
f o r  iwl = iwl/ir = 0 . 2  a t  t h e  w a l l .  

t i o n  of t r a n s i t i o n - p o i n t  coord ina te s  f o r  va r ious  Mm and Re = lo6 
and lo7. A s  fo l lows  from.Fig.  V I - 1 - 2 1 ,  t h i s  dependence weakens 
wi th  i n c r e a s i n g  Mm and dec reas ing  Re. 

F igure  V I - 1 - 2 1  shows t h e  f r i c t i o n  c o e f f i c i e n t  as a func- 
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- b )  

F igure  VI-1-19 .  C o e f f i c i e n t s  kal on Lower 
Surface  ( S o l i d  L ines )  and kau on Upper Sur- 
f a c e  (Dashed L i n e s ) .  a )  t u r b u l e n t  l ayer ;  
b) l aminar  l a y e r .  Enthalpy r a t i o  a t  w a l l  
iwl = 0 . 2 .  

kd 
5 

4 

3 

2 

1 
0 5 w 75 Mm 

b )  

3 

2 

1 

‘0 5 IO 15 M, 

/337 

F igure  VI-1-20 .  Over-All Values of CoeffiL 
c i e n t  k,for a P l a t e .  S o l i d  L ines  Represent  
A l t i t u d e  H = 0 km, Dashed Lines H = 60 km. 
a )  t u r b u l e n t  l a y e r ;  b )  laminar  l a y e r .  En- 
t ha lpy  r a t i o  a t  w a l l  rwl = 0 . 2 .  
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2 

I I 

Figure  VI -1 -21 .  I n f luence  o f  T r a n s i t i o n  Po in t  
on F r i c t i o n  C o e f f i c i e n t s  a t  Very High Velo- 
c i t i e s .  

§VI-2. HEAT TRANSFER ON A FLAT PLATE 

InEmpr  e s s i b  1 e F 1 ow 

a f l a t  wall can b e  c h a r a c t e r i z e d  a t  any p o i n t  by t h e  l o c a l  Stan-  
t o n  number, de f ined  i n  accordance wi th  Formulas (Iv-8-38) and 
( V I - 1 - 7 )  i n  t h e  form 

The hea t  t r a n s f e r  from an incompress ib le  boundary l a y e r  t o  

( V I - 2 - 1 )  

The average S tan ton  number over t h e  l eng th  o f  t h e  p l a t e  i s  

V I - 2 - 2 )  

The va lues  of t h e  c o e f f i c i e n t s  C and D and t h e  exponent n - 
are given i n  Table V I - 1 - 1 .  

For  a laminar  boundary l a y e r ,  t h e  l o c a l  and average va lues  
of  t h e  parameter  f ,  ( f 2 x  and f n a v ,  r e s p e c t i v e l y )  a r e  t h e  same 
and are c a l c u l a t e d  by  t h e  formula f 2 X  = fnav  = pr-2 /3  . For a 

can be as- t u r b u l e n t  boundary l a y e r ,  t h e  va lues  of f 

sumed t h e  same as for t h e  
and 2av 2x 

laminar  l a y e r ,  a l though f 2 x  should be 
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c a l c u l a t e d  by (IV-8-38') and fZav  by (IV-8-38") f o r  g r e a t e r  ac- 
curacy.  

In f luence  of- High V e l o c i t i e s  

Formulas ( V I - 2 - 1 1  and ( V I - 2 - 2 )  are a p p l i c a b l e  f o r  c a l c u l a t i o n  
of  hea t  f lows not  only a t  low speeds,  bu t  a l s o  a t  h igh  speeds when 
c o m p r e s s i b i l i t y  has a s u b s t a n t i a l  i n f l u e n c e  and t h e  parameters  on 
which heat t r a n s f e r  depends undergo changes owing t o  k i n e t i c  heat- 
i n g .  

I n  t h i s  case ,  h e a t  t r a n s f e r  can be c a l c u l a t e d  from t h e  d e t e r -  
mining en tha lpy ,  us ing  (IV-8-7). I n  t h e  g e n e r a l  ca se ,  d i s s o c i a t -  
i n g  laminar  o r  t u r b u l e n t  boundary ' l aye r s  can be c a l c u l a t e d .  

t h e  expres s ion  
It i s  p r e f e r a b l e  t o  determine t h e  s p e c i f i c  heat flow from 

Laminar flow. Research has shown tha t  f z x  i s  bes t  s e t  equa l  
t o  0 .437(1 .3  + P r * ) / P r *  f o r  laminar  f lows.  Accordingly,  t h e  
S tan ton  number i n  (VI-2-3) i s  

( V I - 2 - 4 )  

where C = p * ~ * / p ~ ~ ~ ;  R e x  = V g P g X / P g *  

The Nusse l t  number, c a l c u l a t e d  from t h e  de te rmining  param- 
e te rs ,  i s  

( V I - 2 - 4  ' ) 

It fo l lows  from t h e s e  r e l a t i o n s h i p s  t h a t  t h e  v a r i a t i o n  of  /339 
p1.l through t h e  boundary l a y e r  t h i c k n e s s  i s  an important  f a c t o r  
i n f l u e n c i n g  f r i c t i o n  and heat t r a n s f e r .  

I n  approximate e v a l u a t i o n  of t h e  l o c a l  Nusse l t  number, we 
can proceed from exper imenta l  d a t a  [46], accord ing  t o  which 
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where Re! = V6x/u*. 

If w e  se t  P r *  c o n s t a n t  a t  0 .74,  t h e n  Nu* = 0 . 3 ( R e z ) 0 * 5 .  

When t h e  w a l l  t e m p e r a t u r e  i s  below t h e  d i s s o c i a t i o n  l i m i t ,  - T ), where t h e  s p e c i f i c  h e a t  f low qwl = a x ( T r  w l  

The a v e r a g e  S t a n t o n  number 

st:, = 0.20 -1- 1 3  LPr* ,/g 
IJr* I 

(VI-2-51 

where R e  = V6xw/v6. 

f lows  w i t h o u t  t a k i n g  d i s s o c i a t i o n  i n t o  account  and w i t h  c = 

= c o n s t :  

The f o l l o w i n g  formula  can  b e  used t o  c a l c u l a t e  l a m i n a r  h e a t  

P6 

( V I  - 2- 6 ) 

where Fwl = Twl/Tr. 

The v a l u e s  of  p* and p *  are  c a l c u l a t e d  from t h e  t e m p e r a t u r e  
T I ,  which,  i n  t u r n ,  must be  s e l e c t e d  w i t h  c o n s i d e r a t i o n  of  t h e  
s t a t e  of  t h e  w a l l .  

If Twl < Tr ( w a l l  h e a t e d ) ,  T* i s  found from t h e  formula  

where T o  i s  t h e  s t a g n a t i o n  t e m p e r a t u r e  o f  t h e  oncoming f low.  

If T w l  L Tr ( w a l l  c o o l e d ) ,  w e  must s e t  T* = Twl. A t  low 
.. - 

f low v e l o c i t i e s  a round t h e  p l a t e ,  t h e  d e t e r m i n i n g  t e m p e r a t u r e  
T* = T6.  

Approximate c a l c u l a t i o n  of turbulent  heat  t r a n s f e r  on a 
p l a t e  ( a f t e r  V . M .  I y e v l e v ) .  The s p e c i f i c  h e a t  f low can  be 
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I l l 1  I 

c a l c u l a t e d  by t h e  formula  

where 

(VI-2-9) 
(VI-2-10] 

(VI-2-11] 

(VI -2 -12 ) 

The p,, i , ,  and - z t ha t  appea r  i n  these r e l a t i o n s h i p s  a r e  de- 
te rmined  w i t h  t h e  formulas  on pages 444-1145. 

An e m p i r i c a l  r e l a t i o n  6461 f o r  t h e  N u s s e l t  number may be 
used f o r  approximate e v a l u a t i o n  o f  heat t r a n s f e r :  

If w e  s e t  P r *  = 0.74, t h e n  /340 

For a c o l d  w a l l  and no d i s s o c i a t i o n  a t  t h e  w a l l ,  t h e  heat 
t r a n s f e r  qwl = a x ( T r  - Twl),  where 

For a p l a t e  a t  an  a n g l e  o f  a t t a c k ,  t h e  heat t r a n s f e r  i s  de te r -  
mined s e p a r a t e l y  f o r  each  s i d e  and t h e  r e s u l t s  are added. T h i s  
c a l c u l a t i o n  i n v o l v e s  d e t e r m i n a t i o n  o f  t h e  pa rame te r s  o f  a n  i n -  
v i s c i d  d i s t u r b e d  f low.  The i n v i s c i d  pa rame te r s  are de termined  
a c c o r d i n g  t o  compression-shock t h e o r y  f o r  t h e  s u p e r s o n i c  flow 
w i t h  an a t t a c h e d  shock ,  and by t h e  Prandtl-Meyer t h e o r y  on t h e  
s i d e  on which no shock forms.  
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Heat T r a n s f e r  on a Plate- S e t  P e r p e n d i c u l a r  t o  t h e  Oncoming Flow 
(Laminar Boundary Layer )  

L e t  us  examine t h e  heat f low t o  a p l a t e  whose a n g l e  of  a t t a c k  
i s  a = 90' (see F i g .  V - 7 - 5 ) .  I n  t h i s  c a s e ,  a de tached  c u r v i l i n e a r  
shock wave forms ahead of t h e  p l a t e .  I n  view o f  t h e  s e v e r e  f low 
s t a g n a t i o n  behind  t h e  shock,  t h e  boundary l a y e r  around t h e  p l a t e  
can be r e g a r d e d  as laminar  ove r  t h e  e n t i r e  s u r f a c e .  

the  r a t i o  p p  = pp/pwlpwN1 = 1, t h e  s p e c i f i c  h e a t  f low a t  thermo- 
dynamic e q u i l i b r i u m  i s  c a l c u l a t e d  by ( I V - 8 - 4 2 )  and ( I V - 8 - 4 6 ) .  
S e t t i n g  w 6  = u:, k = 0 ,  x = y i n  t h e s e  formulas ,  w e  o b t a i n  t h e  
f o l l o w i n g  working r e l a t i o n s h i p s  [47 ] :  

On t h e a s s u m p t i o n s  t h a t  t h e  w a l l  i s  v igo rous ly  cooled  and 

(VI-2-17 ) 

The v a l u e  of  t h e  f u n c t i o n  F ( y )  can b e  found w i t h  t h e  ex t r apo-  
l a t i o n  formulas  (V-7-38).and (V-7-39),  which are  used t o  compute 
t h e  p r e s s u r e  p6/p: and v e l o c i t y  V6/Vcn r a t i o s .  

(V-7 -39) ,  t h e  p r e s s u r e  r a t i o  

According t o  

I n t r o d u c i n g  t h e  v a l u e  of  p6/p: and t h e  V6/Vm de termined  b y  

(V-7-39) ,  w e  o b t a i n  

where 

(VI-2-20 ) 
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A t  the  p o i n t  o f  t o t a l  s t a g n a t i o n  /341 

( V I -  2- 2 1 ) 

Applying (VI -2 -20] ,  w e  o b t a i n  t h e  f o l l o w i n g  e x p r e s s i o n  f o r  
F ( 0 ) :  

(VI-2-20  ' ) 

- 
s i n g e  (4 /3 )6 ,  = A a cco rd ing  t o  (V-7-40)- .  
f , ( y )  w i l l  b e  as fo l lows  a t  t h e  edge o f  t h e  p l a t e  (y  = 1): 

The v a l u e s  o f  f , ( y )  and 

Dropping s m a l l  q u a n t i t i e s  of  o r d e r  6:, 

( V I  - 2 - 2 0 " ) 

where F ( 0 )  i s  de termined  w i t h  (VI-2-20?) .  

The d e n s i t y  p 6  and the  dynamic v i s c o s i t y  c o e f f i c i e n t  p6 i n  
(VI-2-16) are g e n e r a l l y  v a r i a b l e  over  t h e  span  o f  t h e  p l a t e .  

T h e i r  v a l u e s  can be  de te rmined  as f o l l o w s .  First t h e  en- 
t r o p y  S; i s  de termined  from io  and p i  f o r  t h e  t o t a l - s t a g n a t i o n  
p o i n t ;  t h i s  can be  done by r e f e r e n c e  to t ab l e s  or diagrams o f  
t h e  thermodynamic f u n c t i o n s  t h a t  take d i s s o c i a t i o n  and i o n i z a -  
t i o n  i n t o  account  f o r  t h e  g e n e r a l  c a s e .  Then, assuming t h e  flow 
a l o n g  t h e  wa l l  t o  be  i s e n t r o p i c ,  t h e  l o c a l  d e n s i t y  p i  and t h e  
t empera tu re  T6 are  found from t h e  l o c a l  p r e s s u r e  p6  and t h e  
e n t r o p y  SA. V i s c o s i t y  can be  de te rmined ,  f o r  example, by t h e  
S u t h e r l a n d  formula from T6 .  

c o s i t y  c o e f f i c i e n t  from t h e i r  v a l u e s  a t  t h e  t o t a l  s t a g n a t i o n  
p o i n t  are small and o f  t h e  o r d e r  of  6;. 

C a l c u l a t i o n s  i n d i c a t e  t h a t  t h e  changes i n  d e n s i t y  and v i s -  

Hence t h e  pa rame te r s  p 6  and p6 can b e  assumed, c o r r e c t  t o  
6:, t o  be  c o n s t a n t ,  and e q u a l  t o  t h e  r e s p e c t i v e  v a l u e s  p i  and 11; 

a t  t h e  t o t a l - s t a g n a t i o n  p o i n t .  P r  can a l s o  be assumed c o n s t a n t  
and e q u a l  t o  i t s  v a l u e  a t  t h e  same t o t a l - s t a g n a t i o n  p o i n t .  
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Thus, t h e  change i n  hea t  t r a n s f e r  w i l l  b e  determined by t h e  
f u n c t i o n  F ( y ) .  For an a r b i t r a r y  p o i n t  

( V I -  2-2 2 ) 

where q i s  t h e  heat t r a n s f e r  a t  t h e  c r i t i c a l  p o i n t ,  which i s  
equal  t o  

CO 

A t  hypersonic  v e l o c i t i e s ,  t h e  s t a g n a t i o n  en tha lpy  can be 

It fo l lows  from (VI-2-20")  t h a t  t h e  h e a t  flow a t  t h e  edge 

determined by  t h e  formula io  = 0.5V:. 

of t h e  p l a t e  (y  = 1) i s  

q c - ' 1 . 2 ~ c o ( I - i . 1 5 s , ) .  ( V I - 2 - 2 4 )  

Depending on 6,, qc may be l a r g e r  o r  smaller t h a n  a t  t h e  
t o t a l - s t a g n a t i o n  p o i n t .  

s i  onle  s s he a t  -t rans  f e r  number 
I n s t e a d  of t h e  dimensional  v a r i a b l e ,  we can use t h e  dimen- 

T o  determine the  d imens ionless  h e a t - t r a n s f e r  number a t  t h e  
c r i t i c a l  p o i n t ,  t h e  f u n c t i o n  F(y)  i n  (VI -2 -25)  must be se t  equa l  
t o  F ( 0 )  ( V I - 2 - 2 0 ? ) .  Thus, t h e  r a t i o  of  t h e  S tan ton  c o e f f i c i e n t s  
f o r  an a r b i t r a r y  p o i n t  and t h e  t o t a l - s t a g n a t i o n  p o i n t  w i l l  b e  
analogous t o  (VI-2-22),  i . e . ,  equa l  t o  P(Y)/F;(O). 

Heat t r a n s f e r  on an i n c l i n e d  p l a t e .  The method of h e a t  
t r a n s f e r  c a l c u l a t i o n  s e t  f o r t h  abo.ve p e r t a i n s  t o  t h e  case  i n  
which t h e  flow s t r i k e s  t h e  p l a t e  a t  an ang le  of a t t a c k  a = 90°. A t  
d e v i a t i o n  of the flow from t h i s  d i r e c t i o n ,  i . e . ,  f o r  01 < goo, 
we may assume t h a t  t h e  spanwise d i s t r i b u t i o n  o f  t h e  h e a t  f lows 
w i l l  be determined by t h e  same r e l a t i o n s h i p s  as f o r  a = g o o ,  i n  
which Vm i s  r ep laced  by t h e  component Vm s i n  ao. 
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Accordingly,  t h e  h e a t  t r a n s f e r  a t  t h e  c r i t i c a l  p o i n t  f o r  
a < 90 i s  

qco.  sin5%. (VI- 2 -2 6 ) 

For t h e  dimensionless  h e a t - t r a n s f e r  number a t  t h e  c r i t i c a l  
p o i n t ,  w e  o b t a i n  

Rc;" (St), =- (St)&,go sin5/2a. (VI -2-2 7 ) 

Formula (VI-2-22) i s  used t o  c a l c u l a t e  t h e  spanwise d i s -  
t r i b u t i o n  of heat t r a n s f e r  on t h e  i n c l i n e d  p l a t e .  

Average h e a t  t r a n s f e r .  We determine t h e  average s p e c i f i c  
heat flow by i n t e g r a x i n g  over  t h e  s u r f a c e :  

S u b s t i t u t i n g  t h e  va lue  f o r  qc from (VI-2-16) and t h e  func- - -  
t i o n  F ( y )  i n  t h e  form of (VI-2-20) i n  t h e  i n t e g r a n d ,  we o b t a i n  

qav = 1.13 (1 -0.7560) q c o b  (VI-2-28) 

Depending on t h e  d e n s i t y  r a t i o ,  t h e  average heat flow on t h e  
p l a t e  may be g r e a t e r  o r  s m a l l e r  t h a n  t h e  value a t  t h e  t o t a l - s t a g n a -  
t i o n  p o i n t .  
6, = 0 .05  we o b t a i n  qav = l .Ogqco.  

I n f l u e n c e  of  d i f f u s i o n .  The fo l lowing  r e s u l t  has  been ob- 
t a i n e d  exper imenta l ly  f o r  t h e  parameter  a f  t o t a l  s p e c i f i c  h e a t  
flow a t  t h e  s t a g n a t i o n  p o i n t  i n  t h e  presence  of d i f f u s i o n  C.591: 

For example, f o r  6, = 0.2, qav = 0.96qco ,  and f o r  

T h i s  r e l a t i o n s h i p  takes account of t h e  v a r i a t i o n  of pp over  
t h e  t h i c k n e s s  of t h e  boundary l a y e r  and i s  s u i t a b l e  f o r  wall tem- 
p e r a t u r e s  not  i n  excess  of t h e  s t a g n a t i o n  tempera ture .  

The s p e c i f i c  h e a t  flow i s  determined by t h e  r e l a t i o n s h i p s  
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( V I - 2 - 3 0 )  

To f i n d  t h e  hea t - f low d i s t r i b u t i o n  on a p l a t e  w i t h  cons ide ra -  
t i o n  o f  d i f f u s i o n ,  w e  may s t a r t  w i t h  t h e  h y p o t h e s i s  t h a t  t h e  i n -  
f l u e n c e  of  t h e  Lewis-Semenov number w i l l  be  t h e  same a t  v a r i o u s  
p o i n t s  as a t  t h e  t o t a l - s t a g n a t i o n  p o i n t .  T h u s ' w e  can use  formula  
( V I - 2 - 2 2 ) ,  which i s  a p p l i c a b l e  f o r  a s t r o n g l y  cooled  s u r f a c e  and 

t h i s  e f f e c t ,  w e  can u s e  t h e  r e l a t i o n  
does n o t  t a k e  account  o f  t h e  v e l o c i t y  g r a d i e n t .  To a l low f o r  /343 

( V I - 2 - 3 1 )  

i n  which t h e  r a t i o  g;l/g;lo i s  de termined  by  t h e  e m p i r i c a l  f o r -  
mula 

Thd c o e f f i c i e n t  

§VI-3. FRICTION AND HEAT TRANSFER ON WINGS OF FINITE THICKNESS 

Wing . -  wit-h Sharp Leading Edge 

I n  examining t h e  boundary l a y e r  around a f l a t  p l a t e ,  w e  as- 
sumed t h e  v e l o c i t y  to b e  c o n s t a n t  a l o n g  t h e  x-axis  o u t s i d e  t h e  
boundary l a y e r .  The p r e s s u r e  would t h e r e f o r e a l s o  be  c o n s t a n t ,  
and t h e  p r e s s u r e  g r a d i e n t  dp/dx = 0 .  I n  c o n t r a s t  to t h e  c a s e  of  
t h e  s t r a i g h t  w a l l ,  t h e  v e l o c i t y  a t  t h e  o u t e r  boundary o f  t h e  
boundary l a y e r  on a curved  s u r f a c e  i s  a v a r i a b l e  t h a t  depends 
on t h e  x -coord ina te .  At t h i s  boundary,  t h e  p r e s s u r e  w i l l  vary  
a l o n g  tEe x -ax i s ,  s o  t h a t  t h e  p r e s s u r e  g r a d i e n t  dp/dx # 0 and 
t h i s  must Fe t a k e n  i n t o  account  i n  c a l c u l a t i n g  t h e  boundary 
l a y e r .  

L e t  us c o n s i d e r  t h e  i n f l u e n c e  of t h e  p r e s s u r e  g r a d i e n t  on 
l amina r  f r i c t i o n .  The r e s u l t s  to be g i v e n  below are based on 
t h e  assumpt ions  t h a t  P r  = 1 and t h e  dynamic v i s c o s i t y  c o e f f i -  
c i e n t  i s  p r o p o r t i o n a l  to t e m p e r a t u r e .  Research has  shown t h a t  
f o r  c o n s t a n t  h e a t  c a p a c i t i e s ,  t h e s e  assumpt ions  i n t r o d u c e  a 
s m a l l  e r r o r  i n t o  t h e  c a l c u l a t e d  boundary-layer  pa rame te r s .  
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To determine flow i n  t h e  boundary l a y e r ,  we can use t h e  equa- 
t i o n s  of motion (111-2-11) ,  c o n t i n u i t y  (111-2-21) ,  and energy 
(111-2-47) ,  provided t h a t  t h e  flow under c o n s i d e r a t i o n  i s  p l ane  
two-dimensional. Moreover, t h e  l a s t  t e r m  i n  t h e  r i g h t  member of 
(111-2-47)  i s  se t  equa l  to ze ro ,  and t h e  s t a g n a t i o n  en tha lpy  io 
i s  r ep laced  by the  s t a g n a t i o n  tempera ture  T o  = T + Vt / (2cp) .  

The equa t ion  system i s  converted to Dorodni t s in  v a r i a b l e s ,  
which take t h e  form 

where 

The dynamic v i s c o s i t y  c o e f f i c i e n t ,  which appears  i n  t h e  
equa t ion  of motion, i s  determined from t h e  expres s ion  

where, accord ing  to (111-1-5) o r  (111-1-6), X i s  determined by 1344 

( V I -  3-2 ) 

provided t h a t  t h e  w a l l  t empera ture  i s  g iven .  

A s  a r e s u l t  of the  t r ans fo rma t ion ,  t h e  equa t ion  system as- 
sumes a form s imilar  to t h e  system f o r  an incompress ib le  f l u i d .  
It i s  so lved  w i t h  boundary cond i t ions  a t  t h e  w a l l  ( T  = Twl, Vx = 

= vy = 0 )  and a t  t h e  l a y e r  boundary [ (aVx/an) , ,=6= 01, where 6 i s  
t h e  va lue  of t h e  v a r i a b l e  TI a t  t h e  l a y e r  boundary. 

The p a r a b o l i c  r e l a t i o n s h i p  Vx = aIq + a2n2 + a,n3 + ... i s  
t aken  as t h e  l a w  of v e l o c i t y  v a r i a t i o n  a c r o s s  t h e  s e c t i o n  of t h e  
boundary layer .  The l o c a l  f r i c t i o n a l  s t r e s s  

462  



Pfxl 

I 

J 

it ... 

a25 as0 015 jj 

F i g u r e V I - 3 - 1 .  Values  o f  
c /Re f o r  Var ious  Pro- 

f i l e s  as C a l c u l a t e d  by 
( V I - 3 - 3 1  

f x l  

Without s e t t i n g  t h e  s o l u -  
t i o n  f o r t h  i n  d e t a i l ,  w e  p re-  
s e n t  t h e  b a s i c  r e s u l t s .  The 
l o c a l  f r i c t i o n  c o e f f i c i e n t  

F igu reVI -3 -2 .  Values o f  
c /Re f o r  a P a r a b o l i c  

Wall w i t h  t h e  Equa t ion  7 = 
= 0.05x2 f o r  Var ious  
Fwl(Mm = 3 . 0 ) .  

f X l  

where A ,  i s  c a l c u l a t e d  by one of  t h e  formulas  o f  ( V I - 3 - 2 1 ,  i n  
U 

which Twl i s  
V i  = dv6/dx. 
- r e p l a c e d  by T 6 ;  Fwl/T,; R e  = V6b/v6; v6 = v6/vm; 

The c o e f f i c i e n t  

where 

( V I - 3 - 4 1  

- 
S e t t i n g  = 0 and k ( x )  = x i n  ( V I - 3 - 3 1 ,  w e  o b t a i n  t h e  f o r -  

mula f o r  t h e  f r i c t i o n  c o e f f i c i e n t  on a f l a t  p l a t e  on which t h e  
p r e s s u r e  g r a d i e n t  i s  z e r o .  
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A s  an  example, ( V I - 3 - 3 )  was used t o  c a l c u l a t e  v a l u e s  of 
c 

= 0 . 1 2 ( x / b ) ( l  - x / b ) ,  a p a r a b o l i c  w a l l  w i t h  t h e  e q u a t i o n  y/b = 
= 0 . 0 5 ( ~ / b ) ~ ,  and a p l a t e  a t  t empera tu re  T = 1 ( h e a t - i n s u l a t e d  
w a l l )  se t  i n  a f low w i t h  M, = 3. It f o l l o w s  from t h e  c a l c u l a t e d  
r e s u l t s ,  which a re  p r e s e n t e d  i n  F i g .  V I - 3 - 1 ,  t h a t  t h e  p re sence  
o f  a n e g a t i v e  p r e s s u r e  g r a d i e n t  i n c r e a s e s  f r i c t i o n ,  w h i l e  a p o s i -  /345 
t i v e  g r a d i e n t  lowers  i t  v i s - a -v i s  t h e  p l a t e  ( V '  = 0 ) .  

/= f o r  a p a r a b o l i c  p r o f i l e  w i t h  t h e  e q u a t i o n  y/b = 
f x  

w l  

6 

F i g u r e  VI-3-4 .  Coordi-  
n a t e  of  Detachment 
P o i n t  f o r  V e l o c i t y  V a r y -  
i n g  L i n e a r l y  on P r o f i l e  
(v6 = 1 - E) and Heat- 
I n s u l a t e d  Wall. 

F igu reVI -3 -3 .  Values o f  
c /Re f o r  a P a r a b o l i c  

f x l  F i g u r e s  VI-3-2 and V I - 3 - 3  
P r o f i l e  K i t h  t h e  Equat ion  show cu rves  p l o t t e d  by ( V I - 3 - 3 )  

= 0 . 1 2 ~  (1 - X) a t  V a r -  and c h a r a c t e r i z i n g  t h e  s imul-  
i o u s  Twl (M, = 3 . 0 ) .  t aneous  e f f e c t s  o f  w a l l  tempera- 

t u r e  and p r e s s u r e  g r a d i e n t .  
Cool ing  t h e  w a l l  i n c r e a s e s  

f r i c t i o n  w i t h  a p o s i t i v e  p r e s s u r e  g r a d i e n t  (F ig .  VI-3-2)  as i t  
does i n  i t s  absence  ( p l a t e ) .  A s  f o r  t h e  e f f e c t  of a n e g a t i v e  
p r e s s u r e  g r a d i e n t  (F ig .  VI-3-31 ,  i t  i s  d i f f e r e n t  i n  n a t u r e  f o r  
d i f f e r e n t  segments o f  t h e  p r o f i l e .  A t  t h e  beg inn ing  o f  t h e  pro-  
f i l e  w i t h  a cooled  w a l l ,  f r i c t i o n  becomes g r e a t e r ,  b u t  i t  i s  
smaller on p e r i p h e r a l  segments .  

S e t t i n g  t h e  l o c a l  c o e f f i c i e n t  of f r i c t i o n  ( V I - 3 - 3 )  e q u a l  t o  
ze ro ,  w e  can  determine t h e  s e p a r a t i o n - p o i n t  c o o r d i n a t e  o f  a l a m i -  
n a r  boundary l a y e r .  More e x a c t  s t u d i e s  i n d i c a t e  t h a t  t h i s  coor-  
d i n a t e  i s  b e s t  de te rmined  from t h e  e q u a t i o n  
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Figure  VI-3-4 shows r e s u l t s - c a l c u l a t e d  by (VI-3-5) f o r  t h e  
sepa ra t ion -po in t  coord ina te  x = x f o r  t h e  cond i t ions  t ha t  

SeP - 
v e l o c i t y  v a r i e s  l i n e a r l y  a long the  p r o f i l e  v6 = 1 - x 
w a l l  i s  hea t - in su la t ed  (Twl = 1). 

Approximate c a l c u l a t i o n  o f  f r i c t i o n  a n d  heat  t r a n s f e r  o n  
p r o f i l e .  T h i s  c a l c u l a t i o n  i s  based on use of s o l u t i o n s  f o r  a 
compressible  boundary l a y e r  w i t h  no g r a d i e n t ,  i . e . ,  on t h e  use 
of t h e  corresponding r e l a t i o n s h i p s  obta ined  f o r  a f l a t  p l a t e .  

and t h e  

The method s e t  f o r t h  below g ives  s a t i s f a c t o r y  r e s u l t s  f o r  
s l i g h t l y  curved contours ,  flow over  which i s  c h a r a c t e r i z e d  by  
small l o n g i t u d i n a l  p r e s s u r e  g r a d i e n t s  t h a t  have almost no i n f l u -  
ence on t h e  v e l o c i t y  p r o f i l e .  The e f f e c t  of a p r e s s u r e  g r a d i e n t  
can be taken  i n t o  account by a p p r o p r i a t e  s e l e c t i o n  of t h e  e f f e c -  
t i v e  l eng th  i n  de t e rmina t ion  of t h e  Reynolds number. 

I n  t h e  method,  t h e  contour  of t h e  sharpened p r o f i l e ,  which 
i s  i n  flow w i t h  an a t t a c k e d  shock  wave, i s  broken up i n t o  a ser- 
i e s  of sma l l  r e c t i l i n e a r  segments. Thus, t h e  c a l c u l a t i o n  scheme 
examines a uni t -span wing p r o f i l e  t h a t  c o n s i s t s  of a s e t  of  s h o r t  /346 
p l a t e s  ( F i g .  VI-3-5). 

Mach waves F&+Z?i _____----- 

I-- --  

xfc 

Figure  VI-3-6. I l l u s t r a t -  
i n g  C a l c u l a t i o n  of F r i c -  
t i o n  and H e a t  T rans fe r  

F igure  VI-3-5. Diagram of on P r o f i l e .  
Supersonic  Flow Around Pro- 
f i l e  w i t h  S t r a i g h t  Walls 
and Attached Shock Wave. The  i nv i sc id - f low parameters  

are determined a t  t h e  s t a r t  of 
t h e  c a l c u l a t i o n .  T h e  compression- 

shock and Prandtl-Meyer t h e o r i e s  can be used he re .  It i s  assumed 
tha t  t h e  " i n v i s c i d "  parameters  are c o n s t a n t s  on each p l a t e  ( f a c e ) .  

i s  based on t h e  assumption of equa l  l ayer  th i cknesses  a t  t h e  
t r a n s i t i o n  from one p l a t e  t o  ano the r ,  whi le  t h e  o t h e r  assumes 
equa l  momentum t h i c k n e s s e s .  

W e  s h a l l  examine two v a r i a t i o n s  of  t h e  method, one of which 
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Hypothesis of ewal boundary-layer t h i cknesses .  F r i c t i o n  
can be  c a l c u l a t e d  by the u n i v e r s a l  fo rmulas - fo r  both laminar  
and t u r b u l e n t  boundary l a y e r s .  The “seventh- root”  l a w  i s  used 
f o r  t h e  t u r b u l e n t  l a y e r .  

Consider ing f a c e  1 on t h e  upper s u r f a c e ,  where t h e  f ree  ( i n -  
v i s c i d )  flow parameters  a r e  known, w e  can f i n d  Re, = p,V,x,/~, 
from t h e  f ace  l e n g t h  x, and t h e  va lues  of  p ,  , VI, and p, . 

A f r i c t i o n  c o e f f i c i e n t  t h a t  may be ‘ r e g a r d e d  as an aver- 
age f o r  t h e  f ace  i s  found from t h e  formulas f o r  a p l a t e ,  u s ing  
de termining  parameters  w i t h  c o n s i d e r a t i o n  of t h e  boundary-layer 
s t r u c t u r e  or us ing  t h e  diagrams i n  Figs, VI-1-4 and VI-1-5 as 
f u n c t i o n s  of M ,  and t h e  en tha lpy  r a t i o  iwll. 

( C f R e - ” ) ,  , i s  found from F igs .  VI-1-4 and VI-1-5, and t h i s  i s  
fol lowed by c a l c u l a t i o n  of t h e  c o e f f i c i e n t  

The q u a n t i t y  

Pass ing  t o  f a c e  2 (F ig .  V1-3-6), w e  assume tha t  t h e  th i ck -  
nes s  of t h e  boundary l a y e r  a t  t h e  beginning of t h i s  f a c e  i s  t h e  
same as t h a t  a t  t h e  end of f a c e  1. But a l a y e r  of t h i s  t h i ckness  
a t  t h e  beginning of f a c e  2 can be regarded as a r e s u l t  of  flow 
over a v i r t u a l  p l a t e  of  l e n g t h  xv2 = x p  = x a t  M,. The l e n g t h  
x of  t h e  v i r t u a l  added segment can be found from t h e  cond i t ion  
i n d i c a t e d  above - e q u a l i t y  of t h e  boundary-layer t h i cknesses  -, 
i . e . ,  from t h e  expres s ion  

a2 

a2 

where t h e  Reynolds numbers Re, and Rean a r e  c a l c u l a t e d  from t h e  
l o c a l  v e l o c i t i e s  V,  and V 
t h e  g e n e r a l  ca se ,  from t h e  de te rmining  va lues  of  t h e  kinematic  
v i s c o s i t y  c o e f f i c i e n t s  v f  and v:2 = v# .  

= V,, t h e  l eng ths  x 1  and xap ,  and, i n  
a2 

2 

The average c o e f f i c i e n t  of f r i c t i o n  on l eng th  xv2 ,  which 
corresponds t o  t h e  f r i c t i o n  X w i l l  be 

v2 ’ 

CI v 2  == (c, Re-n)v2 Re%. 

n 
)azRean 

on the  v i r t u a l  segment of l e n g t h  x , which i s  a c t e d  upon by  

Since t h e  f r i c t i o n  c o e f f i c i e n t  cf a2 = (cfRe-n 

a2 
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f r i c t i o n  X a 2 ,  t h e  f r i c t i o n  on f a c e  2 i s  

Remembering t h a t  (cfRe-n)a2 = (cfRe -n l v 2  = (cfRe-n) , ,  w e  
o b t a i n  f o r  t h e  c o e f f i c i e n t  of  f r i c t i o n  on f a c e  2 

Accord ingly ,  f o r  any i t h  segment,  - 

Here t h e  t o t a l  l e n g t h  of t h e  v i r t u a l  e lement  xvi = xai + xi, 
where t h e  l e n g t h  xi i s  de termined  by t h e  r e c u r r e n t  e q u a t i o n  sys -  
t e m  

i n  which t h e  Reynolds numbers are g e n e r a l l y  c a l c u l a t e d  from t h e  
de te rmin ing  pa rame te r s .  

Having t h u s  c a l c u l a t e d  the  c o e f f i c i e n t s  o f  f r i c t i o n  and t h e  
co r re spond ing  f o r c e s  on t h e  lower s u r f a c e ,  an  ana logous  c a l c u l a -  
t i o n  i s  made f o r  t h e  t o p .  Summing, w e  f i n d  t h e  p r o f i l e  f r i c t i o n  

.V 

i= 1 
x, == 2 X f i  cos ei, 

where t h e  X f i  are t h e  f r i c t i o n  f o r c e s  on t h e  lower  and upper  
f a c e s ;  t h e  €Ii a re  t h e  i n c l i n a t i o n  a n g l e s  of t h e  f a c e s  to v e c t o r  
Vm; 4 i s  t h e  number o f  t h e  f a c e ;  N i s  t h e  t o t a l  number o f  f a c e s  
on t h e  bot tom and t o p .  

- 

The g e n e r a l  e x p r e s s i o n  f o r  t h e  f r i c t i o n  on any g i v e n  f a c e  i s  

/347 
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where the velocity head qi = piV1/2 is determined from the corre- 
sponding inviscid parameters on the face under consideration. 

The Stanton number can be calculated and the specific heat 
flow determined from the known coefficients of friction on the 
local plates, using the Reynolds analogy. 

Hypothesis of equal momentum thicknesses. As in the preced- 
ing case, calculations can be made with this hypothesis for both 
laminar and turbulent boundary layers. 
boundary layer is undissociated, the specific heats are constant, 
and the compressibility effect on the coefficient of friction mani- 
fests in its dependence only on Mach number. 

We assume here that the 

For face 1, the coefficient of friction is determined as for 
an ordinary plate from Re, = V,x,/v, and M,. On transition to 
the second segment, the virtual additional length xa2, which 
takes account of the prior history of boundary-layer development, 
must be known in order to determine the Reynolds number from the 
parameters on this segment. This length is calculated from the 
hypothesis that the momentum thickness remains unchanged at the 
boundary between the first and second segments. Accordingly, 

where the left member is (1/2)(cfx),, and the right member 
(l/2)(cfx)a2’ 
for determination of length xa2 with consideration of c 
as functions of compressibility: 

We may therefore write the following expression 

and cfa2 fl 

where n is determined in accordance with the type of boundary 
layer From Table VI-1-1. 

The cf/cf ic ratios for the first and second segments are /348 
determined as functions of the corresponding M, and M, on these 
segments, using (VI-1-18) for a laminar boundary layer and 
(VI-1-19)-(VI-1-21) for a turbulent layer. 

For an arbitrary ith segment, the virtual length is deter- 
mined from the condition 
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R 

(VI- 3- 8 ) 

I f  we assume t h a t  t h e  t u r b u l e n t - l a y e r  v e l o c i t y  p r o f i l e  var- 
i e s  i n  accordance w i t h  t h e  more g e n e r a l  " k g - r o o t "  l a w ,  t h e n  
(VI-3-8) assumes t h e  form 

Having determined t h e  v i r t u a l  p l a t e  l eng ths  xv i, we can go 
on t o  c a l c u l a t e  t h e  f r i c t i o n  c o e f f i c i e n t s  and f o r c e s  on t h e  I 

f a c e .  

The f r i c t i o n  c o e f f i c i e n t  on t h e  f i r s t  f a c e  i s  

For t h e  second segment 

C J 2  = (2) Cf ic 3 [ ( c ,  ic)vZ (F4- 1 )  - (c, 3, 
where ( c f  ic v 2  and ( c f  ic ) a 2  a r e  determined by  t h e  incompres- 
s i b l e - f l u i d  formulas and f o r  Reynolds numbers c a l c u l a t e d  re- 
s p e c t i v e l y  from l eng ths  xv2 and xa2 and from t h e  second-segment 
parameters .  

For an a r b i t r a r y  it& segment, 

Knowing t h e  Reynolds numbers R e i  = V p x /pi and t h e  va lues  
+ xi)/xi ,  we can determine t h e  boundary-layer t h i c k n e s s e s  

i i v i  
of (xa 
a t  t h e  end of each f ace .  

Having determined the  f r i c t i o n  c o e f f i c i e n t s ,  we can ca lcu-  
l a t e  t h e  s p e c i f i c  heat t r a n s f e r  w i t h  c o n s i d e r a t i o n  of t h e  pres -  
s u r e  g r a d i e n t  on a curved s u r f a c e .  



For t h i s  pu rpose ,  w e  can u s e  Formulas (VI-2-1) and ( V I - 2 - 2 ) ,  
which proceed  from t h e  Reynolds ana logy .  

Heat T r a n s f e r  on -~ Blun t  Wing S u r f a c e  

The t o t a l - s t a g n a t i o n  p o i n t .  The l e a d i n g  edge may have a 
f l a t  b l u n t i n g .  I n  t h i s  c a s e ,  t h e  heat  f low a t  t h e  t o t a l - s t a g n a -  
t i o n  p o i n t  i s  c a l c u l a t e d  by (VI-2-23) f o r  a f l a t  p l a t e  i n  hyper- 
s o n i c  f low.  

For  a t o t a l - s t a g n a t i o n  p o i n t  on a b l u n t e d  c u r v i l i n e a r  nose  
s u r f a c e ,  t h e  thermodynamic-equi l ibr ium heat t r a n s f e r  must b e  c a l -  
c u l a t e d  by (IV-8-47) and (IV-8-48). Assuming E = 0 i n  t hese  f o r -  
mulas,  w e  o b t a i n  

Here t h e  v e l o c i t y  g r a d i e n t  i s  de te rmined  a t  very  large 
Mach numbers from t h e  e x p r e s s i o n  

-d 

A t  moderate  s u p e r s o n i c  speeds ,  h can be o b t a i n e d  from t h e  /349 
Newton formula f o r  t h e  v e l o c i t y  d i s t r i b u t i o n  

! _ -  

Formulas (VIU-2-29) and (VI-2-30) can b e  used t o  c a l c u l a t e  
heat  t r a n s f e r  w i t h  c o n s i d e r a t i o n  of  d i f f u s i o n  and the  v a r i a t i o n  
of pp a c r o s s  t h e  boundary l a y e r ,  and f o r  a r b i t r a r y  Twl. 

c r i t i c a l  p o i n t  w i l l  b e  smaller t h a n  f o r  a s t r a i g h t  wing. The  
d e c r e a s e  i n  heat t r a n s f e r  can  b e  es t imated from t h e  diagram i n  
F i g .  VI-3-7. 

If t h e  wing i s  swept ,  t h e  heat  t r a n s f e r  a t  t h e  leading-edge 

D i s t r i b u t i o n  o f  h e a t  f l o w  o v e r  n o s e  s u r f a c e .  A t  hype r son ic  
v e l o c i t i e s  o f  f low p a s t  a nose w i t h  a. s t r o n g l y  cooled  s u r f a c e ,  
and w i t h  t h e  c o n d i t i o n  t h a t  t h e  p roduc t  pp remain unchanged a c r o s s  
t h e  l a y e r ,  t h e  d i s t r i b u t i o n  of  e q u i l i b r i u m  heat f low i s  c a l c u l a t e d  
by (IV-8-47), i n  which t h e  f u n c t i o n  F ( x )  i s  de termined  by 
(IV-8-48). I f  E = 0 ;  w6 = w i ,  i t  assumes t h e  form 
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I 

& I f 0  
d t - 0  -1 /2  -_ 

. (VI-3-14) 
0 

According t o  t h e  improved Newtonian 
Q6 formula,  t h e  p r e s s u r e  on t h e  c u r v i l i n e a r  

a2 

0.2 

08 

nose s u r f a c e  

_-  -cos?q+- sinzq, (VI-3-15) 
P; k,Z112m 0 20 40 60 X’ 

Figure  VI-3-7. In- where Q i s  t h e  angle  between t h e  t angen t  
f luence  of Wing to t h e  contour  and the  d i r e c t i o n  of t h e  
Sweep on Heat r a d i u s  of curva tu re .  
T rans fe r  a t  Lead- 
ing-Edge To ta l -  The l o c a l - v e l o c i t y  d i s t r i b u t i o n  
S tagna t ion  Po in t .  

For a c u r v i l i n e a r  contour  of a r b i t r a r y  shape,  t h e  func t ion  

In t h e  p a r t i c u l a r  case  i n  which t h e  contour  i s  an a r c  of a 

F ( x )  i s  found by  numerical  i n t e g r a t i o n .  

c i r c l e  w i t h  a c e r t a i n  r a d i u s  R b ,  t h e  de t e rmina t ion  of h e a t  t r a n s -  
f e r  can b e  s i m p l i f i e d  by  u s ing  a l i n e a r  l a w  of v e l o c i t y  v a r i a t i o n  
i n s t e a d  of (VI-3-16) : 

(VI-3-16’) 

Rbd$ must be s u b s t i t u t e d  f o r  dx i n  (VI-3-14). A s  a r e s u l t  
of simple t r a n s p o s i t i o n ,  w e  o b t a i n  f o r  t h e  r a t i o s  of t h e  hea t  
flows a t  an a r b i t r a r y  p o i n t  and a t  t h e  t o t a l - s t a g n a t i o n  p o i n t  

where t h e  func t ion  

(VI-3-17) 



I n  the  l i m i t  as 0 + 0 ,  t h e  r a t i o  qc/qco +l; a t  t h e  end of 
t h e  nose,  where 0 = ~ / 2 ,  t h i s  r a t i o  qc/qco = 1.8/kooMt. 

t r i b u t i o n  over  a f l a t  contour  can be c a l c u l a t e d  approximately 
b y  t h e  expres s ion  

At moderate supe r son ic  v e l o c i t i e s ,  the  h e a t - t r a n s f e r  d i s -  1350 

t i v e l y ,  and n = 2 
can be c a l c u l a t e d  

where A = 0 .57  and 0 . 0 4 2  f o r  laminar  and t u r b u l e n t  f lows,  respec-  
and 5,  r e s p e c t i v e l y .  The en tha lpy  d i f f e r e n c e  
w i t h  c o n s i d e r a t i o n  of some h e a t i n g  

( V I  - 3-20 ) 

I‘ : 
where c, ,  i s  t h e  

p’ wl 

temperature  range 

The Reynolds 
= P&V6X/lQ. 

heat capac i ty  c a l c u l a t e d  as t h e  average f o r  t h e  

Tr - T w l *  
number i s  determined from t h e  expres s ion  Re = 

I n  a d d i t i o n  t o  cases  of supersonic  flow, Formula (VI-3-19) 
can be used f o r  subsonic  f lows,  when h e a t  t r a n s f e r  i s  found t o  
be  r e l a t i v e l y  minor. With i n c r e a s i n g  v e l o c i t y ,  t h e  tempera ture  
i n  t h e  boundary l a y e r  r i ses ,  and t h i s  must be t aken  i n t o  con- 
s i d e r a t i o n  i n  c a l c u l a t i n g  hea t  t r a n s f e r .  For t h i s  purpose,  
(VI-3-19) must be converked t o  de te rmining  parameters .  

I n  performing t h e  c a l c u l a t i o n s ,  i t  must be remembered tha t  
t h e  flow w i l l  always b e  laminar  nea r  t h e  c r i t i c a l  p o i n t .  The 
boundary of t h e  laminar  r e g i o n  i s  determined by t h e  c r i t i c a l  
Reynolds number, which i s  u s u a l l y  e s t a b l i s h e d  by  experiment.  

In f luence  of  d i f f u s i o n  and-wa l l  hggggng. I f  we assume t h a t  
t h e  i n f l u e n c e  of d i f f u s i o n  a t  an a r b i t r a r y  s u r f a c e  p o i n t  i s  t h e  
same as a t  t h e  t o t a l - s t a g n a t i o n  p o i n t  and t a k e  an a r b i t r a r y  wall 
tempera ture  ( w a l l  no t  n e c e s s a r i l y  s t r o n g l y  c o o l e d ) ,  t h e  r a t i o  of 
h e a t  f lows i s  

( V I -  3-2 1 ) 

where 2 i s  determined from (IV-8-42) and t h e  r a t i o  gil/gGl0 by 
(VI-2-32). The s p e c i f i c  h e a t  flow q o  a t  t h e  t o t a l - s t a g n a t i o n  
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p o i n t  i s  c a l c u l a t e d  by  (VI-2-30). 

In f luence  of sweep. For a wing w i t h  a l ead ing  edge rounded 
w i t h  a c e r t a i n  r a d i u s  and w i t h  a sweep ang le  x, t h e  heat t r a n s -  
f e r  a t  t h e  s t a g n a t i o n  p o i n t  o r  i t s  average value f o r  t h e  b lun ted  
edge s u r f a c e  can be determined accord ing  t o  [55] by t h e  formula 

§VI-4. WALL TEMPERATURE 

S t  e ady -St a t  e Heat i n q  

i n t e r n a l  c o o l i n g .  I n  t h e  absence of i n t e r n a l  cool ing ,  r a d i a t i v e  
flow t o  t h e  w a l l ,  and t h e  miscel laneous heat leakages ,  t h e  equi -  
l i b r i u m  temperature  i s  determined from (IV-8-30). Figure IV-8-6 
shows t h e  v a r i a t i o n  of t h i s  t empera ture  as a func t ion  of Tr and 
a / € .  
s i n c e  Tr and ci a r e  unknown and a r e  themselves determined i n  t h e  

Equilibrium r a d i a t i o n  temperature o f  wall i n  the absence o f  

However, t h i s  diagram cannot be used t o  determine Twl = Te,  

course  of s o l v i n g  (IV-8-30) s imul taneous ly  w i t h  t h e  temperature  
Te 

S o l u t i o n  i s  by t h e  method of  success ive  approximations,  us- /351 
i n g  t h e  a p p r o p r i a t e  r e l a t i o n s h i p s  f o r  f r i c t i o n  and h e a t  t r a n s -  
f e r .  Moo, a l t i t u d e  and angleiof a t t a c k  a r e  given and a r e  used t o  
f i n d  t h e  d i s t r i b u t i o n  of t h e  " i n v i s c i d "  flow v a r i a b l e s  on the  
wing s u r f a c e .  

I; 'K 

am 

700 

600 

500 

Figure  VI-4-1. Nature of D i s -  
t r i b u t i o n  of  Equi l ibr ium 
Rad ia t ion  Temperature over 
Surface  of P r o f i l e .  I) Lami- 
n a r  l a y e r ;  11) t u r b u l e n t  
l a y e r ;  111) t r a n s i t i o n  r eg ion .  

To f i n d  t h e  equ i l ib r ium 
tempera ture  a t  a given p o i n t  
on t h e  s u r f a c e ,  t h e  temperature  

= T6 + r ( V i / 2 ) ,  where r = 

5 ( laminar  boundary l a y e r )  
o r  r = V P r  ( t u r b u l e n t  boundary 
l a y e r )  i s  determined a s  
t h e  f i r s t  approximation. Then 
s e v e r a l  va lues  of t h e  tempera- 
t u r e  Twl, which must be  some- 
what lower than  Tr ,  are a s s igned .  

The  d i f f e r e n c e  qwl = 
= - Twl) - coTil i s  found 
f o r  each Twl and a curve of qwl 
as a f u n c t i o n  of Twl i s  p l o t t e d .  
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S e t t i n g  qwl = 0 ,  w e  determine t h e  equ i l ib r ium tempera ture  T 

= Te on t h e  diagram. From t h e  cond i t ion  of e q u a l  convec t ive  and 
r a d i a n t  h e a t  f lows ,  we can improve t h e  h e a t - t r a n s f e r  c o e f f i c i e n t  

= 
wl 

and t h e  c o e f f i c i e n t  of f r i c t i o n  on t h e  basis of Twl = Te. 
O1X 

The recovery tempera ture  can be improved from t h e  e q u i l i b -  
rium tempera ture  t h u s  found by de termining  t h e  second-approxima- 
t i o n  recovery c o e f f i c i e n t  r - and then  r e p e a t i n g  c a l c u l a t i o n  of  
t h e  tempera ture  Te. 

Twl can be obta ined  by d i r e c t  numerical  c a l c u l a t i o n s .  
t h i s  ca se ,  i t  i s  necessary  t o  know a t  l e a s t  two va lues  qwll and 

t h e  f i r s t  of which i s  p o s i t i v e ,  while  t h e  second i s  nega- 
t i v e .  
them and us ing  l i n e a r  i n t e r p o l a t i o n ,  w e  f i n d  t h e  value Twl = Te 
t h a t  corresponds t o  qwl = 0 :  

I n  

qw12, 
Knowing t h e  tempera tures  Twll and Twin t h a t  correspond t o  

Tw12- Twll 
qw11- qw12 

Tt- = Twll 4- Qwll (VI-4-1 ) 

The equ i l ib r ium temperature  must be c a l c u l a t e d  w i t h  con- 
s i d e r a t i o n  of t h e  presence  of a mixed boundary l a y e r  on t h e  
washed s u r f a c e ,  u s ing  t h e a p p r o p r i a t e  r e l a t i o n s h i p s  t o  determine 
t h e  f r i c t i o n  and h e a t - t r a n s f e r  v a r i a b l e s .  I n  connect ion w i t h  
t h i s ,  t h e  c r i t i c a l  Reynolds numbers must be found and t h e  t r a n s i -  
t i o n  p o i n t s  determined. 

A t  h igh speeds ,  t h e  equ i l ib r ium temperature  and t h e  o t h e r  
parameters  a s s o c i a t e d  w i t h  i t s  de t e rmina t ion  a r e  c a l c u l a t e d  by  
t h e  determining-enthalpy ( t empera tu re )  method. 

By way of i l l u s t r a t i o n ,  t h e  diagram of F ig .  VI-4-1 p r e s e n t s  
r e s u l t s  of an equi l ibr ium-temperature  c a l c u l a t i o n  f o r  a para-  
b o l i c  p r o f i l e  a t  a supe r son ic  flow v e l o c i t y .  The c a l c u l a t i o n  
was performed wi thout  c o n s i d e r a t i o n  of t h e  l o n g i t u d i n a l  - p r e s s u r e  
g r a d i e n t  f o r  f i x e d  va lues  of r = 
and P r  = 0 . 7 1 .  

= 0.84 and r = 3d0 .71  = 0.89 

I n  c o n s t r u c t i n g  diagrams s imilar  to Fig .  VI-4-1, i t  i s  neces- 
s a r y  t o  remember t h e  t r a n s i t i o n a l  r eg ion ,  i n  whose neighborhood 
t h e  h e a t  flows vary a long  a c e r t a i n  curve.  There may be  no breaks 
on t h e  curve,  s i n c e  l o n g i t u d i n a l  hea t  f lows a r i s e  i n  r e a l i t y  and 
e q u a l i z e  t h e  tempera tures .  

Equilibrium temperature o f  i n t e r n a l l y  cooled w a l l .  L e t  us / 3 5 2  
cons ide r  a case  i n  which a c e r t a i n  amount of hea t  qcs i s  
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withdrawn from the w a l l  w i t h  some s o r t  o f  coo l ing  system i n  t h e  
absence of an in f low of e x t e r n a l  r a d i a n t  heat.  With s teady-  
s ta te  heat t r a n s f e r ,  t h e  heat-balance equa t ion  w i l l  be  qc - qem - 
- qcs = 0 o r  

( V I - 4 - 2 )  

where T& i s  t h e  reduced recovery tempera ture ,  determined from t h e  
cond i t ion  T& = T r [ l  - qcs / (axTr) I .  

S ince  t h e  s p e c i f i c  heat flow qcs i s  u s u a l l y  g iven ,  t h e  prob- 
l e m  of de te rmining  t h e  equ i l ib r ium w a l l  r a d i a t i o n  tempera ture  Twl 
i s  so lved  i n  p r i n c i p l e  i n  t he  same way as i n  the absence o f . c o o l -  
i ng .  The d i f f e r e n c e  i s  t h a t  t h e  reduced va lue  T; i s  determined 
i n s t e a d  of t h e  recovery tempera ture .  

Twl = Te i s  lowered by cool ing .  
We s e e  from ( V I - 4 - 2 )  t h a t  t h e  e q u i l i b r i u m  w a l l  temperature  

From t h e  va lue  found for Twl, w e  can determine t h e  o u t s i d e  
Tsk and i n s i d e  Tin w a l l  t empera tures  on t h e  assumption t h a t  t h e  
i n s u l a t i o n  ( i f  p r e s e n t )  and t h e  s k i n  are heated t o  t h e  tempera- 
t u r e  corresponding t o  s t eady  heat exchange and, consequent ly ,  
t h a t  t h e  same amount of  h e a t  pas ses  through th.em: 

(VI-4-3 ) 

which depends on t h e  thermal  conduc t iv i ty  c o e f f i c i e n t s  of t h e  i n -  
s u l a t i o n  and s k i n  m a t e r i a l s .  I f  we assume t h a t  t hey  are c o n s t a n t ,  
i n t e g r a t i o n  over t h e  i n t e g r a t i o n  t h i c k n e s s  Ginsl ( i n  t h i s  case  ex- 

g i v e s  t e r n a l )  and t h e  s k i n  t h i c k n e s s  dsk  

Nons t e . a d . y m  

( V I  - 4- 4 ) 

I n  t he  case  of nonsteady h e a t i n g ,  t h e  w a l l  t empera ture  
v a r i e s  i n  t i m e .  I f  w e  take th in-wal led  metal s k i n s  w i t h  h igh  
thermal  c o n d u c t i v i t y ,  we can d i s r e g a r d  the  e f f e c t  of t h e  t h i c k -  
nes s  tempera ture  g r a d i e n t  on h e a t i n g  and assume t h a t  the w a l l  i s  
heated i n s t a n t a n e o u s l y .  Equat ion (VI-8-29), i n  which we may 
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assume f o r  s i m p l i c i t y  t h a t  only t h e  o u t e r  s u r f a c e  e m i t s ,  should 
be used t o  c a l c u l a t e  w a l l  t empera ture .  

I n  i n t e g r a t i n g  d i f f e r e n t i a l  equa t ion  (V1-8-29), a c e r t a i n  
i n i t i a l  t empera ture  i s  a s s igned ;  i t  might be,  f o r  example, t he  
equ i l ib r ium r a d i a t i o n  tempera ture  e s t a b l i s h e d  i n  motion of t h e  
body a t  cons t an t  speed and a l t i t u d e .  T h i s  motion preceeds  t h e  
p o i n t  i n  t i m e  a t  which t h e  nonsteady p rocess  begins  ( a c c e l e r a t i o n  
o r  d e c e l e r a t i o n  of t h e  v e h i c l e ) .  

Having a s s igned  an a rb i t ra ry  time i n t e r v a l  A t  and knowing 
t h e  Ma corresponding t o  t + A t  from t h e  t r a j e c t o r y  c a l c u l a t i o n ,  
we can determine t h e  inv i sc id - f low parameters  and t h e  va lues  o f  
a 
t r a n s f e r .  The d e r i v a t i v e  

and T r l  a t  a c e r t a i n  p o i n t  on t h e  s u r f a c e  f o r  s t e a d y  heat 
1 X  

(VI-4-5) 

i s  determined i n  f i r s t  approximation from t h e s e  d a t a ,  and then  
t h e  w a l l  temperature  i s  improved: 

~ 

0 IO 20 30 40 50 C s 

Figure  V I - 4 - 2 .  Skin Tem- 
p e r a t u r e  f o r  Var i ab le  
F l i g h t  Speed. 1) ad ia -  
b a t i c  w a l l  temperature  
Tr;  2 )  a c t u a l  s k i n  t e m -  
p e r a t u r e .  

The va lues  o f . a 2 ,  Tr2 ,  and 
a r e  determined i n  second ap- 

proximation f o r  t h i s  tempera ture ,  
and then  t h e  d e r i v a t i v e  (VI-4-5) 
and, f i n a l l y ,  t h e  temperature  Twls 
are found. Here, i f  t h e  t i m e  i n -  
t e r v a l  i s  taken  s m a l l  enough, w e  
can s t o p  a t  t h e  f i r s t  approxima- 
t i o n  i n  c a l c u l a t i n g  t h e  d e r i v a t i v e  

T w 1 2  

o f  (VI-4-5). 

F igure  VI-4-2 shows a t y p i c a l  
t i m e  v a r i a t i o n  of the temperature  
of a t h i n  w a l l  a t  a c e r t a i n  p o i n t  
on t h e  s u r f a c e  of a body moving i n  
flow f i r s t  w i t h  a c c e l e r a t i o n  (up 
t o  t ime T = 20 s ,  as t h e  diagram 
shows),  and then  w i t h  d e c e l e r a t i o n .  
C a l c u l a t i o n s  i n d i c a t e  t h a t  t h e  
s k i n  temperature  l a g s  behind t h e  
r i s e  i n  t h e  a d i a b a t i c  w a l l  tempera- 
t u r e  and t h a t  we have a thermal 

/353 
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i n e r t i a  governed by t h e  h e a t  c a p a c i t y  of t h e  s k i n .  

h e a t i n g  can b e  d i s r ega rded ,  t h e  equat ion  for t h e  nonsteady t h i n -  
s k i n  tempera ture  w i l l  b e  

I n  t h e  case  of f l i g h t  a t  h i g h  a l t i t u d e s ,  where aerodynamic 

(VI-4-5 ’ ) 

where qr i s  t h e  r a d i a n t  f l u x  supp l i ed  to t h e  s u r f a c e .  

I n  t h e  g e n e r a l  case  of v a r i a b l e  qr ,  t h e  equat ion  given above 
i s  so lved  by  numerical  i n t e g r a t i o n .  

At moderate f l i g h t  speeds i n  t h e  dense atmosphere, t h e  radi-  
a n t  h e a t  flow i n t o  t h e  environment may be neg lec t ed .  Disregard-  
i n g  also t he  r a d i a n t  energy s u p p l i e d  to t h e  w a l l  and assuming 
t h a t  t h e  amount of hea t  absorbed b y  t h e  t h i n  s k i n  i s  equa l  to 
t h e  amount of  hea t  t r a n s m i t t e d  to i t  by t h e  boundary l a y e r ,  we 
can w r i t e  

Remembering t h a t  ( c ~ b ) ~ ~ ,  a, and Tr are weak func t ions  of 
t i m e ,  and assuming t h e s e  parameters  c o n s t a n t ,  we f i n d  a f t e r  in -  
t e g r a t i o n  w i t h  t h e  i n i t i a l  cond i t ions  t = 0 ,  Twl = T o  

- 
Twl = Tr - (T, - T o )  e - t ,  (VI-4-6) 

where = - a t / ( c y b ) s k .  

The above scheme for c a l c u l a t i o n  of  nonsteady heat t r a n s f e r  
i s  no t  a p p l i c a b l e  to m a t e r i a l s  w i t h  low thermal c o n d u c t i v i t i e s  
( p r o t e c t i v e  c o a t i n g s )  or to t h i c k  m e t a l  s k i n s ,  which are char- 
a c t e r i z e d  by h e a t i n g  t h a t  i s  nonuniform over  t h e i r  t h i c k n e s s ,  
w i t h  t h e  r e s u l t  t h a t  t h e  o u t e r  s u r f a c e  may b e  s u b s t a n t i a l l y h o t t e r  
t han  t h e  i n n e r  s u r f a c e .  C a l c u l a t i o n  of t h e  tempera ture  d i s t r i b u -  
t i o n  through t h e  th i ckness  of such a s k i n  i s  d i scussed  i n  [ll], 
which a l s o  submits  a method of determining  the i r equ i r ed  t h i c k n e s s  
of  t h e  h e a t - i n s u l a t i n g  coa t ing .  

Wall Temperature ~~~~ i n  t h e  Presence of S o l a r  Heat ing 

At high a l t i t u d e s  (of t h e  o r d e r  of  100-150 k m  and up ) ,  t h e  
aerodynamic heat flow i s  i n s i g n i f i c a n t  by comparison w i t h  t h e  

I 
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amount of  r a d i a n t  energy.  Dis regard ing  d i s s i p a t i o n  of h e a t  a long  
t h e  s u r f a c e ,  w e  may assume t h a t  the  hea t -ba lance  equa t ion  f o r  t h e  
s t eady  process  t a k e s  t h e  form 

I n  p r a c t i c e ,  t h e  thermal  emission from the  earth and t h e  1354 
s o l a r  energy qrf r e f l e c t e d  from i t  can be d i s r ega rded .  
i n g l y ,  9, = qem and, consequent ly ,  

Accord- 

(VI-4-7)  

from which we see t h a t  t he  maximum tempera ture  w i l l  occur  at 
$I = 0 .  
kcal /m2-s ,  t o  which the w a l l  t empera ture  

I n  p r a c t i c e ,  w e  can use t h e  cons t an t  va lue  cs = 0.332 

corresponds.  

For  a r o t a t i n g  s p h e r i c a l  v e h i c l e ,  the  averaged s u r f a c e  t e m -  
p e r a t u r e  i s  

T,,.= 2S0 ($) "'. ( V I -  4- 8 ) 

§VI-5. WING L E A D I N G  EDGE BLUNTNESS FOR MAXIMUM R E D U C T I O N  OF 
HEAT-FLOWS 

T h e e f f e c t . o c b l u n t n e s s  i s ' m a n i f e s t e d  i n  smaller l o c a l  R e ,  s o  
t h a t  t h e  p o i n t  of the  t u r b u l e n t  t r a n s i t i o n  of  a laminar  boundary 
l a y e r  i s  s h i f t e d  and, as a r e s u l t ,  f r i c t i o n  and t h e  heat flows 
are reduced.  T h i s  dec rease  w i l l  b e  l a r g e s t  when t h e  b l u n t n e s s  
s h i f t s  t he  t r a n s i t i o n  p o i n t  t o  t h e  t r a i l i n g  edge. Consequently,  
t h e  degree  o f b l u n t n e s s m u s t  be s o  l a r g e  t h a t  t he  Reynolds number 
on t h e  o u t e r  edge of t h e  boundary l a y e r  w i l l  approach t h e  
va lue  of t h i s  number computed from t h e  lower v e l o c i t y  Vg o f  high- 
entropy i n v i s c i d  flow f o r  t h e  e n t i r e  laminar-flow segment. The 
p ,os i t ion  of t h e  t r a n s i t i o n  p o i n t  i s  determined by  t h e  c r i t i c a l  
Reynolds number ReCr ,  which i s  computed f a r  t h e  v e l o c i t y  Vg. 
Hence t h e b l u n t n e s s m u s t  be  s u f f i c i e n t  f o r  t h e  flow, which has 
been retarded i n  the high-entropy " i n v i s c i d "  l a y e r  cover ing  t h e  



boundary l a y e r ,  t o  have t h e  necessary v e l o c i t y  V6 a t  t h e  end of 
the body. 

Research [ S O ]  has shown t h a t  t h e  s t r e a m l i n e  pas s ing  through 
the"sonic"  p o i n t  w i t h  coo rd ina te  ys on a sepa ra t ed  shock wave 
(see Fig .  IV-10-1) may b e  t aken  as t h e  upper boundary of t h i s  
l a y e r .  
The same amount w i l l  p a s s  through a layer  of s m a l l e r  Re tha t  has 
a c e r t a i n  t h i c k n e s s  A corresponding t o  an a r b i t r a r y  s e c t i o n  of  
t h e  body a t  coord ina te  x. - 
which t h e  " inv i sc id" - l aye r  t h i ckness  i s  

The gas  flow a c r o s s  a s e c t i o n  of a r e a  y s * l  w i l l  b e  p,Vmys. 

Consequently,  p,Vooys = p6V6A, from 

(VI-5-1 ) 

where p 6  and V6 a r e  t h e  d e n s i t y  and v e l o c i t y  i n  t h e  p a r t i c u l a r  
s e c t i o n ,  r e s p e c t i v e l y ,  as c a l c u l a t e d  f o r  i n v i s c i d  flow over t h e  
s u r f a c e w i t h  c o n s i d e r a t i o n o f t h e  e f f e c t  o f b l u n t n e s s .  I n  determin- 
i n g  these parameters ,  we can s t a r t  from t h e  cond i t ion  t h a t  t h e  
p r e s s u r e  es tab l i shed  a t  a c e r t a i n  d i s t a n c e  from t h e  b l u n t  nose 
i s  t h e  same as t h a t  f o r  a sha rp  body. Curves o r  t a b l e s  of t h e  
thermodynamic f u n c t i o n s  of a i r  are used i n  c a l c u l a t i n g  " i n v i s c i d "  
parameters  w i t h  d i s s o c i a t i o n  t aken  i n t o  account .  Knowing t h e  
p r e s s u r e  and t h e  c a l c u l a t e d  average entropy S o  (between t h e  apex 
of t h e  wave and t h e  "sonic"  p o i n t  o r ,  i n  s i m p l i f i e d  c a l c u l a t i o n s ,  
t h e  value of S o  behind t h e  normal p a r t  of t h e  shock) ,  we use 

s e c t i o n .  
The v e l o c i t y  and d e n s i t y  of t h e  gas i n  f l o w s e c t i o n s r e m o t e  from 
t h e  nose can b e  c a l c u l a t e d  f o r  cons t an t  hea t  c a p a c i t i e s  b y  t h e  
r e s p e c t i v e  formulas 

these tables  t o  f i n d  the  d e n s i t y  p 6  and en tha lpy  i i n  a g iven  1355 
Then V6 i s  c a l c u l a t e d  from t h e  equat ion  P o  = i6 + 0.W;. 

X l i ;  k - 1  - i  k - 1  

where t h e  l o c a l  Mach number 

(VI-5-21 

(VI-5-4) 
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0 4 8 12 f.5 20 M, 

Figure  VI-5-1 .  Local  Mach 
Number on Surface  of  Blunt 
Wedge. 

The va lues  of M c a l c u l a t e d  
by t h i s  formula f o r  a b l u n t  wedge 
appear  i n  F ig .  VI-5-1. The s t a g -  
n a t i o n  p r e s s u r e  p: i s  determined 
t o  r e f i n e  t h e  c a l c u l a t i o n s  as t h e  
mean between t h e  corresponding 
va lues  a t  p o i n t s  B and S ( s e e  F ig .  
I V - l O - l ) ,  of which t h e  former i s  
s i t u a t e d  d i r e c t l y  behind t h e  nor- 
m a l  p a r t  of t h e  shock, whi le  t h e  
l a t t e r  i s  on t h e  c u r v i l i n e a r  seg- 
ment and i s  "sonic ."  

Knowing t h e  parameters  p 6  

and Vg and t h e  coord ina te  ys of 

F igure  VI-5-2. Ra t io  
of Thickness - A -  of "In- 
v i s c i d "  Layer on Blunt 
Wedge t o  Coordinate  of 
"Sonic" Po in t  on Spheri-  
c a l  Nose (The S o l i d  
Curve was Computed f o r  
t h e  Exact Value of ys/ 

, t h e  Dashed Curve 1%- 
I' 

t h e  "sonic"  p o i n t  on t h e  shock wave, we can determine t h e  t h i c k -  
ness  of t h e  " i n v i s c i d "  layer .  

F igu re  VI-5-2  p r e s e n t s  t h e  r e s u l t s  of a c a l c u l a t i o n  by  t h i s  
method t o  determine A ,  r e f e r r e d  t o  the  coord ina te  ys 

"sonic"  p o i n t  on a s p h e r i c a l l y  b lun ted  wedge, 

of t h e  
11 

(VI-5-51 

To c a l c u l a t e  t h e  r e q u i r e d b l u n t n e s s ( y S  >, w e  s e t  up t h e  con- 

d i t i o n  t h a t  the  t h i c k n e s s  of  t h e  boundary l a y e r  a t  the t r a n s i t i o n  
p o i n t  must be equa l  t o  t h e  t h i c k n e s s  of  t h e  low-veloci ty  l a y e r .  

r 
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Consequently, the conditions from which ys 
will be r 

can be determined 

(VI-5-6) 

It follows from the second formula (VI-5-6) that if A/y 2 1, 

the "sonic-point" coordinate ys ? rS1. To determine the laminar- 

layer thickness at the transition point on the surface of a blunt 
wedge, we can use the corresponding relation for a flat plate /356 
with the condition that the parameters appearing in it are the 
same as on a blunt wedge. The laminar-layer thickness at the 
transition point is 

r 

where xt is the distance to the transition point. 

determining parameters for a blunt wedge, i.e.,(ReEr)we = 

= (V6xtp*/~*)we. Since the critical Reynolds number is assumed 
to be known, we can determine the length of the laminar segment 

The critical Reynolds number can be calculated from the 

and then the thickness of the boundary layer at the transition 
point: 

(VI-5-8) 

The required bluntness becomes smaller if we consider the 
influence of the conventional displacement thickness, which in- 
creases the effective wedge thickness and, consequently, the 
thickness of the inviscid layer of diminished Reynolds numbers. 
Accordingly, the coordinate of the "sonic" point is 
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I f  w e  assume t h a t  6* = 0.12561 ( t h e  convent iona l  t h i c k n e s s ,  
l i k e  the l a y e r  t h i c k n e s s ,  i s  c a l c u l a t e d  i n  t h e  gene ra l  case  from 
t h e  determining parameters  on t h e  b l u n t  wedge), t hen  

i 

(VI -5 - 10 ) 



P a r t  Three 

BODY AERODYNAMICS 

/357 
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Chapter  V I 1  /359 

A E R O D Y N A M I C  C O E F F I C I E N T S  AT S U B S O N I C  
A N D  T R A N S O N I C  S P E E D S  

S V I I - 1 .  SUBSONIC SPEEDS 

F r i c t i o n  d r a g .  The f l a t - p l a t e  r e l a t i o n s h i p s  can  b e  used  
i n  s i m p l i f i e d  c a l c u l a t i o n s  o f  body f r i c t i o n  d r a g .  The r e s u l t s  
must b e  r e g a r d e d  as h i g h l y  approximate ,  s i n c e  t h e y  do n o t  t a k e  
account  of t h e  s p a t i a l  n a t u r e  o f  t h e  f low and t h e  shape  of t h e  
washed s u r f a c e .  

i s  t h e  f r i c t i o n - d r a g  If f 
c o e f f i c i e n t  o f  a p l a t e  whose l e n g t h  
i s  e q u a l  t o  t h e  l e n g t h  o f  t h e  body, 
t h e  f r i c t i o n  d r a g :  f o r c e  Xf  = 
- 
- CxfqSsdey 
o f  t h e  s i d e  o f  the  body. 

where Ssde i s  t h e  area 

The boundary l a y e r  a round a 
body i s  mixed under  r e a l  condi -  
t i o n s :  i t  i s  l a m i n a r  on t h e  f o r -  
ward s e c t i o n  and t u r b u l e n t  on t h e  
r e s t .  A c c o r d i n g l y ,  t h e  a v e r a g e  
body d r a g  c o e f f i c i e n t  c a l c u l a t e d  
f o r  t h e  m i d s h i p s  s e c t i o n  i s  

F i g u r e  V I I - 1 - 1 .  I n f l u -  
ence  of  C o m p r e s s i b i l i t y  
on t h e  C r i t i c a l  Reynolds 
Number R e c r  o f  a S o l i d  
o f  R e v o l u t i o n .  

( V I I - 1 - 1 )  

and c" are  t h e  t u r b u l e n t - f r i c t i o n  c o e f f i c i e n t s  of  xf 1 where c z f  
t h e  p l a t e ;  t h e  former  i s  found from t h e  Reynolds number c a l c u l a t e d  
f o r  t h e  l e n g t h  of t h e  body, and t h e  l a t t e r  from t h e  Reynolds 
number c a l c u l a t e d  f o r  t h e  l a m i n a r  l e n g t h ;  c i f  i s  t h e  a v e r a g e  
l a m i n a r  f r i c t i o n  c o e f f i c i e n t  of  a p l a t e  whose l e n g t h  i s  e q u a l  
to t h a t  of t h e  l a m i n a r  l a y e r  on t h e  body. The q u a n t i t i e s  Ssde 
and S1 are ,  r e s p e c t i v e l y ,  t h e  t o t a l  l a t e r a l  area o f  t h e  body and 
t h e  p a r t  o f  t h i s  area t h a t  c o r r e s p o n d s  to t h e  l e n g t h  o f  t h e  l a m i -  
n a r  l a y e r .  

484 

. ... 



I n  t h e  g e n e r a l  c a s e ,  t h e  laminar-segment l e n g t h  depends on 
t h e  shape o f  t h e  body, Ma, t h e  wa l l  t e m p e r a t u r e ,  and t h e  rough- 
n e s s  of  t h e  w a l l  s u r f a c e .  I n  t h e  s i m p l e s t  c a s e ,  t h a t  of  an  abso- 
l u t e l y  smooth s u r f a c e  i n  i n c o m p r e s s i b l e  f low i n  t h e  p re sence  o f  
a n e g a t i v e  p r e s s u r e  g r a d i e n t ,  t h e  c r i t i c a l  Reynolds number f o r  
an  e l o n g a t e d  body may b e  se t  e q u a l  t o  R e c r  = l o 6 .  The diagrams 
i n  F i g .  V I I - 1 - 1  pe rmi t  i n f e r e n c e s  as t o  t h e  e f f e c t  o f  compressi-  
b i l i t y  on t h e  c r i t i c a l  Reynolds number o f  a s o l i d  of  r e v o l u t i o n .  

Data p e r t a i n i n g  t o  p l a n e  two-dimensional  f lows  may be used 
t o  e v a l u a t e  R e c r  i f  i t  i s  remembered t h a t  t h e  a c t u a l  R e c r  f o r  
bod ie s  are somewhat l a r g e r .  Below w e  s h a l l  s e t  f o r t h  more de- 
t a i l e d  data on c r i t i c a l  Reynolds numbers for b o d i e s .  

Pressure  d r a g .  At subson ic  speeds ,  t h e  p r e s s u r e  d i s t r i b u -  
t i o n ,  which must b e  known t o  c a l c u l a t e  t h e  co r re spond ing  d r a g  
components, can b e  found dependably enough only by exper iment .  /360 
Here, s t u d i e s  have shown t h a t  t h e  d i f f e r e n c e  between t h e  p r e s -  
s u r e s  i n  i n c o m p r e s s i b l e  and s u b s o n i c  compress ib l e  f lows  i s  small 
f o r  e l o n g a t e d  b o d i e s .  

F i g u r e  V I I - 1 - 2 .  C r i t i c a l  
Mach Number M W C r  o f  S o l i d  
o f R e  vo l u t  i on. 

F i g u r e  V I I - 1 - 4 .  Drag o f  
S o l i d s  o f  Revo lu t ion .  

F i g u r e  V I I - 1 - 3 .  P r e s s u r e  
D i s t r i b u t i o n  ove r  a 
Sphere .  1) p o t e n t i a l  
f low;  2 )  R e  > R e c r ;  3 )  
R e  < R e c r .  

The p r e s s u r e  c o e f f i c i e n t  6 f o r  
a s u b c r i t i c a l  Mach number can  b e  
found b y  u s e  Of t h e  p r e s s u r e - c o e f f i -  
c i e n t  v a l u e s  pic f o r  an  incompress i -  
b l e  f low and t h e  conve r s ion  formula  

- -  
p = p i c  (1 - 113-0~5. ( V I I - 1 - 2 )  

485 



The diagram i n  F ig .  V I I - 1 - 2  can be  used f o r  approximate 
e v a l u a t i o n  of t h e  c r i t i c a l  Mach number. For a s t r o n g l y  curved 
s u r f a c e ,  t h e  p r e s s u r e  d i s t r i b u t i o n  depends on t h e  Reynolds nun- 
b e r s  - s u b c r i t i c a l  or s u p e r c r i t i c a l  - of t h e  flow. T h i s  i s  seen  
from F ig .  V I I - 1 - 3 ,  which shows t h e  p r e s s u r e  d i s t r i b u t i o n  over  a 
sphe re .  

The c o e f f i c i e n t  of t h e  nose d rag  t h a t  arises from p r e s s u r e  
and f r i c t i o n  on t h e  f r o n t  of t he  body ( p r o f i l e  d r a g )  i s  deter-  
mined by t h e  e m p i r i c a l  formula C261 

c, pr = h.. C r f ,  ( V I I - 1 - 3 )  

i n  which t h e  shape f a c t o r  

= 1.86 - 0.175h + 0.01h2,. ( V I I - 1 - 4  ) 

The parameter  A s  i s  known as t h e  reduced a spec t  r a t i o  and 
i s  determined by t h e  expres s ion  

The f r i c t i o n  d rag  c o e f f i c i e n t  cxf r e f e r r e d  to t h e  midship 
s e c t i o n  i s  c a l c u l a t e d  w i t h  c o n s i d e r a t i o n  of c o m p r e s s i b i l i t y  and 
as a f u n c t i o n  of t h e  n a t u r e  of t h e  flow i n  t h e  boundary l a y e r .  

T o t a l  d r a g .  It should be regarded as t h e  sum of t h e  nose 
( p r o f i l e )  and wake drags  ( s e e  S X I V - 2 ) .  Experimental  data on 
t o t a l - d r a g  c o e f f i c i e n t s  f o r  c e r t a i n  s o l i d s  of  r e v o l u t i o n  i n  i n -  
compressible  f l o w  are shown i n  F i g .  V I I - 1 - 4  [16 ] .  According to 
these data, the f r i c t i o n  drag c o e f f i c i e n t  

(VII-1-6 ) 

Compress ib i l i t y  i n f l u e n c e s  t h e  d rag  of  bodies  i n  h igh-ve loc i ty  
flow. At s u b c r i t i c a l  Mach numbers, however, t h i s  e f f e c t ,  a s  we 
see from t h e  exper imenta l  data i n  F ig .  V I I - 1 - 5 ,  i s  small and i s  
u s u a l l y  mani fes ted  i n  a s l i g h t  i n c r e a s e  i n  t h e  d rag  c o e f f i c i e n t .  

t i o n  (F ig .  V I I - 1 , - 6 ) .  The fo l lowing  e m p i r i c a l  r e l a t i o n  f o r  t h e  
d r a g  c o e f f i c i e n t  of an e longa ted  s o l i d  of r e v o l u t i o n  w i t h  a f l a t  

Body drag  depends s u b s t a n t i a l l y  on t h e  shape of t h e  nose sec-  
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F i g u r e  V I I - 1 - 5 .  T r a n s i -  
t i o n  P o i n t  ( a ) ,  Drag ( b )  
and Reynolds Number ( e )  
f o r  S o l i d  of  R e v o l u t i o n  
( d )  a t  Var ious  Mm; 1) 
t r a n s i t i o n  p o i n t .  

F i g u r e  V I I - 1 - 6 .  I n f l u e n c e  o f  
Nose-Section Shape of  S o l i d  
o f  R e v o l u t i o n  on Fronta l -Drag  
C o e f f i c i e n t .  I )  c i r c l e ;  1 1 )  
e l l i p s e .  

nose  c o r r e s p o n d s  to t h e  e x p e r i -  
m e n t a l  data  i n  F i g .  VII-1-6 [ 1 6 ]  
(model 1): 

C, = 0.5 -j- 0.645 (1 J- I 'F) - . ( V I I - 1 - 7 )  

F l i g h t  t e s t s  of  s p h e r i c a l  
m i s s i l e s  have shown t h a t  up t o  
Mm < 0 . 5 ,  t h e  t o t a l  d r a g  c o e f f i -  
c i e z t  can be assumed c o n s t a n t  a t  
c = 0.4923 (C721, NO. 4 ,  1 9 4 5 ) .  

X 

Normal f o r c e ,  moment. R e -  
s e a r c h  h a s  shown t h a t  a t  s u b s o n i c  

s p e e d s ,  t h e  normal  f o r c e  and moment o f  s l e n d e r  b o d i e s  can  b e  

s o n i c  f low.  The normal - force  and moment c o e f f i c i e n t s  can  be  
c a l c u l a t e d  by Formulas (XI-3-31) and (XI-3-40), which t a k e  ac-  
count  o f  f low s e p a r a t i o n  as i t  i n f l u e n c e s  t h e  aerodynamic char -  
a c t e r i s t i c s .  

de te rmined  from t h e  same r e l a t i o n s h i p s  as i n  t h e  c a s e  o f  s u p e r -  136 2 

SVII-2. TRANSONIC SPEEDS 

S i m i l a r i t y  - -  -- - _?_ o f  T r a n s o n i c  -- Flows 

E q u a t i o n  o f  s y m m e t r i c a l  t r a n s o n i c  f l o w .  The l i n e a r i z e d  
e q u a t i o n s  o f  motion of a g a s  are n o t  a p p l i c a b l e  i n  t h e  c a s e  o f  
t r a n s o n i c  f low v e l o c i t i e s  a round a s o l i d  of  r e v o l u t i o n ,  even  i f  
i t  i s  s l e n d e r .  T h i s  becomes u n d e r s t a n d a b l e  when w e  remember t h a t  
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t h e  d i f f e r e n c e  between t h e  squa red  v e l o c i t i e s  a' - V 2  w a s  re- 
p l a c e d  by t h e  approximate  v a l u e  a2  - V: i n  l i n e a r i z a t i o n  o f  t he  
e q u a t i o n s .  T h i s  s u b s t i t u t i o n  i s  n o t  admiss ib l e  under  t r a n s o n i c  
speed  c o n d i t i o n s .  
e a r i z e d  f low,  which i s  e q u a l  t o  a: -V: - V i V m ( k  + 1) can be re- 
p l a c e d  by t h e  approximate  e x p r e s s i o n  a: -V: because  t h e  t e r m  
V i V o D ( k  + 1) i s  s m a l l  by comparison w i t h  a t  - V:. 

f low v e l o c i t y  i s  n e a r  s o n i c ,  t h e  q u a n t i t y  V i V m ( k  + l), which i s  
de te rmined  by t h e  a d d i t i o n a l  d i s t u r b a n c e - v e l o c i t y  component V i ,  
w i l l  be  commensurate w i t h  t h e  d i f f e r e n c e  a: - V: and, consequen t ly ,  
l i n e a r i z a t i o n  o f  t h e  e q u a t i o n s  i s  i m p o s s i b l e .  Although t h e  b a s i c  
e q u a t i o n s  cannot  be  l i n e a r i z e d ,  t h e y  can n e v e r t h e l e s s  be s i m p l i -  
f i e d  w i t h  c e r t a i n  assumpt ions .  S i m p l i f i e d  e q u a t i o n s  tha t  have 
been d e r i v e d  C431 f a c i l i t a t e  i n v e s t i g a t i o n  o f  t r a n s o n i c  symmetri- 
c a l  f lows  s u b s t a n t i a l l y .  

X 

I n  f ac t . ,  t h e  d i f f e r e n c e  a2  - V z  i n  the  l i n -  

A t  t h e  same t i m e ,  under  t r a n s o n i c - f l o w  c o n d i t i o n s ,  when t h e  

L e t  us c o n s i d e r  t h e  e q u a t i o n  f o r  t h e  v e l o c i t y  p o t e n t i a l  of a 
s t e a d y  symmetr ica l  t r a n s o n i c  f l o w ,  as d e r i v e d  by  s i m p l i f y i n g  
(111-2-22) .  

L e t  us  d e f i n e  t h e  d i s t u r b a n c e  p o t e n t i a l  @ '  by t h e  r e l a t i o n -  
s h i p s  

( V I  1 -2-1  ) 

The d i s t u r b a n c e  p o t e n t i a l  co r re sponds  t o  a t y p e  o f  f low 
around a s l e n d e r  s o l i d  o f  r e v o l u t i o n  i n  which t h e  l o c a l  v e l o c i t y  
d i f f e r s  l i t t l e  from t h e  c r i t i c a l  v e l o c i t y  a* and ,  consequen t ly ,  
t h e  d e r i v a t i v e  a@'/ax i s  small .  

The p o t e n t i a l  9 '  must obv ious ly  s a t i s f y  t h e  c o n d i t i o n s  "at  
i n f i n i t y ' '  : 

(S) = V ,  - a*; ($$) m -0 .  ( V I  1-2-2 ) 

I n t r o d u c i n g  t h e  p o t e n t i a l  4 '  i n t o  (111-2-22)  and remember- 
i n g  t ha t  t h e  s q u a r e  o f  @;/a can b e  d i s r e g a r d e d  a t  nea r - son ic  
v e l o c i t i e s  V , w e  o b t a i n  t h e  d i f f e r e n t i a l  e q u a t i o n  f o r  t h e  poten-  
t i a l  o f  stea8y t r a n s o n i c  f low:  

(VII-2-31 
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T h i s  e q u a t i o n  i s  n o n l i n e a r  i n  4 ' ;  i t  i s  more complex t h a n  
t h e  l i n e a r i z e d  e q u a t i o n ,  b u t  a t  t h e  same t i m e  s i m p l e r  t h a n  t h e  
g e n e r a l  e q u a t i o n  (111-2-22) f o r  v e l o c i t y  p o t e n t i a l .  

Law o f  f l o w  s i m i l a r i t y .  The s i m i l a r i t y  l a w  f o r  t r a n s o n i c  
f l o w s  around s o l i d s  o f  r e v o l u t i o n  w i t h  d i f f e r e n t  s l e n d e r n e s s  

c a l  and p a r a b o l i c )  i s  d e r i v e d  by supplement ing  t h e  s i m p l i f i e d  
e q u a t i o n  (VII-2-3) w i t h  boundary c o n d i t i o n s  (VII-2-2) and t h e  
n o n s e p a r a t i n g - f l o w  c o n d i t i o n s  

r a t i o s  b u t  s imilar  t h i c k n e s s  d i s t r i b u t i o n s  ( f o r  example,  c o n i -  /36 3 

(VII-2-4) 

S u b s t i t u t i n g  dr /dx  = s (x /xb) /Ab f o r  t h e  d e r i v a t i v e  dr /dx  i n  
( V I I - 2 - 4 1 ,  where s ( x / x b )  i s  a c e r t a i n  f u n c t i o n  t h a t  c h a r a c t e r i z e s  
t h e  s l o p e  o f  t h e  g e n e r a t r i x  and A b  = xb/dmid i s  t h e  s l e n d e r n e s s  
r a t i o  of  t h e  body, w e  o b t a i n  

( V I I - 2 - 5 )  

R e l a t i o n  ( V I I - 2 - 5 )  i n d i c a t e s  t h a t  t h e  o r d e r  o f  magnitude of  
t h e  p o t e n t i a l  on t h e  body ' s  s u r f a c e  i s  $I' % ra*/Ab. 
of  t h i s  e v a l u a t i o n ,  w e  can i n t r o d u c e  t h e  a f f i n e  v a r i a b l e s  5 and q, 
which are r e l a t ed  b y  

On t h e  bas i s  

and r e p r e s e n t  t h e  p o t e n t i a l  C p '  i n  t h e  form 

(VII-2-71 

where r = (k  + 1 ) / 2  takes  account  o f  t h e  i n f l u e n c e  of  t h e  gas 
p r o p e r t i e s ,  d e f i n e d  by t h e  r a t i o  of  s p e c i f i c  hea ts ,  on f low 
s i m i l a r i t y  and A m  = Vm/a* i s  t h e  r e l a t i v e  v e l o c i t y  o f  t h e  on- 
coming f low.  

I n t r o d u c t i o n  o f  t h e  m u l t i p l i e r  1 - A m  i s  d i c t a t e d  by t h e  
i n f i n i t y  c o n d i t i o n ,  and t h e  f u n c t i o n  F ( 5 , q )  i s  s u b j e c t  t o  deter-  
m i n a t i o n .  



Afte r  conversion t o  t h e  new v a r i a b l e s  and s i m p l i f i c a t i o n  
( c e r t a i n  terms are s m a l l  enough t o  be dropped) ,  Eq. (VII-2-3) 

w i l l  be 

(VII-2- 8 ) 

where 

For given va lues  of t h e  parameter  K ,  Eq. (VII-2-8) d e s c r i b e s  
a whole c l a s s  of flows around s o l i d s  of  r e v o l u t i o n  w i t h  l a r g e  
s l ende rness  r a t i o s  and t h e  same t h i c k n e s s  d i s t r i b u t i o n .  Thus, 
t h e  parameter  K exp res ses  t h e  l a w  of s i m i l a r i t y  f o r  f lows a t  
t r a n s o n i c  v e l o c i t y .  Here, s i m i l a r i t y  must be understood i n  t h e  
sense  t h a t  t h e  flows are desc r ibed  by  t h e  same form of (VII-2-8). 

Pressure  a n d  drag c o e f f i c i e n t s .  We f i rs t  f i n d  a g e n e r a l  
formula f o r  t h e  p r e s s u r e  c o e f f i c i e n t .  For t h i s  purpose,  we use 
t h e  r e l a t i o n  

(VII-2-10 ) 

and s u b s t i t u t e  V: t h e r e i n  by  t h e  approximate expres s ion  

Here, ( a * > 2  i s  de f ined  a s  fol lows i n  terms of t h e  oncoming- 
flow v e l o c i t y  i n  accordance w i t h  t h e  " i n f i n i t y "  c o n d i t i o n  $ia = 

= Va - a*: 

where i s  c a l c u l a t e d  from (VII-2-2). 

Expanding our  express ion  i n  s e r i e s  and keeping only two /364 
terms, 
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whence the  p r e s s u r e  c o e f f i c i e n t  

We then  f i n d  t h e  a x i a l  v e l o c i t y  component 

(VII-2-11) 

(VII-2-12) 

Applying the  approximate r e l a t i o n  1 - Voo/a* = (1 - A m ) / T ,  
and (VII-2-5) and (V11-2-12), we can b r i n g  (VII-2-11) t o  t h e  form 

where t h e  f u n c t i o n  

(VII-2-13) 

(VII-2-14) 

depends only on t h e  s i m i l a r i t y  parameter  K f o r  a given p o i n t  
w i t h  t h e  dimensionless  coord ina te  E,. 

We now f i n d  a g e n e r a l  expres s ion  f o r  t h e  p r e s s u r e  d rag  coef-  
f i c i e n t .  For t h i s  purpose,  we s u b s t i t u t e  t h e  c o e f f i c i e n t  p de- 
f i n e d  by  (VII-2-13) i n t o  (1-3-14). As a r e s u l t ,  

i 
c x p  = - A% D' (K), , (VII-2-15 

where D(K) i s  a f u n c t i o n  of t h e  s i m i l a r i t y  parameter  K and i s  
determined from t h e  expres s ion  

(VII-2-16) 

The r e l a t i o n s h i p s  found f o r  t h e  c o e f f i c i e n t s  6 and c i n d i -  
X P  

d a t e  t ha t  a t  a g iven  K ,  t r a n s o n i c  flows around s o l i d s  of revolu-  
t i o n  are s imple r  i n  t h e  sense  t h a t  Ai5 and X2c 

Thus,  K i s  t h e  b a s i c  parameter  c h a r a c t e r i z i n g  t r a n s o n i c  
f lows.  Hence t h e  l a w  of  flow s i m i l a r i t y  w i t h  r e s p e c t  t o  t h e  

a r e  t h e  same. 
b X P  



parameter  K can b e  used as a basis f o r  exper imenta l  and t h e o r e t i -  
c a l  s tudy  of  t h e  t r a n s o n i c  aerodynamic c h a r a c t e r i s t i c s  o f  bodies .  
A r e l a t i o n  f o r  t h e  parameter  K t ha t  d i f f e r s  s l i g h t l y  from (VII-2-9) 
may b e  used:  

(VII-2-17) 

which r e f l e c t s  s i m i l a r i t y  more e x a c t l y .  

A more r igo rous  approach leads us t o  t h e  conclus ion  t h a t  
t h e  s i m i l a r i t y  l a w s  are somewhat more complex t h a n  (VII-2-13) and 
(V11-2-15), namely: /365 

where B, C ,  E ,  and G are c e r t a i n  f u n c t i o n s .  

ij 

-02 

0 

a2 

0.4 

o 0.2 a4 0.6 08 ,+z 
xb 

The v a r i a b l e s  on which they  depend 
a r e  i n d i c a t e d  i n  (VII-2-18) and 
(VII-2-19). 

According t o  t h e s e  formulas ,  
s i m i l a r i t y  w i l l  p e r t a i n  not  t o  t h e  
f u n c t i o n s  FAb2 and c x 2  bu t  t o  t h e  
products  r e s p e c t i v e l y .  

xp b ’  

Sharp s l e n d e r  body wi th  c u r v i l i n e a r  F igure  VI-2-1. Illu- 
strating Conversion Of g e n e r a t r i x .  Research has shown tha t  Pres  s u r e  Coe f f i c  i e n t  
f o r  a Pa rabo l i c  S o l i d  
of  Revolut ion.  - 
experiment;  ----- ac- 
cord ing  t o  Formula 

f o r  a f a m i l y  of a f f i n e l y  s imi la r  s l e n -  
d e r  sha rp  s o l i d s  of r e v o l u t i o n ,  t h e  
second term i n  (VII-2-18) t a k e s  t h e  
form 

(VII-2-18). 
E =  - - - S ” ( ~ - ) l n [ ~ ( k + i )  1 him 112 3 .  (~11-2-20) 

51 ’b 

Together w i t h  (VII-2-18), Formula (VII-2-20) enables  us to 
g e n e r a l i z e  i s o l a t e d  exper imenta l  data f o r  a g iven  Mm and a g iyen  
model w i t h  a given s l e n d e r n e s s  r a t i o  f o r  va r ious  va lues  of  A b :  
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F i g u r e  VII-2-1 shows, f o r  example, a n  e x p e r i m e n t a l  p r e s s u r e  
d i s t r i b u t i o n  f o r  M, = 1 around a p a r a b o l i c  s o l i d  of  r e v o l u t i o n  
w i t h  a s l e n d e r n e s s  r a t i o  A b  = 6 .  
va lue  A b  = 6 ,  t h e  f u n c t i o n s  B ( 5 )  were c a l c u l a t e d  a t  each  p o i n t  
w i t h  a g i v e n  c o o r d i n a t e  5 = x/xb w i t h  t h e  a id  of s i m i l a r i t y  r u l e  
(VII-2-18). Then, u s i n g  t h e  same Formula (VII-2-18) and having  
v a l u e s  o f  t h e  f u n c t i o n  B ( 5 )  f o r  A b  = 6 ,  t h e  p r e s s u r e  c o e f f i c i e n t s  
were c a l c u l a t e d  a t  t h e  co r re spond ing  p o i n t s  on a more s l e n d e r  
s o l i d  o f  r e v o l u t i o n  w i t h  h = 8.5. The r e s u l t s  are i n  good ag ree -  
ment w i t h  e x p e r i m e n t a l  data C161. 

Using t h i s  d i s t r i b u t i o n  and t h e  

b 

I n t r o d u c i n g  Expres s ion  (VII-2-18) f o r  5 i n t o  (1-3-14), w e  
can  o b t a i n  t h e  f o l l o w i n g  s i m i l a r i t y  l a w  f o r  t h e  d r a g  c o e f f i c i e n t :  

(VII-2-21) 

from which t h e  f u n c t i o n  G t h a t  appea r s  i n  (VII-2-19) can b e  found. 

S i m i l a r i t y  l a w  (VII-2-21) i s  s i m p l i f i e d  i f  t h e  body ' s  base 
s e c t i o n  c o i n c i d e s  w i t h  i t s  midships  s e c t i o n  o r  i f  i t  t e r m i n a t e s  
i n  a s h a r p  t a i l ,  s i n c e  t h e  d e r i v a t i v e  of  t h e  c r o s s - s e c t i o n a l  area 
S ' ( x b )  = 0 i n  e i t h e r  c a s e .  

l a w  are  a p p l i c a b l e  f o r  Ma, i n  t h e  neighborhood o f  u n i t y ;  t h e  c a l -  
c u l a t e d  r e s u l t s  are i n  good agreement w i t h  e x p e r i m e n t a l  data f o r  / 3 6 6  
s o n i c  o r  s l i g h t l y  s u p e r s o n i c  f lows .  

The r e l a t i o n s h i p s  g i v e n  above as r e f l e c t i n g  t h e  s i m i l a r i t y  

S l e n d e r  s h a r p  cone  w i t h  c y l i n d r i -  
c a l  t a i l  s e c t i o n .  A p e c u l i a r i t y  o f  
flow around such  a body a t  t r a n s o n i c  
o r  s o n i c  v e l o c i t y  i s  tha t  t h e  v e l o c i t y  
of sound i s  always e s t a b l i s h e d  a t  t h e  
p o i n t  o f  t h e  a n g l e .  Hence t h e  p r e s s u r e  
a t  t h i s  p o i n t  can  be  c a l c u l a t e d  i n  ad- 
vance.  A t  o t h e r  p o i n t s  on t h e  cone,  
t h e  f low v a r i a b l e s  are  found t h e o r e t i c -  
a l l y  b y  s o l v i n g  (VII-2-8) o r  e x p e r i -  
m e n t a l l y .  

F i g u r e  VII-2-2. P r e s -  T h i s  s o l u t i o n  r e s u l t s  i n  t he  f o l -  
s u r e  C o e f f i c i e n t  on lowing r e l a t i o n s h i p ,  which w e  can use  
Sharp Cone (M, = 1). t o  compute t h e  p r e s s u r e  c o e f f i c i e n t  

f o r  M, = 1: 
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I 

where 

F i g u r e  VII-2-2 shows a c u r v e  computed by (VII-2-22) f o r  a 

Using a v a i l a b l e  data - t h e o r e t i c a l  o r  e x p e r i m e n t a l  - o b t a i n e d  

cone w i t h  f3, = 7'. 

f o r  c o n d i t i o n s  c h a r a c t e r i z e d  by s p e c i f i c  v a l u e s  of Mm and B e ,  and 
knowing t h e  s i m i l a r i t y  r u l e  (VII-2-22), w e  can c a l c u l a t e  t h e  d i s -  
t r i b u t i o n  o f  p r e s s u r e  a round a f a m i l y  of  s l e n d e r  cones .  T h i s  d i s -  
t r i b u t i o n  w i l l  c o r r e s p o n d  t o  f low around c o n i c a l  b o d i e s  a t  v a r -  
i o u s  Moo, b u t  w i t h  t h e  p a r a m e t e r  K r e m a i n i n g  c o n s t a n t .  

f o r  Mm # 1. F o r  t h i s  purpose  w e  u s e  Formulas (VII-2-18)- 
(VII-2-20). 
a cone ,  t h e  p r e s s u r e  c o e f f i c i e n t  (VII-2-18) w i l l  be  

I t  a g r e e s  c l o s e l y  w i t h  e x p e r i m e n t .  

A s i m i l a r i t y  r u l e  s i m i l a r  t o  (VII-2-22) can  a l s o  be o b t a i n e d  

S i n c e  ~ ( x )  = n x ~ : ;  ~ " ( x )  = 2.ir~i; A~ = 0.5/8, f o r  

The d r a g - c o e f f i c i e n t  e x p r e s s i o n  t h a t  c o r r e s p o n d s  t o  (VII-2-21) i s  

C X P  -=- - 88' C ( K )  - 2p2, In [bf3%M, (IC -1- 1)1/2]. (VII-2-25) 
.z 

For  Mm = 1, (VII-2-24) and (VII-2-25) s i m p l i f y ,  s i n c e  t h e  
p a r a m e t e r  K = 0 .  In p a r t i c u l a r ,  t h e  e x p r e s s i o n  by which w e  can 
d e t e r m i n e  t h e  d r a g  c o e f f i c i e n t  w i l l  b e  

When Mm d i f f e r s  from u n i t y  and w e  have a s l e n d e r  body, w e  
c a n  u s e  i n s t e a d  of t h e  g e n e r a l  f o r m u l a  (VII-2-25) t h e  more con- 
c r e t e  r e l a t i o n s h i p  

(VII-2-27) 
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A p p l i c a t i o n  o f  t h i s  formula  i s  l i m i t e d  t o  v a l u e s  o f  t h e  
p a r a m e t e r  K t h a t  s a t i s f y  t h e  i n e q u a l i t y  

(VII-2-28) 

T o t a l  - Drag . . - . of .. . . - V a r i o u s  . . . . _. S o l i d s  . .  o f  . .. R e v o l u t i o n  . . - a t  -. . T r a n s o n i c  - . . . . Speeds 

E x p e r i m e n t a l  data  [16] on t h e  nose  d r a g  o f  a s h a r p  s o l i d  of  
r e v o l u t i o n  w i t h  a t a i l  are  g i v e n  i n  F i g .  VII-2-3. These d a t a  i n -  
d ica te  t h a t  t h e  d r a g  c o e f f i c i e n t  r t ses  s h a r p l y  b e g i n n i n g  a t  Mm = 
= 0 . 8  and r e a c h e s  a maximum a t  a p p r o x i m a t e l y  Mm = 1.1. 

F i g u r e  VII-2-3. Drag 
C o e f f i c i e n t  o f  Bomb. 

E x p e r i m e n t a l  data C161 on t h e  
F i g u r e  VII-2-4. Drag 
o f  C o n i c a l  Nose Sec- 

d r a g  of  s h a r p  c o n i c a l  and o g i v a l  
nose  s e c t i o n s  a t  t h e  s p e e d  of  sound p e r i m e n t ) .  
(M, = 1) are  g i v e n  i n  F i g s .  VII-2-4 
and VII-2-5, r e s p e c t i v e l y .  

t i o n s  a t  M, = 1 (Ex- 

Nose b l u n t i n g  c a u s e s  a n  i n c r e a s e  i n  d r a g  i n  b o t h  sub- and 
s u p e r s o n i c  z o n e s ,  b u t  t h e  i n c r e a s e  i n  d r a g  on p a s s a g e  t h r o u g h  
t h e  t r a n s o n i c  r e g i o n  i s  less  s h a r p  t h a n  f o r  p o i n t e d  b o d i e s .  

s e n t  t h e  r e s u l t s  o f  e x p e r i m e n t s  f o r  a s p h e r e  and a f l a t - f a c e d  
c y l i n d e r ,  r e s p e c t i v e l y .  Drag i n c r e a s e s  by a f a c t o r  of  two f o r  
t h e  s p h e r e  and a b o u t  2.3 f o r  t h e  c y l i n d e r ,  w h i l e  t h e  cor respond-  
i n g  f a c t o r  f o r  t h e  s h a r p  body ( F i g .  VII-2-3) i s  g r e a t e r  t h a n  7. 

T h i s  i s  e v i d e n t  from F i g s .  VII-2-6 and VII-2-7, which p r e -  

The  f o l l o w i n g  c o n c l u s i o n s  can be  drawn from a n a l y s i s  of  
t h e s e  and o t h e r  e x p e r i m e n t a l  data:  

1) t h e  f r o n t a l - d r a g  c o e f f i c i e n t  r e a c h e s  i t s  maximum cx  max 
a t  M somewhat l a r g e r  t h a n  u n i t y  and l y i n g  i n  a r a n g e  whose ap- 
proxymate l i m i t s  a re  Mm = 1.1 and M, = 1 .5 ;  
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2) t h e  shape of  t h e  body ' s  nose s e c t i o n  has t h e  dominant i n -  
f l u e n c e  on ex max. 

p roximate  e v a l u a t i o n  of  t h e  maximum v a l u e  o f  t h e  f r o n t a l  d r a g  
c o e f f i c i e n t .  The e x p e r i m e n t a l  cu rve  shown i n  F i g .  VII-2-8 and 1368 
r e p r e s e n t i n g  c as a f u n c t i o n  of  t h e  nose s l e n d e r n e s s  r a t i o  

' m i d  
r e p r e s e n t e d  by t h e  i n t e r p o l a t i o n  formula  

These c o n c l u s i o n s  can b e  used as a p r a c t i c a l  gu ide  i n  ap- 

x max 
can be  used f o r  t h e  same purpose .  T h i s  r e l a t i o n  can b e  

F i g u r e  VII-2-6. Fron t -  
a l  Drag C o e f f i c i e n t  o f  
Sphere (Exper imen ta l  
Data). 

The second t e r m  on t h e  r i g h t  
i n  t h i s  formula  i s  an  estimate o f  
t h e  f r i c t i o n  d r a g  c o e f f i c i e n t .  

F i g u r e  VII-2-5. Drag 
o f  Ogiva l  Nose Sec- 
t i o n s  a t  Mm = 1 (Ex- 
p e r i m e n t ) .  The optimum s l e n d e r n e s s  

r a t i o  of t h e  nose s e c t i o n ,  which, 
acco rd ing  to (VII-2-29), d e t e r -  

mines t h e  smallest v a l u e  o f  t h e  c o e f f i c i e n t  ex max, i s  n i n e .  
T h i s  s l e n d e r n e s s  r a t i o  i s  t h a t  o f  a very  s l e n d e r  body whose f r i c -  
t i o n  d r a g  i s  l a r g e s t  as r e g a r d s  s p e c i f i c  weight  i n  t h e  o v e r - a l l  
b a l a n c e  of  f o r c e s  t h a t  compose t o t a l  d r a g .  

Ana lys i s  o f  t h e o r e t i c a l  and e x p e r i m e n t a l  data on f low around 
a hemisphere a t  v a r i o u s  v e l o c i t i e s ,  i n c l u d i n g  t r a n s o n i c  v e l o c i -  
t i e s ,  has e s t a b l i s h e d  t h a t  t h e  p r e s s u r e  drag c o e f f i c i e n t  can b e  
c a l c u l a t e d  by t h e  formula 1161 
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1.5 

1.0 

Q5 

C 

I I I I 1 

8 

- 'mid 

dmld 

C F i g u r e  VII-2-8. Maximum 
Value of  Drag C o e f f i c i e n t  

F i g u r e  VII-2-7. Drag of  f o r  S o l i d s  of  Revo lu t ion  
C y l i n d r i c a l  S o l i d  o f  (1.1 < Mm < 1.5). B) f r i c -  
Revo lu t ion  w i t h  F l a t  Face.  t i o n a l  d r a g .  
A )  d r a g  o f  nose s e c t i o n ;  
B) wake d r a g ;  C )  f r i c -  
t i o n  d r a g .  T h i s  " a rc - t angen t "  l a w  /369 

can a l s o  b e  a p p l i e d  t o  ca l cu -  
l a t i o n  of t he  p r e s s u r e  coef -  

f i c i e n t  a t  t h e  c r i t i c a l  p o i n t  o f  a s p h e r e :  

(VII-2-31) 

Formulas (VII-2-30) and (VII-2-31) g i v e  s a t i s f a c t o r y  r e s u l t s  
b o t h  f o r  t r a n s o n i c  speeds ,  i n c l u d i n g  Mm = 1, and f o r  a b r o a d e r  
r ange  e x t e n d i n g  from M, = 0 t o  Mm of  t h e  o r d e r  of 7-8. 

C a l c u l a t i o n  o f  d r a g  o f  s h a r p  b o d i e s  b a s e d  on  t h e  p r i n c i p l e  
o f  " s t e a d y "  l o c a l  Mach n u m b e r .  It i s  assumed i n  accordance  w i t h  
t h i s  p r i n c i p l e  t h a t  t h e  d e r i v a t i v e  ( a M / a M  ) = = 0 ,  i . e . ,  t h e  
l o c a l  M ,  does  n o t  vary  and remains "frozenm"Mzs t h e  oncoming-flow 
Mm p a s s e s  through u n i t y .  

T h e  range  of M, i n  which t h e  d i s t r i b u t i o n  o f  l o c a l  M i s  
" f rozen"  i s  r e l a t i v e l y  narrow.  Thus, f o r  example,  f o r  a cone 
w i t h  t h e  a n g l e  8, = 25O, t h i s  r ange  i s  0.9-1.1, and f o r  B c  = 7 " ,  
t h e  Mm r ange  from 0.99-1.01. 

r e l a t i o n s h i p  by which w e  can c a l c u l a t e  t h e  d r a g  o f  a s h a r p  nose 
s e c t i o n  a t  t r a n s o n i c  s p e e d s .  L e t  us assume t h a t  w e  know t h e  
l o c a l  M d i s t r i b u t i o n .  Then t h e  co r re spond ing  v e l o c i t y  i s  

Using t h e  p r i n c i p l e  of " s t eady"  l o c a l  M ,  w e  can d e r i v e  a 

(VII-2-32) 
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and t h e  p r e s s u r e  c o e f f i c i e n t  

(VII-2-33) 

Applying t h i s  r e l a t i o n s h i p  f o r  t he  p r e s s u r e  c o e f f i c i e n t  and 
E x p r e s s i o n  (VII-2-32), w e  f i n d  a f t e r  a p p r o p r i a t e  s u b s t i t u t i o n  
i n t o  (1-3-14) a r e l a t i o n s h i p  by which w e  can  compute t h e  d r a g  o f  
a c o n i c a l  n o s e  s e c t i o n :  

(VII-2-34) 

Expanding t h e  e x p r e s s i o n  i n  s q u a r e  b r a c k e t s  i n  se r ies  and 
d r o p p i n g  terms c o n t a i n i n g  t h e  second and h i g h e r  powers of  t h e  
d i f f e r e n c e  M, - 1, w e  o b t a i n  

S e t t i n g  M, = 1, w e  f i n d  from t h i s  e x p r e s s i o n  a f o r m u l a  t h a t  
d e f i n e s  t h e  d r a g  i n  s o n i c  f l i g h t :  

If w e  now assume i n  a c c o r d a n c e  w i t h  t h e  s t e a d y  Mach number 
p r i n c i p l e  t ha t  t h e  l o c a l  M i s  i n v a r i a n t  w i t h  r e s p e c t  t o  M, around 
u n i t y ,  t h e  i n t e g r a l  i n  (VII-2-35) can b e  s u b s t i t u t e d  i n  accord-  
ance  w i t h  (VII-2-36). The r e s u l t  i s  a formula  f o r  t h e  d r a g  c o e f -  
f i c i e n t  a t  t r a n s o n i c  s p e e d s :  

(VII-2-37) 

where t h e  v a l u e s  o f  ( c ~ ~ ) ~ , = ~  c a n  b e  de te rmined  f o r  c o n i c a l  and 
o g i v a l  n o s e  s e c t i o n s  from t h e  e x p e r i m e n t a l  c u r v e s  i n  F i g s .  
VII-2-4 and VII-2-5 C161. 

/370 

With t h e  r e l a t i o n s h i p s  f o r  c w e  can  f i n d  t h e  s l o p e  o f  
X P  , 

t he  d r a g  curve  a t  t he  p o i n t  c o r r e s p o n d i n g  t o  M, = 1. D i f f e r e n -  
t i a t i n g  c w i t h  r e s p e c t  t o  M, and s e t t i n g  M, = 1, w e  o b t a i n  

X P  
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X P  
F i g u r e  VII-2-9. c 
o f  C o n i c a l  Nose Sec- 
t i o n s  as F u n c t i o n s  
o f  Mm . e x p e r i -  
ment; ----- e x  t r a p  o- 
l a t i o n .  

F i g u r e  V I I - 2 - 1 1 .  Func- 
t i o n  D e f i n i n g  Wave 
Drag of S o l i d  o f  Revo- 
l u t i o n  a t  T r a n s o n i c  
Speeds .  

F i g u r e  V I I - 2 - 1 0 .  Drag o f  
O g i v a l  Nose S e c t i o n s  a t  
Trans-  and S u p e r s o n i c  
Speeds.  

( vII - 2- 3 8 ) 

It h a s  been e s t a b l i s h e d  
i n  t e s t s  w i t h  cones t h a t  rough 

by ex- e s t i m a t i o n  of ( c  xp ) Mm= 1 

t r a p o l a t i o n  o f  t h e  d r a g  c u r v e  con- 
s t r u c t e d  f o r  Mm < 1 g i v e s  good 
r e s u l t s  i n  d e t e r m i n a t i o n  o f  t h e  
s l o p e  o f  c f o r  Mm. 

F i g u r e s  VII-2-9 and VII-2-10 
p r e s e n t  e x p e r i m e n t a l  data  on t h e  
d r a g  o f  a cone and a n  o g i v a l  nose  
s e c t i o n  a t  t r a n s o n i c  s p e e d s .  
These data a re  i n  s a t i s f a c t o r y  
agreement  w i t h  t h e  r e s u l t s  o f  a 

X P  

d r a g - c o e f f i c i e n t  c a l c u l a t i o n  f o r  t h e  t r a n s o n i c  r a n g e  and t h e  
s l o p e  o f  t h e  c c u r v e  a t  Mm = 1. 

models w i t h  curved  nose  and t a i l  s e c t i o n s ,  t h e  wave d r a g  c o e f f i -  
c i e n t  i s  

XP 
According t o  wind- tunnel  measurements on s o l i d - o f - r e v o l u t i o n  

(VII-2-39) 
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where X e f  = A n  + X t l  + A x ,  Ps t h e  e f f e c t i v e  s l ende rness  r a t i o ,  
which i s  equal  to t h e  sum of t h e  s l e n d e r n e s s  r a t i o s  of  t h e  nose 
X and t a i l  X t l  s e c t i o n s  of t h e  body and a c e r t a i n  q u a n t i t y  A X ,  
t h a t  takes account of t h e  i n f l u e n c e  of t h e  i n t e r m e d i a t e  c y l i n d e r  
on t h e  flow over t h e  forward and a f t  segments of t h e  s u r f a c e .  The 
q u a n t i t y  A X ,  i s  usua l ly  s e t  equa l  t o  t h r e e .  
found from t h e  diagram of  F ig .  VII-2-11 as a f u n c t i o n  of t h e  param- 
e t e r  

n 

The f u n c t i o n  D(K) i s  

K =z- 3v:f (3JL - 1). (VII-2-40) 

Normal f o r c e  a n d  c e n t e r  o f  p r e s s u r e .  It has been e s t a b -  /371 
l i s h e d  by obse rva t ion  t ha t  t h e  c o e f f i c i e n t  of  normal f o r c e  of a 
s l e n d e r  s o l i d  of r e v o l u t i o n  i n  t h e  neighborhood o f  t h e  speed of  
sound may reach  a maximum value  25-35% g r e a t e r  t han  t h e  value 
of t h e  c o e f f i c i e n t  cN a t  subsonic  speeds .  

T h i s  conc lus ion  may be il- 
l u s t r a t e d  w i t h  t h e  data i n  F ig .  
VII-2-12, which i n d i c a t e  cN/a as 
a f u n c t i o n  of Ma f o r  s m a l l  a t t a c k  
ang le s  o f  t h e  o r d e r  of  a = 0-3". 
According to t h e s e  data,  t h e  r a t i o  
cN/a r eaches  i t s  maximum a t  Ma = 

= 1 . 0 ,  where i t  i s  about 35% 
l a r g e r  t han  t h e  c,/a correspond- 

F igure  VII-2-12. V a r i a t i o n  
of  cN/a and c C a D  of S o l i d  

L Y  

i n g  to Moo = 0.4. 

of Revolut ion w i t h  Para- The moment a l s o  i n c r e a s e s  
b o l i c  Genera t r ix .  w i t h  i n c r e a s i n g  normal f o r c e .  A s  

a r e s u l t ,  t h e  c e n t e r  of  p r e s s u r e  
p o s i t i o n  may undergo p r a c t i c a l l y  

no change. T h i s  i s  seen  i n  F ig .  VII-2-12, which shows t h e  r e -  
s u l t s  of  measurement of t h e  c e n t e r  of  p r e s s u r e  c o e f f i c i e n t  of a 
c y l i n d r i c a l  body w i t h  a p a r a b o l i c  nose s e c t i o n .  The r e g i s t e r e d  
change i n  t h i s  c o e f f i c i e n t  on passage through t h e  speed of sound 
i s  only about 2%. 

A s imi la r  p i c t u r e  i s  a l s o  observed i n  exper imenta l  s , t ud ie s  
of flow around cones.  It i s  known t h a t  t h e  c e n t e r  of p r e s s u r e  
c o e f f i c i e n t  of a cone i s  about 0.667 a t  supe r son ic  speeds .  A t  
subsonic  speeds ,  experiment i n d i c a t e s  t h a t  i t  i s ,  f o r  example, 
4% smaller f o r  a cone w i t h  a semivertex angle  6, = l 5 O ,  i . e . ,  t h e  
c e n t e r  of p r e s s u r e  i s  l o c a t e d  n e a r e r  t h e  p o i n t .  On passage 
through t h e  speed of sound, t h e  c e n t e r  of p r e s s u r e  c o e f f i c i e n t  
of a cone i n c r e a s e s  insignificantly,reaching0.65 a t  Moo = 1 . 0 .  



I n  b o d i e s  formed b y  combining a nose  cone and c y l i n d r i c a l  
t a i l  s e c t i o n ,  e x p e r i m e n t a l  data i n d i c a t e  t h a t  t h e  c y l i n d r i c a l  
segment b o r d e r i n g  d i r e c t l y  on t h e  cone s h i f t s  t h e  c e n t e r  o f  p r e s -  
s u r e  toward t h e  base of t h e  cone.  T h i s  e f f e c t  i s  observed  b o t h  
a t  s u b s o n i c  speeds  and d u r i n g  p a s s a g e  t h r o u g h  t h e  speed  o f  sound.  
The s i z e  of t h e  s h i f t  depends on t h e  l e n g t h  of  t h e  c y l i n d r i c a l  
segment b o r d e r i n g  on t h e  cone.  However, t h i s  e f f e c t  m a n i f e s t s  
i n  p r a c t i c e  only  up to c e r t a i n  v a l u e s  o f  t h e  r e l a t i v e  l e n g t h  of 
t h e  c y l i n d r i c a l  segment.  

For  s l e n d e r  cones ,  t h e  i n c r e a s e  i n  t h e  c e n t e r  o f  p r e s s u r e  
c o e f f i c i e n t ,  i n  t h e  r a n g e  of M, = 0.7-1.2 owing to t h e  i n f l u e n c e  
o f  a c y l i n d r i c a l  s e c t i o n  of  0.5dmid approximate  l e n g t h ,  i s  5-7%. 

A t  a c y l i n d r i c a l - s e c t i o n  l e n g t h  ,of 0.75dmid, t h i s  i n c r e a s e  
r e a c h e s  7-13%, and c i s  found to be c l o s e  to i t s  maximum. A t  

a f u r t h e r  i n c r e a s e  i n  c y l i n d e r  l e n g t h ,  t h e  c e n t e r  of  p r e s s u r e  
p o s i t i o n  undergoes p r a c t i c a l l y  no change.  

c o e f f i c i e n t  f o r  an  e n t i r e  body c o n s i s t i n g  of  a cone and a c y l i n -  
d e r ,  i t  i s  n e c e s s a r y  to c o n s i d e r  t h e  l i f t i n g  c a p a c i t y  n o t  o n l y  
Of  t h e  nose s e c t i o n ,  b u t  a l s o  t h a t  of  t h e  c y l i n d r i c a l  p a r t .  The 
p r e s e n c e  of t h i s  p a r t  r e s u l t s  i n  a n  a d d i t i o n a l  rearward s h i f t  o f  
t h e  c e n t e r  of  p r e s s u r e .  

C * P  

To  o b t a i n  an  idea of  t he  v a r i a t i o n  o f  t h e  c e n t e r  o f  p r e s s u r e  

When the  body h a s  a p a r a b o l i c  nose  s e c t i o n ,  t h e  c e n t e r  o f  
p r e s s u r e  remains v i r t u a l l y  s t a t i o n a r y  d u r i n g  p a s s a g e  t h r o u g h  t h e  
speed  of  sound.  
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Chapter  V I 1 1  

THE CONE I N  S U P E R S O N I C  FLOW 

S V I I I - 1 .  AXISYMMETRIC SUPERSONIC FLOW PAST A CONE 

Equat ion  System 

L e t  us c o n s i d e r  a s h a r p  c i r c u l a r  cone w i t h  a h a l f - a n g l e  B e  
a t  t h e  v e r t e x  i n  a n  a x i a l  s u p e r s o n i c  f low.  The problem i s  t o  c a l -  
c u l a t e  t h e  f low of  g a s  between t h i s  cone and t h e  compression shock 
tha t  forms ahead o f  i t  and has t h e  shape  of a c o n i c a l  s u r f a c e .  
It i s  a l s o  n e c e s s a r y  here to d e t e r m i n e  t h e  i n c l i n a t i o n  a n g l e  e S  
of t h e  conica l - shock  g e n e r a t r i x  ( F i g .  V I I I - 1 - 1 ) .  For  t h i s  pur -  
pose ,  w e  s h a l l  examine t h e  e q u a t i o n  sys tem a p p l y i n g  t o  a c a s e  of 
flow i n  which t h e  gas  undergoes p h y s i c o c h e m i c a l  changes b e h i n d  
t h e  shock under t h e  i n f l u e n c e  of  h i g h  t e m p e r a t u r e s .  

L e t  u s  assume t h a t  thermo- 
Y dynamic e q u i l i b r i u m  i s  e s t a b l i s h e d  

i n  t h e  d i s t u r b e d  r e g i o n .  L e t  us  
assume f u r t h e r  tha t  t h e  s o l u t i o n  
s o u g h t  f o r  t h e  cone must have t h e  
p r o p e r t y  t h a t  t h e  g a s  v a r i a b l e s  
remain  c o n s t a n t  on t h e  s u r f a c e  o f  
any i n t e r m e d i a t e  cone ( i n c l u d i n g  
cones w i t h  a n g l e s  e = O s  and 8 = 

= 8,) and change on p a s s a g e  from 
one s u r f a c e  t o  t h e  o t h e r .  The f low 

-X 

F i g u r e  V I I I - 1 - 1 .  Diagram t h a t  c o r r e s p o n d s  t o  t h i s  s o l u t i o n  
of Supersonic  Gas Flow i s  sa id  t o  b e  c o n i c a l .  With con- 
Around a Sharp Cone. 1) s i d e r a t i o n  o f  t h i s  p r o p e r t y ,  t h e  
compression shock.  p a r t i a l  d e r i v a t i v e  of  any v a r i a b l e  

w i t h  r e s p e c t  t o  t h e  r - c o o r d i n a t e  
( F i g .  V I I I - 1 - 1 )  i s  zero, and w e  

can t h e n  o b t a i n  t h e  f i r s t  two sys tem e q u a t i o n s  from (111-2-8):  

d V ,  
do 
-- -- v,; ( V I I I - 1 - 1 )  

(VIII-1-2)  

According to t h e  number of  unknown p a r a m e t e r s  to b e  deter-  
mined, i t  i s  n e c e s s a r y  to add t h e  c o n t . i n u i t y  e q u a t i o n  (111-2-17) 



t o  t h e s e  two e q u a t i o n s ,  w r i t t e n  i n  t h e  form 

and a l s o  t h e  e q u a t i o n  

( V I I I - 1 - 3 )  

( V I I I - 1 - 4 )  

which i s  d e r i v e d  from t h e  e q u a t i o n  o f  s t a t e  (111-2-52) ,  and t h e  
energy e q u a t i o n  

I n  t h e s e  e q u a t i o n s ,  t h e  s u b s c r i p t  s i d e n t i f i e s  t h e  param- 37 3 
e t e r s  immediately behind the  compress ion  shock.  The g e n e r a l  r e -  
l a t i o n s h i p s  (111-4-6)-(111-4-9) f o r  c a l c u l a t i n g  of  t h e  e n t h a l p y ,  
e n t r o p y ,  ave rage  molecu la r  we igh t ,  and t h e  speed  o f  sound must 
a l s o  be i n c l u d e d  i n  t h i s  sys tem.  

Cons tan t  Heat C a p a c i t i e s  
. .~ 

L e t  us examine t h e  s o l u t i o n  f o r  t h e  p a r t i c u l a r  c a s e  i n  which 
t h e r e  i s  no d i s s o c i a t i o n  and t h e  s p e c i f i c  h e a t s  do n o t  change on 
passage  through t h e  shock wave. 

F i g u r e  V I I I - 1 - 2 .  I l l u s t r a t -  
i n g  Determina t ion  o f  Bound- 
a r y  Cond i t ions  on Compres- 
s i o n  Shock Around a Sharp 
Cone. 

s imul  t ane  ous s o 1 u t i  on o f t h e  s e 

For t h i s  c a s e ,  t h e  system 
c o n s i s t s  of ( V I I I - 1 - 1 )  and t h e  
e q u a t i o n  

(VIII-1-6) 

o b t a i n e d  b y  combining ( V I I I - 1 - 2 )  
and ( V I I I - 1 - 3 )  w i t h  c o n s i d e r a t i o n  
o f  t h e  f a c t  t h a t  dp/de = a2(dp /dB) ,  
where t h e  s q u a r e  of  t h e  speed  o f  
sound a2  = [ ( k  - 1 ) / 2 ] ( V i a x  - V 2 ) .  

c i t i e s - V r  and Ve can b e  found by 
two d i f f e r e n t i a l  e q u a t i o n s .  T h i s  

The d i s t r i b u t i o n  o f  t h e  ve lo -  
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i s  s u f f i c i e n t  f o r  complete s o l u t i o n  of  t h e  problem, s i n c e  t h e  
remaining gasdynamic v a r i a b l e s  ( p r e s s u r e ,  t empera ture ,  e t c . )  can 
be found from t h e  v e l o c i t i e s  by  t h e  Bernou l l i  equa t ion .  

Numerical i n t e g r a t i o n  o f  t h e  d i f f e r e n t i a l  equat ions  t o  f i n d  
Vr and Ve uses  t h e  fo l lowing  boundary cond i t ions  on t h e  cone and 
t h e  shock. The c o n d i t i o n  on t h e  cone i s  t h a t  on i t s  s u r f a c e  t h e  
normal v e l o c i t y  component V 

E = B e  ( s e e  F ig .  V I I I - 1 - 1 ) .  

t h e  cond i t ion  on t h e  compression shock: 

= 0 ,  i . e . ,  dVr/de = V, = 0 f o r  e 

Applying Eq .  (111-4-34) f o r  t h e  shock p o l a r ,  we can o b t a i n  

( V I I I - 1 - 7 )  

where 

and Vse are t h e  r ad ia l  and normal components, r e s p e c t i v e l y ,  Vsr 
o f  t h e  v e l o c i t y  on t h e  compression shock. 

The equa t ion  was de r ived  w i t h  c o n s i d e r a t i o n  o f  t h e  f a c t  t h a t  
(F ig .  V I I I - 1 - 2 )  

The c a l c u l a t i o n s  begin  w i t h  c a l c u l a t i o n  of t h e  parameters  Vsr 

and Vse and t h e  speed of  sound as behind t h e  shock f o r  a given 
angle  B S  from t h e  known oncoming-flow v e l o c i t y .  Then, knowing 
t h e s e  boundary c o n d i t i o n s ,  w e  f i n d  t h e  parameters  on a s e r i e s  of 
i n t e rmed ia t e  c o n i c a l  s u r f a c e s  by  success ive  numerical  i n t e g r a -  
t i o n .  The c a l c u l a t i o n s  are broken off  when t h e  boundary condi- 
t i o n s  or, t h e  cone a r e  s a t i s f i e d :  the_ corresponding angle  8 equa l  
t o  t h e  cone angle  B c ,  t h e  value of Vr = Vc equal  t o  t h e  t o t a l  
r e l a t i v e  v e l o c i t y  on i t s  s u r f a c e .  

The c a l c u l a t i o n s  can a l s o  be performed i n  r e v e r s e  o rde r ,  by  /374 
a s s i g n i n g  t h e  cond i t ions  on t h e  cone ( ang le  B v e l o c i t y  V c ) .  
The gas  v a r i a b l e s  and t h e  i n c l i n a t i o n  angle  of t h e  shock tha t  
forms ahead of t h e  p a r t i c u l a r  cone a r e  t h e  r e s u l t s .  

C ’  

S o l u t i o n  i n  T a y l o r - s e r i e s  f o r m .  The Tay lo r - se r i e s  expan- 
s i o n  can be used f o r  numerical  c a l c u l a t i o n  of flow p a s t  a cone. 



L e t  us p r e s e n t  t h e  expres s ion  f o r  t h e  rad ia l  v e l o c i t y  component, 
r e f e r r e d  t o  i t s  maximum va lue ,  i n  t h e  form of  such a s e r i e s :  

where 
cone s u r f a c e .  

are t h e  va lues  of the  d e r i v a t i v e s  dnGr/den on t h e  

These d e r i v a t i v e s  are determined from t h e  known v e l o c i t y  on 
t h e  cone, w i t h  t h e  f i r s t  d e r i v a t i v e  V; 
t h e  normal v e l o c i t y  component on i t  Vce = VA 

second d e r i v a t i v e ,  we o b t a i n  from (VIII-1-6) 

equa l  t o  ze ro ,  s i n c e  
* - 

= 0.  For t h e  

( V I I I - 1 - 1 0 )  

where 5 = a/Vmax. 

I f  we cons ider  t h e  s u r f a c e  of t h e  cone, 0 = B c ,  vr = V c s  
.., .., - * v; = v; = 0 and, consequent ly ,  V: = -2Vc.  

The t h i r d  and h ighe r  d e r i v a t i v e s  a r e  determined by  succes-  
s i v e  d i f f e r e n t i a t i o n  of (VIII-1-6).  S e r i e s  ( V I I I - 1 - 9 )  can t h e n  
be w r i t t e n  

where k = 0 - B c ,  and t h e  c o e f f i c i e n t s  a ,  and a 4  a r e  given f o r  k = 
= 1 . 4  by t h e  r e l a t i o n s h i p s  

( V I I I - 1 - 1 2 )  

D i f f e r e n t i a t i n g  ( V I I I - 1 - 1 1 )  w i t h  r e s p e c t  t o  0 ,  w e  f i n d  t h e  
ser ies  r e p r e s e n t i n g  t h e  normal v e l o c i t y  component 

(VIII-1-13) 70 

V C  

- =- =-. 2J2 + 3n3h2 - 4a,hS f . . . . 
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With Formulas ( V I I I - 1 - 1 1 )  and (VIII-1-13) ,  w e  can c a l c u l a t e  
t he  v e l o c i t y  components n e a r  t he  cone and t h e n  s u c c e s s i v e l y  ( s t e p -  
w i s e )  de te rmine  t h e  v e l o c i t y  components on i n t e r m e d i a t e  c o n i c a l  
s u r f a c e s .  The s e r i e s  

... 
i s  used f o r  t h i s  purpose ;  here ,  Vrh i s  t h e  r ad ia l  v e l o c i t y  com- 
ponent  a$  t h e  c o n i c a l  s u r f a c e  w i t h  g e n e r a t r i x  i n c l i n a t i o n  a n g l e  

i s  t h e  same component on t h e  nex t  i n t e r m e d i a t e  
cone w i t h  a n g l e  8 ;  Vih , l  i s  t h e  va lue  o f  t h e  f i r s t  d e r i v a t i v e  on 
t h e  same cone. 

e . + ‘rh-1 ... 

I n  p r a c t i c a l  c a l c u l a t i o n s ,  i t  i s  b e t t e r  t o  take t h e  mean 

By analogy w i t h  ( V I I I - l - l Q ) ,  w e  can w r i t e  an  e x p r e s s i o n  f o r  
t he  d e r i v a t i v e :  

(VIII-1-15) 

Here t h e  f i r s t  and second d e r i v a t i v e s  i n  t h e  r i g h t  member 1375 
are  found w i t h  (VIII-1-6) .  Formula (VIII-1-15) e n a b l e s  us  t o  
compute t h e  normal v e l o c i t y  component on an  i n t e r m e d i a t e  c o n i c a l  
s u r f a c e  : 

The b a s i c  o p e r a t i o n  i n  per forming  these c a l c u l a t i o n s  i s  t o  
use  (VIII-1-10] t o  de t e rmine  t h e  second d e r i v a t i v e  on t h e  preced-  
i n g  c o n i c a l  s u r f a c e .  

t e r m i n a t e  when t h e  a n g l e  0 o b t a i n e d  by adding  B C and a l l  g i v e n  
i n t e r v a l s  h = A0 i s  found t o  b e  e q u a l  t o  t h e  8 = e S  c a l c u l a t e d  by  

( V I I I - 1 - 7 ) .  Thzs  f i g u r e  d$term&nes t h e  shock i n c l i n a t i o n  a n g l e  
and the  v a l u e s  Vr = Vs r ,  
v e l o c i t y  compo5ents beh ind  i t ,  r e s p e c t i ’ v e l y .  Having de termined  
t h e  component Vs 

the  oncoming-f low v e l o c i t y .  

A s  t h e  c a l c u l a t i o n s  move from one s u r f a c e  t o  a n o t h e r ,  t h e y  

w i l l  be t h e  rad ia l  and normal 

and t h e  a n g l e  8, from (v111-1-8), w e  can  f i n d  

= vse 
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Figure  V I I I - 1 - 3 .  I l l u s t r a t i n g  Determina- 
t i o n  of  Gas Var i ab le s  Around a Cone. 

T a b l e s ,  d i a g r a m s ,  a p p r o x i m a t e  f o r m u l a s .  It i s  shown i n  C4l 
t h a t  i n  supe r son ic  flow over  a cone, t h e  gasdynamic v a r i a b l e s  are 
f u n c t i o n s  of Mm, B c ,  and t h e  coord ina te  5 = (r  - B ) / ( W  - B ) ,  where 
B and W a r e  t h e  r e s p e c t i v e  d i s t a n c e s  from t h e  a x i s  t o  t h e  s u r f a c e  
of t h e  cone and t o  t h e  shock wave ( F i g .  V I I I - 1 - 3 ) .  

The r e s u l t s  of  numerical  c a l c u l a t i o n s  of axisymmetric flow 
around cones are p resen ted  i n  Appendix No. 1 (Tables  V I I I - 1 - 1  and 
V I I I - 2 - 2 ) .  

Table V I I I - 1 - 1  g i v e s  va lues  of t h e  gasdynamic f u n c t i o n s  Vx, 

Vr ,  E, and p ,  which a r e  dimensionless  and r e f e r r e d  t o  t h e  fol low- 
i n g  q u a l t i t i e s :  t h e  a x i a l  and r ad ia l  v e l o c i t y  components ( i n  
c y l i n d r i c a l  c o o r d i n a t e s )  a r e  r e f e r r e d  t o  t h e  c r i t i c a l  speed of  
sound a* ,  t h e  d e n s i t y  t o  p a ,  and t h e  p r e s s u r e  t o  p m a n 2 .  The same 
t a b l e  g i v e s  W x ,  which i s  equa l  t o  t h e  s l o p e  of t h e  shock wave wi th  
r e s p e c t  t o  t h e  cone a x i s .  

Table V I I I - 2 - 2  p r e s e n t s  va lues  of  t h e  wave d rag  c o e f f i c i e n t  
= c f o r  a cone, a s ' c a l c u l a t e d  from t h e  data of  T a b l e  

V I I I - 1 - 1 .  The q u a n t i t y  cx i s  equa l  t o  t h e  p r e s s u r e  c o e f f i c i e n t  
on t h e  cone. 

RP 
C x w  

The formulas t o  be used i n  c a l c u l a t i n g  t h e  flow v a r i a b l e s  
from t a b u l a r  d a t a  ( s u b s c r i p t  - t )  are Vx = Vi ta*, Vr = Vr ta*, 
p = prpmaY2, p = ptpm, where a*' = [ 2 / ( k  + 1)la: + [(k - 1)/ 
/ ( k  + 1lV:. The s lope  of t h e  intermediate-cone g e n e r a t r i x  i s  
found from t h e  g iven  coord ina te  5 with  t h e  formula t a n  8 = r / x  = 
= t a n  6, + c ( W x  - t a n  B ~ ) .  

The tempera ture ,  p r e s s u r e ,  and d e n s i t y  can be determined 
from t h e  known v e l o c i t y  by Formulas (111-3-4), which are more 
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conveniently presented in the form 1376 

(VIII-1-17) 

- 
where V2 = (V: t Vi)/Viax; the parameter v o  = pi/po is the ratio 
of the stagnation pressure behind and in front of the shock and 
is determined as a function of M, and e S  by Formula (111-4-33). 

TABLE VIII-1-2. MINIMUM VALUES OF M, FOR WHICH CONI- 
CAL FLOW IS POSSIBLE (THEORETICAL DATA) 

fi: 1 5 I 7.5 I 10 1 12.5 I 15 I 17.5 I 20 

xmmmill 1 i . o m  1 i . o m  1 i . o a  1 1.082s 1 1.1193 1 i . i m  1- i .a i j  

On the basis of calculation processing, we can recommend the 
following approximate formulas for calculating the pressure 
coefficient and the compression-shock inclination angle: 

where @, is the cone angle in degrees. 

broad range of @, and M, with errors as small as 5%. 
missible lower limits for @, and M, are determined by the values 
at which the flow between the cone and the shock remains super- 
sonic. The error of Expression (VIII-1-19) increases with in- 
creasing Mm and @, as the effect of dissociation becomes signifi- 

In practice, this formula is used for calculations in a 
The per- 

cant (M, > 10-15, 6, > 30-40O). 

. . _. . . .. 



S t u d i e s  have shown t h a t  t h e  speed  of  sound v a r i e s  s o  weakly 
i n  t h e  d i s t u r b e d  r e g i o n  t h a t  i t  may be assumed c o n s t a n t  and e q u a l  
to t h e  co r re spond ing  v a l u e  d i r e c t l y  behind  t h e  shock.  Ca lcu la -  
t i o n s  c a r r i e d  ou t  on t h i s  assumpt ion  have shown good r e s u l t s .  
For example,  a t  Mm = 3 and O s  = 25O11', t h e  e r r o r  i n  d e t e r -  
mining t h e  cone a n g l e  by comparison w i t h  t h e  e x a c t  t h e o r y  was 
0.08%, and t h e  e r r o r  of  t h e  v e l o c i t y  on i t s  s u r f a c e  w a s  about  0.2%. 

The cone-flow c a l c u l a t i o n s  g i v e  s a t i s f a c t o r y  r e s u l t s  as long  
as c o n i c a l  f low i s  p r e s e r v e d  between t h e  cone and t h e  compression 
shock.  The smallest  Ma a t  which c o n i c a l  f low i s  p o s s i b l e  accord-  
i n g  to t h e o r y  are g i v e n  i n  T a b l e  VIII-1-2. 

Hypersoni c ve loc i  t i e s .  A compara t ive ly  s imple  approximate  
s o l u t i o n ' o f  t h e  problemof  a cone f l o w a t  very  h i g h  Mm can be found 
from t h e  e x p r e s s i o n s  f o r  t h e  v e l o c i t y  components i n  t h e  form o f  
T a y l o r  s e r i e s .  

At t h e s e  v e l o c i t i e s ,  t h e  shock makes a r a the r  c l o s e  approach /377 
to t h e  s u r f a c e  o f  t h e  cone and t h e  a n g l e  d i f f e r e n c e  8 

comes s o  small  t h a t  t h e  f o l l o w i n g  r e l a t i o n s h i p s  can b e  w r i t t e n  
f o r  t h e  f low v e l o c i t y  components on t h e  compression shock by use  
o f  S e r i e s  (VIII-1-11) and (VIII-1-13): 

- 8, be- 
S 

1 - (v111-1-20) 
1 
3 

- 
J7, -1: r', [ 2 -... (0, . p c y .  I -  (0,- [icy c:tg pc-  . . . , 

- v - - vc [ - 2 (0,  -- p,) - ;. (0, - - Pc)? C l  pc - . . . ] . (VIII-1-21) S O  

These r e l a t i o n s h i p s  can b e  used to c a l c u l a t e  t h e  i n c l i n a t i o n  
a n g l e  o f  t h e  compression shock .  For  t h i s  pu rpose ,  w e  w r i t e  t h e  
f l o w r a t e  e q u a t i o n  (111-4-3) i n  t h e  form 

S i n c e  t h e  oncoming-flow v e l o c i t y  component normal to t h e  com- 
= VW s i n  es, (VIII-1-22) i s  t r ans fo rmed  w i t h  p r e s s i o n  shock i s  V 

c o n s i d e r a t i o n  of  (VIII-1-8) to 
a 0  

If w e  are c o n s i d e r i n g  f low a t  very  h i g h  v e l o c i t i e s  w i t h  t h e  
c o n d i t i o n  t h a t  t h e  shock i n c l i n a t i o n  a n g l e  O s  and t h e  d i f f e r e n c e  
e S  - 8, are  s m a l l ,  w e  can d e r i v e  t h e  f o l l o w i n g  formula from 
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(V111-1-20), (VIII-1-21), and (VIII-1-22'] f o r  t h e  compression-  
shock i n c l i n a t i o n  a n g l e :  

(VIII-1-23) 

where 

We see from (VIII-1-23) t ha t  K O  w i l l  b e  t h e  same f o r  a l l  
cones w i t h  d i f f e r e n t  r e l a t i o n s h i p s  between t h e  a n g l e  8, and Mm 
p r o v i d e d  t ha t  c o n s t a n c y  o f  K, i s  o b s e r v e d .  

on t h e  cone and i t s  wave drag. For t h i s  p u r p o s e ,  w e  use  t h e  
r e l a t i o n  pc/pm = (pc /ps) (ps /pm)  where ps/pm i s  found from 
(111-4-25) and t h e  v a l u e  o f  pc/ps w i t h  t h e  a i d  o f  t h e  a d i a b a t i c  
e q u a t i o n  pc/ps = (ac/a,) ZW(k-1  

t h e  f o r m u l a s  

L e t  us  f i n d  e x p r e s s i o n s  f o r  d e t e r m i n i n g  t h e  p a r a m e t e r s  

For  t h e  s p e e d s  o f  sound on t h e  cone and t h e  shock ,  w e  have 

on t h e  basis o f  which 

(VIII-1-24) 

where Vs and Vse are  d e t e r m i n e d  w i t h  (VIII-1-20) and (VIII-1-21). 

C a l c u l a t i n g  t h e  s p e e d  of sound as w i t h  (111-1-26), remember- 
i n g  t h a t  t h e  Mm ahead o f  t h e  shock are  very  l a r g e  and c e r t a i n  
s i m p l i f i c a t i o n s  can  b e  a d o p t e d ,  and d e t e r m i n i n g  t h e  p r e s s u r e  p 
from (111-4-251, w e  o b t a i n  a f o r m u l a  f o r  t h e  p r e s s u r e  on t h e  cone:  

S 

With t h i s  f o r m u l a ,  i t  i s  e a s y  t o  c a l c u l a t e  t h e  p r e s s u r e  c o e f -  
f i c i e n t  on t h e  cone,  pc = (2/kMt)(pc/pm - 11, which i s  e q u a l  t o  
i t s  wave d r a g  c o e f f i c i e n t .  



The drag function is determined from the pressure coeffi- 1378 
cient : 

Actually, this formula determines the drag function only as 
it depends on the single parameter K,, because K O  depends in turn 
on this parameter, as we see from (VfII-1-23). 

Thus, flows around cones at very high Moo are found to be 
similar in the sense that if the similarity parameters K, are 
the same, the drag functions will also be the same. 

Formula (VTII-1-26) is inconvenient to use, since it is 
necessary to determine the intermediate parameter KO. In prac- 
tice, the approximating relation 

is more convenient; for k = 1.4, it takes the form 

It follows from the very derivation of (VIII-1-23) and 
(VIII-1-26) that they will be more exact the larger Moo and, con- 
sequently, the closer the compression shock is - t o  the surface 
of the slender cone. Those values of ex = p, that correspond 
to values of the parameter K, >>  1 agree better with the exact 
theory and with experiment. 

Limiting case. In the limiting case when Moo -t 0 3 ,  Formula 
(VIII-1-23) for the compression shock inclination assumes the 
form 

2 ( k  : - l )  
0, .  - 0,. (VIII-1-28) 

The corresponding value for the pressure coefficient is ob- 
tained from (VIII-1-26) in the form 

(VIII-1-29) 
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o r ,  a p p l y i n g  (v111-1-28), 

(VIII-1-30) 

By comparing t h i s  e x p r e s s i o n  w i t h  (VI-7-31, i n  which c o s 2  rl 
i s  r e p l a c e d  by t h e  squa red  cone a n g l e  B E  i n  t h e  c a s e  o f  a s l e n d e r  
cone, w e  see tha t  t h e  d i f f e r e n c e  between them i s  i n  t h e  v a l u e s  o f  
t h e  c o e f f i c i e n t  of B E .  
t a k e s  account  of t h e  p e c u l i a r i t i e s  o f  f low around t h e  cone,  i s  
more e.xact t h a n  ( I V - 7 - 3 ) .  Formula (VIII-1-30) a g r e e s  w i t h  
(IV-7-3) i f  w e  se t  K = 1. 

Obviously,  Formula (V111-1-30), which 

Formula (VIII-1-30) can be  ex tended  t o  cones o f  a r b i t r a r y  
t h i c k n e s s ,  f o r  which t h e  p r e s s u r e  c o e f f i c i e n t  

(VIII-1-30') 

T h i s  formula i s  known as t h e  improved Newton - .  f-or2ul-a f o r  .. 

t h e  cone. 

E v a l u a t i o n  of  d i s t u r b a n c e s  i n  f l o w  around a _-- s l e n d e r  ._ cone. 
The r e l a t i o n s h i p s  de r ived  above c a n - b e  used t o  e v a l u a t e  t he  d i s -  
t u r b a n c e s  t h a t  ar ise  i n  t h e  f low around a cone a t  very  h i g h  
v e l o c i t i e s .  First w e  de t e rmine  t h e  v e l o c i t y  on t h e  cone from 
( V I I I - 1 - 2 0 ) .  S e t t i n g  Vse = V m ( l  - 0.58:), w e  f i n d  

(VIII-1-31) 

T h i s  e x p r e s s i o n  i m p l i e s  t h a t  t h e  v e r t i c a l  v e l o c i t y  compo- 
n e n t  Vr = V, s i n  B e  'L V c B c ,  and t h e  h o r i z o n t a l  component V = 

X 
= vc cos  B e  'L vc. 

Thus, t h e  a x i a l  d i s t u r b a n c e - v e l o c i t y  component, which i s  
0 .5B t1 ,  w i l l  be  an  o r d e r  smaller t h a n  e q u a l  t o  Vm[(es - 

t h e  v e r t i c a l  component. Consequent ly ,  t h e  p r o c e s s  i n  which t h e  
gas  i s  compressed i n  f low around t h e  cone i s  governed b a s i c a l l y  
by t h e  d i sp lacemen t  of  a i r  p a r t i c l e s  a c r o s s  t h e  f low,  w h i l e  t h e  
n a t u r e  o f  t h e  f low i n  t h e  l o n g i t u d i n a l  d i r e c t i o n  i s  s u b j e c t  t o  
very minor changes.  D i s r e g a r d i n g  t h i s  v e l o c i t y  change, i . e . ,  
s e t t i n g  t h e  l o n g i t u d i n a l  component e q u a l  to t h e  oncoming-flow 
v e l o c i t y ,  w e  assume t h a t  t h e  p a r t i c l e - d i s p l a c e m e n t  p r o c e s s  t a k e s  
p l a c e  only  i n  t h e  p l a n e  normal  t o  t h e  cone a x i s .  T h i s  p r o c e s s  
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i s  one o f  t h e  p a r t i c u l a r  examples o f  a p p l i c a t i o n  of  t h e  l a w  o f  
p l a n e  s e c t i o n s .  

If we examine t h e  extreme c a s e  to which shock a n g l e s  g s  = 

= 1.0938, c o r r e s p o n d  w i t h  k = 1.4, t h e n  t h e  l i m i t i n g  v a l u e s  o f  
t he  d i s t u r b a n c e  v e l o c i t y  on t h e  cone w i l l  b e  Vc = V m ( l  - 0.58; ) .  
Consequent ly ,  t h e  l o n g i t u d i n a l  d i s t u r b a n c e  can b e  e v a l u a t e d  by 
- O.5VmB;. 

A s  w e  see ,  t h i s  q u a n t i t y  i s  2e termined  by a square- law de- 
pendence on t h e  s m a l l  p a r a m e t e r  8,. 
s l e n d e r n e s s  r a t i o ,  i . e . ,  l / X c ,  which r e p r e s e n t s  i t s  t h i c k n e s s  
r a t i o ,  can b e  t a k e n  as t h e  s m a l l  p a r a m e t e r  i n s t e a d  o f  t h e  a n g l e .  

If w e  i n t r o d u c e  t h e  symbol T f o r  t h e  s m a l l  p a r a m e t e r  o f  t h e  
g e n e r a l  c a s e ,  t h e  l o n g i t u d i n a l  d i s t u r b a n c e  a t  an  a r b i t r a r y  p o i n t  
i n  t he  f low i s  e v a l u a t e d  on t h e  bas i s  of  t h e  d i s t u r b a n c e  estimate 
o b t a i n e d  for t h e  c o n d i t i o n s  on t h e  cone by t h e  q u a n t i t y  V,T', and 
t h e  t r a n s v e r s e  d i s t u r b a n c e  by  V,T. 

d i s t u r b a n c e s ;  w e  f i n d  from i t  t h a t  t h e  p r e s s u r e  c o e f f i c i e n t  on 
t h e  cone i s  of  t h e  o r d e r  o f  pc Q .6:, and,  c o n s e q u e n t l y ,  t h e  abso- 
l u t e  p r e s s u r e  i s  es t imated  a t  p, Q p,M:Bi. 
es t imate ,  t h e  p r e s s u r e  a t  any p o i n t  i n  t he  f low around t h e  cone 
can be  e v a l u a t e d  by p Q p,M:-r', which,  as w e  see, w i l l  b e  con- 
s i d e r a b l y  h i g h e r  t h a n  t h e  f r e e - s t r e a m  p r e s s u r e .  

Here t h e  r e c i p r o c a l  o f  cone 

E x p r e s s i o n  (VIII-1-27) can b e  used t o  e v a l u a t e  t h e  p r e s s u r e  

On t h e  basis of  t h i s  

A s  for d e n s i t y ,  w e  can proceed  from (111-4-24) to e v a l u a t e  
t he  d i s t u r b a n c e s .  S i n c e  we are concerned w i t h  very h i g h  v e l o c i -  
t i e s ,  when Mmes = K O  >>  1, w e  can  conclude  t h a t  t h e  d e n s i t y  i n  
t h e  d i s t u r b e d  f low i s  a p p r o x i m a t e l y  a n  o r d e r  h i g h e r  t h a n  i n  t h e  
u n d i s t u r b e d  stream. Thus, t h e  d i s t u r b a n c e s  are a l s o  found t o  b e  
l a r g e r  i n  r e s p e c t  to d e n s i t y .  

I n  s p i t e  of  t h e  l a r g e  p r e s s u r e  and d e n s i t y  d i s t u r b a n c e s ,  i t  
has n e v e r t h e l e s s  been  p o s s i b l e ,  as w e  n o t e d ,  t o  s i m p l i f y  t h e  prob-  
l e m  of  v e r y - h i g h - v e l o c i t y  f low around cones and to o b t a i n  q u i t e  
s i m p l e  working r e l a t i o n s h i p s .  T h i s  has been  made p o s s i b l e  b y  t h e  
s m a l l n e s s  o f  t h e  v e l o c i t y  d i s t u r b a n c e s .  

It s h o u l d  b e  n o t e d  here  t h a t  t h e  d i s t u r b a n c e  estimates ex- 
amined above can  b e  e x t e n d e d  to t h e  c a s e  o f  f low around any s l e n -  
der  body w i t h  an  a r b i t r a r y  g e n e r a t r i x .  Thus,  s o l u t i o n  o f  t h e  
problem o f  f low around such  a s l e n d e r  body a t  h i g h  s u p e r s o n i c  
v e l o c i t y  can be s i m p l i f i e d  m a t h e m a t i c a l l y  as i n  t h e  c a s e  of  a 
cone. 
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I n f l u e n c e  of . _. D i s s o c i a t i o n  a n d  I o n i z a t i o n  

( V I 1  
w i t h  

Some o f  t h e  sys tem e q u a t i o n s ,  namely, ( V I I I - 1 - l ) ,  ( V I I I - 1 - 4 ) -  

c o n s i d e r a t i o n  o f  changes i n  a i r  composi t ion .  The d i f f e r e n c e  
1-1-6) are used  i n  t h e i r  o r i g i n a l  form i n  c a l c u l a t i n g  f low 

c o n s i s t s  i n  t h e  use o f  more g e n e r a l  r e l a t i o n s h i p s  f o r  de te rmina-  
t i o n  o f  t h e  speed  of  sound,  e n t h a l p y ,  e n t r o p y ,  and average  mole- 
c u l a r  we igh t .  The c a l c u l a t i o n  b e g i n s  w i t h  d e t e r m i n a t i o n  o f  t h e  
gas  v a r i a b l e s  behind  a n  o b l i q u e  shock f o r  a g i v e n  a n g l e  B S  and 
known v a l u e s  o f  p,, T,, V,. Then E q s .  ( V I I I - 1 - 1 )  and (VIII-1-6) 
are used t o  c a l c u l a t e  t h e  f irst  d e r i v a t i v e s  f o r  t h e  c o n d i t i o n s  
a t  t h e  shock,  t h e  v e l o c i t y  components Vr and V 

and t h e  e n t h a l p y  d i f f e r e n c e  i - is on t h e  n e x t  c o n i c a l  s u r f a c e  
w i t h  a n g l e  O s  - A6 i s  found.  

are c a l c u l a t e d ,  /380 

Assuming t h a t  t h e  f low behind t h e  

con sideration 

F i g u r e  V I I I - 1 - 4 .  P re s -  
s u r e  on Cone w i t h  D i s -  
s o c i a t i o n  Taken i n t o  
Account. Tm = 2 2 2 O K ;  
M- = 23.5.  

F i g u r e  VIII-1-5. Tem- 
peFa tu re  on Cone w i t h  
D i s s o c i a t i o n  Taken i n t o  
Account. T,= 2 2 2 O K ;  
M- = 1 0 .  

shock i s  i s e n t r o p i c  th roughou t  t h e  
r e g i o n  and t h a t  i t s  e n t r o p y  S = 
Ss = c o n s t ,  w e  can use  t h e  en t ropy  

- 
diagram o r  t ab l e s  t o  de t e rmine  t h e  
p r e s s u r e  on t h i s  s u r f a c e  from t h e  
known i and S.  The  speed o f  sound, ave rage  molecu la r  we igh t ,  and 
d e n s i t y  are de termined  from t h e  v a l u e s  found f o r  T and 2. Then 
w e  s h i f t  t o  t h e  n e x t  i n t e r m e d i a t e  c o n i c a l  s u r f a c e  f o r  analogous 
c a l c u l a t i o n s ,  and s o  f o r t h .  The p r o c e s s  i s  broken o f f  when t h e  
normal v e l o c i t y  component i s  found t o  be z e r o  on one o f  these 
s u r f a c e s .  The v a r i a b l e s  o b t a i n e d  w i l l  p e r t a i n  t o  t h e  s u r f a c e s  
o f  t h e  cone.  
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A s  w e  see ,  t hese  param- 
e t e r s  depend on t h e  tempera- 
t u r e  and p r e s s u r e  of  t h e  on- 
coming f low,  w h i l e  i n  t h e  ab- 
s ence  o f  d i s s o c i a t i o n  i n  t h e  
case  o f  f low o f  a h e a t e d  g a s  
w i t h  v a r i a b l e  h e a t  c a p a c i t y ,  
t h e y  depended on Tm and n o t  
on p,. C e r t a i n  r e s u l t s  from 
c a l c u l a t i o n  o f  t h e  v a r i a b l e s  
of  f low ove r  a cone at h i g h  
speeds  are p r e s e n t e d  i n  F i g s .  
V I I I - 1 - 4  t h rough  VIII-1-6. 
These pa rame te r s  vary  i n  t h e  
same manner i n  t h e  p re sence  
of  d i s s o c i a t i o n  and i o n i z a -  
t i o n  as t h e y  do d i r e c t l y  be- 
h i n d  t h e  shock. For  example,  
t h e  p r e s s u r e  change i s  found 
t o  be j u s t  as s m a l l .  A s  f o r  

F i g u r e  VIII-1-6. Dens i ty  on 
Cone w i t h  D i s s o c i a t i o n  Taken 
i n t o  Account. Tm = 222OK; M m  = 
= 10. 

t empera tu re  and d e n s i t y ,  t h e y  vary  q u i t e  s u b s t a n t i a l l y .  T h i s  
v a r i a t i o n  i s  g r e a t e r  t h e  t h i c k e r  t h e  cone. 

I f  t h e  cone a n g l e s  are  s m a l l ,  t he se  pa rame te r s  on t h e  cone 
are  only s l i g h t l y  a f f e c t e d  by phys icochemica l  t r a n s f o r m a t i o n s  even 
a t  ra ther  h igh  s p e e d s .  For  example,  c a l c u l a t i o n s  i n d i c a t e  t ha t  1381 
a t  Mm = 2 4 ,  d e n s i t y  undergoes a lmost  no change w i t h  a l t i t u d e  up 
t o  (3, = l 5 O ,  and up t o  (3, = 35" a t  Mm = 1 0  ( F i g .  VIII-1-6). 
t h e  r ange  o f  a n g l e s  w i t h i n  which h i g h  t e m p e r a t u r e s  have no mani- 
f e s t  i n f l u e n c e  broadens  w i t h  d e c r e a s i n g  speed .  The same e f f e c t  
i s  observed  w i t h  d e c r e a s i n g  a l t i t u d e .  

Thus, 

Thickening  t h e  cone causes  more i n t e n s i v e  h e a t i n g  and,  conse- 
quen t ly ,  d i s s o c i a t i o n  and i o n i z a t i o n ,  which may have a s u b s t a n t i a l  
i n f l u e n c e  on t h e  f low v a r i a b l e s .  By way o f  i l l u s t r a t i o n ,  F i g .  
V I I I - 1 - 7  shows t h i s  e f f e c t  on t h e  v a r i a t i o n  o f  shock i n c l i n a t i o n  
a n g l e  i n  f r o n t  o f  a 40-degree cone. The shock i n c l i n a t i o n  a n g l e  
becomes smaller  t h a n  a t  c o n s t a n t  heat  c a p a c i t i e s  (k  = 1 . 4 ) .  F ig-  
u r e  V I I I - 1 - 7  a l s o  shows the  v a r i a t i o n  o f  O s  as c a l c u l a t e d  f o r  a 
h y p o t h e t i c a l  i d e a l  gas  w i t h  a s p e c i f i c - h e a t s  r a t i o  k = 1 . 2 .  We see 
t h a t  a t  very  h i g h  v e l o c i t i e s ,  t h e  h y p o t h e t i c a l - g a s  scheme g i v e s  
s a t i s f a c t o r y  r e s u l t s .  It fo l lows  t h a t  t h e  d i s tu rbed- f low v a r i -  
ables  f o r  a cone a t  t hese  v e l o c i t i e s  are de termined  b a s i c a l l y  
by t h e  phys icochemica l  p r o p e r t i e s  o f  t h e  gas  heated behind  t h e  
shock wave, and p r i m a r i l y  by t h e  r a t i o  o f  s p e c i f i c  hea ts .  

T h e  above p e r t a i n s  t o  such  v a r i a b l e s  as d e n s i t y ,  tempera- 
t u r e ,  and shock a n g l e .  A s  f o r  p r e s s u r e ,  w e  have n o t e d  t h a t  i t  
undergoes p r a c t i c a l l y  no change from t h e  i d e a l - g a s  v a l u e s .  It 
depends a lmost  e n t i r e l y  on t h e  oncoming-flow c o n d i t i o n s .  Here 
t h e  maximum e x c e s s  p r e s s u r e  cannot  exceed p,V:. On t h e  o t h e r  
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F i g u r e  V I I I - 1 - 7 .  V a r -  
i a t i o n  o f  Compression- 
Shock I n c l i n a t i o n  
Angle Ahead o f  Cone. 

i d e a l  g a s .  
r e a l  g a s ;  ----- 

F i g u r e  VIII-1-8. P r e s -  
s u r e  on Cone i n  D i s -  
s o c i a t e d  Gas. 0) H = 0 
k m ;  U) H = 30 km;  A )  H = 
= 60 k m ;  t h e  s o l i d  and 
dashed  l i n e s  r e p r e s e n t  
i d e a l  g a s e s  w i t h  con- 
s t a n t  heat c a p a c i t i e s .  

hand,  c a l c u l a t i o n s  made w i t h  t h e  f i c t i t i o u s  s p e c i f i c - h e a t s  r a t i o  
k = 1 . 2  g i v e  lower  p r e s s u r e  v a l u e s ,  as w e  see from F i g .  VIII-1-8.  

S t u d i e s  of f low o f  a r e a l  g a s  a round a cone can  be s i m p l i -  
f i e d  i f  t h e  speed  of  sound i s  assumed c o n s t a n t  b e h i n d  t h e  shock .  
It was i n d i c a t e d  above t h a t  a t  c o n s t a n t  hea t  c a p a c i t i e s ,  t h i s  
assumpt ion  leads to i n s i g n i f i c a n t  d e v i a t i o n s  from t h e  e x a c t  re-  
s u l t s .  

Numerical i n t e g r a t i o n  of  (VIII-1-6) w i t h  a = as = c o n s t  h a s  
shown t h a t  t h e  a c c u r a c y  o f  t h e  c a l c u l a t i o n  i s  h i g h e r  i n  t he  p r e -  
s e n c e  o f  d i s s o c i a t i o n .  F o r  exam l e ,  f o r  s t a n d a r d  c o n d i t i o n s  (T, = 
= 288OK, p, = lkg/cm2 = 9.807*10p N / m 2 )  i n  f r o n t  o f  a shock w i t h  
t h e  a n g l e  e S  = l 4 O  and M, = 14, t h e  e r r o r  i n  d e t e r m i n i n g  (3, i s  
0 . 0 6 % ,  and t h e  v e l o c i t y  e r r o r  0 . 0 0 2 % .  

Given c o n s t a n t  s o n i c  v e l o c i t y ,  t h e  problem c o n s i s t s  b a s i c -  
a l l y  i n  d e t e r m i n i n g  t h e  v e l o c i t i e s  on i n t e r m e d i a t e  c o n i c a l  s u r -  
f a c e s .  A s  f o r  such  v a r i a b l e s  as e n t h a l p y ,  p r e s s u r e ,  d e n s i t y ,  
and t e m p e r a t u r e ,  t h e y  can b e  c a l c u l a t e d  i n d e p e n d e n t l y  even a f t e r  
t h e  v e l o c i t y  f i e l d  has been found.  

A t  very  h i g h  v e l o c i t i e s ,  t h e  f low c a l c u l a t i o n  i s  s i m p l i f i e d  /382 
by the  f a c t  tha t  owing to t h e  p r o x i m i t y  o f  t h e  shock  to t h e  cone 
and ,  c o n s e q u e n t l y ,  t h e  small t h i c k n e s s  of t h e  d i s t u r b e d  f low re-  
g i o n ,  t h e  d e r i v a t i v e  dVe/dO can  be  assumed c o n s t a n t  i n  t h i s  re -  
g i o n  and e q u a l  to i t s  v a l u e  d i r e c t l y  b e h i n d  t h e  shock ,  w h i l e  t h e  



d e r i v a t i v e  dVr/d8 i s  e q u a l  to O.5VS8 ,  i . e . ,  t h e  mean between t h e  

v a l u e s  on t h e  shock and cone.  

The a n g l e  o f  f low ove r  t h e  cone and t h e  v e l o c i t y  on i t  can 
be  de te rmined  d i r e c t l y  w i t h  t hese  p remises :  

where - - Vse (dV8/d8  )SI. 

S o l u t , o _ n w i t h  c o n s t a n t  d e n s i t y .  A t  very  h i g h  f low v e l o c i -  
t i e s  around a cone. t h e  shock laser - i s  found t o  b e  a u i t e  t h i n .  
w i th  t h e  r e s u l t  t ga t  p r e s s u r e  v g r i e s  l i t t l e  i n  i t  and d e n s i t y  
can be assumed p r a c t i c a l l y  c o n s t a n t  a l o n g  a s t r e a m l i n e .  Thus, 
t h e  va lue  p = p,/ps = p 1 / p 2  d i r e c t l y  behind  t h e  shock w i l l  de te r -  
mine d e n s i t y  on t h e  cone.  

S o l u t i o n  of t he  e q u a t i o n s  o f  motion o f  a gas  around a cone 
g i v e s  an  approximate r e l a t i o n  f o r  t h e  p r e s s u r e  c o e f f i c i e n t  C591: 

C a l c u l a t i o n s  i n d i c a t e  that  t h i s  formula  g i v e s  good r e s u l t s  

To c a l c u l a t e  t h e  p r e s s u r e  c o e f f i c i e n t  by (V111-1-33)A i t  i s  

The c a l -  

f o r  o f  approximate ly  0 . 1  and smaller.  

necessa ry  t o  know t h e  shock a n g l e s  e S ,  t h e  d e n s i t y  r a t i o  p a t  t h e  
g i v e n  oncoming-flow p a r a m e t e r s ,  and t h e  cone a n g l e  6,. 
c u l a t i o n s  may proceed  as f o l l o w s .  Ass igning  p, determine  t h e  
a n g l e  o f  t h e  a t t a c h e d  shock from t h e  formula  o f  hype r son ic  f low 
around a cone:  

(VIII-1-34) 

where 

The v a l u e s  o f  rl va ry  from 0 to 0 . 5 ,  and t h e  co r re spond ing  

Here w e  can as- 
v a l u e s  of  t h e  f u n c t i o n  f ( v )  from 0 t o  1. From t h e  a n g l e  d i f -  

w e  c a l c u l a t e  c o s 2  (es - P C ) .  f e r e n c e  e S  - % , 
sume c o s  (es - 6,) z 1 f o r  s m a l l  v a l u e s  o f  8 - 6,. 

S 
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The en tha lpy  i, and p r e s s u r e  p 2  a r e  c a l c u l a t e d  from (111-4-14) 
and (111-4-12), r e s p e c t i v e l y ,  and then  t h e  known i, and p, a r e  
used w i t h  the  thermodynamic tables t o  f i n d  p 2  and t h e  ang le  B s  

and t h e  p r e s s u r e  c o e f f i c i e n t  are  improved. 

The c a l c u l a t i o n s  a r e  s i m p l i f i e d  if an e m p i r i c a l  r e l a t i o n -  
s h i p  i s  used t o  determine t h e  shock i n c l i n a t i o n  ang le , ahead  of 
t h e  cone (C701, No. 1 2 ,  1964): 

10?.\1,sin0,=31)-Igp,-LU.Fj(20G-:- Igp,) 31, siiif3,, (VIII-1-36) 

where p, i s  t h e  atmospheric  p r e s s u r e  i n  kg/cm2. 

With Mm s i n  BS > 6 t h i s  formula i s  a c c u r a t e  t o  about 1%. 
Calcu la t ions  by  (VIII-1-34)-(VIII-1-36) do not  r e q u i r e  r e f e r e n c e  
t o  thermodynamic f u n c t i o n  tab les .  The known Ma, e,, and p, a r e  
used w i t h  (VIII-1-36) t o  determine O s ,  and then  (VIII-1-34) and 
- (VIII-1-35) are used i n  one o r  two approximations t o  f i n d  5; t h e n  

i s  c a l c u l a t e d  by (VIII-1-33). PC 
ExampJe. C a l c u l a t e  t h e  flow around a sha rp  cone w i t h  t h e  

angle  8, = 45' w i t h  t h e  c o n d i t i o n  t h a t  Mm = 20 and t h e  f r e e -  

r i n g  t o  t h e  standard-atmosphere tab les ,  we f i n d  f o r  t h e s e  param- 
e t e r s  

s t ream parameters  correspond t o  an a l t i t u d e  H = 5 km.  Refer- 1 3 8 3  

For convenience i n  subsequent c a l c u l a t i o n s ,  we use (VIII-1-35) 
t o  reduce (VIII-1-34) t o  t h e  form 

We determine t h e  en tha lpy  and p r e s s u r e  behind t h e  compres- 
s i o n  shock from t h e  e q u a l i t i e s  

A s  our f i r s t  approximation,  we t a k e  = 0.108 and f i n d  f o r  
t h i s  value 

II1111 II I I 1111 
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Consequently, considering that Vnl = V, sin e S  and i, - cpT,, 
the enthalpy 

and the pressure 

(1-0.108) := 1.G475.10'3 kg/m2. 1 202 320.52 sin2 48'29' 
320.52 p z  = 5.5.10J [ i - i -  1.4 

From the i-p diagram [13], we determine p2-= 0.67 kg*s2/m4, 

The second approximation gives 0 = 48'32'. 

With these values of and e S ,  (VIII-1-33) gives the pres- 

and then calculate the corresponding parameter p = 0.1095. 

S 

sure coefficient on the cone: 

With Formula (V111-1-36), we find for the assigned flow con- 
ditions 

siii0, =- [30-1g0.56+-@.5 (?OG-;-lg0.5G) ?Osin4L0]= 
10'-20 
= 0.7456 and O s  = 48'13'. 

To find L e  density, we use (V111-1-34), whic,, is trans- 
formed to 

After a series of approximations, we find = 0.1. The 
pressure coefficient corresponding to this value is practically 
the same as the value obtained above. 

5 1'9 
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S e l f - s i m i l a r  s o l u t i o n s .  It i s  shown i n  [ 4 ]  t h a t  t h e  so lu -  
t i o n  of t h e  problem of  flow around a c i r c u l a r  cone i n  t h e  pre-  
sence  of chemical r e a c t i o n s  i s  self-s imilar  wi th  r ega rd  t o  t h e  
parameter  5 = (r - B ) / ( W  - B) (see F ig .  V I I I - 1 - 3 ) .  A t  a given 
f l i g h t  speed,  the  gasdynamic v a r i a b l e s  a t  a p o i n t  w i t h  coo rd ina te  
5 depend on t h e  cone angle  8, and t h e  p r e s s u r e ,  d e n s i t y ,  and t e m -  
p e r a t u r e  of t h e  oncoming flow. 

around a cone wi th  B c  = 20° a t  MOO = 15 and 2 0 ,  r e s p e c t i v e l y ,  f o r  
ca ses  i n  which chemical r e a c t i o n s  a r e  t aken  i n t o  account and t h e  
a i r  does not  undergo physicochemical changes (k  = 1 . 4 ) .  These 
t a b l e s  g ive  t h e  dimensionless  v a r i a b l e s  Vx/a*,  Vr /a* ,  p/p,a*', 
p/p,, c a l c u l a t e d  f o r  t h e  f ree-s t ream cond i t ions  Moo = 15 for a* = 

f o r  a* = 2 6 0 4  m / s ,  p,a*2 = 0 .2759  a t m  ( 0 . 2 7 0 6 * 1 0  The 
va lues  Tg) = 250°,3p, = 0 . 2 9 2 * 1 0 - *  a t m  ( 0 . 2 8 6 4 0 1 0 ~  N/m ) ,  p, = - 0 . 4 1 2 * 1 0 - '  kg/m 
d i t i o n s  a t  t h e  40-km a l t i t u d e .  

T a b l e  V I I I - 1 - 3  comparesthe r e s u l t s  of c a l c u l a t i o n  of flow 

= 1 9 6 2  m / s ,  p,a*' = 0 .1567  a t m  ( 0 . 1 5 3 7 * 1 0 5  N/m2)5and F t  M, = 20 /384 
N / m 2 ) .  

correspond approximately t o  a tmospheric  con- 

S o l u t i o n  by means of  s e r i e s  [18J. We p r e s e n t  t h e  s o l u t i o n s  
f o r  t h e  component V- and V, Lsee F ig .  ( V I I I - 1 - 1 1 ]  i n  t h e  form of 

L- t h e  s e r i e s  v 

( V I I I - 1 - 3 9 )  
( V I I I - 1 - 4 0 )  

1 1 
6 I', = A* + A , N  -;- '2 A J P  -1- 7 A p  -+ . . . ; 

- v, = Ai  f -  A J l +  T 1 n p  + . . . , 

where H = e S  - 8. 
To determine t h e  c o e f f i c i e n t  Ai, we s h a l l  use equa t ion  s y s -  

t e m  ( V I I I - l - l ) - ( V I I I - l - 5 )  and boundary cond i t ions .  On t h e  shock 
s u r f a c e  

on t h e  s u r f a c e  of t h e  body i n  t h e  flow 

( V I I I - 1 - 4 2 )  
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TABLE VIII-1-3. GASDYNAMIC PARAMETERS ON CIRCULAR CONE 

ATION OF CHEMICAL REACTIONS AND FOR k = 1.4 = const 
WITH SEMIVERTEX ANGLE 8, = 2 0 ° ,  CALCULATED WITH CONSIDER- 

0 

0.3 

0.6 

0.6 

0 . S  

i .O 

. . . . .. . . . - . . . , . I - - 
xv :1 t 5 

I. - . . - - . . - - - -. 
rith consideratior 

of chemical 
reactions . .. 

2.113 
0. 7(;9 
0 .  iI\S 
6 . 0 2 2  
2 .  I IS 
O . i . 5 i  
(1. i 8 5  
6.012 
-. 7 12.i 
11.5iO 
0 .  732 
5 .  os5 
2.1'9 
0. i 2 0  
0. 725 
5.9'10 
2. 135 
0.711 
0.715 
5.8i7 
2.1'10 
U.697 
0. XI3 
5.797 

. .  . 

0.405 

. . . . _. .. . - - . .. . 
JL -4 1 ,'I 

. .  . , .  . 

2. 109 
1). ifis 
0.552 
5.410 
2.  liG 
0.551 
0.541 
5.401 
2.122 
0.535 
0.736 
5.375 
2.128 
0.719 
0.727 
5.332 
2.134 
0.70: 
0.716 
5.254 
2.141 
0.687 
0.702 
5.199 

0.610 

-. _- - _. _. - - -. 
rith considerntior 

of chemical 
reaction . 

-. ~ ~ 

9.136 
0.719 
0.725 
6.992 
2.141 
0.535 
0. 521 
GI 945 
2.146 
0.723 
0.712 
6.559 

0.398 

In accordance with the boundary conditions 

where Hc = O s  - 8 , .  

Hc is found by solving the equation 

h == 1 .I 

2.121 
0. i72 
0.739 
5.527 
2.127 
0.756 
0.737 
5.728 
2.133 
0.541 
0.733 
5.692 
2.139 
0.726 
0.1725 
5.6'19 
2.145 
0.511 
0.714 
5.591 
2.151 
0.696 
0.701 
5.516 

0.407 
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The c o e f f i c i e n t  An i s  determined from t h e  g iven  shock ang le  

The An a r e  used to determine the  
e S  and t h e  va lues  of Vse and as c a l c u l a t e d  f o r  t h i s  shock w i t h  

c o n s i d e r a t i o n  of d i s s o c i a t i o n .  
flow f i e l d  around t h e  cone w i t h  t h e  ang le  8, = O s  - Hc cor re-  
sponding to t h e  given O s .  

In f luence  of Nonequilibrium 

We have examined two cases  of i n v i s c i d  flow around a cone. 
I n  one of them, t h e  heat c a p a c i t i e s  were cons t an t ,  and i n  t h e  
o t h e r  equ i l ib r ium d i s s o c i a t i o n  and i o n i z a t i o n  occurred i n  t h e  
zone between t h e  wave and t h e  body. These two cases  may be re- 
garded as extremes and on t h e  boundaries  of  t h e  range w i t h i n  
which nonequi l ibr ium gas flows o b t a i n  i n  t h e  d i s t u r b e d  r eg ion .  

The f i r s t  case  i s  c h a r a c t e r i z e d  by t h e  chemical and p h y s i c a l  
p r o p e r t i e s  of t h e  gas  remaining t h e  same i n  t h e  d i s t u r b e d  r e g i o n  
as d i r e c t l y  behind t h e  shock wave, w i t h  t h e  passage a c r o s s  t h e  
wave e f f e c t e d  a t  cons t an t  heat c a p a c i t i e s .  Thus, t h e  gas  i s  r e -  
garded as " f rozen"  throughout  t h e  d i s t u r b e d  r eg ion .  T h i s  extreme 
s t a t e  i s  c h a r a c t e r i z e d  by  t h e  absence of energy- leve l  e x c i t a t i o n .  
It may b e  assumed as a f u r t h e r  approximation t h a t  t h e  v i b r a t i o n a l  
degrees  of freedom a r r i v e  a t  equ i l ib r ium d i r e c t l y  behind t h e  wave 
f r o n t  and then  remain " f rozen ."  I f  we cons ider  a gas  c o n s i s t i n g  
e n t i r e l y  of diatomic molecules ,  t h e  exponent f o r  t h e  " f rozen"  
s t a t e  k = 9/7.' 

The o t h e r  case  has t h e  p e c u l i a r i t y  t h a t  t h e  d i s s o c i a t i n g  gas  
i s  a t  equ i l ib r ium throughout t h e  d i s t u r b e d  r eg ion ,  i n c l u d i n g  t h e  
zone d i r e c t l y  behind t h e  shock f r o n t .  Research has shown t h a t  
t h e r e  a r e  d i f f e r e n c e s  i n  t h e  f low-var iab le  va lues  i n  t h e  two ex- 
treme cases .  I n  "frozen" f low,  f o r  example, t h e  shock ang le  and 
t h e  temperature  a t  t h e  s u r f a c e  a r e  g r e a t e r  t h a n  t h e  corresponding 
va lues  i n  an equ i l ib r ium d i s s o c i a t i n g  flow, while  t h e  d e n s i t y  and 
p r e s s u r e  on t h e  o t h e r  hand, a r e  s m a l l e r .  Here t h e  " f rozen"  flow 
can be examined w i t h  unexci ted  or e x c i t e d  v i b r a t i o n a l  l e v e l s .  

I f  t h e  temperatures  a r e  not  h igh  enough f o r  d i s s o c i a t i o n  t o  
develop,  t h e  l i m i t i n g  cases  w i l l  b e  c h a r a c t e r i z e d  on t h e  one hand 
by "frozen" flow w i t h  cons t an t  h e a t  c a p a c i t i e s  and, on t h e  o t h e r ,  
by flow w i t h  v i b r a t i o n a l  l e v e l s  e x c i t e d  throughout  t h e  e n t i r e  r e -  
g ion .  Thus, t h e  second l i m i t i n g  case  w i l l  b e  c h a r a c t e r i z e d ,  de- 
pending on tempera ture ,  by  equ i l ib r ium e x c i t a t i o n  of v i b r a t i o n s  
o r  by equ i l ib r ium d i s s o c i a t i o n .  

I f  t h e  f i r s t  extreme case i s  regarded as "frozen" flow a t  
very h igh  tempera tures ,  t h i s  premise i s  found t o  be b e t t e r  j u s t i -  
f i e d  when t h e  v i b r a t i o n  r e l a x a t i o n  t i m e  i s  sma l l e r  t han  t h a t  of 
d i s s o c i a t i o n  r e l a x a t i o n .  The two l i m i t i n g  cases  are regarded  as 
c o n i c a l  f lows.  The i n t e r m e d i a t e  nonequi l ibr ium flow i s  not  /386 



c o n i c a l .  Understandably,  i n v e s t i g a t i o n  of  t h e  flow v a r i a b l e s  i s  
a more complex problem. 

0- - 

It can be assumed f o r  t e n t a -  
t i v e  e v a l u a t i o n  t h a t  they  change 
from t h e  va lues  a t  t h e  nose f o r  
" f rozen"  flow t o  t h e  equ i l ib r ium 

. .  . values  a t  the  end of the  r e l a x a t i o n  - n,-.- l e n g t h .  i . e . ,  where t h e  e q u i l i b -  - -  
-_ - ... _ _  __ .. .=' rim degree of d i s s o c i a t i o n  ( o r  

v i b r a t i o n a l  e q u i l i b r i u m )  i s  at- 
t a i n e d .  F igure  V I I I - 1 - 9  shows a 
diagram of t h i s  e f f e c t .  The un- 
broken curves correspond t o  a 
case  t h a t  approaches t he  e q u i l i b -  
rium case  1 over  almost t h e  en- 
t i r e  r e g i o n ,  w h i . l e  t h e  dashed 
curves  correspond t o  t h e  "frozen" 
case  2 .  Here t h e  f i rs t  case  i s  
more probable  a t  low a l t i t u d e s  and 
t h e  second a t  h igh  a l t i t u d e s .  X 

Figure  V I I I - 1 - 9 .  Nonequi- If fo l lows  from t h i s  q u a l i t a -  
l i b r i u m  Parameters on t i v e  e v a l u a t i o n  t h a t  nonequi l ibr ium 
Cone. f lows a f f e c t  aerodynamic c h a r a c t e r -  

i s t i c s .  For example, d rag  i s  found 
to be  g r e a t e r  t h a n  i n  t h e  "frozen" 

case  and smaller than  i n  t h e  e q u i l i b r i u m  case .  However, the  d i f -  
f e rence  i s  s m a l l .  I f ,  however, w e  cons ide r  t h e  i n f l u e n c e  of  non- 
equ i l ib r ium on l i f t ,  i t  may b e  found t o  be more s u b s t a n t i a l .  

S V I I I - 2 .  CONE AT ANGLE O F  ATTACK 

C e r t a i n  .. ._ -. R e s u l t s  . from Calculat i -on of  Supersonic  -.. . -.-.- -Conical Flows 

L e t  us examine t h e  r e s u l t s  ob ta ined  by a s c i e n t i f i c  team 
headed b y  P ro f .  K . I .  Babenko [ 4 ]  i n  a c a l c u l a t i o n  of supe r son ic  
c o n i c a l  flows by t h e  method of f i n i t e  d i f f e r e n c e s .  T h e  s o l u t i o n  
of t h e  problem of  flow aroundan i n f i n i t e  cone a t  an angle.of a t t a c k  
i s  s e l f - s i m i l a r .  The cor responding  gasdynamic v a r i a b l e s  depend 
only on two v a r i a b l e s ,  which r e p r e s e n t  c e r t a i n  combinations of 
t h e  i n i t i a l  v a r i a b l e s .  The  ang le  y and t h e  v a r i a b l e  5 = (r - B ) /  
/ ( w  - B )  may be t aken  as these v a r i a b l e s .  

T a b l e s  V I I I - 2 - 1  and V I I I - 2 - 2  p r e s e n t  the r e s u l t s  of a ca lcu-  
l a t i o n  of supe r son ic  flow of an i d e a l  gas  w i t h  a cons t an t  r a t i o  
of s p e c i f i c  h e a t s  k = 1 . 4  around a cone (see Appendix No. 1). The 
flow f i e l d s  shown i n  T a b l e  V I I I - 2 - 1  were c a l c u l a t e d  i n  t h e  c y l i n -  
d r i c a l  coord ina te  system .,x, r ,  ' 6  (8 -- n /2  - ] > ) ; . w i t h  t h e  6 = 0 (y = T) 
ha l f -p l ane  on the windward s i d e  ( s e e  F ig .  VIII-1-3).  

5 2 3  



Ma, t h e  cone ang le s  8, and t h e  a t t a c k  ang le s  a were t aken  as 

The va lues  o f  t h e  v e l o c i t y  components Vx, Vr,  
t h e  parameters ,  w h i l e  t h e  independent  v a r i a b l e s  were I9 and 6 = 
= (r - B ) / ( W  - B ) .  
V were r e f e r r e d  t o  t h e  c r i t i c a l  speed o f  sound a*, the  d e n s i t y  
t o  p,, and t h e  p r e s s u r e  t o  p a*2. For  each va lue  of  19, Table 
V I I I - 2 - 1  g i v e s  t h e  value of Px = aW/ax, which i s  e q u a l  t o  t h e  
t angen t  o f  t h e  ang le  between the x-axis and the  shock-wave gene- /387 
r a t r i x  i n  the  corresponding mer idronal  p lane .  

6 

0 012 Q4 35 48 $ 

Figure  V I I I - 2 - 1 .  P re s su re  and Densi ty  Around a 
Cone as a Funct ion  o f  t h e  6-Coordinate. 
a )  1) Mw = 5; B e  - - 3 0 0 ;  a = 5"; 2 )  Ma = 5; 

= 1 5 O ,  01 = 10'; b ) l )  Mw = 7 ,  8, = 3 0 0 ,  a = 50; 
B C  
( 6  = 0 . 9 0 " ;  180'); 2 )  M, = 7 ,  B e  = 3 0 0 ,  a = 150 
(6 = o.goo; 180~). 

Values of t h e  aerodynamic c o e f f i c i e n t s  i n  t h e  body coordi-  
n a t e  system, c a l c u l a t e d  b y  t h e  formulas 

.7 

cap = - i -  5 pdO; c.vp = ( V I I I - 2 - 1 )  
x 

0 0 

are given i n  T a b l e  V I I I - 2 - 2 .  The same tab le  l i s t s  va lues  o f  t h e  
moment c o e f f i c i e n t  m . 

Z P  

and l i f t  c c o e f f i c i e n t s  a r e  determined 
Y P  

The wave-drag ex 
i n  t h e  wind s y s t e m  by t h e  conversion formulas 



I 

The formulas Vx = Vxta8  ( t h e  o t h e r  components Vr and V# a r e  
found s i m i l a r l y ) ,  p = ptpm; p = ptpma*' should b e  used t o  c a l -  
c u l a t e  t h e  flow v a r i a b l e s  from t h e  t a b u l a r  d a t a  ( w i t h  s u b s c r i p t  
- t ) .  

The d i s t a n c e  r_ from t h e  cone a x i s  f o r  g iven  x, 5 ,  6 i s  d e t e r -  
mined by t h e  formula r / x  = t a n  B, + 5(Wx - t a n  BcT. 
Analys is  - -- of  Ca lcu la t ed  - Resu l t s  - f o r  -- Flow - Around Cones 

T h e  data given i n  Table V I I I - 2 - 1  permi t  c e r t a i n  g e n e r a l  con- 
c l u s i o n s  r ega rd ing  nonaxisymmetric flow around c i r c u l a r  cones and 
b r i n g  out c e r t a i n  c h a r a c t e r i s t i c  f e a t u r e s  of  c o n i c a l  flow. 

Form o f  s h o c k  waves .  The shock waves, whose t r a c e s  i n  t h e  
t r a n s v e r s e  p lane  may d i f f e r  markedly from c i r c u l a r ,  a r e  c l a s s i -  
f i e d  i n t o  two types  on t h e  basis of shape.  The f i r s t  type  i s  
c h a r a c t e r i z e d  by  a sma l l e r  d i s t a n c e  from t h e  wave to t h e  cone on 
t h e  windward s i d e  ( 6  = 0 )  t han  on t h e  leeward ( 6  = 180")  s i d e .  
The second t y p e ,  which i s  observed a t  l a r g e  cone ang le s  and Moo, 
i s  c h a r a c t e r i z e d  by  a s m a l l e r  d i s t a n c e  on t h e  leeward s i d e .  Thus, 
we can f i n d  s p e c i f i c  va lues  of 6, and Mm and t h e  corresponding 
ang le s  6 o t h e r  t han  0 and n a t  which t h e  wave i s  f a r t h e s t  from t h e  
cone s u r f a c e .  Usual ly ,  t h e  g r e a t e s t  d i s t a n c e  to t h e  shock cor-  
responds to 6 = 180". 

Gas v a r i a b l e s  as f u n c t i o n s  o f  5 - c o o r d i n a t e .  A t  small ang le s  of  
a t t a c k ,  t h i s  r e l a t i o n  i s  n e a r l y  l i n e a r ,  d e r i v a t i n g  from l i n e a r i t y  
w i t h  i n c r e a s i n g  a .  

t h e  s u r f a c e  o f  t h e  cone t h a n  a t  a d i s t a n c e  from it  (F ig .  V I I I - 2 - 1 ) .  
A t  l a r g e  a ,  however, d e n s i t y  i n c r e a s e s  i n  c e r t a i n  mer id iona l  
p l anes  r i g h t  up t o  t h e  shock wave. 

T h e  gas  d e n s i t y ,  l i k e  t h e  p r e s s u r e ,  i s  usua l ly  h i g h e r  nea r  /388 

The gas v a r i a b l e s  (except  f o r  p r e s s u r e )  may d i f f e r  sharp ly  
on t h e  cone s u r f a c e  ( 5  = 0 )  from t h e i r  va lues  a t  t h e  5 of t h e  
next  p o i n t  ( 5  = 0 . 0 5 ) ;  t h i s  i s  expla ined  by  t h e  d i f f e r e n c e  be- 
tween t h e  entropy f u n c t i o n  p/pk on t h e  cone and a t  t h e  nearby 
p o i n t .  

V a r i a t i o n  o f  g a s d y n a m i c  f u n c t i o n s  w i t h  a n g l e  6. T h i s  depen- 
dence i s  e s s e n t i a l l y  n o n l i n e a r ,  w i t h  t h e  gas parameters  vary ing  
more sha rp ly  w i t h  dec reas ing  6 t h e  l a r g e r  t h e  a t t a c k  ang le .  The  
v e l o c i t y  component V6 has  a d i s t i n c t  maximum, which i s  reached 
f o r  s m a l l  c1 a t  a value of 6 nea r  9 0 " .  With i n c r e a s i n g  Mm and 
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F i g u r e  VIII-2-2. P r e s s u r e  and D e n s i t y  Around 
Cone a s - F u n c t i o n s  of Angle 6. a )  Mm = 3, 8, = 

2) Mm = 3, 8, = 3 0 ° ,  a = 5'. 
- - 30°, a = 5'; b )  1) Mm = 7 ,  8, = 3 0 ° ,  a = 15'; 

d e c r e a s i n g  d i f f e r e n c e  B - a ,  t h e  
maximum i s  s h i f t e d  toward larger  

g r a p h i c a l  r e p r e s e n t a t i o n  of  p r e s -  
s u r e  and d e n s i t y  as f u n c t i o n s  o f  
t h e  a n g l e  6. 

C 

P-0" a n g l e s  6. F i g u r e  VIII-2-2 i s  a 

V a r i a t i o n  o f  gas v a r i a b l e s  
90 as f u n c t i o n s  o f  Ma. A l l  gasdy- 

namic f u n c t i o n s  vary  m o n o t o n i c a l l y  
w i t h  Mach number and t h e i r  d e r i v a -  
t i v e s  d e c r e a s e  i n  a b s o l u t e  v a l u e .  

180' 

R e g a r d l e s s  o f  t h e  a n g l e  6, 
t h e  c i r c u m f e r e n t i a l  v e l o c i t y  com- 
ponent  d e c r e a s e s  on t h e  cone,  but 
i n c r e a s e s  w i t h  i n c r e a s i n g  Moo d i -  
r e c t l y  b e h i n d  t h e  shock .  

0 

F i g u r e  VIII-2-3. P r e s s u r e  
as a F u n c t i o n  of  Mm a t  
B e  = 2 5 ' ,  a = 10'. S o l i d  
Line  R e p r e s e n t s  S u r f a c e  
o f  Cone, Dashed L i n e  Sur-  
f a c e  of  Shock Wave. 

The n a t u r e  of  t h e  p r e s s u r e  
v a r i a t i o n  changes s u b s t a n t i a l l y  
w i t h  changing  a n g l e  6 and depends 
weakly on 6 ( F i g .  VIII-2-3). 

I n f l u e n c e  o f  cone  a n g l e  8, 1389 
a n d  a t t a c k  a n g l e  a .  The gasdy- 

namic f u n c t i o n s  depend e s s e n t i a l l y  n o n l i n e a r l y  on 6,. Here t h e  

. . . .. . . . . . . . . .. 



Figure  VIII-2-4. Pressu re  and Densi ty  as Func- 
t i o n s  of Cone Angle: S o l i d  Line  Represents  Cone 
Sur face ,  Dashed Line Shock Surface  (M, = 5, 
c1 = 5). 

R 

Figure  VIII-2-5. Pressu re  and Densi ty  as Func- 
t i o n s  of  Cone Attack Angle c1 a t  Moo = 7 ,  B c  - 20°, 

5 = 0, - 0 - 0 -  5 = 0.5, ----- 5 = 1. 

behavior  of  each gasdynamic f u n c t i o n  wi th  r e s p e c t  to B C  (except  
f o r  Vg) depends weakly on 5 and 
c r e a s i n g  B on t h e  cone, b u t  i n c r e a s e s  behind t h e  shock wave. 

6. The Vg dec reases  wi th  i n -  

C 
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A t  s m a l l a n g l e s o f  a t t a c k  ( a  < 5")  w e  may assume i n  approxima- 
t i o n  t h a t  t h e  gasdynamic f u n c t i o n s  depend l i n e a r l y  on a .  The 
r e l a t i o n s h i p  becomes n o n l i n e a r  a t  l a r g e  a .  The b e h a v i o r  o f  t h e  
gasdynamic f u n c t i o n s  w i t h  v a r y i n g  a i s  l i t t l e  a f f e c t e d  by  t h e  
c o o r d i n a t e  5 ,  b u t  depends s u b s t a n t i a l l y  on t h e  8 - c o o r d i n a t e .  

p r e s s u r e  and d e n s i t y  as f u n c t i o n s  of  B e  and a ,  r e s p e c t i v e l y .  

K o p a l ' s  T a b l e s  /390 

F i g u r e s  VIII-2-4 and VIII-2-5 p r e s e n t  c u r v e s  c h a r a c t e r i z i n g  

C e r t a i n  data  on s u p e r s o n i c  f low around c i r c u l a r  cones were 
o b t a i n e d  by Z .  Kopal and p u b l i s h e d  i n  t h e  form o f  s p e c i a l  t ab l e s  
([62]-[64]>. The t a b u l a r  data were o b t a i n e d  u s i n g  S t o n e ' s  s o l u -  
t i o n  f o r  t he  c o n i c a l - f l o w  e q u a t i o n s .  La ter ,  A .  F e r r i  p o i n t e d  o u t  
an  e r r o r  a l lowed i n  S t o n e ' s  s o l u t i o n  and proposed  a s i m p l e  way t o  
improve t h i s  s o l u t i o n .  

L e t  us  examine c e r t a i n  working r e l a t i o n s h i p s  used t o  d e t e r -  
mine t h e  aerodynamic c o e f f i c i e n t s  o f  a c i r c u l a r  cone w i t h  t h e  a i d  
o f  Kopal's t ab l e s .  

The a x i a l - f o r c e  c o e f f i c i e n t  

and t h e  normal - force  c o e f f i c i e n t  

(VIII-2-3) 8a 1i.l. c ' p  .-. . .. .- 
.7 

The c o e f f i c i e n t s  KD, K D 2 ,  x c ,  - d ,  KN a r e  l i s t e d  i n  T a b l e  VIII-2-3. 
The f u n c t i o n s  j7; ~ ; i ~ ~ , n : , n ,  (fI;)' ( ( I ; ) ?  I" ,,,i,x are  c a l c u l a t e d  a c c o r d i n g l y  
from t h e  f low v e l o c i t y  V: and t h e  speed  o f  sound a: on t h e  cone 
i n  f low a t  a-zero a t t a c k  a n g l e .  For  s y m m e t r i c a l  f low around t h e  
cone,  KD = 7~p:/8. 

- 

The i n c l i n a t i o n  a n g l e  of  t h e  shock g e n e r a t r i x  i s  

where p,, p2, and E are  found from T a b l e  VIII-2-3 and 8' i s  t h e  

g e n e r a t r i x  a n g l e  o f  t h e  compression shock ahead o f  t h e  cone a t  
a = 0 .  

S 
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TABLE VIII-2-3. VALUES OF COEFFICIENTSNEEDED TO CALCULATE 
FLOW VARIABLES FOR SUPERSONIC FLOW AROUND A CONE AT AN 
ANGLE OF ATTACK (k  = 1.4)" 

0.4748 
0.4251 
0.4444 
0.4880 
0.5422 
( I . f ;Oli  
0.G642 
0.5288 
0.7952 

p, -100 

1.34 
0.75 
0.69 
1.D5 
1 .50  
2.01 
2..w 
2.62 

I S .  G53 1.0901 
35. ,I72 I 1 ,2330 I 

.3 ; . (20  I .9>4 I 
30.959 2.2345 
27.854 2.5785 
2.5.163 3.0217 
22.784 3.6345 
2O.fj39 4,5010 
16.S05 16.855 

0.052-i3 
0.Q57Vk 
0.051 13 
0.C46W 
0.043 18 
0.0XI28 
0.03552 
0.t13539 
0.03319 
0.03101 

0.12292 
0.10428 
O.lJ%6:! 
0.  (JSb14 
0. (iSii36 
0. 07.557 
0.07148 
0.uG585 
Q. 06455 

1.2175 
9 .3144 
1 .4Gi2 
1 . f X 1  
1 . a i l 4  
2 ,  1:F!17 
2.4431 
2. FI::x7 
3 .  :WJ4 
5.54 .;7 
9.5!128 

S p e c i a l  i n t e r e s t  

03151 
O.ilS5 
0.7ISS 
0.7151 
0.5152 
0.5138 
0.7132 
0.5139 
0.5168 
0. 5224 
0.5518 
0. i650 

0.6682 
0.6531 
0.6752 
0. GiG3 
0, GiL!? 
0. 6827 
0.68i4 
0.6933 
0.5009 
0.5107 
0.7416 

0. 0ss4 
0.i1553 
O.OSSG 
0.1140 
0.150s 
0.2001 
0.2630 
0.340s 
0.4354 
0.5495 
0. Si91 
0.9S15 

j3,=15" 
0.2337 
0.2405 
0.2772 
0.3287 
0.3599 
0.4585 
0.5331 
0.6130 
0.6'392 
0. 5939 
1.0309 

-.= 20" 

0.2s 
0.53 
0.91 
1.43 
2.11 
3.04 
4.30 
6.10 
8.68 

12.34 

0.35 
0.64 
1.04 
1.57 
2.26 
3.13 
4.16 
5.33 
6.31 

0.9375 
1.O161 

0.25 
0.14 
0.15 
0.23 
0.33 
0.43 
0.53 
0.61 
0.66 
0.71 

0.48 
0.39 
0.41 
0.45 
0.48 
0.50 
0.48 
0.42 
0.32 

2.G6 
0.72 
0.55 
C! . 50 
0.47 
0.43 
0.37 
0.29 

0.03 
0.06 
0.10 
0.16 
0.24 
0.34 
0.44 
0.55 
0.66 
0.77 

0.09 
0.15 
0.21 
0.28 
0.34 
0.40 
0.45 
0.51 
0.57 

0.04 
0.11 
0.17 
0.22 
0.27 
0.31 
0.35 
0.40 

0 
0 
0 
0.0001 
0.0002 
0.0008 
0.0027 
0.0089 
0.0295 
0.1011 

0.0004 
0.0007 
0.0016 
0.0038 
0.0091 
0.0214 
0.0492 
0.1113 
0.2521 

-0.1406 

-0.1635 
-0.1737 
-0.1825 
-0.1898 
-0.1951 
-0.1983 
-0. I990 
-0.1971 

-0.1523 

-0.2101 
-0.2217 
-0.2327 
-0.2423 
-0.2503 
-0.2566 

-0.265i 
-0.2614 

-0.2684 

0.0042 
0.0046 
0.0059 
0.0152 
0.0301 
0.O587 
0.1120 
0.2099 

-0.2761 
-0.2786 
-0.2873 
-0.2967 
-0.3057 
-0.3141 
-0.3222 
-0.3305 

a t t a c h e s  to shock-surface g e n e r a t r i c e s  t h a t  
l i e  i n  t h e  v e r t i c a l  p l a n e  of symmetry ( y  = 0 and n). The i n -  
c l i n a t i o n  ang le s  of  t h e s e  g e n e r a t r i c e s  

where c1 i s  the a t t a c k  ang le  i n  r a d i a n s  and i n  a b s o l u t e  value.  

The f i r s t  r e l a t i o n s h i p  i n  (VIII-2-5) p e r t a i n s  to a g e n e r a t r i x  
l y i n g  on t h e  downwind (y  = 0 )  s ide and t h e  second to a g e n e r a t r i x  
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on t h e  windward s i d e  (y  = T ) .  

Approximate Ca lcu la t ion  of  Flow a t  High V e l o c i t i e s  

The " tangent -sur face"  method can be used f o r  t h i s  c a l c u l a t i o n  
of p r e s s u r e  on a c i r c u l a r  cone i n  t h e  presence of an a t t a c k  ang le .  
The l o c a l  t angen t  cone cons t ruc t ed  about t h e  g e n e r a t r i x  on which 
t h e  p r e s s u r e  i s  sought i s  t aken  as t h e  t angen t  s u r f a c e .  The l o c a l -  
cone angle  i s  

( V I I I - 2 - 6 )  

The va lue  of t h i s  ang le  i s  used w i t h  t h e  a p p r o p r i a t e  for- 
mulas, t a b l e s  and diagrams t o  f i n d  t h e  p r e s s u r e  and o t h e r  param- 
e t e r s  of symmetrical  flow around t h e  cone, which a r e  assumed t o  
be equa l  t o  t h e i r  va lues  on t h e  g e n e r a t r i x  of  t h e  a c t u a l  c o n i c a l  
s u r f a c e .  The p r e s s u r e  c o e f f i c i e n t  i s  determined i n  t h i s  manner, 
for example, as a f u n c t i o n  of  t h e  angle  y for given Mw, a, and 

F o r  t h e  l i m i t i n g  case  Mw -+ 03 t h e  p r e s s u r e  c o e f f i c i e n t  can 
B C  

be c a l c u l a t e d  by combining t h e  "tangent-cone" and Newton methods. 
Formula ( V I I I - 1 - 3 0 )  i s  used here w i t h  t h e  angle  6; i n s t e a d  of 6,. 
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Chapter  I X  /392 

A P P L I C A T I O N  O F  D I F F E R E N C E  M E T H O D S  TO C A L C U L A T E  
F L O W  A R O U N D  B O D I E S  W I T H  C U R V E D  G E N E R A T R I C E S  

S I X - 1 .  C A L C U L A T I O N  OF AXISYMMETRIC SUPERSONIC FLOW AROUND A SHARP 
SOLID OF REVOLUTION BY THE METHOD OF CHARACTERISTICS [l7] 

P o t e n t i a l  flow. P o t e n t i a l  f low around a s h a r p  s o l i d  o f  
r e v o l u t i o n  a t  z e r o  a n g l e  o f  a t t a c k  (F ig .  I X - 1 - 1 ) i s  c a l c u l a t e d  by 
t h e  system of  d i f f e r e n c e  e q u a t i o n s  f o r  t h e  c h a r a c t e r i s t i c s  
( I V - 1 - 2 5 ) - ( I V - 1 - 2 8 )  w i t h  t h e  c o n d i t i o n  t h a t  E = 1. 

The c a l c u l a t i o n  u s u a l l y  s t a r t s  w i t h  d e t e r m i n a t i o n  of  t h e  
c o n i c a l  f low around t h e  s h a r p  t i p ,  which can be r e p l a c e d  by a 
cone i n  a small  neighborhood o f  t h e  nose ( t h e  cone boundary i s  
p o i n t  K i n  F i g .  I X - 1 - 1 ) .  A s  a r e s u l t ,  t h e  v e l o c i t i e s  and t h e  
a n g l e s  w, v ,  and f3 are de termined  on t h e  g e n e r a t r i c e s  OD and OA 
and o t h e r  i n t e r m e d i a t e  c o n i c a l  s u r f a c e s  ( i n c l u d i n g  t h e  cone gene- 
t r a t i x  OK and t h e  shock g e n e r a t r i x  O S ) .  Here t h e  a n g l e s  8 o f  
t h e  i n t e r m e d i a t e  cones are s e l e c t e d  a r b i t r a r i l y ,  b u t  such t h a t  
t h e  i n t e r v a l  A 8  w i l l  be small enough t o  e n s u r e  t h e  r e q u i r e d  ac-  
cu racy .  

A s  t h e  c a l c u l a t i o n s  are  performed,  i t  i s  h e l p f u l  t o  con- 
s t r u c t  t h e  n e t  of c h a r a c t e r i s t i c s  shown i n  F i g .  I X - 1 - 1 .  F i r s t ,  
e lement  KD o f  t h e  f i r s t - f a m i l y  c h a r a c t e r i s t i c  i s  p l o t t e d ,  u s i n g  
as data  t h e  a n g l e s  p K  and B,, which are  known a t  p o i n t  K .  
t e r m i n a l  D o f  t h e  e lement  i s  t h e  p o i n t  a t  which i t  i n t e r s e c t s  t h e  
n e x t  g e n e r a t r i x  O D .  

t aneous  s o l u t i o n  of t h e  e q u a t i o n s  

The 

I t s  c o o r d i n a t e s  xD and rD are found b y  s imul-  

The c o o r d i n a t e s  of  t h e  remain ing  p o i n t s  on t h e  f i r s t - f a m i l y  
c h a r a c t e r i s t i c ,  which i s  t h e  boundary o f  t h e  c o n i c a l  f low,  are  
found s i m i l a r l y ;  t o  o b t a i n  more a c c u r a t e  data,  t h e  c o o r d i n a t e s  
can be c a l c u l a t e d  from t h e  mean v a l u e s  o f  a n g l e s  f3 and p between 
t h e  ne ighbor ing  p o i n t s  K and D ,  D and A ,  and s o  f o r t h .  

I n  a d d i t i o n  t o  t h e  c o o r d i n a t e s  a t  each  p o i n t  on t h i s  cha r -  
a c t e r i s t i c ,  i n c l u d i n g  t h e  p o i n t  S where i t  i n t e r s e c t s  t h e  shock,  
t h e  magni tudesand  d i r e c t i o n s  of  t h e  v e l o c i t i e s  and M and t h e  
a n g l e s  w, p, and f3 w i l l  be known. The problem now reduces  to 
f i n d i n g  t h e  v e l o c i t y  f i e l d  i n  t h e  r e g i o n  between t h e  c h a r a c t e r i s t i c  
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and the generatrix of the body. 

at the intersection of the body's generatrix and element DB of 
the second-family characteristic. Then, using the velocity found 
for point B and the parameters at point A, which are known from 
the solution of the cone problem, the parameters are calculated 
for point C, which lies at the intersection of element AC of the 
second-family characteristic and element BC of the first-family 
characteristic. During the calculations, the angles B and w are 
determined, and w is used to find M and the angle 1-1; these cal- 
culations can be performed with the aid of Table IV-1-1. Similar 
calculations determine the parameters at all other points of the 
second row, including point N. The subsequent calculation in- 
volves finding the gas variables at the intersection point of 
the characteristic element drawn through point N with the shock. 
Here, the shock inclination at the intersection point must also 
be calculated. In practice, the characteristic is drawn not from 
point M but from point F, which lies between points N and S, in 
order to obtain a better approximation. In this construction of 
the characteristic, that element next to the shock becomes quite 
small. 

The parameters are first calculated at point B, which lies 

The coordinates of point F and 

it (M, w, 1-1, B )  are calculated from 
the known values for points S and N 
by linear interpolation. Equations 
can then be written for element FH 
of the first-family characteristic of 
the physical plane, as well as for 
the element of the corresponding char- 
acteristic of the same family in the 

r the other parameters corresponding to 

0 hodograph plane. 

Figure IX-1-1. Diagram Solving the equation for the 
for Calculation of characteristic in the 5, r-plane 
Flow Around Solid of 
Revolution by the the rectilinear shock generatrix, we 
Method of Characteris- find the coordinate of point H in 
tics. first approximation. To determine 

simultaneously with the equation of 

the velocity at this point, it is neces- 
sary to consider the conditions on the 

shock as well as the conditions on the characteristic, since point 
H is also on the shock surface. Characteristic FH, which extends 
to the shock, is by nature an expansion wave that arises on the 
surface of the body. On encountering the compression shock, this 
wave decreases in intensity and, consequently, in its inclination, 
the angle of which must be determined. 

t o r  inclination angle BH,  which is determined by the increment 
One of the unknown parameters at point H is the velocity vec- 

139 3 
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I 

A B F  i n  t h e  angle  B a long  element FH : B H  = A B F  + B F .  
sume t h a t  t h e  angle  B changes by A B ,  a long  shock element SH. 

L e t  us as- 
An 

- 

increment i n  M e q u a l  to AM = (dM/dB)@ A B F  w i l l  correspond to 
@F F 

t h i s  change. 

I f  w e  assume t h a t  t h e  flow d e f l e c t i o n  behind t h e  shock a t  
p o i n t  S i s  t h e  same a s  a t  F, i . e . ,  t h a t  i t  i s  determined by  t h e  
ang le  B,, we can c a l c u l a t e  t h e  cor responcing  MS from t h i s  d e f l e c -  
t i o n  and then  f i n d  M a t  H i n  f i r s t  approximation: 

The d e r i v a t i v e  (dM/dB) t ha t  appears  i n  ( I X - 1 - 2 )  can be 
8, 

c a l c u l a t e d  by  compression-shock theo ry ,  us ing  t h e  formula 

The two d e r i v a t i v e s  i n  t h e  r i g h t  s i d e  of t h i s  expres s ion  a r e  
i n  t u r n  determined by  t h e  formulas 

Then t h e  change i n  M on passage a long  t h e  c h a r a c t e r i s t i c  
from p o i n t  F to p o i n t  H ,  i . e . ,  AMF = MH - MF, i s  determined. For 
t h i s  purpose,  Expression ( I X - 1 - 2 )  i s  s u b s t i t u t e d  i n  t h e  above f o r  
M H ,  wi th  t h e  r e s u l t  

Pass ing  from M to t h e  ang le  w ,  we o b t a i n  /39 4 

( I X - 1 - 7  ) 

where 
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dUJ d N  
4 . g ( ~ r ) - - ,  4 ( I X - 1 - 8 )  - ..- : 

and t h e  func t ion  g(M) i s  determined i n  t u r n  by  t h e  expres s ion  

clcn r--- k- 1 - i  
g( l l ) . - - -==] i  d.\l w - i [ a r  ( I + + I ~ ) ]  - ( I X - 1 - 9  ) 

Figure  I X - 1 - 2 .  D i s t r i -  
bu t ion  of P res su re  
C o e f f i c i e n t  on Sur- 
f ace  of Pa rabo l i c  
Nose Sec t ion ,  as C a l -  
c u l a t e d  by  t h e  Method 
of C h a r a c t e r i s t i c s .  

cxw 

a 16 

a I4 

0. to 

0.06 

a 02 
I 2  3 4 5 6 M, 

Figure  I X - 1 - 3 .  Wave Drag 
C o e f f i c i e n t s  of  Pa rabo l i c  
Nose Sec t ion  as Ca lcu la t ed  
b y  Method of Charac t e r i s -  
t i c s .  

Re fe r r ing  E q .  (IV-1-26) 
f o r  t h e  f i r s t - f a m i l y  c h a r a c t e r -  
i s t i c  t o  element FH and so lv-  
i n g  i t  s imul taneous ly  w i t h  

(1x-1-6), we f i n d  

( I X - 1 - 1 0  ) 

From A w F ,  w e  can c a l c u l a t e  t h e  ang le  wH a t  p o i n t  H and then  
- 

f i n d  MH and t h e  Mach ang le  1 . 1 ~ .  The ang le  6, = A B ,  + 6, i s  c a l -  
c u l a t e d  f o r  t h e  same p o i n t  and used t o  improve t h e  shock i n c l i n -  
a t i o n  ang le .  It w i l l  be sma l l e r  t han  f o r  t h e  c o n i c a l  shock, and 
t h e  dec rease ,  as we have noted ,  w i l l  be due t o  t h e  d e c l i n e  i n  
shock i n t e n s i t y .  

Terminat ing t h e  c a l c u l a t i o n  f o r  p o i n t  H ,  we proceed w i t h  
c a l c u l a t i o n s  f o r  t h e  next  row of  p o i n t s ,  and so  f o r t h .  The 
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r e s u l t  i s  d e t e r m i n a t i o n  of a v e l o c i t y  ( M )  f i e l d  f o r  f low around a 
s h a r p  s o l i d  o f  r e v o l u t i o n  w i t h  any g e n e r a t r i x  a s s i g n e d  i n  t h e  
form of  a smooth curve .  

O the r  p a r a m e t e r s ,  namely t empera tu re ,  d e n s i t y ,  and p r e s s u r e ,  
can b e  found from t h e  v a l u e s  of M a t  the  i n t e r s e c t i o n s  o f  t h e  
c h a r a c t e r i s t i c s  w i t h  t h e  body's  g e n e r a t r i x .  For  example,  a t  
p o i n t  B 

where T o ,  p , ,  and p ,  are  t h e  pa rame te r s  o f  t h e  i s e n t r o p i c a l l y  
f r o z e n  flow and are  de termined  b y  t h e  formulas  

The c o e f f i c i e n t  v o  = p k / p o ,  which i s  t h e  r a t i o  of  t h e  s t a g -  /395 
n a t i o n  p r e s s u r e s  a f t e r  and b e f o r e  t h e  shock ,  can b e  found by 
(111-4-33) as a f u n c t i o n  of  Mm and t h e  a n g l e  B S  of  t h e  c o n i c a l  
shock a t  t h e  p o i n t .  The a b s o l u t e  va lue  found f o r  t h e  p r e s s u r e  
i s  used t o  c a l c u l a t e  t he  p r e s s u r e  c o e f f i c i e n t  pB = (l/kM:)[(pB/ 
/po)(p, , /pm) - 11. The p r e s s u r e - c o e f f i c i e n t  d i s t r i b u t i o n  ca l cu -  
l a t e d  by  t h e  method of  c h a r a c t e r i s t i c s  f o r  a p a r a b o l i c  s o l i d  o f  
r e v o l u t i o n  w i t h  a s l e n d e r n e s s  r a t i o  Amid = 3.8 f o r  Mm = 2 ,  3, and 
3.92 i s  shown i n  F i g .  IX-1-2. F i g u r e  IX-1-3 p r e s e n t s  data on t h e  
wave-drag c o e f f i c i e n t  o b t a i n e d  from t h e  known p r e s s u r e  d i s t r i b u -  
t i o n  around bod ies  of t h e  same p a r a b o l i c  shape ( a f t e r  F r a n k l ' ) .  

R o t a t i o n a l  f l o w .  With i n c r e a s i n g  Mm of  s u p e r s o n i c  f low,  t h e  
i n t e n s i t y  of  t h e  curved shock i n  f r o n t  of a s o l i d  of  r e v o l u t i o n  
i n c r e a s e s  t o  t h e  e x t e n t  t h a t  i t  becomes n e c e s s a r y  to t ake  account  
of  t h e  r o t a t i o n a l  n a t u r e  of  t h e  f low.  I n  t h i s  c a s e ,  t h e  equa- 
t i o n  system (IV-l-lg)-(IV-1-22) shou ld  be used f o r  t h e  c h a r a c t e r -  
i s t i c s ,  s i n c e  i t  e n a b l e s  us  to s o l v e  d i f f e r e n t i a l  e q u a t i o n  
(111-2-35) numer ica l ly  f o r  t h e  stream f u n c t i o n  and t h u s  to c a l -  
c u l a t e  t h e  r o t a t i o n a l  f low i n  t h e  zone between t h e  shock and t h e  
s o l i d  of  r e v o l u t i o n .  

I n  t h e  example of  f low around a s o l i d  o f  r e v o l u t i o n  w i t h  a 
c o n i c a l  e lement  (see F i g .  I X - 1 - l ) ,  r o t a t i o n a l  f low w i l l  be ob- 
s e r v e d  behind  t h e  shock beg inn ing  a t  a p o i n t  S a t  t h e  end o f  i t s  
c o n i c a l  segment.  The lower boundary o f  t h e  v o r t i c a l  r e g i o n  co in-  
c i d e s  w i t h  t h e  second-family c h a r a c t e r i s t i c  S G  emanat ing from t h e  
same p o i n t .  The f low on t h e  segment bounded by  t h i s  c h a r a c t e r i s -  
t i c  and t h e  c o n i c a l  shock w i l l  b e  p o t e n t i a l .  Consequent ly ,  the  
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v e l o c i t y  f i e l d  i s  c a l c u l a t e d  here by t h e  method o f  c h a r a c t e r i s -  
t i c s  f o r  p o t e n t i a l  f low.  

I n  t he  zone above curve  S G ,  i t  i s  n e c e s s a r y  t o  proceed  from 
t h e  t h e o r y  o f  c h a r a c t e r i s t i c s  as i t  a p p l i e s  t o  v o r t i c a l  motion.  
A s  an  example,  l e t  us c a l c u l a t e  t h e  v e l o c i t y  a t  p o i n t  H (see F i g .  
I X - 1 - 1 1 ,  which l i e s  on t h e  c u r v i l i n e a r  branch  ' o f  t h e  compression 
shock.  

We must f i r s t  f i n d  (l /pL)Api/An, which takes accoun t  o f  t h e  
change i n  s t a g n a t i o n  p r e s s u r e  on passage  from p o i n t  F t o  p o i n t  H ,  
assuming t h a t  t h i s  change w i l l  be  t h e  same as a l o n g  t h e  curved 
shock segment S H .  Here t h e  s t a g n a t i o n  p r e s s u r e  p '  a t  p o i n t  S 

w i l l  b e  de te rmined  w i t h  (111-4-33) from the  v a l u e s  o f  Moo and t h e  
conica l - shock  a n g l e .  

OS 

Assuming f u r t h e r  t h a t  t h e  d e v i a t i o n  o f  t h e  f low behind  t h e  
compression shock a t  p o i n t  H i s  e q u a l  t o  t h e  v e l o c i t y  v e c t o r  i n -  
c l i n a t i o n  a t  p o i n t  F, w e  f i n d  t h e  shock i n c l i n a t i o n  a n g l e  8 

and t h e n  compute t h e  s t a g n a t i o n  p r e s s u r e  p i H .  

a c t e r i s t i c  between p o i n t  F and H :  

sH 

We now de te rmine  t h e  d i s t a n c e  a l o n g  the  normal to t h e  char -  

( I X - 1 - 1 4 )  

and t h e  s t a g n a t i o n - p r e s s u r e  change on t h i s  segment:  

S i n c e  p o i n t  H l i e s  on t h e  compression shock,  Cond i t ion  
(IX-1-6) on t h e  shock must b e  c o n s i d e r e d  a l o n g  w i t h  t h e  e q u a t i o n  
f o r  t h e  f i r s t - f a m i l y  c h a r a c t e r i s t i c s  i n  o r d e r  t o  f i n d  t h e  flow 
v a r i a b l e s  i n  t h e  compression shock.  Thus, t o  f i n d  t h e  a n g l e  i n -  
crement A B F ,  w e  a r r i v e  a t  an  e x p r e s s i o n  s imilar  t o  ( I X - 1 - 1 0 ) ,  
d i f f e r i n g  from i t  i n  having  a term governed by t h e  v o r t e x  e f f e c t :  

1396 F' Then, u s i n g  ( I X - 1 - 1 1 ) ,  w e  can  c a l c u l a t e  t h e  increment  Au 
t h e  a n g l e  uH, and MH. 
+ B,, w e  f i n d  t h e  shock i n c l i n a t i o n  a n g l e  esH a t  p o i n t  H from t h e  

Having t h e n  de termined  t h e  a n g l e  f3, = A B F  + 
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values  of t h i s  angle  and MH. 
p r e s s u r e  r a t i o  f o r  t h i s  p o i n t .  

We can then  improve t h e  s t agna t ion -  

F igure  I X - 1 - 4 .  P re s su re  
D i s t r i b u t i o n  Around S o l i d s  
o f  Revolut ion w i t h  Para- 
b o l i c  Nose Sec t ion  ( a  = 0 ) .  
1) w i t h  c o n s i d e r a t i o n  of  
v o r t i c a l  motion behind 
shock; 2)  f o r  p o t e n t i a l  
motion behind shock. 

We then  pass  t o  c a l c u l a t i o n  
of t h e  parameters a t  t h e  next 
p o i n t  I ( s e e  F ig .  I X - 1 - 1 ) ;  t h i s  
i s  done i n  t h e  same way as f o r  
p o i n t  C o f  the  e a r l i e r  example 
( s e e  F ig .  IV-1-5). The r e l a t i o n -  
s h i p s  given i n  t h i s  example w i l l  
b e  v a l i d  i f  they  are converted 
from t h e  nomenclature f o r  p o i n t s  
A ,  B, and C t o  the  corresponding 
nomenclature f o r p o i n t s H ,  N, and I. 

Thus, t h e  coord ina te s  o f  
p o i n t s  H ,  I ,  ..., L of  t h e  second- 
f a m i l y  c h a r a c t e r i s t i c  a r e  d e t e r -  
mined s t e p  by s t e p ,  a long  w i t h  
t h e  gasdynamic v a r i a b l e s  a t  t h e s e  
p o i n t s .  The v e l o c i t y  and o t h e r  
v a r i a b l e s  a t  p o i n t  R on t h e  con- 
t o u r  of t h e  body can be determined 
from t h e  va lues  found f o r  p o i n t  L.  
Here, t h e  geomet r i ca l  c o o r d i n a t e s  
of t h e  former p o i n t  are c a l c u l a t e d  
by s imultaneous s o l u t i o n  of t h e  
equa t ions  of  t h e  body's g e n e r a t r i x  
and t h e  l i n e  drawn through p o i n t  L 
a t  an ang le  BL - pL. 
t h e  known parameters  i s  t h e  v e l o c i t y  
v e c t o r  i n c l i n a t i o n  ang le  a t  p o i n t  R ,  

Also amQng 

where i t  i s  equa l  t o  t h e  i n c l i n a t i o n  ang le  of  t h e  tangent  t o  t h e  
contour .  F u r t h e r ,  w e  know t h e  s t a g n a t i o n  p r e s s u r e  p '  which w i l l  
be  t h e  same as a t  p o i n t s  K ,  B ,  ..., G ,  which belong t o  t h e  same 
s t r e a m l i n e .  We can t h e r e f o r e  f i n d  t h e  change i n  s t a g n a t i o n  pres -  
s u r e  a long c h a r a c t e r i s t i c  LR: 

OR' 

W e  then  apply t h e  equat ion  of  t h e  second-family c h a r a c t e r i s -  
t i c  t o  f i n d  

(IX-1718) 
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S i n c e  t h e  increment  A B ,  i n  t h i s  e x p r e s s i o n  i s  assumed t o  be 

known and e q u a l  to A B ,  = B, - B,, w e  can c a l c u l a t e  t h e  d i f f e r e n c e  
Aw,, t h e  a n g l e  wR = A w  
p r e s s u r e  and o t h e r  pa rame te r s  w i t h  c o n s i d e r a t i o n  o f  t h e  r o t a t i o n a l  
n a t u r e  of  the  f low.  

+ wL a t  p o i n t  R ,  and M,, as w e l l  as t h e  L 

A s  w e  have n o t e d ,  t h i s  e f f e c t  i s  s u b s t a n t i a l  a t  h i g h  ve lo -  
c i t i e s .  C a l c u l a t i o n s  have shown t h a t ,  f o r  example,  f o r  a pa ra -  
b o l i c  nose w i t h  a s l e n d e r n e s s  r a t i o  Amid = 5 a t  t he  v a l u e  K, = 

= 1 f o r  which Moo = 5 ,  t h e  wave d r a g  i n c r e a s e d  by only  
5% ove r  i t s  v a l u e  i n  p o t e n t i a l  f low as a r e s u l t  o f  t he  v o r t e x  ef-  
f e c t .  A t  the  same t i m e ,  i t  i n c r e a s e d  by more t h a n  25% a t  K,  = 4 
( M m  = 2 0 ) .  The e f f e c t  of  i n c r e a s i n g  d r a g  i s  e x p l a i n e d  from t h e  
p h y s i c a l  s t a n d p o i n t  by t h e  f a c t  t ha t  more o f  t h e  f l o w ' s  k i n e t i c  
energy i s  expended i r r e v e r s i b l y  on f o r m a t i o n  o f  the  v o r t i c e s .  

- - M m / A m i d  

F i g u r e  I X - 1 - 4  shows the p r e s s u r e  d i s t r i b u t i o n s  found by t h e  
method o f  c h a r a c t e r i s t i c s  f o r  two b o d i e s  w i t h  p a r a b o l i c  nose s e c -  

- - M m / A m i d  = 2 .  
f low can  b e  s e e n  i n  t h e  diagram. Th i s  must be t a k e n  i n t o  ac-  
count  i n  p r a c t i c a l  cases beg inn ing  a t  about  K ,  = 1.2-1.5.  F o r  
smaller v a l u e s  o f  t h i s  pa rame te r ,  t h e  v o r t e x  e f f e c t  can b e  d i s -  
regarded. 

t i o n s  w i t h  t h e  c o n d i t i o n  t h a t  t h e  pa rame te r  K = Moo t a n  B o  = 1397  
The r i s e  i n  p r e s s u r e  ove r  thak of  t h e  p o t e n t i a l  

F i g u r e  IX-1-5. P r e s s u r e  D i s t r i b u t i o n  ove r  S u r f a c e s  
o f  P a r a b o l i c  S o l i d s  o f  Revo lu t ion .  

The diagram o f  F i g .  I X - 1 - 4  conf i rms  t h e  e f f e c t  o f  t h e  s i m i -  
l a r i t y  l a w  w i t h  r e s p e c t  t o  pa rame te r  K ,  n o t  on ly  f o r  cones ,  b u t  
a l s o  f o r  a f f i n e l y  s imi la r  s o l i d s  of  r e v o l u t i o n  w i t h  c u r v i l i n e a r  
g e n e r a t r i c e s ,  such as b o d i e s  o f  p a r a b o l i c  shape .  We see tha t  
t h e  f lows  around two d i f f e r e n t  bod ie s  w i t h  t h e  same K ,  are char -  
a c t e r i z e d  by t h e  same p r e s s u r e - f u n c t i o n  cu rve .  
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F i g u r e  I X - 1 - 6 .  Range 
o f  A p p l i c a t i o n  of  
S i m i l a r i t y  Law f o r  
O g i v a l  Bodies (SimL- 
l a r i t y  i s  Doubt fu l  
i n  t h e  Shaded R e -  
g i o n ) .  

The r a n g e  of  a p p l i c a t i o n  
of t h e  s i m i l a r i t y  l a w  can  b e  
broadened by u s i n g  exper iment -  
a l  or t h e o r e t i c a l  da ta  f o r  
v a r i o u s  K , .  By way of  . i l l u -  
s t y a t i o n ,  F i g .  I X - 1 - 5  shows 
such  data as o b t a i n e d  by t h e  
method of  c h a r a c t e r i s t i c s  f o r  
s l e n d e r  c y l i n d r i c a l  b o d i e s  
w i t h  p a r a b o l i c  nose  s e c t i o n s  
f o r  K, = 1 and 0 . 5 .  

There i s  a l i m i t i n g  v a l u e  

F i g u r e  X I - 1 - 7 .  Diagrams f o r  
D e t e r m i n a t i o n  o f  P r e s s u r e  
on S u r f a c e s  o f  Bodies w i t h  
O g i v a l  Nose S e c t i o n s .  a )  
f o r  nose  s e c t i o n ;  b )  f o r  
c y l i n d r i c a l  s e c t i o n .  

/398 

o f  K ,  below which t h e  s i m i l a r i t y  
l a w  f o r  t h e  c u r v i l i n e a r - n o s e  does  n b t  a p p l y .  
t a b l i s h e d  from a n a l y s i s  of  t h e  p o s s i b l e  u s e  of t h e  s i m i l a r i t y  
l a w  f o r  a c o n i c a l  p o i n t  ( F i g .  I X - 1 - 6 ) .  

T h i s  v a l u e  i s  es- 

I n  a c c o r d a n c e  w i t h  t h e  l i m i t s  o f  a p p l i c a b i l i t y  of  t h e  s i m i -  
l a r i t y  l a w ,  which are e s t a b l i s h e d  by  t h e  diagram i n  F i g .  IX-1-6, 
c a l c u l a t i o n s  were c a r r i e d  o u t  by t h e  method o f  c h a r a c t e r i s t i c s  
t o  d e t e r m i n e  t h e  p r e s s u r e  d i s t r i b u t i o n s  a b o u t  s l e n d e r  c y l i n d r i -  
c a l  s o l i d s  o f  r e v o l u t i o n  w i t h  p a r a b o l i c  ( o r  o g i v a l )  nose  s e c t i o n s .  
The r e s u l t s  o f  t h e s e  c a l c u l a t i o n s  are p r e s e n t e d  i n  g e n e r a l i z e d  
form i n  F i g .  I X - 1 - 7 .  

The wave d r a g  c o e f f i c i e n t  can b e  o b t a i n e d  by i n t e g r a t i n g  t h e  
p r e s s u r e  o v e r  t h e  s u r f a c e .  A s  a r e s u l t  o f  r e d u c t i o n  of  data t h a t  
were o b t a i n e d  by t h e  method o f  c h a r a c t e r i s t i c s  and improved 
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e x p e r i m e n t a l l y ,  t h e  f o l l o w i n g  r e l a t i o n s h i p  was found f o r  t h e  wave 
d r a g  c o e f f i c i e n t  of o g i v a l  nose  s e c t i o n s  w i t h  s e m i v e r t e x  a n g l e s  
loo - < 6 -<45O a t  Moo i n  t h e  r a n g e  1 . 5  - < Ma - < 3.5 :  

(IX-1-19 ) 

where pc i s  the  p r e s s u r e  c o e f f i c i e n t  a t  t h e  cone v e r t e x  and Amid 
i s  t h e  s l e n d e r n e s s  r a t i o  of  t h e  s o l i d  o f  r e v o l u t i o n  as de termined  
by  (11-1-2)  o r  from the  e x p r e s s i o n  Amid = 1 / [ 2  t a n  ( 0 . 5 6 , ) ] .  

P ressure  on  c y l i n d r i c a l  s e c t i o n  a t  very high f l o w  ve loc i -  
t i e s .  The method o f  c h a r a c t e r i s t i c s  was used t o  c a l c u l a t e  t h e  
f low p a s t  c y l i n d r i c a l  s u r f a c e s  o f  b o d i e s  w i t h  o g i v a l  and c o n i c a l  
nose  s e c t i o n s  f o r  v e l o c i t i e s  c o r r e s p o n d i n g  t o  Moo = 20.  The re -  
s u l t s  i n d i c a t e  t ha t  t h e  c o n i c a l  head produces  l a r g e r  changes i n  
t h e  p r e s s u r e  on t h e  c y l i n d e r .  

R e s u l t s  o b t a i n e d  by t h e  f o l l o w i n g  e m p i r i c a l  f o r m u l a  are i n  
good agreement  w i t h  p r e s s u r e s  c a l c u l a t e d  by t h e  method o f  c h a r -  
a c t e r i s t i c s :  

( IX-1-20)  

where cx 
d i s t a n c e  measured from t h e  p o i n t  a t  which t h e  nose s e c t i o n  meets 
t h e  c y l i n d e r .  

i s  t h e  d r a g  c o e f f i c i e n t  of  t h e  nose s e c t i o n  and x - i s  

The  compression-shock g e n e r a t r i x  i s  approximated  s a t i s f a c -  
t o r i l y  b y  

(IX-1-21)  

R e l a t i o n s h i p s  ( IX-1-20)  and (IX-1-21)  are v a l i d  f o r  0 . 4  < -  
< 4 and x > 4dmid. < ' m i d  

The " l o c a l  cone" method. The r e s u l t s  of  f low c a l c u l a t i o n  
by t h e  method o f  c h a r a c t e r i s t i c s  are  to a c e r t a i n  e x t e n t  s t a n -  
dard and a re  used as a c r i t e r i o n  i n  e v a l u a t i n g  data o b t a i n e d  by 
t h e  v a r i o u s  approximate  methods.  A comparison shows t h a t  t h e  
" loca l -cone"  ( o r  " t a n g e n t i a l - c o n e " )  method (see SIV-7) g i v e s  
r e s u l t s  t ha t  come e s p e c i a l l y  c l o s e  t o  t h e  method o f  c h a r a c t e r i s -  
t i c s  i n  c a l c u l a t i o n  o f  f lows  around s h a r p  s o l i d s  o f  r e v o l u t i o n  
w i t h  unbroken g e n e r a t r i c e s .  
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The satisfactory agreement of the results indicates that 
the "local-cone" method makes it possible, in some degree, to 
take the vortex effect that occurs behind a curvilinear shock 
wave into consideration. 

If the "equal-pressure" hypothesis is used in the "local- 
cone" method, the pressure at a given point of the generatrix is 

equal to the inclination angle of the tangent. With the "equal- 
velocity" hypothesis, the pressure shouId be calculated by For- 
mula (IV-7-17) and the pressure coefficient from (IV-7-18). 

determined as the pressure on a cone with a semi-vertex angle /399 

Curves characterizing the 
variation of the coefficient p 
as a function of tan BP and tan f3 
are shown for the two values M, = 
= 2 and 5 in Figs. IX-1-8 and 
IX-1-9. Knowing the distribution 
of the pressure we can deter- V' 
mine the corresponding wave drag 
coefficient ex w.v. At the same 
time, its value can be calculated 
in approximation by using (IV-7-18) 
which relates the coefficients pv 
and with one another. The cor- 
responding working relationship 
is obtained by application of 
(1-3-14) and (IV-7-18): 

V 

P 

Figure IX-1-8. Diagram of 1 

Pressure Distribution about 
a Solid of Revolution as 
Constructed on the Basis 

] F&, (IX-1-22) 

of the "Equal-Pressures'' 
and "Equal-Velocities" 
Hypotheses (M, = 2). 

where r = r/r bse' 
This formula determines the 

drag coefficient referred to the 
base-section area of the secant 

body with radius rbse, which may differ from the radius of the 
midships section of the tangent nose section. Formula (IX-1-22) 
can b e  simplified if we consider cases of flow in which the func- 
tion u varies little along the solid of-revolution. With this 
condition, it becomes possible to take v and v - 1 o u t  from under 
the integral sign as the corresponding average values, and For- 
mula (IX-1-22) becomes 



i s  t h e  d rag  c o e f f i c i e n t  r e f e r r e d  t o  t h e  base-sec t ion  x w.p where c '  
a r e a  mbse and c a l c u l a t e d  on t h e  equal -pressure  hypo thes i s .  
c o e f f i c i e n t  i s  determined by (1-3-14), i n  which we must s e t  = 

T h i s  - 
pP 

C a l c u l a t i o n s  by  (IX-1-23) a r e  made up t o  va lues  of  7 i n  t h e  
i n t e r v a l  0 . 8  < < 1. I f  t h i s  c o n d i t i o n  i s  no t  s a t i s f i e d ,  i t  i s  
necessary  t o  use Ehe g e n e r a l  formula ( I X - 1 - 2 2 ) .  I n  t h i s  ca se ,  
however, t h e  c a l c u l a t i o n  can also be s i m p l i f i e d .  S t u d i e s  have 
shown t h a t  t h e  d i s t r i b u t i o n  of t h e  f u n c t i o n  7 a long  a p a r a b o l i c  
or o g i v a l  nose s e c t i o n  can be approximated b y  t he  equa t ion  

where x = x/xmid. 

It has a l s o  been e s t a b l i s h e d  t h a t  t h e  p r e s s u r e  c o e f f i c i e n t  5 
can be e s t ima ted  from t h e  expres s ion  = p c ( l - F ) 1 - 4 7  , where pc 
i s  t h e  p r e s s u r e  c o e f f i c i e n t  a t  t h e  t i p  of t h e  s o l i d  of  r e v o l u t i o n .  /400 
With t h e s e  approximate r e l a t i o n s h i p s ,  Formula ( IX-1-22)  becomes 
a f t e r  c a l c u l a t i o n  of  t h e  i n t e g r a l  

- - P  
P 

i- 

( IX-1-25) 

b s e"mid where Fbse = r  

t h i s  formula becomes m i d '  For a nose s e c t i o n  w i t h  rbse = r  

r e f e r  t o  t h e  a r e a  x w.p Here t h e  c o e f f i c i e n t s  cx w . v  and c miid. 
For a p a r a b o l i c  nose s e c t i o n ,  t h e  c o e f f i c i e n t  

- 
Cxw.p. =r O.425pc. ( IX-1- 2 7 ) 

I f  i t s  va lue  i s  r e f e r r e d  t o  t h e  area mise of some a r b i t r a r y  
c r o s s  s e c t i o n ,  t hen  
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Comparison w i t h  t h e  
method of c h a r a c t e r i s t i c s  and 
expe r imen ta l  d a t a  i n d i c a t e s  
t h a t  Formula (IX-1-26) can  b e  
used f o r  Mm i n  t h e  r ange  2 < 
< Mm 5 (6 -7 )  and t h e  s l e n d e r -  
n e s s  r a t i o s  s a t i s f y i n g  t h e  i n -  

< ( 2 - 2 . 2 ) .  These 
are t h e  s l e n d e r n e s s  r a t i o s  o f  
r a the r  t h i c k  s o l i d s  o f  r e v o l u -  
t i o n .  Formula (IX-1-27) g i v e s  
r e s u l t s  on t h e  h i g h  s i d e  f o r  
t h e s e  c o n d i t i o n s .  Fo r  example,  
f o r  a p a r a b o l i c  head w i t h  t h e  

e q u a l i t y  Amid - 

s l e n d e r n e s s  r a t i o  Amid = 2 ,  
F igu re  IX-1-9. Diagram o f  P r e s -  
s u r e  D i s t r i b u t i o n  Around a t h e  cx  c a l c u l a t e d  by t h i s  f o r -  
S o l i d  of Revolu t ion  as Con- 
s t r u c t e d  on t h e  "Equal P r e s -  
s u r e s "  and "Equal V e l o c i t i e s "  c h a r a c t e r i s t i c s .  Formula 
Hypotheses (M, = 5 ) .  

mula f o r  M, = 2 i s  a lmost  t w i c e  
t h a t  o b t a i n e d  b y  t h e  method o f  

(IX-1-27) g i v e s  more sat is-  /401 
f a c t o r y  r e s u l t s  by s u b s t i t u -  
t i n g  t h e  pa rame te r  dependent  

on Mol f o r  the  numer i ca l  c o e f f i c i e n t  0 .415 .  The co r re spond ing  ex- 
p r e s s i o n  f o r  t h e  wave d r a g  c o e f f i c i e n t  i s  

(IX-1-29 ) 

and i s  a p p l i c a b l e  f o r  s l e n d e r n e s s  r a t i o s  Amid - > 2 . 5  and t h e  range  
1 . 5  f. M, 5 6 .  

SIX-2. THE NET-POINT METHOD 

Experiment and t h e o r y  i n d i c a t e  t h a t  i t  i s  n e c e s s a r y  t o  t ake  
account  no t  on ly  o f  t h e  v o r t i c a l  n a t u r e  of  t h e  flow a t  h i g h  M,, 
b u t  a l s o  such  f a c t o r s  as t h e  boundary l a y e r  and t h e  v a r i o u s  e f -  
f e c t s  observed  i n  i t  ( c o m p r e s s i b i l i t y ,  d i s s o c i a t i o n ,  heat t r a n s -  
f e r  between t h e  w a l l  and t h e  g a s ) .  V i b r a t i o n a l  e x c i t a t i o n  and 
a i r  d i s s o c i a t i o n ,  which may occur  a t  very  h i g h  flow v e l o c i t i e s  
owing t o  t h e  s u b s t a n t i a l  t empera tu re  r i s e  i n  t h e  i n v i s c i d  f low 
r e g i o n  between t h e  shock wave and t h e  s u r f a c e  of  t h e  body, are 
a l s o  o f  s u b s t a n t i a l  i n f l u e n c e .  
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I 

T h i s  r e g i o n  can  be c a l c u l a t e d  by t h e  method of c h a r a c t e r i s -  
t i c s  when t h e  g a s  undergoes p h y s i c o c h e m i c a l  changes.  The equa- 
t i o n  sys tem (IV-1-29)-(IV-1-32) f o r  t h e  c h a r a c t e r i s t i c s ,  w r i t t e n  
i n  f i n i t e  d i f f e r e n c e s ,  s h o u l d  b e  used .  The fundamenta l  scheme 
of t h e  c a l c u l a t i o n  i s  t h e  same as f o r  a f low w i t h  c o n s t a n t  h e a t  
c a p a c i t i e s .  There  w i l l  b e  a d i f f e r e n c e  i n  t h e  c a l c u l a t i o n s  o f  
t h e  c o n i c a l  f low around t h e  t i p  and i n  d e t e r m i n a t i o n  of t h e  g a s  
v a r i a b l e s  i n  t h e  r e s t  of t h e  f low,  which must be performed w i t h  
c o n s i d e r a t i o n  o f  d i s s o c i a t i o n  and i o n i z a t i o n  o f  t h e  g a s .  Tab le s  
o r  diagrams of t h e  e q u i l i b r i u m  thermodynamic f u n c t i o n s  o f  a i r  a t  
h i g h  t e m p e r a t u r e s  may be used .  

I n  Reference  [ 4 ] ,  t h e  d i f f e r e n c e  method known as t h e  ne t -  
p o i n t  method w a s  used to c a l c u l a t e  f l o w  around b o d i e s  w i t h  con- 
s i d e r a t i o n  o f  e q u i l i b r i u m  chemica l  r e a c t i o n s  between t h e  compo- 
n e n t s  o f  a i r  and i o n i z a t i o n  r e a c t i o n s ;  w i t h  i t ,  t h e  o r d i n a r y  equa- 
t i o n s  o f  gasdynamics and t h e  e q u a t i o n s  of chemica l  k i n e t i c s  were 
s o l v e d  j o i n t l y .  The f low v a r i a b l e s  and thermodynamic f u n c t i o n s  
were de termined  f o r  d i s s o c i a t i n g  and i o n i z i n g  a i r  whose o r i g i n a l  
composi t ion  by volume was p l a c e d  a t  78 .08% n i t r o g e n ,  20.95% oxy- 
gen ,  and 0 . 9 7 %  a r g o n .  L e t  us examine c e r t a i n  r e s u l t s  o f  t h e s e  
c a l c u l a t i o n s .  

Axisymmetric f l o w .  The s o l i d s  of  r e v o l u t i o n  f o r  which t h e  
c a l c u l a t i o n s  were made had a nose  cone t h a t  m e t  t h e  b a s i c  cone 
o r  c y l i n d e r  on a f o u r t h - o r d e r  c u r v e .  The c a l c u l a t e d  r e s u l t s  g i v e n  
i n  t h e  t ab les  (see Appendix No. 1) and diagrams were o b t a i n e d  f o r  
M, = 15 ang220,  a t e m p e r a t u r e  T, = 250°K, and a p r e s s u r e  p, = 
= 0.292*10 a t m  ( 0 . 2 8 6 4 0 1 0 ~  N / m 2 ) .  For  M, = 1 5  t h e  v a l u e  a* = 
= 1962 m / s ,  p a n 2  = 0 . 1 5 6 7  a t m  ( 0 . 1 5 3 7 * 1 0 3  N / m 2 ) ,  and f o r  M = 
= 20-a* = 260T m / s ,  p,aW2 = 0.2759 a t m  (O.2706*lO5 N / m 2 ) .  The 
d e n s i t y  of t h e  oncoming f low was s e t  e q u a l  to p, = 0.412*10-5 g/cm3. 

o f  - x and E ,  are t h e  a x i a l  and r a d i a l  v e l o c i t y  components Vx and Vr 

re fe r red  to a*, t h e  p r e s s u r e  E r e f e r r e d  to p,an2, and t h e  param- 
e t e r  p ,  which i s  t h e  r a t i o  o f  t h e  d e n s i t y  t o  p,. The v a l u e  x = 1 
c o r r e s p o n d s  to t h e  l e n g t h  o f  t h e  nose  cone to t h e  p o i n t  a t  which 
i t  meets t h e  t r a n s i t i o n a l  c u r v e .  Table  IX-2-1 (see Appendix No. 
1) p r e s e n t s  t h e  gasdynamic f u n c t i o n s  o f  f low around a body w i t h  a 
n o s e  cone (8, = 40') and a base cone ( B e  - 20' and 10') a t  MW = 

= 20 and 1 5 .  Table  IX-2-2 (see Appendix No. 1) p r e s e n t s  t h e  re-  
s u l t s  of f low c a l c u l a t i o n  f o r  a body c o n s i s t i n g  o f  a nose  cone 
w i t h  a s e m i v e r t e x  a n g l e  6, 
w i t h  c o n s i d e r a t i o n  of  e q u i l i b r i u m  chemica l  r e a c t i o n s ,  and w i t h  
k = 1 . 4 .  The s t u d i e s  i n d i c a t e  t h a t  downstream, t h e  l a y e r  o f  h i g h  
f u n c t i o n  g r a d i e n t s  becomes t h i c k e r  and i s  "squeezed" d i r e c t l y  
a g a i n s t  t h e  w a l l ,  w h i l e  t h e  f low r e g i o n s  of  c o n i c a l  n a t u r e  be- 
come l a r g e r .  A t  a n o s e  d i s t a n c e  o f  t h e  o r d e r  of  x = 2 0 - 3 0 ,  t h e  
gasdynamic f u n c t i o n s  f o r  5 = 0 . 0 5  are c l o s e  to t h e i r  va lues  i n  t h e  
c o n i c a l  f low.  

The  gasdynamic f u n c t i o n s ,  which a r e  g i v e n  f o r  c e r t a i n  v a l u e s  

/ 4 0 2  

= 40' f i t t e d  to a c y l i n d e r  a t  M, = 20, 
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Figure  I X - 2 - 1 .  V a r i a t i o n  o f  P r e s s u r e  on S u r f a c e  
of Body ( S o l i d  L i n e s )  and on S u r f a c e  o f  Shock 
Wave (Dashed L i n e s ) .  

F i g u r e  I X - 2 - 2 .  V a r i a t i o n  o f  
Temperature on S u r f a c e  o f  Body 
( S o l i d  L i n e s )  and on S u r f a c e  
of Shock Wave (Dashed L i n e s ) .  

I n  t h e  r e g i o n  o f  r a p i d  
f low expans ion ,  t h e  i n f l u -  
ence  o f  e q u i l i b r i u m  chemica l  
r e a c t i o n s  i s  f e l t  most s t r o n g l y  
i n  t h e  d e n s i t y  and p r e s s u r e .  

U nsymme t r i  c a  1 f 1 ow. 
T a b l e  I X - 2 - 3  (see Appendix 
No. 1) p r e s e n t s  t h e  r e s u l t s  
o f  a c a l c u l a t i o n  of t h e  var -  
i a b l e s  V x ,  Vr ,  Vg, p and p 

f o r  a = 5 O  and M, = 20 f o r  a 
body c o n s i s t i n g  of a nose 
cone w i t h  a semive r t ex  a n g l e  
of  4 6 . 9 O  and a c y l i n d r i c a l  
t a i l .  The v a l u e s  o f  Vx, Vr ,  

Vg  are re fer red  to a*, 
pmag2, and p t o  t he  f ree-  
stream d e n s i t y  p,. 

to 

The gasdynamic f u n s t i o n s  
are  g iven  f o r  a s e r i e s  o f  v a l u e s  of  9- = ( n / 2 )  - A ,  E ,  and 5. 
x-coord ina te  i s  d imens ion le s s  and r e fe r r ed  t o  t h e  nose-cone l e n g t h ,  
z h i l e  t h e  v a r i a b l e  5 i s  de termined  from t h e  e x p r e s s i o n  

The 
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where @ = @(x,S) i s  a c e r t a i n  f u n c t i o n  whose va lues  are g iven  i n  
Table IX-2-4 ( see  Appendix No. 1). 

.-. 
From t h e  data of t h i s  t a b l e ,  we can convert  from t h e  5 - 

coord ina te  t o  5 f o r  1.4 - < x - < 2.4 by t h e  formula 

.-. 
For x < 1 . 4  and x > 2 . 4 ,  t h e  value of 5 = 5. 

Figures  IX-2-1 and IX-2-2 p r e s e n t  diagrams cons t ruc t ed  from 
t h e  r e s u l t s  o f  c a l c u l a t i o n  o f  t h e  a i r  p r e s s u r e  and temperature  w i t h  

f o r  a body c o n s i s t i n g  of two cones ( t h e  forward cone i s  s h a r p ) .  
A very s t r o n g  v a r i a t i o n  of  p r e s s u r e  and d e n s i t y  occurs  on t h e  
segment from x = 1 t o  x = 2, e s p e c i a l l y  on t h e  s u r f a c e  of the  
body ( 5  = 0 ) .  The changes a r e  a l s o  q u i t e  s u b s t a n t i a l ,  bu t  
smoother, d i r e c t l y  behind t h e  shock wave (5 = 1). A t  t h e  su r -  
f ace  of t h e  body a t  x > 3, t h e  gasdynamic f u n c t i o n s ,  l i k e  t h e  
va lues  o f  t h e  thermodynamic parameters ,  p r a c t i c a l l y  cease t o  de- 
pend on - x .  The same e f f e c t  i s  observed behind t h e  shock wave a t  

c o n s i d e r a t i o n  of t h e  equ i l ib r ium chemical r e a c t i o n s  a t  Ma = 20 1403 

x > 15.  

SIX-3. INFLUENCE OF ATTACK ANGLE ON FRONTAL DRAG 

Experimental  s t u d i e s  have shown t h a t  t h e  f r o n t a l  d rag  coef- 
f i c i e n t s  of  sha rp  s o l i d s  of  r e v o l u t i o n  vary i n  accordance w i t h  
t h e  formula 

c, = c,o (I +a), (1x44) 

i n  which c i s  t h e  f r o n t a l  d rag  c o e f f i c i e n t  a t  ze ro  angle  o f  
a t t a c k ;  x o  

z -- sin3 (a/2); 

E i s  a c e r t a i n  c o e f f i c i e n t  t h a t  depends b a s i c a l l y  on t h e  shape of 
t h e  s o l i d  of r e v o l u t i o n .  

For example, E 2 87 f o r  a sharp-nosed 12.7-mm b u l l e t  i n  t h e  
range 1 . 5  < Ma < 2.2, and E 2 80 f o r  a 20-mm p r o j e c t i l e  i n  t h e  
same Mach-sumber range.  

Re la t ion  (IX-3-1) was confirmed a f t e r  r educ t ion  of t h e  r e -  
s u l t s  of  exper imenta l  f i r i n g s  a t  v e l o c i t i e s  above 450 m / s  and 
va lues  of 0 < z < 0.1 ( 0  < a < 37'). A t  lower speeds ,  i t  was 
found tha t  tire l h e a r  r e l g t i o n  does not  apply and t h e  more 
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g e n e r a l  r e l a t i o n  

cx :-= cx0 (1 -1- aiz -/- a2z2 -+ . . .) (IX-3-2) 

should be used; h e r e ,  depending on flow c o n d i t i o n s ,  i t  i s  neces- / 4 0 4  
s a r y  t o  inc lude  terms i n  t h e  second and even h ighe r  powers of  

The formulas g iven  above f o r  t h e  f r o n t a l - d r a g  c o e f f i c i e n t  
p e r t a i n  t o  t h e  case  of r a t h e r  l a r g e  a t t a c k  ang le s .  I f ,  on t h e  
o t h e r  hand, t h e  a t t a c k  ang le s  a r e  s m a l l  ( o f  t h e  o r d e r  of 0-5'1, 
w e  may s t a r t  approximate c a l c u l a t i o n s  w i t h  Expression (1-2-51, 
which g ives  cx = cR + c N l a l  f o r  small a t t a c k  ang le s .  
mental  and t h e o r e t i c a l  s t u d i e s  have shown t h a t  t h e  a x i a l - f o r c e  
c o e f f i c i e n t  i n  t h i s  formula v a r i e s  i n s i g n i f i c a n t l y  as a f u n c t i o n  
of a t t a c k  ang le .  For example, i t  w a s  e s t a b l i s h e d  b y  wind-tunnel 
t es t s  t h a t  as t h e  a t t a c k  angle  was changed from 0 t o  5O, t h e  
c of  a model i n  t h e  form of  a c y l i n d e r  w i t h  a c o n i c a l  nose r o s e  
by approximately 2-2.5%. I n  f i r s t  approximation,  t h e r e f o r e ,  t h e  
a x i a l - f o r c e  c o e f f i c i e n t  may be assumed cons t an t  and equa l  t o  t h e  
corresponding va lue  cR f o r  ze ro  a t t a c k  ang le .  Then t h e  working 
formula f o r  t h e  drag c o e f f i c i e n t  i s  s i m p l i f i e d :  

Experi-  

R 

0 

According t o  t h i s  formula,  c a l c u l a t i o n  of cX f o r  an unsym- 
m e t r i c a l  flow invo lves  p re l imina ry  c a l c u l a t i o n  of t h e  a x i a l -  
f o r c e  c o e f f i c i e n t  f o r  ci = 0 and of  t h e  normal-force c o e f f i c i e n t  
f o r  t h e  given a t t a c k  ang le .  
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Chapter X 

H Y P E R S O N I C  V E L O C I T I E S  

§X-1. FLOW AROUND SLENDER BODIES AT VERY H I G H  SPEEDS 

The Equat ion System 

Simplification of the equations. S o l u t i o n  of  t h e  hypersonic-  
flow problem f o r  s l e n d e r  s o l i d s  of r e v o l u t i o n  i s  based on s i m -  
p l i f i e d  aerodynamic equa t ions  de r ived  f o r  small v e l o c i t y  d i s t u r -  
bances.  

F igure  X-1-1. P o s i t i o n  
of Compression Shock 
a t  Moderate (1) and 
Very High ( 2 )  Moo. 

t h a t  t h e  th i ckness  o f  t h e  
d i s t a n c e  between t h e  body 

S i m p l i f i c a t i o n  of t h e  equa t ions  
d i f f e r s  s u b s t a n t i a l l y  from l i n e a r i z a -  
t i o n  of t h e  equa t ions  f o r  s m a l l M o o ,  
a l though l i n e a r i z a t i o n  i s  a l s o  brought  
about on t h e  basis of t he  small-dis- 
tu rbance  hypo thes i s .  S ince  t h e  Ma, are 
small, s i m p l i f i c a t i o n  ( l i n e a r i z a t i o n )  
i s  ob ta ined  by  dropping terms conta in-  
i n g  the  f i r s t  and h i g h e r  powers of t h e  
d i s t u r b a n c e s ,  i . e . ,  having t h e  respec-  
t i v e  o r d e r s  T, T', e t c .  ( f o r  example, 
M,T < 1, M:T' << 1). 

t h i s  case  appears  i n  F ig .  X - 1 - 1 .  A 
f e a t u r e  of t h i s  flow l i n e a r i z a t i o n  i s  

body i s  s m a l l  by  comparison wi th  t h e  
and t h e  shock. 

The flow p a t t e r n  corresponding t o  

At very h igh  v e l o c i t i e s ,  on the  o t h e r  hand, t h e  shock comes 
very c l o s e  t o  t he  body (F ig .  X - 1 - 1 1 ,  whose i n f l u e n c e  on t h e  d i s -  
t u rbed  flow i s  s t r o n g e r  t h a n  i n  t h e  l i n e a r i z e d  flow. 

Although t h e  d i s t u r b a n c e s  are s m a l l ,  t h e  product  M,T may be 
of t h e  o r d e r  of u n i t y .  I n  t h i s  c a s e ,  terms i n  t h e  f i r s t  power of 
t h e  d i s tu rbance  may not  be d i s r ega rded  i f  t hey  c o n t a i n  t h e  param- 
e t e r  M*T, s i n c e  they a r e  o f  t h e  same o r d e r  a s  t h e  o t h e r  terms i n  
t h e  equa t ion .  S i m p l i f i c a t i o n  i s  obta ined  b y  dropping terms of 
o rde r  T~ and h ighe r  i f  t h e  sma l l  parameter  T appears  independent ly  
and no t  t o g e t h e r  w i t h  Moo. 

remains non l inea r  and, consequent ly ,  n o n l i n e a r i t y  i s  an e s s e n t i a l  
p rope r ty  of t h e  equat ions  f o r  gas  flows w i t h  l a r g e  Moo. 

D e s p i t e  t h e  s i m p l i f i c a t i o n s ,  t h e  system of flow equa t ions  
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Let us transform the equations of symmetrical steady flow 
([71], No. 3, 1954). For this purpose, we shall introduce the 
dimensionless coordinates 5 and n ,  defined by the conditions 

Since -c <<  1 (by the hypothesis of small thickness of the 
body), r << x, and this corresponds to the conclusion drawn above 
as to the existence of a thin supersonic layer in which all flow 
parameters change at very high flow speeds around the body. Re- 
lations (X-1-1) are affine transformation formulas. 

Similarly, we may write in accordance with the estimates /406 
made earlier of the changes in velocity, pressure, and density 
in conical flow 

- - -  
where 
the actual velocity, pressure, and density depend. 

V n ,  p, p are the new dimensionless variables on which 

Substituting Expressions (X-1-11 
- ( X - l - 3 )  into the equations of 
motion (111-2-5) and continuity 
(111-2-15) for the case of steady 
symmetrical flow, together with 
the entropy-conservation condi- 
tion (111-2-54), and dropping terms 
of the order of -c2 by comparison 
with unity, we obtain 

- .- - 
/ l l '  !?. -!- ._ 1' .. ,)I.',, 1 djl (X-1-4) 
/ I ;  ' '1 d11 ''I] ' 

. sl, . - - - , . . 5 . - 
0: ' O I ]  '1 

_= .. .= - 
_- ,. c) ; -. (); (X-1-51 

- - Figure X-1-2. Illustrat- 
ing Law of "Plane Sec- 
tions. " 1) undisturbed gas 
particles; 2) disturbed 
particles; 3) shock wave; 
4) path of piston; 5) These equations, which form 
path of shock wave; 6) the basis of small-di s t urb ance 
piston. theory, are used in investigating 

isentropic (nonpotential) flow 
around slender solids of revolu- 

tion at hypersonic velocities. 
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Law o f  plane s e c t i o n s .  The e s s e n c e  of  t h i s  l a w  i s  t h a t  a 
body moving a t  very  h i g h  speed causes  only  t r a n s v e r s e  d i s p l a c e -  
ment o f  a i r  p a r t i c l e s .  T h i s  motion o f  t h e  gas  ar ises  when i t  
i s  d i s p l a c e d  b y  a f l a t  c y l i n d r i c a l  p i s t o n .  Consequent ly ,  w e  can 
draw a n  ana logy  between p l a n e  nons teady  motion o f  a gas  beh ind  
an expanding p i s t o n  and s t e a d y  f low around a cone. 

Suppose t h a t  a t  t i m e  t = 0 ,  a p i s t o n  ( F i g .  X-1-2) s t a r t s  i n  
motion i n s t a n t a n e o u s l y  a t  an i n i t i a l  v e l o c i t y  V ,  s e t t i n g  up ahead 
o f  i t s e l f  a p l a n e  c y l i n d r i c a l  shock wave whose f r o n t  advances a t  
v e l o c i t y  D .  The d i s t a n c e s  R = V t  and R = D t  covered by t h e  p i s t o n  
and shock wave, r e s p e c t i v e l y ,  are  r e p r e s e n t e d  i n  t h e  (R; t )  p l a n e  
by a s t r a i g h t  l i n e  to which t h e  g e n e r a t r i c e s  of  t h e  cone and com- 
p r e s s i o n  shock co r re spond  i n  t h e  p h y s i c a l  ( r ,  x )  p l a n e .  Thus, 
nons teady  p l a n e  f low beh ind  a uni formly  expanding  p i s t o n  c o r r e -  
sponds to s t a t i o n a r y  f low around a cone. 

When t h i s  analogy i s  used ,  t h e  p h y s i c a l  c o o r d i n a t e  i s  found 
to b e  similar t o  t h e  t i m e  t. I f  t h e  p i s t o n  expands nonuniformly 
i n  accordance  w i t h  some arEi t rary l a w  R ( t ) ,  t h e  t r a c e s  of  t h e  
p i s t o n  and shock- f ron t  motions are  mapped i n  t h e  ( R ,  t )  p l a n e  by 
cu rves  to which t h e  c u r v i l i n e a r  g e n e r a t r i c e s  of  t h e  s o l i d  of  
r e v o l u t i o n  and t h e  shock w i l l  cor respond i n  t h e  ( r ,  x )  p l a n e  
( F i g .  X - 1 - 2 )  . 

Consequent ly ,  t h e  nons teady  p l a n e  gas  f low beh ind  a non- 
uni formly  expanding  p i s t o n  i s  analogous to s t eady  f low around 
a body w i t h  a c u r v i l i n e a r  g e n e r a t r i x .  T h i s  i s  t he  g e n e r a l i z e d  
l a w  o f  p l a n e  s e c t i o n s ,  which,  as w e  see ,  p roceeds  d i r e c t l y  from 
the  analogy w i t h  p i s t o n  motion.  I n  f low c a l c u l a t i o n  by  t h i s  
l a w ,  t h e  f low v a r i a b l e s  are  o b t a i n e d  a c c u r a t e  to T~ b y  compari- 
son  w i t h  u n i t y .  

The l a w  o f  p l a n e  s e c t i o n s ,  which i s  r e p r e s e n t e d  s c h e m a t i c a l l y  
i n  F i g .  X-1-2, becomes more p a l p a b l e  i f  w e  examine t h e  u n i n v e r t e d  
s y s t e m  c o n s i s t i n g  of  a s t a t i o n a r y  medium and moving body. From 
t h i s  medium, w e  i s o l a t e  a l a y e r  of p a r t i c l e s  i n  a c e r t a i n  s e c t i o n  
p e r p e n d i c u l a r  to t h e  d i r e c t i o n  o f  motion.  Then an  o b s e r v e r  i n  
t h i s  s e c t i o n  w i l l  see t h a t  t h e  body, i n  i t s  motion th rough  t h e  
l a y e r  of  p a r t i c l e s ,  moves them aside,  f o r c i n g  p a r t i c l e  d i s p l a c e -  
ment on ly  i n  t h e  g iven  p l a n e  s e c t i o n .  We can now under s t and  t h a t  
t h e  s u r f a c e  of  t h e  body, which i s  a moving boundary through which 
gas  p a r t i c l e s  cannot  p a s s ,  a c t s  as a p i s t o n .  

I f  t h e  g e n e r a t r i x  o f  t h i s  body i s  a s s i g n e d  w i t h  an  e q u a t i o n  
r = f ( x ) ,  w e  can i n t e r p r e t  t i m e  as t = x/V, to f i n d  t h e  r e l a t i o n  
f o r  t h e  v a r i a t i o n  of  p i s t o n  r a d i u s  i n  t h e  form R = f ( t V C D )  t h a t  
cor responds  t o  t h i s  e q u a t i o n .  D i f f e r e n t i a t i n g  w i t h  r e s p e c t  t o  
- t ,  w e  f i n d  t h e  p i s t o n ' s  expans ion  r a t e  Vr = a R / a t .  

If w e  are concerned w i t h  flow around a cone,  t h e n  r = xBc, 
and,  consequen t ly ,  R = V,f3ct and Vr = dR/dt = VWBC.  T h i s  l a s t  
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e x p r e s s i o n  p e r m i t s  t h e  c o n c l u s i o n  t h a t  t h e  s i m i l a r i t y  l a w  f o r  
f lows  a t  very  h i g h  v e l o c i t i e s  p r o c e e d s  d i r e c t l y  from t h e  l a w  o f  
p l a n e  s e c t i o n s .  

A c t u a l l y ,  t h e  d i s t u r b e d  p a r t i c l e  v e l o c i t y  on t h e  cone s u r -  
f a c e ,  which c o i n c i d e s  i n  t h e  e q u i v a l e n t  p i s t o n  problem w i t h  t h e  
r a t e  o f  p i s t o n  e x p a n s i o n ,  w i l l  be  t h e  same i f  t h e  p r o d u c t  VmBc 
i s  p r e s e r v e d .  Then s t e a d y  f lows around t h e  cone ( o r  t h e  equiva-  
l e n t  nons teady  g a s  mot ions  a t  a f l a t  c y l i n d r i c a l  p i s t o n )  w i l l  
d i f f e r  a t  d i f f e r e n t  v a l u e s  of Va and B c  o n l y  i n  t h e  l i n e a r  s c a l e .  
S i n c e  c o n i c a l  b o d i e s  are  a f f i n e l y  s i m i l a r ,  i t  i s  obvious  t ha t  
ana logous  c o n c l u s i o n s  can  b e  ex tended  t o  o t h e r  a f f i n e - s i m i l a r  
b o d i e s ,  i n c l u d i n g  b o d i e s  w i t h  p a r a b o l i c  g e n e r a t r i c e s .  

s a t i s f y  boundary c o n d i t i o n s  a t  t h e  s u r f a c e  of  t h e  body and i n  t he  
u n d i s t u r b e d  stream. 

B o u n d a r y  c o n d i t i o n s .  The s o l u t i o n s  o f  ( X - 1 - 4 ) - ( X - 1 - 6 )  must 

I f  t h e  e q u a t i o n  r = Tb(x)  o f  t h e  s o l i d - o f - r e v o l u t i o n  genera-  
t r i x  i s  known, t h e  c o n d i t i o n  a t  t h e  boundary of t h e  body i s  
w r i t t e n  

for ( X - 1 - 7 )  

and t h e  u n d i s t u r b e d - s t r e a m  c o n d i t i o n s  

I n  a d d i t i o n ,  c o n d i t i o n s  on t h e  compression shock ,  whose s u r -  
f a c e  may b e  d e s c r i b e d  by a n  e q u a t i o n  r = T S ( X ) ,  must also-be 
s a t i s f i e d .  For example,  t h e  c o n d i t i o n  t h a t  t h e  f u n c t i o n  V must 
s a t i s f y  can be d e t e r m i n e d  from (111-4-2) f o r  an o b l i q u e  shock.  

rl 

For t h i s  p u r p o s e ,  a formula  i s  found from the  above r e l a t i o n -  
s h i p  f o r  t h e  v a r i a t i o n  of  t h e  normal v e l o c i t y  component on p a s s a g e  
a c r o s s  t h e  shock .  Then, remembering t h a t  V 
V 

may assume V 

s i n e  and t a n g e n t ,  w e  o b t a i n  

= Vnm = Vm s i n  O s ;  

= Vo3 cos  O s  2 Vo3 and s u b s t i t u t e  t h e  a n g l e s  f o r  t h e  

nl 
= VT t a n  ( 0 ,  - Bs), and t h a t  t h e  M, = Mm are  s o  l a r g e  t ha t  w e  n2 

T 
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We no te  a t  once tha t  VWes i n  t h i s  expres s ion  i s  the radial  
We r e p l a c e  

/408 
v e l o c i t y  component Vr immediately behind t h e  shock. 
t h i s  component w i t h  i t s  va lue  

where, accord ing  t o  the  equa t ion  of t h e  shock g e n e r a t r i x  r = t s ( x > ,  
the small parameter  

Then, i n t r o d u c i n g  K, = MwBs and s u b s t i t u t i n g  t h e  new v a r i a b l e  
f o r  E ,  we o b t a i n  

The cond i t ions  on the compression shock f o r  t h e  func t ions  p 
and a r e  obta ined  from (111-4 -24)  and (111-4-25), by r e p l a c i n g  
p z / p L  i n  t h e  former by t h e  expres s ion  

which i s  ob ta ined  from the  cond i t ions  

dr 

and s u b s t i t . u t i n g  i n  t h e  l a t t e r  

Then, conver t ing  from 5 t o  t h e  var iab le  5 ,  w e  f i n d  a f t e r  element- 
a r y  manipula t ion  
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I 

(X-1-10) 

S o l u t i o n  of Eqs. (X-1-4)-(X-1-6) f o r  a given s u r f a c e  shape 
of a sharp  s o l i d  of r e v o l u t i o n  and a given Mw g ives  t h e  gas  
v a r i a b l e s  i n  t h e  r eg ion  of d i s t u r b e d  flow between t h i s  s u r f a c e  
and t h e  compression shock. The shape of t h e  compression-shock 
s u r f a c e  i s  found s imul taneous ly  by s o l v i n g  t h e s e  equa t ions .  

E q u a t i o n  f o r  t h e  s t r e a m  f u n c t i o n .  S o l u t i o n  of problems of 
flow around s o l i d s  of r e v o l u t i o n  w i t h  c - u r v i l i n e a r  g e n e r a t r i c e s  
r e q u i r e s  c o n s i d e r a t i o n  of t h e  change i n  entropy behind t h e  shock 
on passage from one s t r e a m l i n e  t o  ano the r .  

a r e  t ransformed t o  t h e  stream f u n c t i o n  J I ,  which i s  de f ined  by  
To make t h i s  s o l u t i o n  e a s i e r ,  the  equa t ions  desc r ibed  above 

(111-2-33). 
/409  , - <  

I f  w e  convert  i n  t h e s e  r e l a t i o n s h i p s  t o  t h e  v a r i a b l e s  5 and 
r l ,  i n c l u d i n g  Vw, T ,  and xb ,  which a r e  cons t an t  f o r  given condi- 
t i o n s ,  i n  t h e  va lue  of t h e  s t ream f u n c t i o n  JI = Y ,  we o b t a i n  i n  
t h e  s u b j e c t  case  of s m a l l  d i s t u r b a n c e s  

whence i t  fo l lows  tha t  

(x-1-11) 

(X-1-12) 

To transform_ (X-1-4)-(x-1-6) t o  t h e  v a r i a b l e  Y ,  we p r e s e n t  
t h e  d e r i v a t i v e  ap/arl i n  t h e  form 

where w = F/Fk i s  a f u n c t i o n  t h a t  depends on t h e  change i n  entropy 
on passage from one s t r e a m l i n e  t o  ano the r  and i s  consequent ly  
determined by t h e  f u n c t i o n  Y. 

Denoting t h e  d e r i v a t i v e  dw/dY by w ’  and s u b s t i t u t i n g  (X-1-10] 
f o r  p, we o b t a i n  t h e  s t ream-funct ion equa t ion  
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The p r e s s u r e  i n  o u r  nomenclature  i s  

(x-1-15) 

Flow C a l c u l a t i o n  

L e t  u s  c o n s i d e r  t h e  s o l u t i o n  of (X-1-14) f o r  t h e  stream func-  
t i o n ,  which e n a b l e s  us t o  c a l c u l a t e  t h e  gas  v a r i a b l e s  i n  t h e  
neighborhood o f  t h e  p o i n t .  

F i g u r e  X-1-3. Working 
Diagram of  Flow Around' 
a Cone. 1) compression 
shock;  2 )  cone.  The 
arrows i n d i c a t e  t h e  
d i r e c t i o n s  i n  which t h e  
a n g l e s  a re  measured. 

The p rocedure  of  t h e  s o l u t i o n  i s  
as f o l l o w s .  F i r s t ,  t h e  s o l u t i o n  i s  
found f o r  f low p a s t  a c o n i c a l  p o i n t  
w i t h  t h e  a n g l e  B . I n  t h i s  c a s e ,  t h e  

s o l u t i o n  i s  e x a c t .  Then, c o n s i d e r -  
i n g  a small  neighborhood o f  t h e  c u r v i -  
l i n e a r  s u r f a c e  and c o r r e c t i n g  t h e  
stream f u n c t i o n  f o r  f low around a 
cone,  w e  f i n d  a new s o l u t i o n  f o r  t h e  
same E q .  (X-1-14), which w i l l  t ake  
accoun t ,  i n  f i r s t  approximat ion ,  o f  
t he  e f f e c t  o f  s u r f a c e  c u r v a t u r e  n e a r  
t h e  nose on t h e  stream f u n c t i o n .  The 
s o l u t i o n  o f  t h e  problem can t h e n  be 
o b t a i n e d  i n  a second approximat ion .  

P 

S o l u t i o n  o f  Eq. (X-1-14) f o r  a 
cone ( F i g .  X-1 -3 ) .  Flow around a cone i s  c h a r a c t e r i z e d  b y  con- 
s t a n t  e n t r o p y  throughout  t h e  r e g i o n  behind  t h e  compression shock.  
Hence t h e  d e r i v a t i v e  o f  i n  (X-1-14) i s  ze ro .  By v i r t u e  of  t h e  
c o n i c a l  c h a r a c t e r  of  t h e  f low,  t h e  stream f u n c t i o n  

where 8 i s  t h e  r e l a t i v e  a n g l e  of  t h e  i n t e r m e d i a t e  c o n i c a l  s u r f a c e  
d e f i n e d  by t h e  c o n d i t i o n  8 = r / ( B S x )  = ? ' ) / E .  

The shock i n c l i n a t i o n  a n g l e  O s  i s  to be  r ega rded  as t h e  small  
pa rame te r  p r e v i o u s l y  deno ted  by  T. 

I n t r o d u c i n g  Expres s ion  (x-1-16) i n t o  (X-1-14], w e  o b t a i n  t h e  /410 
o r d i n a r y  n o n l i n e a r  d i f f e r e n t i a l  e q u a t i o n  
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1') , (X-1-17) (1 

where f '  and f "  are the  f i r s t  and second d e r i v a t i v e s  w i t h  r e s p e c t  
to 8,  r e s p e c t i v e l y ;  w o  i s  t h e  r a t i o  p/pk behind  t h e  compression 
shock ,  which i s  c o n s t a n t  f o r  g i v e n  c o n d i t i o n s .  T h i s  r a t i o  i s  de- 
t e rmined  i n  t h e  f o l l o w i n g  form from ( 1 1 1 - 4 - 2 4 )  and (111-4-25) :  

(X-1-18) 

The s o l u t i o n  of (X-1-17) must s a t i s f y  t h e  boundary c o n d i t i o n s  
on t h e  compression shock ,  which are o b t a i n e d  from (X-1-10), (X-1-11], 
(X-1-16) and (X-1-18). For  example,  t h e  c o n d i t i o n s  f o r  t h e  func-  
t i o n  f ( 8 )  and i t s  d e r i v a t i v e  f ' ( 0 )  a re  found as f o l l o w s .  F i r s t  
g e n e r a l  e x p r e s s i o n s  f ' ( 0 )  and f ( 0 )  are  de termined .  Fo r  t h i s  
purpose ,  (X-1-10) a n d  (X-1-11) a r e  used t o  c a l c u l a t e  t h e  d e r i v a -  
t i v e  Y = c f l ( 0 )  = TIP, from which f ' ( e )  = ( q / c ) p  i s  found.  

The f u n c t i o n  €'(e) i s  found from (X-1-10), (X-1-12), and 
17 

(X-1-16) i n  t h e  form 

(x-1-19) 

If  w e  now s e t  0 = 1 i n  t h e  e p r e s s i o n s  o b t a i n e d  f o r  f 1  ( 8 )  and 
f ( 8 )  and use  (X-1-12) f o r  V,, and p ,  w e  can a r r i v e  a t  t h e  fo l low-  
i n g  c o n d i t i o n s  on t h e  compression shock:  

(X-1-20 ) 

The  n o n s e p a r a t i o n  c o n d i t i o n  r e q u i r e s  t h a t  t h e  stream func-  
t i o n s  be  z e r o  on t h e  s u r f a c e  of t h e  body. If t h e  e q u a t i o n  o f  
t h e  cone g e n e r a t r i x  i s  a s s i g n e d  i n  t he  form r = Osbx, t h i s  con- 
d i t i o n  w i l l  be f ( b )  = 0 .  

Equa t ion  (X-1-17) i s  i n t e g r a t e d  numer i ca l ly  f o r  t h e  g i v e n  
boundary c o n d i t i o n s .  It i s  conven ien t  t o  ex tend  t h i s  i n t e g r a -  
t i o n  from the  c o n d f t i o n s  on t h e  compression shock to t h o s e  on 
t h e  cone s u r f a c e .  
of  t h e  cone i n  flow around which a compression shock w i t h  a n g l e  
O s  co r r e spond ing  t o  t h e  g iven  pa rame te r  K O  i s  formed. 

i s  found on t h e  s u r f a c e  of t h e  cone,  s o  t h a t  w e  can c a l c u l a t e  t h e  

T h e  r e s u l t i n g  va lue  B c = b B s  w i l l  b e  t he  a n g l e  

I n  a d d i t i o n  to t h e  a n g l e  B C ,  t h e  v a l u e  o f  t h e  d e r i v a t i v e  f '  
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p r e s s u r e  c o e f f i c i e n t  

(X-1-21) 

where K, = M,BC. 

The r e s u l t s  found by t h e  method o f  s m a l l  d i s t u r b a n c e s  agree 
c l o s e l y  w i t h  t h e  e x a c t  t h e o r y .  

C o n s i d e r a t i o n o f  t h e  e f f e c t  o f  c u r v a t u r e  i n  f i r s t i a p p r o x i m a t i o n .  
L e t  us  assume tha t  t h e  g e n e r a t r i c e s  o f  t h e  s o l i d  of r e v o l u t i o n  and 
t h e  compression shock are r e p r e s e n t e d  by t h e  r e s p e c t i v e  e q u a t i o n s  

(x-1-22) 

where 0 ,  i s  t h e  compression shock i n c l i n a t i o n  a n g l e  a t  t h e  p o i n t  
( F i g .  X - 1 - 4 ) .  

I n  s o l v i n g  ( X - 1 - 1 7 )  f o r  t h e  c a s e  of  a c u r v i l i n e a r  s u r f a c e ,  
t h e  c o n d i t i o n s  f o r  t h e  func t io i l s  Y and w immediately beh ind  t h e  / 4 1 1  
compression shock are  de termined  by r e l a t i o n s h i p s  found from 
(X-1-10), ( X - 1 - 1 1 ) ,  and (x-1-18). These c o n d i t i o n s  w i l l  depend 
on t h e  l o c a l  shock i n c l i n a t i o n .  

r l  2, 

F i g u r e  X - 1 - 4 .  Nomen- 
c l a t u r e  f o r  Angles 
o f  I n c l i n a t i o n  of 
Tangent t o  Genera- 
t r i x  of  S o l i d  o f  
Revo lu t ion  (1) and 
G e n e r a t r i x  o f  Com- 
p r e s s i o n  Shock ( 2 ) .  

S i n c e  w e  are examining a s m a l l  
neighborhood of  t h e  nose ,  w e  can 
s i m p l i f y  d e t e r m i n a t i o n  of  t h e  condi-  
t i o n s  on t h e  shock f o r  Y and w, by  
u s i n g  t h e  s e r i e s  expans ion  of  t h e  func-  
t i o n s  under  c o n s i d e r a t i o n  i n  t h i s  ne igh -  
borhood i n  t h e  pa rame te r  K = MaeS, which 
i s  c a l c u l a t e d  from t h e  l o c a l  shock i n -  
c l i n a t i o n .  The pa rame te r  K O ,  a c o n s t a n t  
f o r  t h e  c o n d i t i o n s ,  c a l c u l a t e d  from t h e  
shock a n g l e  8 ,  a t  t h e  p o i n t  ( x  = r = 0 )  
w i l l  b e  K O  = M a e , .  

T h e  c o n d i t i o n s  f o r  t h e  stream func- 
t i o n  d i r e c t l y  behind  t h e  compression 
shock w i l l  be de te rmined  i n  t e r m s  o f  t h e  
c o n d i t i o n s  f o r  i t s  d e r i v a t i v e s  Y and 5 

5 We s h a l l  c o n s i d e r  how t h e  c o n d i t i o n  f o r  t h e  d e r i v a t i v e  Y 
i s  found,  remembering tha t  t h e  c o n d i t i o n  on t h e  shock w i l l  be  

556 



F i r s t ,  wenote  t h a t  n ’  found s i m i l a r l y  f o r  t he  o t h e r  d e r i v a t i v e  Y 

Expressions ( X - 1 - 9 ) -  ( X - 1 - 1 1 ]  i n d i c a t e  tha t  t h e  f u n c t i o n  Y de- 
pends on t h e  parameter  K .  Expanding t h i s  func t ion  i n  s e r i e s  i n  
t h e  parameter  K i n  t h e  neighborhood of t h e  p o i n t  and breaking  
t h e  expansion o f f  a t  two te rms ,  we f i n d  

5 

‘1’; =: ‘YE (KO) + 4 I (IC- KO). ( X - 1 - 2  3 ) dh K=I<,, 

Here t h e  va lue  of t h e  func t ion  Y (KO) i s  determined w i t h  5 
( x - l - g ) - ( X - l - l l ) .  S ince 

t h e  f u n c t i o n  Y t a k e s  t h e  form 5 

( X - 1 - 2 4 )  

S e t t i n g  K = K O  i n  t h e  above, we f i n d  Y (KO). 

T o  f i n d  t h e  d e r i v a t i v e  a Y  /BKIK,Ko, i t  i s  necessary  to d i f -  
5 

5 
f e r e n t i a t e  ( X - 1 - 2 4 ]  w i t h  r e s p e c t  to K and s e t  K = K O  i n  t h e  r e -  
s u l t i n g  expres s ion .  

Then t h e  d i f f e r e n c e  

i s  determined from ( X - 1 - 2 2 )  f o r  t h e  shock g e n e r a t r i x .  

With c o n s i d e r a t i o n  of  expres s ions  found from t h e  func t ion  
Y and i t s  d e r i v a t i v e  w i t h  r e s p e c t  to K w i t h  K = KO, and t h e  d i f -  

f e r ence  K - KO, t h e  cond i t ion  f o r  t h e  d e r i v a t i v e  Y on t h e  com- 
p r e s s i o n  shock w i l l  be 

5 
5 

The cond i t ion  f o r  t h e  d e r i v a t i v e  Y i s  found s i m i l a r l y :  n 
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(x-1-26) 

The c o n d i t i o n  f o r  t h e  f u n c t i o n  w w i l l  be 

A s  i n  t h e  cone problem, i t  i s  n e c e s s a r y  t o  a s s i g n  t h e  form /412 
of  t h e  sought  s o l u t i o n  (stream f ;unc t ion ) .  L e t  us  assume tha t  t h i s  
s o l u t i o n  i s  b a s i c a l l y  de te rmined  by t h e  v a l u e  o f  t h e  stream func-  
t i o n  f o r  a cone a t  t h e  p o i n t  of  a body w i t h  a g e n e r a t r i x  i n c l i n e d  
a t  a n  a n g l e  Bp = €lob, and assume t h a t  c u r v a t u r e  can  b e  a l lowed 
f o r  i n  f i r s t  approximat ion  by a l i n e a r  c o r r e c t i o n .  Accord ingly ,  
t h e  s o l u t i o n  w i l l  b e  sough t  i n  t h e  form 

(X-1-2 8) 

where g ( 0 )  i s  a c e r t a i n  f u n c t i o n  t h a t  takes accoun t  o f  g e n e r a t r i x  
c u r v a t u r e .  

Obviously,  t h i s  s o l u t i o n  must a l s o  s a t i s f y  a c o n d i t i o n  on t h e  
c o n i c a l  shock s u r f a c e  a t  t h e  p o i n t ,  which can b e  d e f i n e d ,  assuming 
g ( 0 )  = 0 and f ( 0 )  = 0.5, i n  t h e  form Y = 0.5n2 = O.5c2. 

The e n t r o p y  f u n c t i o n  w(Y) i s  de termined  by t h e  stream func-  
t i o n  and can be r e p r e s e n t e d  i n  s e r i e s  form, keep ing  only  t h e  
second t e r m :  

where w o  i s  g iven  by (X-1-18) and 

(X-1-30) 

I n t r o d u c i n g  (x-1-28) and (X-1-29) i n t o  (X-1-14) and g roup ing  
t e r m s  i n  e q u a l  powers o f  5 ,  w e  o b t a i n  two e q u a t i o n s .  One o f  them 
i s  a n o n l i n e a r  e q u a t i o n  f o r  t h e  f u n c t i o n  f ( 0 )  and i s  i d e n t i c a l  w i t h  
(X-1-17) f o r  a cone,  w h i l e  t h e  o t h e r  i s  a l i n e a r  e q u a t i o n  f o r  t h e  
f u n c t i o n  g ( 0 )  and has the  form 
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I 

where g' and g" are t h e  f i r s t  and second t o t a l  d e r i v a t i v e s  o f  t h e  
f u n c t i o n  g ( 8 )  w i t h  r e s p e c t  t o  8 .  

The c o e f f i c i e n t s  i n  t h e  l a s t  e q u a t i o n  are 

(x-1-32) 

D i f f e r e n t i a l  e q u a t i o n  (X-1-31) can be  i n t e g r a t e d  numer i ca l ly .  
Here, t h e  c o n d i t i o n s  on the  shock t h a t  t h e  f u n c t i o n s  g ( 8 )  and 
g ' ( 8 )  found from t h i s  e q u a t i o n  must s a t i s f y  are o b t a i n e d  w i t h  
t h e  a i d  of  (X-1-25), (x-1-26), (x-1-28) f o r  8 = 1: 

I n  t h e  numer i ca l  c a l c u l a t i o n s ,  t h e  a s s i g n e d  pa rame te r s  may 
b e  t h e  v a l u e s  of K O  t ha t  were t a k e n  i n  c a l c u l a t i n g  f low around 
t h e  cone.  The i n t e g r a t i o n  p roceeds  s t e p w i s e  from t h e  known con- 
d i t i o n s  on t h e  compression shock ,  u s i n g  t h e  same i n t e r v a l s  as i n  
t he  cone problem. The  r e s u l t  i s  t he  f u n c t i o n  g and i t s  d e r i v a -  
t i v e  g' f o r  each  va lue  of t h e  a n g l e  8 ,  i nc lud in -g  8 = b ,  which 
cor responds  t o  t h e  c o n d i t i o n s  on t h e  c o n i c a l  nose  s e c t i o n .  

A f t e r  t h e  f u n c t i o n s  f and g and t h e i r  d e r i v a t i v e s  have been  /413 
determined ,  w e  can f i n d  the shape of t h e  compression shock and 
c a l c u l a t e  t h e  p r e s s u r e  i n  f i r s t  approximat ion .  

A s  w e  see from (X-1-22), t h e  shape of t h e  compression shock 
i s  de termined  by the  c o e f f i c i e n t  R, which i s  e q u a l  t o  t h e  r a t i o  
o f  t h e  shock c u r v a t u r e  t o  t h e  c u r v a t u r e  of  t he  body ' s  g e n e r a t r i x .  
T h i s  c o e f f i c i e n t  i s  found from (x-1-28) w i t h  t h e  c o n d i t i o n  t h a t  
t h e  stream f u n c t i m  on t h e  s u r f a c e  i s  ze ro :  

(X-1-34) 

The p r e s s u r e  w i l l  b e  e q u a l  t o  i t s  v a l u e  on the  cone p l u s  a 
c e r t a i n  c o r r e c t i o n  t ha t  i s  l i n e a r  w i t h  r e s p e c t  t o  5 and depends 
on t h e  i n i t i a l  p r e s s u r e  g r a d i e n t  
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1 

W?P 
0 I 2 3 K,-M 

Figure  X-1-5 .  C o e f f i c i e n t  F igure  X - 1 - 6 .  I n i t i a l  
R a s  a Function of K , .  P r e s su re  Gradien t  as 
----- asymptot ic  value as a Funct ion of  S i m i l a r i t y  
K ,  + a; 1) compression C r i t e r i o n  K , .  1) ac- 
shock; 2 )  s o l i d  of  revolu-  cord ing  t o  small-dis-  
t i o n .  tu rbance  theo ry ;  2 )  by 

method of c o n i c a l  flows 
and expansion flows ; 
3 )  by  method o f  " l o c a l "  

'= b ! k l b k - l &  g ( b )  cones ("equal  p re s su re"  
h y p o t h e s i s ) .  

[ f '  (b)l't . f l p p n ; ,  (X-1-35 ) $1 = 

where the  parameter  R" can be r e -  
garded f o r  p r a c t i c a l  purposes as t h e  g e n e r a t r i x  cu rva tu re  a t  t h e  
p o i n t  of a s u f f i c i e n t l y  s l e n d e r  body. 

The r e s u l t s  of i n t e g r a t i o n  of ( X - 1 - 3 1 )  are p resen ted  i n  the 
diagrams of F i g s .  X - 1 - 5  and X-1-6 and i n  T a b l e  X - 1 - 1 .  The re- 
s u l t s  f o r  t h e  c o e f f i c i e n t  R can be approximated by 

P 

The i n i t i a l  p r e s s u r e  g r a d i e n t  can be approximated by the  
formula 

Both formulas g ive  s a t i s f a c t o r y  approximations i n  t h e  i n t e r -  
v a l  0 .5  - < K ,  - < -. 

The p r e s s u r e - d i s t r i b u t i o n  c a l c u l a t i o n  s t a r t s  from t h e  formula 
ob ta ined  by  s e r i e s  expansion i n  powers of the small parameter  1~_, 
w i t h  t h e  s e r i e s  l i m i t e d  t o  t h e  l i n e a r  term: 



where pc i s  t h e  p r e s s u r e  c o e f f i c i e n t  on t h e  c o n i c a l  nose.  

The cu rva tu re  R" i s  found from t h e  g e n e r a t r i x  equat ion  
P 

w r i t t e n  i n  t h e  form 

The shape of t h e  compression-shock s u r f a c e  g e n e r a t r i x  i s  /414 
determined by (X-1-22) ,  which can be w r i t t e n  somewhat d i f f e r -  
e n t  ly , namely : 

TABLE X - 1 - 1 .  RESULTS OF C A L C U L A T I O N  OF FUNCTIONS g ( b > ,  
g ' ( b ) ,  R AND THE I N I T I A L  PRESSURE GRADIENT 

. . . . . . . .- 

g ( o )  I .  
- 

5.170 

1.suo 

1.553 

2. lOi  

2 ..487 
2.931 

6' ( 1 ) )  . 
_. . - - - I - - 

-S.502 

-3.6'10 
-4.073 
-6.S20 

-S .I335 
-1O. iG  

-. - . - . . 

i 
. . -. . . . . 

0.04% 
0.2346 

0.5106 

0 .  SO39 
0.s911 

0.95S6 

__-- 

5.532 
4.662 

4.511 
4.684 

4. SO2 

4.929 

A s  an example, l e t  us f i n d  t h e  
shape o f  t h e  compression-shock curve 
and t h e  p r e s s u r e  d i s t r i b u t i o n  i n  t h e  
neighborhood of t h e  t i p  of a s o l i d  
of r e v o l u t i o n  wi th  a p a r a b o l i c  gene- 
r a t r i x .  

From t h e  equa t ion  of t h e  para-  

and t h e  g e n e r a t r i x  curva- 
b o l a ,  can f i n d  t h e  cone angle  
'D = ' m i d  
t L r e  a t  p o i n t  x = r = 0:  Figure X-1-7 .  Nature of  

V a r i a t i o n  of  Der iva t ive  
a ' p / a ( R ; ~ ) ~  as a Funct ion 
of K . ----- asymptot ic  
value as K, + a. 

. d2r 
dz2 z-= - (k  midxmid) -I * 

Then t h e  shock-genera t r ix  equa- 
t i o n  w i l l  be  w r i t t e n  
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- 
r = x  2--0-- lx  . 7 :, -1 

We u s e  (x-1-38) t o  de t e rmine  t h e  form o f  t h e  p r e s s u r e - d i s t r i -  - 
b u t i o n  cu rve .  
t h e  c u r v a t u r e ,  

S u b s t i t u t i n g  t h e  v a l u e  R" = Bp/xmid found f o r  
P 

It i s  q u i c k l y  no ted  t h a t  t h e  s p e c i f i c  form o f  t h e  compres- 
s i o n  shock and t h e  v a l u e  of  t h e  p r e s s u r e  c o e f f i c i e n t  a t  a p a r t i c u -  
l a r  p o i n t  on a g i v e n  body are  de termined  on ly  by t h e  pa rame te r  
K l  = MooBp' s i n c e  t h e  pa rame te r  K O  and t h e  c o e f f i c i e n t  R are i n  
t u r n  f u n c t i o n s  o f  i t .  

Second  a p p r o x i m a t i o n .  The second-approximation s o l u t i o n  of  
t h e  f low problem i n v o l v e s  f i n d i n g  an  e x p r e s s i o n  f o r  t h e  stream 
f u n c t i o n  t h a t  i s  more e x a c t  t h a t n  (X-1-28). Analys i s  o f  t h e  re -  
s u l t s  o f  t h i s  s o l u t i o n  i n d i c a t e s  t h a t  f o r  s l e n d e r  s h a r p  nose sec -  
t i o n s ,  t h e  p r e s s u r e  c o e f f i c i e n t  can b e  c a l c u l a t e d  i n  t h e  second 
approximat ion  by t h e  formula  

i n  which F C / ( R 1 ) '  = pc/Bi and aF/a(RIR"x) are de termined  by 
(X-1-21) and (X-1-35) and t h e  approximat ing  e x p r e s s i o n s  (VIII-1- /415 
2 7 ' )  and (X-1-37). The r e l a t i o n  f o r  t h e  second d e r i v a t i v e  
a2p /a (R"x)2  g iven  i n  F i g .  X-1-7 can be  de te rmined  w i t h  t h e  f o r -  
mula 

P P P  

P 

which g i v e s  s a t i s f a c t o r y  r e s u l t s  f o r  K 1  i n  t h e  i n t e r v a l  1 - < K ,  - < 03 

when t h e  c o e f f i c i e n t  b = 22.5 and i n  t h e  i n t e r v a l  0.5 - < K ,  < 1 
when b = 19.2. 

Here, d e t e r m i n a t i o n  of  t h e  second d e r i v a t i v e  w i t h  (X-1-41) 
e n a b l e s  us  t o  c a l c u l a t e  t h e  p r e s s u r e  d i s t r i b u t i o n  i n  a somewhat 
b roade r  r ange .  However, t h i s  c a l c u l a t i o n  does  n o t  g i v e  a complete 
p i c t u r e  of t h e  p r e s s u r e  d i s t r i b u t i o n  ove r  t h e  e n t i r e  s u r f a c e  of  
t he  body. 



To complement t h e  r e s u l t s  ob ta ined  by  t h e  theory  of s m a l l  
d i s t u r b a n c e s ,  l e t  us examine c e r t a i n  approximate methods f o r  c a l -  
c u l a t i o n  of flow around bodies .  

§X-2. USE OF APPROXIMATE METHODS TO CALCULATE FLOW AROUND SOLIDS 
OF REVOLUTION AT VERY H I G H  SPEEDS 

"Local Cone" Method 

Symmetrical f l o w .  We s h a l l  examine a v a r i a t i o n  of  t h i s  
method based on t h e  equal -pressure  hypo thes i s .  Consequently,  
Formula ( X I I I - 1 - 2 7 ' )  can be used t o  c a l c u l a t e  t h e  p r e s s u r e  d i s -  
t r i b u t i o n  around a s o l i d  of r e v o l u t i o n  w i t h  a r b i t r a r y  g e n e r a t r i x  
i f  t h e  parameter  K ,  i n  t h a t  formula i s  determined from t h e  l o c a l  
cone angle  6 .  

t r i x  and a l o c a l  t angen t  i n c l i n a t i o n  ang le  f3 = f3,(1 - x ) ,  we ob- 
t a i n  t h e  d i s t r i b u t i o n - c u r v e  equa t ion  

For a s l e n d e r  s o l i d  of r e v o l u t i o n  w i t h  a p a r a b o l i c  genera- 

( X - 2 - 1 )  

where K, = MmBp i s  determined from t h e  local-cone ang le  a t  t h e  
p o i n t .  

I n t e r e s t  a t t a c h e s  t o  comparison of t h e  f i r s t  d e r i v a t i v e s  of 
t h e  p r e s s u r e  c o e f f i c i e n t  a t  t h e  p o i n t  found wi th  ( X - 2 - 1 )  and by  
t he  theo ry  of s m a l l  d i s t u r b a n c e s ,  e . g . ,  from (X-1-37). Ca lcu la t -  
i n g  t h e  d e r i v a t i v e  wi th  ( X - 2 - 1 ) ,  we f i n d  

(x-2-2) 

The diagram i n  F ig .  X-1-6  shows t h e  v a r i a t i o n  of t h e  i n i t i a l  p res -  
s u r e  g r a d i e n t  c a l c u l a t e d  b y  t h i s  formula and t h e  corresponding 
r e s u l t s  from t h e  theo ry  of  s m a l l  d i s t u r b a n c e s .  W e  see t h a t  t h e  
accuracy of  t h e  c a l c u l a t i o n  by t h e  local-cone method dec reases  
wi th  i n c r e a s i n g  parameter  K , .  

Comparing t h e  p r e s s u r e s  i n  t h e  neighborhood of t h e  p o i n t  as 
computed by t h e  smal l -d is turbance  theory  and t h e  "local-cone' '  
method, w e  may conclude t h a t  a c e r t a i n  exaggera t ion  o f  t h e  p re s -  
s u r e  i s  i n h e r e n t  t o  t h e  l a t t e r  method, a l though t h e  d i f f e r e n c e  i n  
t h e  r e s u l t s  i s  s m a l l .  

The same conclus ion  can a l s o  n a t u r a l l y  be drawn f o r  t h e  wave 
drag  c o e f f i c i e n t .  An approximate r e l a t i o n  f o r  t h i s  c o e f f i c i e n t  
can be  ob ta ined  by  i n t r o d u c i n g  ( X - 2 - 1 )  i n t o  (1-3-14) and 
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i n t e g r a t i n g .  We o b t a i n  as a r e s u l t  / 4 1 6  

If w e  use ano the r  v a r i a t i o n  of  
t h e  " local-cone" method based on t h e  
equal -ve loc i ty  hypo thes i s ,  a compari- 
son shows tha t  t h e  p r e s s u r e s  ob ta ined  
a r e  s t r i k i n g l y  low f o r  l a r g e  Mm. 

c a p a c i t y  e f f e c t .  L e t  us examine a 
p a r t i c u l a r  case  of hypersonic  flow 
around a s l e n d e r  s o l i d  o f  r e v o l u t i o n  
i n  which an  i dea l  gas  has a f i x e d  
i s e n t r o p i c  exponent k, < km behind 
t h e  shock wave. The p r e s s u r e  on t h e  

C o n s i d e r a t i o n  o f  v a r i a b l e  h e a t  

Figure  X - 2 - 1 .  Construc- l o c a l  cone can be c a l c u l a t e d  by  t h e  
t i o n  of "Local Cone. I' formula [591  

where K, = MJ > 1; = p,/p, <<  1; r i s  t h e  r ad ia l  coord ina te  o f  
a p o i n t  on t h e  body; R i s  t h e  generaEr ix  r a d i u s  o f  cu rva tu re  a t  
t h a t  p o i n t .  Thus, t h i s  formula t a k e s  account  of t h e  s u r f a c e  curva- 
t u r e .  

F l o w  a t  an  a n g l e  o f  a t t a c k .  Applied to c a l c u l a t e d  unsymmetric 
flow around a s o l i d  of r e v o l u t i o n  w i t h  an a r b i t r a r y  g e n e r a t r i x ,  
t h e  " l o c a l  cone" method c o n s i s t s  i n  the  fo l lowing .  It i s  assumed 
t h a t  a l i n e  t angen t  to t h e  body contour  a t  a c e r t a i n  p o i n t  on t h e  
s u r f a c e  (F ig .  X - 2 - 1 )  i s  s imul taneous ly  t h e  g e n e r a t r i x  of a cone 
around which t h e  undis turbed  stream moves symmetr ical ly .  The 
ang le  of t h i s  " l o c a l  cone" can be determined from t h e  expres s ion  

U2 
2 Pc = @-a cos y + -ctg p sin2 y ,  ( X - 2 - 5 1  

where B i s  t h e  angle  between t h e  t angen t  t o  t h e  g e n e r a t r i x  and t h e  
a x i s  of t h e  body. 

If the  parameters  a r e  determined on t h i s  cone f o r  a = 0 ,  they  
w i l l  b e ,  i n  accordance w i t h  t h e  n o t i o n  of t h e  " l o c a l  cone" method, 
p r e c i s e l y  t h e  parameters  t ha t  c h a r a c t e r i z e  t h e  r e a l  flow a t  t h e  
p a r t i c u l a r  s u r f a c e  p o i n t  and t h e  given a t t a c k  ang le .  



Calculations and a comparison with experimental data indicate 
that for Moo of the order of 3-4 or lower and small attack angles, 
it is necessary to use the equal-velocity hypothesis in the "local- 
cone" method to calculate the variables on the surfaces of sharp 
solids of revolution with moderate nose-section slenderness ratios. 
Using the velocity obtained on the basis of this hypothesis, the 
pressure and density are calculated with consideration of the en- 
tropy of the filament flowing in the particular meridional plane 
across the compression shock directly at the tip. 

velocities. The velocity and density are calculated with con- 
sideration of the same entropy from the pressure found on the 
basis of this hypothesis. 

The equal-pressure hypothesis gives b.etter results at high 

Application of the "local cone" method is limited to .points 
at which the tangents to the surface are parallel to the oncoming 
flow. Obviously, the "local-cone" angles are zero ,in this case. 
Here, the values of the corresponding inclination angles of these 
tangents to the body axis can be obtained from the condition 
Bc = 0. Indeed, setting Bc = 0, we find from (X-2-5) that --- /417  

At the surface points whose positions are determined by these 
angles, the pressure will be equal, accordingto the equal-pressure 
hypothesis, to the static free-stream pressure. If, on the other 
hand, the calculation is based on the other hypothesis - that of 
equal velocities - the velocity will remain the same as that of 
the undisturbed flow at the same point. 

However, the "local cone" method can also be used to evalu- 
ate flow variables outside of this boundary, in the so-called 
"shadow" zone. For this purpose, it is necessary to examine an 
arbitrary "local cone" with a "negative" angle Bc computed by 
the same Formula (X-2-5). 

Then the pressure coefficient found for the absolute value 
of Bc must be regarded as negative for the,given point of the 
"shadow" zone. 

Method . Combining - Conical - an_d - - .  Expansion Flows 

expansion flows was set forth in SIV-7. The working formula for 
the pressure coefficient is 

A x i s y m m e t r i c  flow. The content of the method of conical and 
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where K, = M,Bpj Ms and ps are the Mach number M and the pressure 
directly behind the compression shock at the point; p, is the 
pressure coefficient on the conical nose. 

- 

Ms = M, is found from (111-4-29) or (111-4-38), and the pres- 
sure p = p, is determined with Formula (111-4-36). The pressure 
coefficient pc and the absolute pressure p 
are calculated from (VIII-1-27). 

S 
on the conical nose 

C 

Let us illustrate application of this formula with the spe- 
cific example of a symmetrical flow around a sharp solid of 
revolution with a conical-nose angle B = 0.2 with the condition 
that M, = 10 (K, = 2 ) .  

P 

First of all, we find Ms = M P  on the conical nose. For this 
purpose, setting K = 1.4, we first use Formula (VIII-1-23) to 
determine K O  = M,Os = 2.38. 
M, = 6.73. 
slightly, so that we may set (ps/pc) (k'1)/2k 
assuming that Ms is approximately equal to the Me on the conical 
goose. For a given value of K, = 2, we use (X-1-21) t o  determine 
pc/B; = 2.2 on the conical nose. 
point where the tangent inclination B = 0.1. In this case, the 
flow is deflected, starting at the apex, through an angle A 6  = 
= B - B = 0.1. Introducing the resulting data into (X-2-7), we 

P -  
find p/B2 = 0.543 for the selected point. If  we take a more remote P 
point for which B = ,O, then F/B2 = -0.085. The corresponding M P 
calculated by (IV-7-14) will be 7.83 and 9.27. 

We then use (111-4-29) to compute 
At very large Ma, the pressures ps and p, differ only 

1 in (X-2-7), thus 

We calculate the pressure at the 

A comparison (see Fig. X-1-6) indicates that the initial in- 
clination of the pressure distribution curve calculated by combin- 
ing conical and expansion flows agrees more closely with the re- 
sults of small-disturbance theory than with the "local-cone" 
method. The results of a calculation by the method of character- 
istics confirm this. 

The axial-force coefficient is calculated from the pressure /418 
distribution using (1-3-14'). 
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For a g iven  shape of t h e  s o l i d  of r e v o l u t i o n ,  t h e  d rag  coef- 
f i c i e n t  i s  p re sen ted  i n  g e n e r a l  form as t h e  f u n c t i o n  

where K,  = M m B p .  

By way of example, l e t  us cons ide r  a s o l i d  of r e v o l u t i o n  w i t h  
a Ea rabo l i c  g e n e r a t r i x  whose equa t ion  i n  dimgnsionless  form i s  r = 
= x ( 2  - x). In t roduc ing  r and t h e  value of p from (X-2-7) i n t o  
the in t eg rand  of  (1-3-14I) and i n t e g r a t i n g  from ze ro  t o  1 (numeri- 
c a l l y  or g r a p h i c a l l y ) ,  w e  can determine c as a f u n c t i o n  of  K,  
and M:. 

t i o n  o f  t h e  parameter  K ,  = MmBp. 
t h e  above example, c 
cRpM: = 6 . 0 9 .  S p e c i f i c  va lues  o f  c 
s l ende rness  r a t i o  Amid = 1 / B ,  correspond t o  a d e f i n i t e  M m ,  which 
can be  c a l c u l a t e d  from t h e  c o n d i t i o n  Mm = K,hmid. 

= 3,  M m  = 6;  t h e  corresponding va lue  of c = 2.86/36 = f o r  Amid 

= 0.079. T h i s  method can b e  used t o  c a l c u l a t e  flow around bodies  
w i t h  c o n s i d e r a t i o n  of t h e  change i n  t h e  p r o p e r t i e s  of t h e  gas  be- 
hind t h e  shock a t  very high tempera tures .  For t h i s  purpose,  as 
we noted i n  our  i n v e s t i g a t i o n  of flow around p r o f i l e s ,  we can s ta r t  
w i t h  " f rozen"  flow behind t h e  shock and a gas  w i t h  a cons t an t  ex- 
ponent k determined f o r  t h e  cond i t ions  d i r e c t l y  behind t h e  shock. 

RP 
C a l c u l a t i o n s  i n d i c a t e  t h a t  c M: i s  an i n c r e a s i n g  func- 

RP 
For t h e  va lue  K,  = 2 chosen f o r  

M 2  = 2.86, and f o r  K ,  = 3, t h i s  q u a n t i t y  
RP O3 

f o r  a body w i t h  a g iven  
RP 

For example, 

RP 

2 

I n s t e a d  of k ,  i t  i s  necessary  t o  use k, i n  t h e  corresponding 
formulas of t h e  method of  c h a r a c t e r i s t i c s .  

E v a l u a t i o n  o f  f l o w  p a r a m e t e r s  f o r  t a p e r i n g  body t a i l  s e c t i o n .  
M can be eva lua ted  on t h i s  s e c t i o n  i n  t h e  same way as on t h e  nose 
s e c t i o n .  

Let us assume t h a t  t h e  t a i l  s e c t i o n  of a s o l i d  of r e v o l u t i o n  
i s  t ape red  and has an a r b i t r a r y  shape w i t h  a smooth c o n t o u r .  S ince  
t h e  i n c l i n a t i o n  ang le  B t  of t h e  g e n e r a t r i x  o f  t h i s  s e c t i o n  i s  known 
a t  each p o i n t ,  t h e  flow r o t a t i o n  ang le  can be determined rrom the  
c o n d i t i o n s  on t h e  nose.  It i s  A B  = Bp - B t .  Here t h e  ang le  B t  
i s  nega t ive .  Suppose, f o r  example, t h a t  B t . =  -0 .1 .  Then A B  = 
= 0 . 2  - ( - 0 . 1 )  = 0 .3  and,  consequent ly ,  M i s  1 1 . 4  at t h e  p o i n t  
under c o n s i d e r a t i o n  accord ing  t o  (IV-7-14). Using (IV-7-15), w e  
f i n d  F/B2 = -0.293. A s  w e  see,  t h e  t a p e r  has r e s u l t e d  i n  i n c r e a s e d  
expansion. 

P 
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Having thus  computed t h e  p r e s s u r e  d i s t r i b u t i o n ,  w e  can apply 
-2 
rbse 

t h e  formula , ~ w = ~ l ~ ~ ~ ~ , t o  c a l c u l a t e  t h e  added wave d rag  due t o  the  

t a i l  s e c t i o n .  If t h e  t a i l  i n  our  example has the  form of a t run -  
c a t e d  cone w i t h  t he  ang le  B t  = - 0 . 1  and the  p r e s s u r e  c o e f f i c i e n t  
i s  cons t an t  over i t s  s u r f a c e  a t  6 = -0.2938;, t h e n  

1 

CiL = 0.2938; (1 -Sbs,). (X-2-8) 

The d e f i c i e n c i e s  of t h e  method, of which w e  spoke i n  SIV-7 ,  
r ende r  t h e  c a l c u l a t i o n  i n a c c u r a t e  f o r  t h e  flows around t h e  nose 
and e s p e c i a l l y  t h e  t a i l  s e c t i o n  of a s o l i d  o f  r e v o l u t i o n ,  where 
t h e  d e v i a t i o n  f r o m ' t h e  t r u e  p i c t u r e  may b e  more s u b s t a n t i a l .  If  
w e  cons ide r  an i n t e r m e d i a t e  c y l i n d r i c a l  s e c t i o n ,  t h e  method has, 
by  its very con ten t ,  no way of r e f l e c t i n g ,  even approximately,  
the  p o s s i b l e  p a t t e r n  of  the flow around it .  Hence i t  can be used 
only f o r  rough c a l c u l a t i o n  of t h e  parameters  of flow around t h e  
body. 

around a sharp  s o l i d  of r e v o l u t i o n ,  t h e  method c o n s i s t s  i n  t a k i n g  
M and o t h e r  parameters  on t h e  nose i n  each mer id iona l  p lane  from 
the  s o l u t i o n  of the problem of flow around a cone a t  an a t t a c k  
ang le ,  and c a l c u l a t i n g  t h e  flow behind t h e  nose i n  t h e  correspond- 
i n g  mer id iona l  p l ane  as t h e  two-dimensional supe r son ic  expansion 
flow known as Prandtl-Meyer flow. 

Nonaxisymmetric f l o w .  A s  a p p l i e d  t o  nonaxisymmetric flow 1 4 1 9  

I n  s o l v i n g  t h e  problem of  nonaxisymmetric flow around a cone, 
w e  f i n d  t h e  M, on the  cone f o r  a s e l e c t e d  angle  y ,  and f i n d  t h e  
corresponding ang le  w, from ( I V - 1 - 1 7 )  o r  Table I V - 1 - 1 .  There- 
a f t e r ,  t h e  c a l c u l a t i o n  i s  t h e  same as f o r  t h e  symmetr ical  case ,  
i . e . ,  t h e  t o t a l  r o t a t i o n  ang le  w ,  understood as t h e  sum of the 
r o t a t i o n  ang le  u p  and t h e  l o c a l  ( o r  a b s o l u t e )  d e f l e c t i o n  ang le  

f o r  the value w = u p  + ( B p  - B ) .  
w e  can c a l c u l a t e  t h e  a b s o l u t e  p r e s s u r e  and t h e  p r e s s u r e  c o e f f i -  
c i e n t .  A formula s imilar  t o  (X-2-7) can be used a t  very h igh  
M t o  c a l c u l a t e  t h e  p r e s s u r e  d i s t r i b u t i o n  around t h i n  sha rp  s o l i d s  
OF r e v o l u t i o n :  

- 8 ,  i s  found, and t h e  l o c a l  M i s  determined from T a b l e  IV-1-1  
BP 

Knowing the  l o c a l  Mach number, 

where t h e  parameter  Ki, which i s  e q u a l . t o  M-8' 
the  " l o c a l  cone" ang le  a t  t h e  p o i n t ,  8; = 8, - a cos y ,  f o r  t h e  

i s  determined from 
P' ' 
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a 1  a iven  meridional-Dlane angle  
y .  
f i c i e n t  pc a r e  determined 
from t h e  parameter  K i  f o r  
t h e  " l o c a l  cone. '' Formula 

Mc and t h e  p r e s s u r e  coef- 
K,= 168 

5 -0.1 1- ' - 
b I o  44 0.8 0 0.4 0.8 xmid 

61\ I I I ' I  PI 1.-7 I I I 

44 

92 

0 
-n i 

44 48 0 

Figure  X-2-2. D i s t r i b u t i o n  of 
P res su re  C o e f f i c i e n t  over Sur- 
f a c e  of Ogival So l id  of Revolu- 
t i o n .  a )  a = 5'; b )  a = l5O. 
g e n e r a t r i c e s :  1) downwind; 2 )  
crosswind; 3 )  upwind. 

equa l  t o  t h e  Ms d i r e c t l y  be- 

hind t h e  shock, which can be 
c a l c u l a t e d  by  (111-4-38) from 
t h e  parameter  K '  = MmB$, 
which, i n  t u r n ,  i s  found from 
(VII I -1-23)  f o r  K '  = MmBb. 

By us ing  (X-2-9) f o r  
given body shape,  M m ,  and a, 
we f i n d  t h e  d i s t r i b u t i o n  of 
t h e  p r e s s u r e  c o e f f i c i e n t  over 
t h e  s u r f a c e  ofl the body, i . e .  
t h e  f u n c t i o n  p = p ( x , y ) .  The 
data obta ined  a r e  t h e  more 
a c c u r a t e  t h e  l a r g e r  Mm and 
t h e  va lues  of  t h e  s i m i l a r i t y  
parameter  K ,  = Mm/Xmid. T h i s  

P 

i s  ev iden t  from Fig .  X-2-2, 
ch c,v - - . which p r e s e n t s  t h e  r e s u l t s  

, 1 (:l:r--]a-.] ,..-I 1 K,=[ ]  1 n r  w i t h  f i n e n e s s  r a t i o s  = 3 

of s t u d i e s  of t h e  p r e s s u r e  d i s t r i b u  
4s . - . - - _  _. - t i o n s  around o g i v a l  nose s e c t i o n s  (-8 - - -  . . ~ -  .- 

1111 u 
and 5 f o r  M = 5 . 0 5  and a t t a c k  
a n a l e s  a = 5 and 15'. Closer  

0 5 10 r5 cLO - 
Figure  X-2-3. N o r r  
C o e f f i c i e n t  of Oni,,, Iyui3G 

approximatibn of theory  t o  expe r i -  
ment i s  observed f o r  t h e  l a r g e r  

f o r  a body w i t h  Ahid = 3. 
nose s e c t i o n  w i t h  A,,, = 5(K, = 

" 5 10 r5 a" parameter  value K = 1 . 6 8 ,  i . e . ,  
For a 

nal Force 
I --- i who,.. 

S e c t i o n  as  a Funct ion of = l.Ol>, an approximate c a l c u l a -  
Attack Angle, Mm = 5 .05 .  t i o n  g i v e s  va lues  on t h e  top  o f  
0) experiment;  - ) c a l -  t h e  body t h a t  a r e  somewhat lower 
c u l a t i o n ,  t han  t h e  exper imenta l  r e s u l t s .  

T h i s  e f f e c t  i s  observed a t  prac-  
t i c a l l y  a l l  va lues  of  K ,  > 1, 

al though t h e  accuracy of t h e  c a l c u l a t i o n  f a l l s  o f f  as t h e  s i m i -  
l a r i t y  parameter,  becomes sma l l e r .  If t h i s  parameter  i s  s m a l l e r  
t han  u n i t y ,  t he  r u l e  i s  t h a t  approximate c a l c u l a t i o n s  are unac- 
c e p t a b l e .  

/420 

9 
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W e  may a l s o  c o n c l u d e  from comparison of t h e  data t h a t  t h e  
approximate  method g i v e s b e t t e r  r e s u l t s  as the  a n g l e  of  a t t a c k  
becomes smaller.  Here t h e  d e v i a t i o n  o f  t h e  t h e o r e t i c a l  p r e s s u r e  
d i s t r i b u t i o n  from e x p e r i m e n t  a t  l a r g e  a i s  e x p l a i n e d  by t h e  v i s -  
c o s i t y  of the  t r a n s v e r s e  f low,  e s p e c i a l l y  on t h e  t o p  o f  the body 
- a n  e f f e c t  n o t  t a k e n  i n t o  a c c o u n t  by t h e  approximate  t h e o r y .  
T h i s  e f f e c t  i n c r e a s e s  w i t h  i n c r e a s i n g  Moo. 

t h e  body are  d e t e r m i n e d  from t h e  e s t a b l i s h e d  p r e s s u r e  d i s t r i b u -  
t i o n  w i t h  t h e  a id  o f  (1-3-14),  (I-Q-ll), and (1-5-8) b y  numeri-  
c a l  o r  g r a p h i c a l  i n t e g r a t i o n .  Here, t h e  second t e r m  i n  (1-5-8) 
f o r  t h e  moment c o e f f i c i e n t  can  be d i s r e g a r d e d  i n  view of  t h e  s m a l l  
t h i c k n e s s  o f  t he  body. C a l c u l a t i o n s  o f  t h e  a x i a l - f o r c e  c o e f f i -  
c i e n t  by (1-3-14) i n d i c a t e  t h a t  b e c a u s e  o f  t h e  s m a l l  a t t a c k  a n g l e s ,  
c i s  p r a c t i c a l l y  no d i f f e r e n t  a t  01 # 0 from t h e  c o r r e s p o n d i n g  
v a l u e  a t  a = 0 ,  s o  t h a t  c 2 c 

d i c a t e  t ha t  f o r  a g i v e n  body s h a p e ,  t h e  e x p r e s s i o n s  f o r  them can 
be w r i t t e n  i n  t h e  g e n e r a l  c a s e  i n  t h e  r e s p e c t i v e  forms 

The aerodynamic c o e f f i c i e n t s  f o r  nonaxisymmetr ic  f low around 

RP 
x w '  RP 

C a l c u l a t i o n s  of  t h e  normal - force  and moment c o e f f i c i e n t s  i n -  

0 
0 ..'49.3 
1.22 
2.66 

- - 
For a p a r a b o l i c  g e n e r a t r i x  r = x ( 2  - x ) ,  t h e  v a l u e s  found 

f o r  Cn Ma are  as f o l l o w s :  
P 

I I  0 
0. ( ; I  I0 0.793 
1.X 2 . 4 2  
3 .32  4 .33  

0 
0.2  
0 . fj 
1 .o 

The c a l c u l a t e d  normal - force  c o e f f i c i e n t s  are compared w i t h  /421 
e x p e r i m e n t a l  f i g u r e s  i n  F i g .  X-2-3. A s  w e  see ,  t h e  agreement  
of  t h e  r e s u l t s  i s  s a t i s f a c t o r y .  However, b e t t e r  agreement  be- 
tween t h e o r y  and exper iment  i s  observed  f o r  t h e  l a r g e r  v a l u e  of  
t h e  s i m i l a r i t y  p a r a m e t e r .  

The s t u d i e s  i n d i c a t e  t h a t  for h y p e r s o n i c  f low around s l e n d e r  
s h a r p  b o d i e s  w i t h  p a r a b o l i c  o g i v a l  g e n e r a t r i c e s ,  t h e  c e n t e r  o f  
p r e s s u r e  c o e f f i c i e n t  can  b e  c a l c u l a t e d  by  t h e  approximate  formula  

(X-2-10 ) 
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where K, = M,Bp. 

This formula gives satisfactory results for K, 5 0.5-0.6. 

to find the coefficient of the moment about 
Knowing the center of pressure coefficient, we can use the for- 
mula m = x 
the nose of the body. 

c .pCNp ZP 

SX-3. THE NEWTON METHOD 

Pres sure 

the values of cos2 rl and cos2n* are determined with (IV-7-41. 
In this method, pressure is calculated by (IV-7-21, in which 

Since we are concerned with a solid of revolution, (IV-7-2) 
becomes 

where p* is the pressure coefficient on a conical nose and is 
calculated by the ordinary theory' of supersonic nonaxisymmetric 
flow around a cone and, for given values of the angle 13 and Ma, 
is a function of the angles c1 and y. 

P 

In the case of zero attack angle (X-3-11 simplifies: 

where p* no longer depends on c1 and y and is constant for given 
axisymmetric-flow conditions. 

ceases to depend on MmA the parameter p*/cos2 q *  in (X-3-1) can 

(V111-1-30'-) in the form 

When the velocities are so high that pressure practically 

which is determined from be replaced by e ( k )  = pc/sin2 QC , 

We may therefore write 

- -  
p :p(Ji) (sin f~cosct-sin ~ r c o . ~ ~ c o s ~ ) ~ .  (X-3-4 1 
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C o e f f i c i e n t  of  A x i a l  F o r c e  

I n t r o d u c i n g  ( X - 3 - 1 )  i n t o  (1-3-14),  w e  f i n d  a r e l a t i o n  f o r  t h e  
a x i a l - f o r c e  c o e f f i c i e n t  : 

where / 4 2  2 

(x-3-6 1 

.. I 

F i g u r e  X - 3 - 1 .  Format ion  of "Shaded" Region 
i n  Flow Around a S o l i d  of R e v o l u t i o n  a t  a n  
A t t a c k  Angle.  

When (X-3-4)  i s  u s e d ,  

and a f t e r  i n t e g r a t i o n  

The l i m i t s  of i n t e g r a t i o n  y, and ( o r ,  i n  d i m e n s i o n a l  form, 
x;) depend on t h e  g e o m e t r i c a l  shape  o f  t h e  body and t h e  a t t a c k  
a n g l e .  To e s t a b l i s h  them, i t  i s  n e c e s s a r y  to s t a r t  from t h e  fea- 
t u r e  o f  "Newtonian f low" around t h e  body, which, as w e  have n o t e d ,  
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c o n s i s t s  i n  t h e  fo rma t ion  of a c e r t a i n  "shaded" zone on i t s  
s u r f a c e  i n  which p a r t i c l e  c o l l i s i o n s  do n o t  occur .  

The boundary of t h i s  r e g i o n  ( F i g .  X-3-1) i s  de te rmined  b y  
a curve  on and everywhere beh ind  which the  p r e s s u r e  i s  z e r o .  
Hence t h e  v a l u e s  of t h e  l i m i t s  ye and xh (or t h e  co r re spond ing  
c o o r d i n a t e  r e )  are d e f i n e d  as f u n c t i o n s  o f  t h e  p o s i t i o n  o f  t h e  
boundary of t h e  "shaded" r e g i o n .  I n  accordance  w i t h  ( IV-7-10) , 
t h e  a n g l e  ye i s  found from t h e  c o n d i t i o n  t a n  B/tan a = cos  y C o r ,  
f o r  s m a l l  a and B ,  from t h e  c o n d i t i o n  B/a = cos  ye .  

I n  c a l c u l a t i n g  xi, which i s  t h e  d i s t a n c e  from t h e  t i p  to 
t h e  most remote p o i n t  a t  which t h e  p r e s s u r e  i s  z e r o ,  w e  p roceed  
from t h e  c o n d i t i o n  B = -a. 
r becomes 

Accord ingly ,  t h e  e q u a t i o n  f o r  xh ( o r  

C 

Two p o s s i b l e  c a s e s  of f low must b e  kep t  i n  mind i n  c a l c u l a t -  
i n g  t h e  l i m i t s .  I n  t h e  f i r s t ,  t h e  a t t a c k  a n g l e  a i s  smaller t h a n  
t h e  cone a n g l e  B a t  t h e  p o i n t  of t h e  body (see F i g .  X-3-1). I n  

t h i s  c a s e ,  as long  as t h e  p r e s e n t  v a l u e  o f  t h e  g e n e r a t r i x  i n c l i n a -  
t i o n  a n g l e  B i s  g r e a t e r  t h a n  or e q u a l  to a ,  t h e  l i m i t  ye = 0 .  
When B becomes smaller  t h a n  t h e  a t t a c k  a n g l e ,  ye w i l l  be g r e a t e r  

t h a n  ze ro .  
c a s e  o f  B = - a ,  

P 

For  example,  a t  B = 0 ,  t h e  a n g l e  ye =  IT/^, and i n  t h e  
= IT. 

Y C  

Obvious ly ,  ye =  IT/^ i s  a l w a y s  t h e  c a s e  f o r  a c y l i n d e r ,  s i n c e  /423  
B = 0 .  The form of  t h e  f u n c t i o n  A(yc)  r e p r e s e n t e d  by  (X-3-7) i s  

s i m p l i f i e d  s u b s t a n t i a l l y  f o r  t h e s e  two v a l u e s  of  B .  With B = 9, 
ye  = n /2 ,  f o r  example,  Formula (X-3-7) assumes t h e  form A(yc)  = 

= n/ $ ( k )  s i n 2 a , w h i l e  i n  t h e  c a s e  4 = - a ,  ye = I T ,  A(yc)  = 0 .  

The l i m i t  xh i s  de termined  by t h e  p o s i t i o n  o f  t h e  p o i n t  on 
t h e  lower g e n e r a t r i x  where t h e  "shaded" zone b e g i n s .  Here, 
as w e  see from F i g .  X-3-1, xh d i f f e r s  from t h e  t o t a l  l e n g t h  of  
t h e  body i n  t h e  g e n e r a l  c a s e .  

With a <<  B a s m a l l  "shaded" zone forms on a c u r v i l i n e a r  
P '  

nose s e c t i o n ,  and w e  may assume i n  approximat ion  t h a t  x '  = x 
and = 1. S i n c e  ye = O . i n  t h i s  c a s e ,  

C m i d  
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"Shaded" zone 

F i g u r e  X-3-2. Formation o f  F i g u r e  X-3-3. Diagram o f  Flow 
lfShaded" Zone (Crossha tched)  Around S o l i d  o f  Revo lu t ion  
on S o l i d  of  Revolu t ion  a t  w i t h  a = 0 .  
a ' B o .  

Consequent ly  , 

L e t  us assume-that- w e  have a g i v e n  p a r a b o l i c  nose  s e c t i o n  
w i t h  t h e  e q u a t i o n  r = x ( 2  - x ) .  For  i t ,  t a n  B = t a n  B p ( l  - x ) ,  
where t a n  B = l /ymid and s i n 2  B = t a n 2  B / ( 1  + t a n 2  6 ) .  A f t e r  

a p p r o p r i a t e  s u b s t i t u t i o n  i n  (X-3-10)  and ca1cula t io .n  o f  t h e  
i n t e g r a l ,  w e  can de te rmine  c 

P 

RP * 

The d i s t i n c t i v e  f e a t u r e  o f  t h e  second c a s e  i s  t ha t  the  a t t a c k  
a n g l e  i s  l a r g e r  t h a n  o r  e q u a l  t o  t h e  a n g l e  of t h e  cone a t  t h e  
t i p  (F ig .  X-3-2) .  I n  t h i s  c a s e ,  i f  a = 

v i o u s l y  cor responds  t o  t h e  t i p  p o s i t i o n .  A "b l anke ted"  r e g i o n  i n  
which y > 0 everywhere b e g i n s  immediately behind  i t .  T h i s  re- 
g i o n ,  as i s  i n d i c a t e d  on F i g .  X-3-2, ex t ends  t o  t h e  base, so  t h a t  
t h e  c o o r d i n a t e  xh = x . 

mined by t h e  " l o c a l  cone" method i n  e i t h e r  c a s e .  

t h e  v a l u e  yc = 0 ob- 
BP , 

C 

C 

The p r e s s u r e  c o e f f i c i e n t  F* on t h e  nose cone can  b e  de te r -  

A t  z e r o  a n g l e  of a t t a c k ,  t h e  f u n c t i o n  A ( y c )  = ( r p * / s i n 2  B~ ) s i n 2  B 
- 

i n  Expres s ion  (X-3-5), s o  t h a t  t h e  formula f o r  t h e  a x i a l - f o r c e  
c o e f f i c i e n t ,  which i s  e q u a l  t o  t h e  c o e f f i c i e n t  of  wave d rag ,  as- 
sumes t h e  form 

- -  

0 

( X - 3 - 1 1 )  
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I n  t h i s  formula ,  t h e  upper  l i . m i t  r = 1 of  the  i n t e g r a l  i s  
de termined  by t h e  f a c t  t h a t  t h e  "shaded" zone ( F i g .  X-3-31 
b e g i n s  where t h e  body has i t s  la rges t  c r o s s  s e c t i o n .  Consider-  
i n g  a p a r a b o l i c  body f o r  which t a n  B = t a n  B V G ,  and s u b s t i -  
t u t i n g  s i n 2  B a c c o r d i n g l y ,  w e  o b t a i n  a f t e r  i n t e g r a t i o n  

P 

When 6mid > 2 ,  t h i s  formula  can  b e  p r e s e n t e d  i n  a s i m p l e r  /42 4 

.. 

F i g u r e  X-3-5. "Shaded". Zone 
on Cone. 

0 20 40 60 I f  t h e  s o l i d  o f  r evo lu -  ... t i o n  i s  s l e n d e r ,  t h e n  ymid - F i g u r e  X-3-4. A x i a l  Force  Coef- 
1 / B  and c 2 5*/3. f i c i e n t  f o r  P a r a b o l i c  Nose Sec- 

Angle. Thus, t h e  d r a g  c o e f f i -  
c i e n t  o f  a p a r a b o l i c  nose 
s e c t i o n  i s  found t o  b e  ha l f  

as large as f o r  a c o n i c a l  nose .  S e t t i n g  c* = p ( k ) B i ,  w e  f i n d ,  
f o r  example, t h a t  a t  k = 1 . 4 ,  c =.0.697@;.  F igu re  X-3-4 shows 
how c v a r i e s  as a f u n c t i o n  o f  a f o r  a p a r a b o l i c  nose s e c t i o n  
w i t h  c ( k )  = 2 .  

RP t i o n  as a Func t ion  of  A t t ack  P 

RP 
RP 

A x i a l  f o r c e  c o e f f i c i e n t  o f  a c o n e .  S i n c e  B = * c o n s t  for 
a cone,  i t  fo l lows  t h a t  t h e  f u n c t i o n  A(yc)  d e f i n e d  by (X-3-6) w i l l  
b e  c o n s t a n t .  Hence 
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I f  t h e  cone ang le  i s  l a r g e r  t h a n  t h e  ang le  of a t t a c k ,  as 
corresponds t o  t h e  f i r s t  case ,  t h e r e  . i s  no "shaded" zone, t h e  
angle  yc = 0 ,  and, consequent ly  A ( y c )  = A ( 0 )  ( s e e  X-3-9), where 
f3 = 6,. For a s l e n d e r  cone 

a2 
*A (7,) =7 A (0) =1 nF(h.) (p + T) . (X-3-15) 

I f  t h e  cone angle  i s  sma l l e r  t han  the a t t a c k  angle  (second 
case  considered above) ,  a "shaded" zone forms on t o p  (F ig .  
X-3-51 and t h e  func t ion  A(yc)  must be determined by (X-3-7). 

- - 
x w  A t  z e ro  angle  of a t t a c k ,  t h e  a x i a l - f o r c e  c o e f f i c i e n t  c = c 

RP 
6 ( k )  s i n 2  B c ,  which g i v e s  2 . 0 9 1  s i n 2  f3, f o r  k = 1 . 4 .  

mate r e l a t i o n  
To t a k e  account of  t h e  Mach number, w e  can use the approxi-  

(X-3-16) 

Influence of flow expansion in t h e  " s h a d e d "  zone. Up t o  
t h i s  p o i n t ,  we have been concerned w i t h  a pure "Newtonian flow," 
i n  whi,ch t h e  p r e s s u r e  c o e f f i c i e n t  f o r  t h e  "shaded" zone was 
assumed equa l  t o  zero .  The a x i a l  f o r c e  c o e f f i c i e n t  i n  t h i s  ex- 
treme case  i s  determined by  (X-3-5). 

I n  f a c t ,  a t  a d e v i a t i o n  from the ' ex t r eme  case ,  when t h e  Mm 
remain f i n i t e  though very l a r g e ,  c w i l l  d i f f e r  from t h e  value 
obta ined  from (X-3-5). One of t h e  reasons  i s  t ha t  t h i s  formula 
does not  cons ider  t h e  i n f l u e n c e  of  expansion i n  t h e  "shaded" 
zone. c 

RP 

The r e s u l t s  can be improved i f  t h e  a x i a l  f o r c e  c o e f f i c i e n t  /425 
i s  eva lua ted  by the  more g e n e r a l  expres s ion  

which t a k e s  account of  t h e  "shaded" r e g i o n ' s  i n f l u e n c e .  

For convenience,  l e t  u s  p r e s e n t  t h i s  c o e f f i c i e n t  as a sum o f  
two components : 
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i s  t h e  a x i a l  f o r c e  c o e f f i c i e n t  t h a t  a r i s e s  as a r e s u l t  where c 
of s t a g n a t i o n  and Ac i s  the  a d d i t i o n a l  c o e f f i c i e n t  due t o  expan- 
s i o n  i n  t h e  "shaded" zone. 

RP s 

RP 

i s  c a l c u l a t e d  b y  (X-3-17), and Ac from 
RP s RP 

The va lue  of c 
t h e  expres s ion  

which d e r i v e s  from extending  t h e  i n t e g r a t i o n  i n t o  t h e  "shaded" 
zone i n  de te rmining  t h e  a x i a l  f o r c e  c o e f f i c i e n t .  I n  t h i s  expres-  
s i o n ,  t h e  lower l i m i t  x; i s  equa l  t o  t h e  d i s t a n c e  from the  t i p  t o  
t h e  beginning of t h e  'ishaded" zone on the  top  of t h e  body. 

The p r e s s u r e  c o e f f i c i e n t  se i n  t h i s  'zone i s  determined b y  t h e  
formula Fe = (2/kMz)(pe/p, - 1) and w i l l  obviously be v a r i a b l e  i n  
t h e  g e n e r a l  ca se .  

For  approximate e v a l u a t i o n  of  t h e  i n f l u e n c e  of t h e  "sha- 

Here w e  proceed from t h e  
ded" zone, t h e  p r e s s u r e  c o e f f i c i e n t  i s  assumed cons tan t  a t  a l l  
p o i n t s  and equa l  t o  pe = - 2/(kM:). 
assumption t h a t  a vacuum forms i n  t h e  "shaded" zone a t  very 
high speeds (pe = 0 ) .  Then 

(X-3-20) 

I n  the  case  of a cone, f o r  example, i n t e g r a t i o n  i s  extended 
from 0 t o  xc when a "shaded" zone forms; as a r e s u l t ,  

(X-3-21) 

i . e . ,  t h e  o v e r - a l l  a x i a l  f o r c e  i s  somewhat smaller. If no blank- 
e t i n g  occurs  (ye  = 0 ) ,  t he  a d d i t i o n a l  nega t ive  a x i a l  f o r c e  d i s -  
appears .  

On s o l i d s  o f  r e v o l u t i o n  w i t h  c u r v i l i n e a r  g e n e r a t r i c e s ,  t h e  
"shaded" zone covers  t h e  e n t i r e  t a i l  s e c t i o n  a t  zero  a t t a c k  - angle .  Then, s i n c e  x; * xc - xmid, Y, = T3 
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s o  t h a t  the  a x i a l  f o r c e  becomes somewhat l a r g e r .  

(X-3-22) 

A p p l i c a t i o n  o f  t h e . N e w t o n  formula .  The Newton formula p = 
= p,V: s i n 2  B can be  used t o  determine the  shape of t h e  genera- 
t r i x  of a s o l i d  of  r e v o l u t i o n  w i t h  minimum drag  a t  very h igh  
speeds .  For  t h i s  purpose,  b e a r i n g  Formula (1-3-14) and p = 
= p,V:(dr/ds)2 i n  mind, w e  w r i t e  an expres s ion  f o r  t h e  d rag  i n  
symmetrical  f low: 

The problem i s  t o  determine t h e  g e n e r a t r i x  equat ion  r = f ( x )  
t o  which t h e  minimum of  f u n c t i o n  R corresponds.  I n  s o l v i n g  t h i s  
problem, w e  can assume (C721, 1962, No. l), t h a t  t h e  drag  minimum 
i s  determined f o r  cons t an t  l a t e r a l  a r e a  S and volume W of t h e  
body, i . e . ,  

P 

(X-3-24 ) 

The s o l u t i o n  of  t h i s  i s o p a r a m e t r i c  v a r i a t i o n a l  problem r e -  
duces t o  i n v e s t i g a t i o n  of t h e  f u n c t i o n a l  

c 
d t  

0 

o r  

f o r  i t s  uncond i t iona l  extremum; h e r e ,  A ,  and A ,  a r e  c e r t a i n  con- 
s t a n t s  known as Lagrangian m u l t i p l i e r s .  

Wri t ing  t h e  Euler  equa t ion  f o r  t h e  las t  f u n c t i o n a l ,  

/426 



where r '  = dr /ds  and 

(X-3-26) 

w e  o b t a i n  t h e  e q u a t i o n w h i c h t h e  minimizing f u n c t i o n  must s a t i s f y .  
A f t e r  s u b s t i t u t i o n  o f  Expres s ion  (X-3-26) i n t o  (X-3-25), apply-  
i n g  aF/as = 0 ,  t h i s  e q u a t i o n  assumes t h e  form 

The c o n s t a n t s  A ,  and A ,  can b e  de te rmined  from t h e  c o n d i t i o n  

'mid  
t h a t  f o r  r = 0 the  d e r i v a t i v e  ( d r / d s ) ,  = s i n  B p ,  'and f o r  r = 

t h i s  d e r i v a t i v e  i s  z e r o .  A s  a r e s u l t ,  t h e  e q u a t i o n  o f  t h e  minimiz- 
i n g  f u n c t i o n  becomes 

W e  take t h e  l o c a l  s l o p e  u = dr /ds  as t h e  pa rame te r  i n  t h i s  
e q u a t i o n .  Then t h e  e q u a t i o n  i t s e l f  g i v e s  an  e x p r e s s i o n  for t h e  
c o o r d i n a t e  r - o f  p o i n t s  on t h e  g e n e r a t r i x :  

The e q u a t i o n  f o r  t h e  x-coord ina te  i s  - 

(X-3-28) 

/4 27 L e t  u s  i n t e g r a t e  t h i s  e q u a t i o n ,  a p p l y i n g  (X-3-27'), i n  t h e  
x = x to c u r r e n t  v a l u e s  o f  r and x. We - - m i d '  C 

r ange  from r = r 
o b t a i n  

from which 
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X __ 
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F i g u r e  X-3-6. Family of F i g u r e  X-3-7. Parameters of  
G e n e r a t r i c e s  f o r  Bodies  Minimum-Drag Nose S e c t i o n s .  
o f  Minimum Drag. 

From t h i s ,  s e t t i n g  x = 0 and u = s i n  $ w e  f i n d  t h e  l e n g t h  P '  
o f  t h e  nose s e c t i o n :  

E q u a t i o n s  (X-3-27) and (X-3-29) p r e s e n t  t h e  g e n e r a t r i c e s  of 
minimum-drag s o l i d s  of  r e v o l u t i o n  i n  p a r a m e t r i c  f o r m .  A f a m i l y  
o f  such  g e n e r a t r i c e s ,  c o n s t r u c t e d  f o r  v a r i o u s  v a l u e s  o f  t he  a n g l e  

, i s  shown i n  F i g .  
body i s  approximated  
$P 

X-3-6. The g e n e r a t r i x  of  t h e  minimum-drag 
s a t i s f a c t o r i l y  b y  a c u r v e  w i t h  t h e  e q u a t i o n  

Using t h e  p a r a m e t r i c  e q u a t i o n s  of t h e  minimiz ing  c u r v e ,  w e  
can  o b t a i n  e x p r e s s i o n s  f o r  t h e  d r a g ,  l a t e ra l  area, and volume of  
t h e  s o l i d  of r e v o l u t i o n .  I n t r o d u c i n g  (X-3-27')  i n t o  (X-3-23),  w e  
f i n d  

(X-3-32) 9 i i  R P- -- 10 pm ~ 5 . w . ~ ~  sinzp, (I?-Tsin?oP),  

f rom which t h e  d r a g  c o e f f i c i e n t  



1 

Parsmeter 

mid' dmi( X 

'sde' dmid 

'b ' dmid 

'b' 'mid 

'b' 'sde 

TABLE x-3-la. WAVE DRAG OF OPTIMUM-SHAPE NOSE SECTIONS 

2 

dmid 

dmi d 

dmid 

dmi d 

1.64F mid 

'b 5.33- 
'sde 

3 4 5 

'mid 'mid 'sde 

'sde 
dki d 

dmid 'sde 

d&. d 0.222- 'b 
dkid 'b dmi d 

0.598- 'sde 1.67- 

'b 6.05- 4.5- 

mid X 1.64>. mid 3.28- 

0.098- ':de 5.44- 
'b ':de 'sde 

Note: Column 1 contains given geometrical parameters of  the nose section; Columns 
2-5 contain the calculated geometrical parameters of the optimum solid of revolu- 
tior.; Column 6 lists calculated values of  the minimum wave drag coefficient. 



(x-3-33) 

The formulas f o r  c a l c u l a t i o n  of . l a t e ra l  a r e a  and volume a r e  

F igure  X-3-7 shows how t h e  va lues  of minimum drag  vary w i t h  
t h e  nose t i p  ang le  6 . The same f i g u r e  shows curves c h a r a c t e r -  
i z i n g  t h e  v a r i a t i o n  of t h e  dimensionless  q u a n t i t i e s  xc/rmid, 

i n d i c a t e  t h a t  t h e  g e n e r a t r i x  shapes come very c l o s e  t o  t h e  o g i v a l  
curve.  A t  t h e  same t ime ,  we d i s c e r n  a tendency toward l eng ths  
exceeding tha t  of t h e  o g i v a l  head f o r  a g iven  f3 and t o  more pro- 
nounced t a p e r  of t h e  forward s e c t i o n .  

P 

S/rmid, 2 and W/rkid. These curves ,  and t h e  diagrams i n  F ig .  x-3-6, 

P '  

TABLE X-3-ib. SHAPE OF OPTIMUM-NOSE-SECTION GENERATRIX 

Given 
Parameters 

2oordinat e s 
3 f Trans i t  i on 
? o i n t  5, = x o /  

j ,  = 0.6, qo = O.i36 

E o  -= 0.70'1, qo :< 0.76 

Eo = 0.802, qo = 0.778 

Eo = 0.385, 110 == 0.617 

Equat ion of F i r s t  Genera- 
t r i x  Segment 

Note: The 
i n t  e g r a l s  

f u n c t i o n s  F and E a r e  incomplete  e l l i p t i c  
of  t h e  f irst  and second k inds ,  r e s p e c t i v e l y .  
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Use o f  the  Busemann formula. The optimum s h a p e s  found f o r  /429 
t h e  nose  s e c t i o n s  are somewhat d i f f e r e n t  i f  t h e y  are de termined  
b y ' t h e '  Busemanri formula  .(IV-7-19). ' S o l u t i o n  o f  t h e  v a r i a t i o n a l  
problem (C681, 1960 ,  N o .  6 ;  1963 ,  No. 3; C701, 1963 ,  No. 1) leads 
us  to t h e  c o n c l u s i o n  t h a t  t h e  g e n e r a t r i x  o f  t h e  minimum-drag n o s e  
s e c t i o n  c o n s i s t s  o f  two s u c c e s s i v e  curve  b r a n c h e s .  On t h e  f i r s t ,  
t h e  e x c e s s  p r e s s u r e  i s  always p o s i t i v e ,  w h i l e  on t h e  second i t  i s  
z e r o .  

Tables  X - 3 - 1 ,  a and b ,  p r e s e n t  t h e  r e s u l t s  of  s o l u t i o n  of  
s i x  problems i n  which t h e  minimum wave-drag c o e f f i c i e n t  and t h e  
g e n e r a t r i x  e q u a t i o n  o f  t h e  c o r r e s p o n d i n g  nose  s e c t i o n  were deter-  
mined. The  i n i t i a l  c o n d i t i o n s  were t h e  n o s e - s e c t i o n  l e n g t h  xmid, 
t he  m i d s h i p s - s e c t i o n  d i a m e t e r  dmid, t h e  volume W b ,  and t h e  l a t e r a l  
area Ssde, a s s i g n e d  p a i r w i s e  i n  v a r i o u s  combina t ions .  
t i v e  c o o r d i n a t e s  5 ,  = xo/xmid, 11, = d,/dmid o f  t h e  p o i n t s  o f  
t r a n s i t i o n  of t h e  f i r s t  branch  of  t h e  c u r v e  i n t o  t h e  second were 
de termined  f o r  each g i v e n  combina t ion  o f  p a r a m e t e r s .  The genera-  
t r i x  e q u a t i o n  on t h e  second segment i s  found to b e  t h e  same i n  
e a c h  c a s e ,  

The re la-  

where 1 - < 5 = X/Xmid 5 5 , .  

Normal-For c e  Coe f f i c i e  n t  

S o l i d  o f  r e v o l u t i o n  with  a r b i t r a r y  g e n e r a t r i x .  The working 
r e l a t i o n  f o r  t h e  normal - force  c o e f f i c i e n t  i s  o b t a i n e d  a f t e r  sub- 
s t i t u t i o n  of  (X-3-11 for t h e  p r e s s u r e  c o e f f i c i e n t  i n t o  ( 1 - 4 - 1 1 ) :  

XC 

- 3  

'?'mid 
= -+ f B (7,) r dx, 

0 

(x-3-36) 

where t h e  f u n c t i o n  

and t h e  upper  l i m i t  x '  i s  t h e  d i s t a n c e  from t h e  t i p  t o  t h e  most 
d i s t a n t  p o i n t  on t h e  s u r f a c e  of t h e  body beyond which the  "sha- 
ded" zone b e g i n s .  

C 



If Formula (X-3-4) i s  used f o r  t h e  p r e s s u r e  c o e f f i c i e n t ,  w e  
can c a l c u l a t e  t h e  i n t e g r a l  o f  (X-3-37) and f i n d  the  f u n c t i o n  B(y) 
i n  e x p l i c i t  form: 

The l i m i t  x: i s  c a l c u l a t e d  i n  accordance wi th  t h e  p o s s i b l e  
working cases  p re sen ted  above. 

Expression (X-3-38) for the  f u n c t i o n  B(yc) i s  g r e a t l y  s i m -  
p l i f i e d  f o r  t h e  first of  these c a s e s .  It was s ta ted  above t h a t  
as long as t h e  c o n d i t i o n  ct - < B i s  s a t i s f i ed ,  yc = 0 and, conse- 
quent  l y  , 

But when t h e  p r e s e n t  va lue  o f  t h e  ang le  B becomes smaller t h a n  a, 
w e  have y c  > 0 .  I n  p a r t i c u l a r ,  i f  B = 0 ,  t h e n  yc = n/2 and 

If  8 = -a, t h e n  y c  = T and B ( y c )  = B ( n )  = 0 .  

zone; t hen  
For our case  w i t h  a < B w e  can d i s r e g a r d  t h e  "shaded" - P '  

(X-3-39) 

The func t ion  i n  t h e  i n t e g r a n d  depends on t h e  shape of  t h e  
g e n e r a t r i x .  I n  the p a r t i c u l a r  case  of a p a r a b o l i c  nose s e c t i o n ,  

where t a n  B = l/hmid- 
P 



C 3 
3 

2 

I 

0 -  

I n  t h e  second c a s e ,  t h e  "sha- 
d e d " .  zone, to which v a l u e s  o f  yc > 
> 0 co r re spond ,  b e g i n s  d i r e c t l y  be- 

-_ . . . q u e n t l y ,  t h e  f u n c t i o n  B(yc)  must be  

M-771 
A, = 3  h i n d  t h e  forward p o i n t  and,  conse- 

- .. c a l c u l a t e d  from (X-3-38). 
li) 3L- 50 70 ccO 

I f  t h e  a t t a c k  a n g l e s  are s m a l l ,  
t h e  "shaded" zone has n e g l i g i b l e  
i n f l u e n c e .  I n  t h i s  c a s e ,  by i n t r o -  
duc ing  t h e  e x p r e s s i o n  f o r  B(yc)  = 

F i g u r e  X-3-8. Normal Force  
C o e f f i c i e n t  f o r  a P a r a -  
b o l i c  Nose S e c t i o n  as a 
Func t ion  o f  A t t ack  Angle. - 

= - c(k)aB.rr i n t o  (X-3-36), w e  o b t a i n  

F i g u r e  X-3-8 p r e s e n t s  t h e  r e s u l t s  o f  c a l c u l a t i o n  o f  t h e  normal 
f o r c e  c o e f f i c i e n t  b y  (X-3-36) f o r  a p a r a b o l i c  nose s e c t i o n .  

We n o t e  a t  once t h a t  a c o n s t a n t  v a l u e  o f  t h e  i n t e g r a n d  i n  
(X-3-36) corresponds  t o  a c y l i n d r i c a l  segment (x > 1) f o l l o w i n g  
a c u r v i l i n e a r  nose  s e c t i o n .  It f o l l o w s  from (X-3-38) t h a t ,  s i n c e  
B(yc)  = - ( 2 / 3 ) c ( k ) s i n 2  a t h e  normal f o r c e  c o e f f i c i e n t  o f  t h e  

c y l i n d r i c a l  segment i s  

Normal f o r c e  c o e f f i c i e n t  o f  a s l e n d e r  cone .  S i n c e  t h e  func- 
t i o n  B(y ) = c o n s t  f o r  a cone, (X-3-36) g i v e s  

C 

Applying (X-3-38) f o r  t h e  f u n c t i o n  B ( y c ) ,  w e  can p r e s e n t  
(x-3-42) i n  more c o n c r e t e  form by examining t h e  p a r t i c u l a r  c a s e s  
of  f low.  

S i n c e  a < B i n  t h e  f i r s t  c a s e ,  ye = 0 ,  B(yc)  = B ( 0 )  = 
C - 

= -rg(k) s i n  2a s i n  2B/4, and,  consequen t ly ,  

1 -  c K p  == ! p  (k) cos2 p, sin 2a. (X-3-43) 
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For s m a l l  ang le s  a and B c  

c 
C,Yp = p (IC) a. (x-3-4 4 ) 

From (X-3-43), w e  can f i n d  t h e  i n i t i a l  s lope  of t h e  c (a) 
NP 

curve ,  which i s  determined by t h e  d e r i v a t i v e  

(x-3-45) 

F o r a  s l e n d e r  cone at smal l  ang le s  of a t t a c k  and k = 1, t h i s  
l a s t  formula g i v e s  ( ac  
below, corresponds e x a c t l y  t o  l i n e a r i z e d  flow. 

c depend weakly on Ma throughout  t h e  e n t i r e  range from s m a l l  
to very l a r g e  va lues  o f  t h i s  Mach number. T h i s  conclus ion  i s  
confirmed b y  t h e  r e s u l t s  of an exac t  c a l c u l a t i o n  of (tk,vj,!d~)u ( , c o s 2  p, 
as a f u n c t i o n  of Ma f o r  cones w i t h  va r ious  va lues  of t h e  angle  

/aa)a=o = 2 ,  which, as w i l l  be shown 
NP 

We may t h e r e f o r e  conclude t h a t  t h e  s l o p e  of t h e  curve and /431 
NP 

B C  

I n  F ig .  X-3-9, which pre-  
s e n t s  t h e s e  r e s u l t s ,  w e  a l s o  
see  t h a t  t h e  i n f l u e n c e  of Ma 
i s  a l s o  weaker t h e  t h i c k e r  ' 
t h e  cone and t h e  l a r g e r  Mm. 
A t  t h e  same t ime,  a comparison 
shows t h a t  t h e  Newton theory  

.. - 2 , agrees  b e t t e r  w i t h  t h e  exac t  

m a l  f o r c e  c o e f f i c i e n t  i f  we 
s e t  k = 1 i n  t h e  c a l c u l a t i o n  
of B ( y c ) .  

a > B t h e  q u a n t i t y  y c  > 0 and 
B(yc) must be  c a l c u l a t e d  by  

Formulas (X-3-37) and (x-3-38). 

/ i d a t a  i n  e v a l u a t i o n s  o f  t h e  nor- 
_A-.I-_i_- 1- 

,c 1.5 
Ha 0 4 8 12 

Figure  X-3-9. I n i t i a l  Slope 
V a r i a t i o n  o f  the Cone Normal 
Force C o e f f i c i e n t  Curve as a I n  t h e  second case ,  w i t h  

C '  Funct ion  of  Ma and the  Angle 
6,. 

I n f l u e n c e  o f  f l o w  e x p a n s i o n  i n  t h e  " s h a d e d "  z o n e .  To  
e v a l u a t e  t h e  normal f o r c e  c o e f f i c i e n t  w i t h  c o n s i d e r a t i o n  of ex- 
pansion i n  t h e - .  "shaded" zone, i t  i s  necessary  t o  use a more 
g e n e r a l  expres s ion  i n s t e a d  of (X-3-36): 
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(X-3-46) 

Here t h e  normal f o r c e  c o e f f i c i e n t  can  be p r e s e n t e d  as t h e  
sum o f  two components: 

i s  c a l c u l a t e d  by Formula (X-3-36) from t h e  s t a g n a t i o n  
NP s 

where c 
c o n d i t i o n  and Ac i s  de termined  f o r  t h e  lTshaded" r e g i o n  w i t h  

NP 
(X-3-46). 

L e t  us  examine d e t e r m i n a t i o n  of Ac i n  g rea te r  d e t a i l .  We 
NP 

s h a l l  assume, as b e f o r e ,  t h a t  t h e  p r e s s u r e  c o e f f i c i e n t  pe = 

= (2/kM:)(pe/p, - 1) i s  t h e  same everywhere i n  t h e  "shaded" 
zone. With t h i s  i n  mind, w e  f i n d  a f t e r  s u b s t i t u t i o n  of  Fe i n  
(X-  3- 46 ) 

(X-3-48 ) 

Knowing t h e  shape  of t h e  body i n  t h e  "shaded" zone and t h e  
For  a s l e n d e r  

NP 
boundar i e s  of  t h i s  zone, w e  can de te rmine  Ac 
cone,  f o r  example,  t h e  a b s o l u t e  v a l u e  

Y, = T / 2 ,  m i d '  and f o r  a c y l i n d e r ,  f o r  which r = r 

The g r e a t e s t  e f f e c t  o f  expans ion  i n  t h e  "shaded" zone w i l l  

pee everywhere i n  t h i s  zone and,  consequen t ly ,  pe - pee - pec - 

- cor re spond  t o  a t o t a l  vacuum, i . e . ,  t h e  c a s e  i n  which pe = pe, - 
- - - - - - 

= -2/(kM:). 

F i g u r e  X-3-10 shows t h e  r e s u l t s  o f  a c a l c u l a t i o n  o f  t h e  /432 
normal f o r c e  c o e f f i c i e n t  of a s o l i d  o f  r e v o l u t i o n  composed of a 
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cone and a c y l i n d e r  a t  a = 5 and l o o ,  w i t h  t h e  c o r r e c t i o n s  ca lcu-  
l a ted  b y  Forgulas  (X-3-49) and (X-3-50), and w i t h  t h e  p r e s s u r e  
c o e f f i c i e n t  pe i n  t h e  Ifshaded" zone assumed equa l  t o  ze ro .  We 
s e e  t h a t  t h e  exper imenta l  data f i t  i n t o  t h e  i n t e r v a l  between t h e  
r e s u l t s  ob ta ined  w i t h  and without  t h e  c o r r e c t i o n s .  I t  can a l s o  
be noted t h a t  t h e  e f f e c t  of "shading" a l s o  becomes weaker w i t h  
dec reas ing  a t t a c k  ang le .  

F igure  X-3-10. Calcula-  F igure  X-3-11. V a r i a t i o n  of 
t i o n  of In f luence  of Flow ac,,-/ax Along L o n t i t u d i n a l  

I Y  P 
Axis. 1) f o r  cone; 2 )  f o r  
c y l i n d e r  accord ing  t o  Newton 
theo ry ;  3)  a t  h igh  super-  
s o n i c  speeds;  4 )  a t  low 
supe r son ic  speeds.  

Expansion i n  "Shaded" 
Zone on Normal Force Coef- 
f i c i e n t  AccordiEg to New- 
- t o n  Theory. 1) pe = 0 ;  2 )  

P e  = - 2 / k ~ ~ ;  0) experiment .  

It a l s o  fo l lows  from Fig .  X-3-10 tha t  a t  an angle  of a s t a c k  
a = 5", i . e . ,  t h e  same a s  t h e  cone ang le ,  t h e  exper imenta l  curve 
i s  q u i t e  c l o s e  t o  t h e  curve found from t h e  "Newtonian s t a g n a t i o n "  
theory  without  c o r r e c t i o n .  T h i s  i s  expla ined  by t h e  absence of 
a "shaded" zone on t h e  cone and by t h e  weak "shading" e f -  
f e c t  on t h e  c y l i n d e r .  

I n f l u e n c e  o f  c y l i n d r i c a l  s e c t i o n  of body o n  normal f o r c e  
c o e f f i c i e n t .  Calculat . ions and exper imenta l  s t u d i e s  i n d i c a t e  t h a t  
t h i s  e f f e c t  depends on the  shape of t h e  nose s e c t i o n  and on M,. 

F igure  X-3-11 shows t h e  d i s t r i b u t i o n  curve of t h e  normal 
f o r c e  c o e f f i c i e n t  on a c y l i n d r i c a l  body s e c t i o n  fo l lowing  a coni- 
c a l  nose s e c t i o n .  T h i s  diagram enab le s  us t o  e v a l u a t e  t h e  impor- 
t ance  o f  t h e  c y l i n d r i c a l  s e c t i o n  i n  c r e a t i n g  normal f o r c e  a t  
va r ious  v e l o c i t i e s .  

A t  r e l a t i v e l y  low supe r son ic  speeds (M, = 2-3),  the  c o e f f i -  
c i e n t  of  l o c a l  normal f o r c e  dec reases  downstream and vanishes  ap- 
proximately a t  a d i s t a n c e  of  (2-2.5)dmid from t h e  j o i n t  between 
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t h e  c y l i n d r i c a l  and c o n i c a l  s e c t i o n s .  At l a r g e r  Mm i n  t h e  range 
3 < Moo < 6 ,  t h e  d i s t r i b u t i o n  of t h e  l o c a l  normal f o r c e  c o e f f i -  
c i e n t  i s  found to be such a s  to g ive  it t h e  l a r g e s t  average 
va lue .  

A f u r t h e r  i n c r e a s e  i n  Moo i s  accompanied by  s t e a d i l y  s m a l l e r  
changes i n  t h e  normal f o r c e  c o e f f i c i e n t ,  and i t  q u i t e  c l e a r l y  
t ends  to a c e r t a i n  cons t an t  value determined by  t h e  Newtonian- 
theory  approximation. 

t h e  e f f e c t  of t h e  c y l i n d r i c a l  s e c t i o n  a t  l a r g e  Moo, let us f i rs t  
examine c e r t a i n  g e n e r a l  c o n s i d e r a t i o n s  p e r t a i n i n g  to t h e  v a r i a -  
t i o n  of t h e  i n i t i a l  s l o p e  of  t h e  c curve.  

normal f o r c e  c o e f f i c i e n t  can be p re sen ted  i n  t h e  form of  the  
g e n e r a l  r e l a t i o n s h i p  

To e s t a b l i s h  q u a n t i t a t i v e  c h a r a c t e r i s t i c s  f o r  e v a l u a t i o n  of 

NP 
For t h e  body whose shape i s  r ep resen ted  i n  F ig .  X-3-12, t h e  /433 

I, - - . . . . . . . x c  .. i 

Figure  X - 3 - 1 2 .  Working D i a -  
gram for S o l i d  of Revolu- 
t i o n .  1) nose s e c t i o n  w i t h  
a r b i t r a r y  g e n e r a t r i x ;  2 )  cy- 
l i n d r i c a l  s e c t i o n ;  3)  coni-  
c a l  s t e r n ;  4 )  c o n i c a l  nose 
s e c t i o n .  

When t h e  e n t i r e  t a i l  sec-  

- d m i d  

t i o n  i s  c y l i n d r i c a l ,  i . e . ,  x = 
t h i s  re la-  = xc and dbse 

t i o n s h i p  becomes 

a - 

Figure  X-3-13. (acNp/8a)  0 

a s  a Funct ion of A C  f o r  a 
C y l i n d r i c a l  Body w i t h  S lender  
Nose S e c t i o n s :  - 0 - 0 -  c o n i c a l  
nose s e c t i o n ;  ----- o g i v a l  
nose s e c t i o n ;  - c o n i c a l  
and o g i v a l  nose s e c t i o n s .  

5 89 



I f  t h e  a t t a c k  ang le s  a r e  small, c can be regarded  a s  a 
NP 

l i n e a r  f u n c t i o n  of a and, consequent ly ,  t h e  expres s ion  f o r  t h e  
normal-force c o e f f i c i e n t  w i l l  be w r i t t e n  i n  t h e  form c = 

= (acNp/aa)a=oa ,  where t h e  d e r i v a t i v e  
NP 

i s  a c e r t a i n  f u n c t i o n  4 of t h e  v a r i a b l e s  B P ,  xC/dmid, and Mw. 

t h a t  t h e  normal f o r c e  c o e f f i c i e n t  v a r i e s  approximately i n  propor- . However, if we examine s l e n d e r  bodies  w i t h  t i o n  to cos2  
ang le s  B no g r e a t e r  t h a n  lO-l5O, t h e  i n f l u e n c e  of  t h e  t a p e r  
ang le  w i l l  b e  s l i g h t  and w e  can t h e n  assume tha t  

Examining Formula (X-3-45) and Fig .  X-3-9, we may conclude 

BP 
P 

T h i s  r e l a t i o n s h i p  was used as a basis f o r  an experiment w i t h  
two body models w i t h  c y l i n d r i c a l  t a i l  e lements .  One of them has 
a c o n i c a l  nose s e c t i o n ,  and t h e  o t h e r  an o g i v a l  nose.  

The r e s u l t s ,  which a r e  p re sen ted  i n  F ig .  X-3-13 C161, i n d i -  
c a t e  t h a t  when t h e  l e n g t h  of  t h e  c y l i n d r i c a l  s e c t i o n  becomes of  
t h e  o rde r  of 3dmid, t h e  s l o p e  of t h e  normal f o r c e  c o e f f i c i e n t  
curve i s  p r a c t i c a l l y  t h e  same f o r  bo th  models. 

With a l a r g e  l eng th  r a t i o  of t h e  c y l i n d e r ,  of t h e  o rde r  of 
X c  = 8-9 and h i g h e r ,  t h e  i n i t i a l  s l o p e  of t h e  c 
t i c a l l y  independent of I C .  

dec reases  w i t h  i n c r e a s i n g  Mm, becoming e q u a l  a t  Mw > 8-9 to t h e  
ang le  obta ined  f o r  t h e  cone by t h e  "Newtonian flow" theo ry .  T h i s  

A s  Mw -f 03, t h e  c y l i n d r i c a l  s e c t i o n  does not  produce an i n i t i a l -  
s l o p e  component. 

curve i s  prac-  
NP 

A s  t h e  exper imenta l  d a t a  i n d i c a t e ,  t h e  s l o p e  of t h e  curve 

i s  i n  agreement w i t h  a conclus ion  t h a t  fo l lows  from (X-3-41): /434 

Nonlinear  dependence of normal f o r c e  o n - a t t a c k  ang le .  If 
t h e  i n c l i n a t i o n  of t h e  normal f o r c e  c o e f f i c i e n t  curve i s  inde-  
pendent of a t t a c k  a n g l e ,  t hen  w e  can c a l c u l a t e  c 
w i t h  t h e  diagram i n  F i g .  X-3-13, from which d a t a  are taken  f o r  
t h e  i n i t i a l  d e r i v a t i v e ,  and the l i n e a r  r e l a t i o n s h i p  c = 

f o r  example, 
NP ' 

= (aCNp/aa)a=oa.  NP 



Figure  X-3-14 .  Varia- F igure  X-3-15. V a r i a t i o n  
t i o n  of Normal Force of Ac,,-/a2 as a Funct ion 
C o e f f i c i e n t  and i t s  
Components f o r  a Cy- 
l i n d r i c a l  Body w i t h  a 
S lender  Sharp Nose 
S e c t i o n  (Mm = 4 ) .  

11 P 
of Cyl inder  Length R a t i o  
and Ma). 

With i n c r e a s i n g  a t t a c k  a n g l e ,  however, t h e  dependence of t h e  
normal f o r c e  c o e f f i c i e n t  on a d e v i a t e s  from l i n e a r i t y :  

(X-3-53) 

where t h e  a d d i t i o n a l  term Ac r e f l e c t s  t h e  n o n l i n e a r i t y  of t h e  
normal f o r c e  c o e f f i c i e n t  as a f u n c t i o n  of a t t a c k  ang le .  

NP 

F igure  X-3-14 shows a g r a p h i c a l  i n t e r p r e t a t i o n  of Formula 
(X-3-53) on t h e  b a s i s  of exper imenta l  data. A s  we should expec t ,  
heNp i s  p r o p o r t i o n a l  t o  a2 f o r  ang le s  a <15O, a t  which t h e  ex- 
per iments  were conducted, i . e . ,  the  a d d i t i o n a l  term c h a r a c t e r i z e s  
a square-law r e l a t i o n s h i p .  Consequently,  t h e  parameter  Ac /a2 
i s  independent of a t t a c k  ang le  and i s  obviously determined i n  t h e  
g e n e r a l  ca se  by t h e  geometr ica l  dimensions of t h e  c y l i n d e r  and 
t h e  flow v e l o c i t y ,  as can b e  es tabl ished i n  conc re t e  t e r m s  by ex- 
per iment .  Curves c h a r a c t e r i z i n g  the  v a r i a t i o n  of  Ac /a2 as a 
f u n c t i o n  of Mm and the  r e l a t i v e  l e n g t h  of t he  bodyl!Pcylindrical 
s e c t i o n  were p l o t t e d  from t h e  r e s u l t s  of s t u d i e s  w i t h  a t t a c k  
ang le s  a 5 1 5 O  (F ig .  X-3-15). ‘The  same f i g u r e  shows t h e  l i m i t i n g  
s t r a i g h t  l i n e  c o n s t r u c t e d  on t h e  b a s i s  of  (X-3-41) .  

NP 
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and X-3-15), w e  can make an approximate e v a l u a t i o n  of  t h e  normal 
f o r c e  c o e f f i c i e n t  f o r  very l a r g e  Mw. To do t h i s ,  i t  i s  necessary  
t o  a s s i g n  t h e  a t t a c k  ang le  and f i n d ,  f o r  s e v e r a l M m ,  t h e  va lues  
of t h e  i n i t i a l  s l o p e  of  t h e  normal f o r c e  c o e f f i c i e n t  curve i n  
F ig .  X-3-13 and Ac i n  F ig .  X-3-15, and t h e n  c a l c u l a t e  c by 
(X-3-53). These va lues  can b e  used t o  p l o t  a curve ,  which i s  
then  e x t r a p o l a t e d  s o  t ha t  a t  M of t he  o r d e r  of 15-20 i t  reaches  
the va lue  determined from t h e  'Newtonian s t a g n a t i o n "  theory  ( l i n e  
1 i n  F ig .  X-3-10]. The e x t r a p o l a t i o n  curve can be  used f o r  ap- 
proximate e v a l u a t i o n  of t h e  normal f o r c e  c o e f f i c i e n t  f o r  i n t e r -  
mediate Mw. 

T h i s  e f f e c t  can be eva lua ted  f o r  l a r g e  Ma by  use of t h e  experi- '  
mental  curve (F ig .  X-3-16) c h a r a c t e r i z i n g - t h e  v a r i a t i o n  of  the  
i n i t i a l  d e r i v a t i v e  of normal f o r c e  c o e f f i c i e n t  as a f u n c t i o n  of 
base t a p e r  and Mw. 

NP NP 

Inf luence  o f  taper ing  t a i l  s e c t i o n  o f  s o l i d  o f  r e v o l u t i o n .  1435 

The exper imenta l  curve i s  a 
g r a p h i c a l  r e p r e s e n t a t i o n  of t h e  
f u n c t i o n  

' d m i d  

dbse  ) - l ,  (x-3-54) f (AI-) == A (---) (1 --- ac,, 

- 0.03 Ja . a.=o dmid 

i s  t h e  change -a01 where A ( 8 cNp/a a ) a= 0 

i n  t h e  i n i t i a l  d e r i v a t i v e .  Physic- 
a l l y ,  t h e  curve r e f l e c t s  t h e  ex- 
pe r imen ta l ly  observed phenomenon 
i n  which f ( M m )  dec reases  approxi-  
mately l i n e a r l y  w i t h  dec reas ing  

i n  t h e  range r a t i o  dbse/dmid 

< 0 .1 .  0 * 4  5 dbse I d m i d  - 

2 4 M.D 

Figure  X-3-16. I n i t i a l  
Slope of c Curve a s  a 
Funct ion of Mw for a 
Body w i t h  a Tapered 
T a i  1. 

NP 

It has a l s o  been es tab l i shed  
by experiment t h a t  t h e  shape of  the t a i l - s e c t i o n  g e n e r a t r i x  i s  a 
less  impor tan t  f a c t o r  i n  t h e  v a r i a t i o n  of c t h a n  i s  t h e  base t a p e r .  NP 

It fo l lows  from a n a l y s i s  of  t h e  data i n  F ig .  X-3-16 tha t  t h e  
t a i l - t a p e r  e f f e c t  becomes s u b s t a n t i a l  a t  low speeds.  T h i s  i s  
c o n s i s t e n t  w i t h  t h e  known conclus ion  of t h e  l i n e a r i z e d  theory  t o  
t h e  e f f e c t  t h a t  t h e  normal l i f t  c o e f f i c i e n t  vanishes  a t  zero  
t a p e r  (dbse/dmid = 0 ) .  

A s  f o r  l a r g e  M m ,  w e  see from Fig .  X-3-16 t h a t  t h e  s t e r n  ef-  
f e c t  has a l r e a d y  vanished a t  Mw = 8-9. The same e f f e c t  occurs  i n  
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t h e  approximation by t h e  Newton theory when t h e  t a i l  s e c t i o n  i s  
i n  a "shadedl" . zone; a s  a r e s u l t ,  t h e  a t t a c k  angle  i s  equa l  t o  
o r  smaller than  t h e  g e n e r a t r i x  i n c l i n a t i o n  ang le  of t h i s  p a r t  of 
t h e  body. Otherwise a s t a b i l i z i n g  e f f e c t  appears ,  s i n c e  t h e  t a i l  
s e c t i o n  leaves  t h e  "shaded" 'zone, forming a s t a g n a t i o n  zone. 

C o e f f i c i e n t s  of Moment and Center  of P res su re  

A p p r o x i m a t e  e v a l u a t i o n  o f  moment c o e f f i c i e n t .  S u b s t i t u t i n g  
t h e  express ion  f o r  t h e  p r e s s u r e  c o e f f i c i e n t  i n t o  (1-5-81, we f i n d  

(x-3-55) 

where t h e  f u n c t i o n  B ( y c )  i s  found from (X-3-37) o r  (X-3-38). I f  

t h e  body i s  s l e n d e r ,  t h e  second term i n  (X-3-55) can be dropped. 

I n  de te rmining  t h e  i n t e g r a l  i n  (X-3-55), we can use va lues  
of B ( y c )  ob ta ined  du r ing  t h e  preceding  c a l c u l a t i o n s  of t h e  normal 
f o r c e  c o e f f i c i e n t .  The moment c o e f f i c i e n t  c a l c u l a t e d  by t h i s  
formula r e f e r s  t o  t h e  l e n g t h  x of t h e  body. b 

The c a l c u l a t i o n  by  (X-3-55) w i t h  numerical  o r  g r a p h i c a l  i n t e -  
g r a t i o n  i s  expedient  only f o r  t h e  nose s e c t i o n .  A s  f o r  t h e  cy- 
l i n d r i c a l  s e c t i o n ,  a formula f o r  de te rmining  t h e  moment c o e f f i -  /436 
c i e n t  mc 

Z P  
i n g  t h e  expres s ion  found above, B ( y b )  = -(2/3)G(k) s i n 2  a, i n t o  

(X-3-55). 
case ,  we f i n d  

of t h e  c y l i n d e r  can be obta ined  d i r e c t l y  by  s u b s t i t u t -  

- - 
Remembering t h a t  Amid = h C ,  r = 1, xc = 1 i n  t h i s  

Here t h e  c h a r a c t e r i s t i c  dimension i s  t h e  l eng th  of  t h e  c y l i n -  
d r i c a l  s e c t i o n .  The va lue  o f  t h e  c o e f f i c i e n t  ( m '  I C  ob ta ined  
from t h i s  formula corresponds t o  t h e  moment c a l c u l a t e d  w i t h  re-  
s p e c t  t o  a p o i n t  on t h e  f r o n t  f a c e  of t h e  c y l i n d e r .  I f  t h e  mo- 
ment of t h e  f o r c e s  a c t i n g  on t h e  c y l i n d r i c a l  s e c t i o n  i s  ca lcu-  
l a t e d  w i t h  r e s p e c t  t o  ano the r  p o i n t  on t h e  f a c e  a t  a d i s t a n c e  5, 
t h e  corresponding va lue  of t h e  c o e f f i c i e n t ,  r e f e r r e d  t o  l eng th  xc, 
w i l l  be  

Z P  

(x-3-57) 
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The a p p r o p r i a t e  s u b s t i t u t i o n  must b e  made i n  t h e  denominator 
of (X-3-57) i n  r e f e r r i n g  t h e  moment c o e f f i c i e n t  t o  any o t h e r  char-  
a c t e r i s t i c  l e n g t h .  For example, i f  t h e  l eng th  of t h e  nose s e c t i o n  
o r  t h e  t o t a l  l e n g t h  of  t h e  body i s  t aken  as the  c h a r a c t e r i s t i c  
dimension, t h e  r e s p e c t i v e  s u b s t i t u t i o n s  f o r  xc a r e  xmid and xb = 

- X m i d  + xc. - 

Taking t h e  dimension corresponding t o  t h e  t o t a l  l eng th  xb 
f o r  a body w i t h  a c u r v i l i n e a r  nose-sec t ion  g e n e r a t r i x  and a cy- 
l i n d r i c a l  t a i l  and c a l c u l a t i n g  t h e  moment about the t i p ,  we ob- 
t a i n  f o r  t h e  moment c o e f f i c i e n t  

Adding t h i s  f i g u r e  t o  t h e  moment c o e f f i c i e n t  f o r  t h e  nose 
s e c t i o n  r e f e r r e d  to t h e  t o t a l  body l e n g t h ,  we f i n d  t h e  ove r -a l l  
c o e f f i c i e n t  

C a l c u l a t i o n  of t h e  nose-sec t ion  moment c o e f f i c i e n t  mn can 
be s i m p l i f i e d  i f  w e  assume tha t  t h e  "shaded" zone has n e g l i -  
g i b l e  i n f l u e n c e .  I n  t h i s  case ,  we have f o r  a s l e n d e r  nose sec-  
t i o n  

Z P  

(x-3-6 0 ) 

where Wb i s  t h e  volume occupied by t h e  body. 

C o e f f i c i e n t  o f  moment of f o r c e s  f o r  a cone .  Remembering 
t h a t  t h e  f u n c t i o n  B(yc) i s  a cons t an t  f o r  a cone, w e  have f o r  
t h e  moment c o e f f i c i e n t  

(X-3-61) 

The f u n c t i o n  B ( y c )  c a l c u l a t e d  by  (X-3-38) i s  s i m p l i f i e d  i n  
B c ,  ye = O ) ,  and t h e  moment c o e f f i -  t h e  f i r s t  case  of flow (a 

c i e n t  
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> 0 )  t h e  v a l u e  o f  B ( y c )  
Y C  

I n  t h e  second c a s e  (a > B c ,  
c a l c u l a t e d  by t h e  same Formula (X-3-38) r e t a i n s  i t s  more complex 
form and t h e  moment c o e f f i c i e n t  i s  found from (X-3-55). 

S o l i d  o f  r e v o l u t i o n  c o n s i s t i n g  o f  a c o n e  and  a c y l i n d e r .  It 
i s  q u i t e  e a s y  to o b t a i n  an  e x p r e s s i o n  f o r  t h e  moment c o e f f i c i e n t  
of  t h e  f o r c e s  a c t i n g  on such  a body, s i n c e  t h e  s e p a r a t e  moment 
c o e f f i c i e n t s  a re  known f o r  t h e  cone and t h e  c y l i n d e r .  I f  t h e  

proceed  from (X-3-38) f o r  t h e  f u n c t i o n  B ( y c ) ,  t h e n  
body l e n g t h  xb i s  t a k e n  as t h e  c h a r a c t e r i s t i c  d imens ion  and w e  /437 

"co 

When a 1. 8 
i n  t h i s  f o r m u l a .  

i t  i s  n e c e s s a r y  to s e t  B ( y c )  = - G ( ~ ) I T  s i n  2a s i n  28 / 4  
P '  P 

- I  -, ' r m i d T r b s e  '' b - 1 :  X b  &.@e? / CC.P :.: 1 2/33 (Yb) (1; (i ;I9 (Vb) ql, (X-3-64 1 
0 0 

*C.P 
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- -  xmid - le ~. ?b.-- 
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where ?A = x ' / x  b b '  



Formulas f o r  approximate eva lua t ion  o f  c e n t e r  o f  p ressure  
c o e f f i c i e n t .  Approximate r e l a t i o n s h i p s  o t h e r  t han  those  ex- 
amined above can be recommended f o r  e v a l u a t i o n  of t h e  c l i m i t .  

One of them can b e  ob ta ined  from Formulas (X-3-40) and (X-3-60): 
C - P  

T h i s  formula should b e  used f o r  t h e  cond i t ions  of flow around 
a s l e n d e r  c u r v i l i n e a r  nose s e c t i o n ,  to which (X-3-40) and (X-3-60) 
correspond;  t h e  nose s e c t i o n  l eng th  x = x m i d .  b 

For a s o l i d  of r e v o l u t i o n  w i t h  a n e a r l y  o g i v a l  o r  p a r a b o l i c  
g e n e r a t r i x  (F ig .  X-3-17b), s tudy  has shown t h a t  t h e  c e n t e r  of p re s -  
s u r e  c o e f f i c i e n t  can be determined i n  approximation by t h e  formula 

(x-3-66 ) 

which can be used when ci < 6 and t h e  dimensionless  l e n g t h  0 - < 
1. xb < ( 1 . 1 - 1 . 2 ) .  
a s h o r t  t a p e r i n g  t a i l .  

If t h i s  s e c t i o n  i s  r ep laced  by  a c y l i n d e r  (F ig .  X-3-17a), 
t he  c e n t e r  of p r e s s u r e  c o e f f i c i e n t  of t h e  r e s u l t i n g  body i s  to 
be  c a l c u l a t e d  by  ano the r  formula: 

- P '  
Thus, t h e  body under c o n s i d e r a t i o n  may have 

(X-3-67 

I n  us ing  t h i s  formula, i t  i s  necessary to observe t h e  con- /438 
d i t i o n s  a < 6 and xb 1. 

s u r e  shgf'ts toward t h e  base as t h e  l eng th  of t h e  body i n c r e a s e s  

P 
Analyzing (X-3-67), we may c o n c l u d e , t h a t  t h e  c e n t e r  of p re s -  

and as xb -t 01 t ends  t o  a l i m i t i n g  p o s i t i o n  c = 0 . 5 .  
C O P  

We s h a l l  use (X-3-64) t o  determine t h e  cone c e n t e r  of pres -  
Since B ( y c )  i s  cons t an t  f o r  a cone, i t  can be su re  c o e f f i c i e n t .  

cance l l ed .  Af t e r  i n t e g r a t i o n ,  we f i n d  t h e  c o e f f i c i e n t  value 
C = 2/3. The same va lue  i s  obta ined  i f  we cons ider  t h e  l i m i t -  
i n g  p o s i t i o n  of t h e  c e n t e r  of p r e s s u r e  f o r  a c u r v i l i n e a r  nose sec-  
t i o n  of  i n f i n i t e s i m a l l y  s h o r t  l e n g t h ,  i n  which case  i t s  shape i s  
t h a t  of  a cone. We f i n d  from (X-3-67) t h a t  l i i n  cc.p - 2  ;i - ~ O . t i ( j - i .  If 

C . P  

.x . c 0 



a c y l i n d e r  i s  a t t a c h e d  to t h e  c o n i c a l  nose s e c t i o n ,  w e  have f o r  
t h e  r e s u l t i n g  body 

(X-3-68) 

For X c  = 0 ,  i . e . ,  i n  t h e  absence of a c y l i n d r i c a l  s e c t i o n ,  
t h i s  formula g i v e s  c = 0 .667  f o r  t h e  pure cone. I f ,  on t h e  
o t h e r  hand, t h e  c y l i n d e r  i s  very long ,  t h e  c e n t e r  of p r e s s u r e  coef-  
f i c i e n t  t ends  toward t h e  l i m i t  c = 0 . 5 .  

c * P  
Comparing two bodies  w i t h  t h e  same s l ende rness  r a t i o  and 

C - P  

c o n i c a l  and p a r a b o l i c  ( o r  o g i v a l )  nose s e c t i o n s ,  we may conclude 
from t h e  r e s u l t s  ob ta ined  by Formula (X-3-67) and (X-3-68) t ha t  
a more rearward p o s i t i o n  of t h e  c e n t e r  of p r e s s u r e  i s  c h a r a c t e r -  
i s t i c  f o r  t h e  c o n i c a l  body. 

Center  o f  p r e s s u r e  c o e f f i c i e n t  as a f u n c t i o n  o f  Mm. Calcu- 
l a t i o n s  by  t h e  formulas g iven  above y i e l d  l i m i t s  of  t h e  c e n t e r  o f  
p r e s s u r e  c o e f f i c i e n t s  t h a t  a r e  p r a c t i c a l l y  i d e n t i c a l  to t hose  f o r  
r e a l i s t i c  bu t  q u i t e  l a r g e  Ma of  t h e  o r d e r o f  15-20. 
p r e s s u r e  c o e f f i c i e n t  can be c a l c u l a t e d  as fol lows f o r  s m a l l e r  Mm. 

w e  use Formula (XI-3-45) to c a l c u l a t e  The nose-sect ion 
c o e f f i c i e n t  cn 
i n  F ig .  X-3-13 by  t h e  formula c 
f i c i e n t  cc i s  found from F ig .  X-3-15 w i t h  t h e  cond i t ion  tha t  c 
i s  equal  to t h e  c o r r e c t i o n  Ac t h a t  t akes  t h e  i n f l u e n c e  of t h e  
c y l i n d r i c a l  s e c t i o n  i n t o  account .  

The  c e n t e r  of 

Assuming t h a t  t h e  given body c o n s i s t s  of s e v e r a l  e lements ,  

t h a t  appears  i n  i t  i s  determined from t h e  diagram 
= ( a ~ ~ ~ / a c l ) ~ = ~ c x ,  and t h e  coef-  NP n 

NP C 
NP NP 

NP 

F i n a l l y ,  t h e  component f o r  t h e  t a i l  s e c t i o n  can be  found 
w i t h  F ig .  X-3-16. 
t i o n  of M m  and of t h e  r a t i o  dbse/dmid; t hen  t h e  component c 

It i s  used io determine A(ac / a c l ) a = o  as a func- 
t l  = 
NP 

NP 

= A(ac /acl)cl,ocl i s  c a l c u l a t e d .  
NP 

According to Formula (XI-3-45), i t  i s  necessary  to determine 
t h e  c e n t e r  of p r e s s u r e  coord ina te  f o r  each element.  I n  approxi-  
mate c a l c u l a t i o n s ,  t h e  c e n t e r  of  p r e s s u r e  may be assumed to l i e  
a t  a d i s t a n c e  x 
g e n e r a t r i x ,  and a t  x - 0 . 6 6 7 ~ ~ ~ ~  f o r  a c o n i c a l  nose s e c t i o n .  
A s  f o r  t h e  c e n t e r s  of p r e s s u r e  of t h e  c y l i n d r i c a l  and t a i l  sec-  
t i o n s ,  t h e y  may be assumed to l i e  a t  t h e  c e n t e r s  of t h e s e  segments 
of t h e  body. 

- - o * 5 x m i d  f o r  a nose s e c t i o n  w i t h  a c u r v i l i n e a r  
C - P  - 

C * P  
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The normal-force c o e f f i c i e n t s  and c e n t e r  o f  p r e s s u r e  coord i -  
n a t e s  t h a t  have been found a r e  used to c a l c u l a t e  t h e  sum of t h e i r  
Products  c ( C ~ ~ ) ~ ( x ~ . ~ ) ~ ,  t h e  Value O f  C(cNp)i, and then  t h e  co- 
e f f i c i e n t  c i s  determined i n  accordance w i t h  (XI-3-46). 

A curve can b e  p l o t t e d  w i t h  t h e  va lues  of  t h i s  c o e f f i c i e n t  
c a l c u l a t e d  f o r  a s e r i e s  of M,. I f  t h e  curve i s  e x t r a p o l a t e d  i n  

Newton theo ry  a t  an M, o f  t h e  o rde r  of 15-20 ,  i t  can be used to 
f i n d  t h e  c f o r  i n t e r m e d i a t e  M,, as w e l l  as f o r  l a r g e r  va lues .  
Analys is  of t h e  i n f l u e n c e  of  M, i n d i c a t e s  t h a t  t r a n s i t i o n  t o s m a l l e r  
va lues  i s  accompanied by a dec rease  i n  t h e  c e n t e r  o f  p r e s s u r e  
c o e f f i c i e n t ,  s i n c e  t h e  c e n t e r  of p r e s s u r e  moves c l o s e r  to t h e  
t i p  as compared to t h e  l i m i t i n g  case  w i t h  M, -t 

c r e a s i n g  v e l o c i t y  i s  due to t h e  f a c t  t h a t ,  as we s e e  from F ig .  
X-3-11, t h e  s t a b i l i z i n g  moment o f  t h e  c y l i n d e r  i s  i n c r e a s e d  by 
t h e  i n c r e a s i n g l y  large c o n t r i b u t i o n  of t h e  p o s i t i v e  f o r c e .  I n  
t h e  l i m i t i n g  case  w i t h  M, -t m, t h e  e n t i r e  c y l i n d r i c a l  s e c t i o n  i s  
"working". Here t h e  c e n t e r  of  p r e s s u r e  i s  s i t u a t e d  q u i t e  fa r  
from t h e  t i p .  At s m a l l e r  M,, on t h e  o t h e r  hand, a s i g n i f i c a n t  
p a r t  of t h e  c y l i n d e r  w i l l  b e  n o n l i f t i n g .  

C - P  

such a way tha t  i t  i n d i c a t e s  t h e  r e s u l t  t h a t  fo l lows  from t h e  /&EL 

C O P  

The i n c r e a s e  i n  t h e  c e n t e r  of p r e s s u r e  c o e f f i c i e n t  w i t h  i n -  

Up to M, of t h e  o rde r  of 2-3, normal f o r c e  i s  c r e a t e d  only 
on a l eng th  of about (2-2.5)dmid. 
weaker s t a b i l i z i n g  e f f e c t  of t h e  c y l i n d r i c a l  s e c t i o n ,  on t h e  one 
hand because of t h e  sma l l e r  normal f o r c e  and, on t h e  o t h e r ,  be- 
cause of t h e  g r e a t e r  forward s h i f t  o f  t h e  c e n t e r  of p r e s s u r e .  It 

'may t h e r e f o r e  be found tha t  w i t h  a g iven  c e n t e r  of g r a v i t y  pos i -  
t i o n ,  a s o l i d  of r e v o l u t i o n  w i t h  a well-developed c y l i n d r i c a l  
s e c t i o n  w i l l  be s t a t i c a l l y  s t a b l e  a t  very h igh  speeds and un- 
s table  a t  lower speeds .  

I n  t h i s  c a s e ,  w e  observe a 

The problems examined above were a s s o c i a t e d  w i t h  t h e  d e t e r -  
mina t ion ,  f o r  very l a r g e  M,, of aerodynamic c o e f f i c i e n t s  t h a t  
depend on t h e  normal p r e s s u r e  d i s t r i b u t i o n  over t h e  l a t e ra l  s u r -  
f a c e .  The o v e r - a l l  va lues  of  t h e s e  c o e f f i c i e n t s  w i l l  also depend 
on wake p r e s s u r e .  

I f  t h e  "Newtonian s t a g n a t i o n "  theo ry  i s  fol lowed r i g o r o u s l y ,  
t h e  wake p res su re  c o e f f i c i e n t  must, as we have noted ,  be s e t  
equal  to zero  f o r  Mm -t a. 

and, consequent ly ,  has  no i n f l u e n c e  on t h e  aerodynamic c o e f f i -  
c i e n t s .  But when t h e  c o e f f i c i e n t s  a r e  determined f o r  r e a l i s t i c  
l a r g e  M,, t h e  i n f l u e n c e  of wake p r e s s u r e  can be e s t ima ted ,  as 
was recommended i n  cons ide r ing  flow expansion i n  a "shaded" 
zone on t h e  body's l a t e r a l  s u r f a c e ,  i . e . ,  i t  can be assumed tha t  

Accordingly,  t h e  base s e c t i o n  l i e s  i n  a "shaded" zone, 
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t h e  p r e s s u r e  behind-the base  i s  z e r o  a t  l a r g e  [Mach] numbers and ,  
consequen t ly ,  t h a t  pbse = -2/(kM:). Accord ingly ,  t h e  a x i a l  f o r c e  

c o e f f i c i e n t  cRb e = (2/kM2)gbse'  

Application of t h e  Busemann formula. The Busemann formula  
( I V - 7 - 2 2 )  shou ld  b e  u s e d . t o  c o n s i d e r  t h e  i n f l u e n c e  e x e r t e d  on 
p r e s s u r e  by t h e  c e n t r i f u g a l  f o r c e s  t h a t  a r i se  i n  motion of  t h e  
gas  p a r t i c l e s  a l o n g  curved  t r a j e c t o r i e s .  S e t t i n g  f ( x )  = 2 r r  i n  
t h i s  formula ,  w e  o b t a i n  t h e  f o l l o w i n g  e x p r e s s i o n  f o r  t h e  p r e s s u r e  
c o e f f i c i e n t  on t h e  s u r f a c e  o f  a s o l i d  o f  r e v o l u t i o n :  

(x-3-69 I 

Formula ( I V - 7 - 2 4 )  can b e  used f o r  a s l e n d e r  body. S e t t i n g  
v = 2 i n  t h i s  formula ,  w e  f i n d  

I n  t h e  p a r t i c u l a r  c a s e  o f  a s l e n d e r  body w i t h  a p a r a b o l i c  
g e n e r a t r i x  

- 
Consequent ly ,  s e t t i n g  p* = pb ,  w e  o b t a i n  

We see from t h i s  e x p r e s s i o n  t ha t  t h e  c e n t r i f u g a l  f o r c e s  t e n d  
t o  lower t h e  p r e s s u r e .  

A s  a r e s u l t ,  t h e  curve  c a l c u l a t e d  by (X-3-71) shows s i g n i f i -  
c a n t  expans ion  a t  t h e  end o f  t h e  body. However, e x p e r i m e n t a l  
data and t h e o r e t i c a l  a n a l y s e s  b y  t h e  method o f  c h a r a c t e r i s t i c s  
do n o t  conf i rm these r e s u l t s .  I n  f a c t ,  t h e  expans ion  p r a c t i c a l l y  
v a n i s h e s  a t  l a r g e  M, and t h e  p r e s s u r e  t h a t  i s  se t  up i s  found to 
be  very  c l o s e  to t h a t  o b t a i n e d  b y  t h e  improved Newton t h e o r y .  

/440 

Thus, c o r r e c t i n g  f o r  c e n t r i f u g a l  f o r c e s  lowers  t h e  accuracy  
o f  t h e  c a l c u l a t i o n  f o r  s o l i d s  of  r e v o l u t i o n  w i t h  convex s u r f a c e s .  
Hence t h e  Newton t h e o r y  shou ld  be used f o r  such  b o d i e s  a t  k = 1 . 4  
w i thou t  c o n s i d e r a t i o n  o f  c e n t r i f u g a l  f o r c e s .  On t h e  o t h e r  hand, 
t h i s  t h e o r y  g i v e s  p o o r e r  r e s u l t s  f o r  concave-surfaced b o d i e s  and, 
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as we have noted ,  t h e  flow c a l c u l a t i o n  r e q u i r e s  t he  Busemann f o r -  
mula. The p r e s s u r e s  obta ined  by t h e  Newton formula a r e  exagger- 
a t e d .  T h i s  formula may lead t o  such overs ta tement  when t h e  p re s -  
s u r e  behind t h e  shock wave and tha t  c a l c u l a t e d  by t h e  Newton 
theory  are t h e  same, s o  tha t  only t h e  pressure- lowering e f f e c t  
of t he  c e n t r i f u g a l  f o r c e s  remains.  T h i s  e f f e c t  w i l l  occur  as 
Mol -+ 03 and k + 1, when t h e  wave co inc ides  w i t h  t h e  body's  s u r f a c e  
a t  the  l i m i t .  I n  flow of  ho t  a i r  (k  < 1 . 4 )  around convex bodies  
a t  very h igh  Mw, t h e r e f o r e ,  t h e  Busemann formula w i l l  become more 
a c c u r a t e .  I n  t h e  l i m i t  w i t h  Ma -+ 00 and k -+ 1, when t h e  d e n s i t y  
i n  the  l a y e r  becomes i n f i n i t e ,  the  Busemann formula w i l l  g ive  ex- 
a c t  p r e s s u r e  va lues .  

S i m i l a r i t y  Law ~~ f o r  __ Nonaxisymmetric ~ - . ~  Flow 

g l e o f  a t t a c k ,  t h e  s i m i l a r i t y  l a w  f o r  s l e n d e r  s o l i d s  of r e v o l u t i o n  
i s  determined by t h e  parameter  K ,  = M w B p ,  where t h e  s m a l l  param- 

e t e r  B may be t h e  cone a n g l e ,  t h e  g e n e r a t r i x  ang le  a t  t h e  t i p ,  
o r  t h e  body's  t h i ckness  r a t i o .  

on the  body's s u r f a c e  i s  p = B i f ( K , , x ) ,  where f(K,,x) i s  a c e r t a i n  
f u n c t i o n  of K ,  and the  dimensionless  coord ina te  of t h e  p o i n t .  The 
d rag  c o e f f i c i e n t  of t h e  same body cx = B 2 F ( K , ) ,  where F(K,) i s  a 
c e r t a i n  f u n c t i o n  determined b y  the  parameter  K , .  

I n  nonaxisymmetric flow, t h e  aerodynamic c o e f f i c i e n t s  depend 
on a t t a c k  ang le .  Let us show tha t  t h e  flows around bodies  w i l l  
be similar and, consequent ly ,  t h e i r  aerodynamic c o e f f i c i e n t s  w i l l  
remain t h e  same, i f  t o g e t h e r  w i t h  a cons t an t  parameter  K,  w e  have 
t h e  e q u a l i t y  K, = a/Bp. 
( X - 3 - 1 ) ,  i n  which we expres s  t h e  p r e s s u r e  c o e f f i c i e n t  F* on t h e  
s l e n d e r  c o n i c a l  t i p  i n  accordance w i t h  t h e  " l o c a l  cone" method 
i n  t h e  form p* = 0 2 $  ( K , ) ,  where $ ( K , )  i s  a c e r t a i n  f u n c t i o n  
t h a t  depends on t h e  parameter  K , .  I f  t h e  ang le  of t h e  " l o c a l  

t hen  i t  i s  obvious t h a t  

It was e s t a b l i s h e d  above t h a t  a t  very h igh  speeds and z e r o a n -  

P 

For example, t he  p r e s s u r e  c o e f f i c i e n t  a t  an  a r b i t r a r y  p o i n t  

P 

For t h i s  purpose,  we use Expression 

C P  P 

cone" i s  p resen ted  f o r  small a t t a c k  ang le s  as O c  - - BP 
- c1 cos y ,  

Consequently, 
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/ 4 4 1  Thus, if e q u a l i t y  of the  parameters  K, and-K, i s  observed - 
f o r  two a f f i n e l y  s i m i l a r  bod ie s ,  t h e  va lues  of p/B2 w i l l  be t h e  
same a t  corresponding p o i n t s  on t h e  s u r f a c e  w i t h  the  same va lues  
of y and B / B p .  

P 

F igure  X-3-18. P res su re  
D i s t r i b u t i o n  on Surface  
of Cone i n  Nonsymmetrical 
Flow. 

S u b s t i t u t i n g  our r e l a t i o n s h i p  
(X-3-72) i n t o  Formula (1-3-14), we 
o b t a i n  a g e n e r a l  expres s ion  f o r  t h e  
a x i a l  f o r c e  c o e f f i c i e n t :  

To o b t a i n  t h e  corresponding 
expres s ion  f o r  t h e  normal f o r c e  co- 
e f f i c i e n t ,  we make a s imilar  sub- 
s t i t u t i o n  i n  ( 1 - 4 - 1 1 ) .  Here we 
bea r  i n  mind t h a t  t h e  coord ina te  
r tha t  appears  i n  t h i s  formula 
fill  b e  an o rde r  sma l l e r  t han  &, 

Q, @pXmid Or 'm id  
i n t e g r a t i o n ,  we a r r i v e  a t  a g e n e r a l  
r e l a t i o n s h i p  f o r  t h e  normal f o r c e  
c o e f f i c i e n t  : 

i . e . ,  r Q Bpx, j u s t  as rmid % 

% Bpxb. A f t e r  

Thus, a f a m i l y  o f  a f f i n e l y  s imi la r  bodies  i n  flows f o r  which 
both  t h e  K, and t h e  K, a r e  t h e  same i s  c h a r a c t e r i z e d  by  cons t an t  
va lues  of c / B ,  c /B 

as a s i m i l a r i t y  parameter  f o r  t h e  aerodynamic c o e f f i c i e n t s .  T h i s  
i s  e v i d e n t ,  f o r  example, i n  t h e  example of a cone, f o r  which t h e  
p r e s s u r e  c o e f f i c i e n t  

R P  P '  NP P '  
I n  t h e  l i m i t i n g  case  w i t h  Mm + m(K1 + m ) ,  only K,  remains 

and, accord ing  t o  (X-3-14) and (x-3-42),  

601 



r 

The l a w  of  s i m i l a r i t y  w i t h  r e s p e c t  to t h e  pa rame te r s  K, and 
K, i s  q u i t e  n i c e l y  confirmed by c a l c u l a t i o n s  and e x p e r i m e n t a l  
data. These data  b r i n g  ou t  an  i m p o r t a n t  f e a t u r e :  t he  s i m i l a r i t y  
l a w  remains  i n  f o r c e  even a t  s m a l l  v a l u e s  o f  K , ,  a l t h o u g h  i t  was 
d e r i v e d  on t h e  assumpt ion  o f  Mm l a r g e  enough s o  t h a t  t h e  condi -  
t i o n  K ,  > 1 would be s a t i s f i e d  f o r  small B . 

T h i s  i s  c l e a r l y  s e e n  i n  F i g .  x-3-18, which p r e s e n t s  e x p e r i -  
men ta l  data on the  p r e s s u r e  d i s t r i b u t i o n  as a f u n c t i o n  o f  a t t a c k  
a n g l e  on t h e  s u r f a c e s  o f  two cones w i t h  a n g l e s  8, = 0.166 and 
0.102 f o r  Mm = 2.75 and 4.46. The p roduc t  M m B C  g i v e s  t h e  same 
v a l u e ,  K ,  = 0.455, f o r  b o t h  b o d i e s .  I n  t h e  expe r imen t ,  t h e  p r e s -  
s u r e  w a s  measured a t  p o i n t s  co r re spond ing  to t h e  a n g l e s  y = 0 ,  
45O, 90°, 135O, and 180~. 
s u l t  o f  t h e  measurements w a s  p l o t t e d  f o r  each  o f  t h e  cones and 
a f i x e d  a n g l e  y as a f u n c t i o n  o f  K , .  

P 

T h e  f u n c t i o n  pb/pm - 1 found as a re-  

F i g u r e  X-3-19. Accuracy of  Ap- 
proximate  Methods o f  C a l c u l a t -  
i n g  Wave Drag a t  Zero Angle o f  
A t t a c k a s  Compared w i t h  Method 
o f  C h a r a c t e r i s t i c s .  1) method 
o f  " l o c a l "  cones (equal -pres-  
s u r e  h y p o t h e s i s ) ;  2) method o f  
" l o c a l "  cones ( e q u a l - v e l o c i t y  
h y p o t h e s i s ) ;  3) l i n e a r i z e d  
t h e o r y ;  4) combinat ion of 
c o n i c a l  and expans ion  f lows ;  
5) Newtonian t h e o r y .  

data t h a t  e n a b l e  us  t o  e s t ab l i sh ,  

A s  w e  see from t h i s  
diagram, t h e  v a l u e s  of  t h e  
p r e s s u r e  f u n c t i o n  for cor-  
r e spond ing  p o i n t s  on t h e  two 
cones are  de termined  by 
p r a c t i c a l l y  t h e  same curve .  
Some d e v i a t i o n  i s  observed  
a t  l a r g e  v a l u e s  o f  t h e  param- 
e t e r  K, on t h e  t o p  of t h e  /442 
cone. T h i s  i s  e x p l a i n e d  by 
t h e  f low s e p a r a t i o n  t h a t  ap- 
p e a r s  w i t h  i n c r e a s i n g  a t t a c k  
a n g l e  which i s  n o t  t a k e n  i n t o  
account  by  t he  K, s i m i l a r i t y  
l a w .  

Thus, i n  u s i n g  t h e  K, 
s i m i l a r i t y  l a w  f o r  p r a c t i c a l  
pu rposes ,  i t  must  b e  r e m e m -  
bered t h a t  i t  i s  r e s t r i c t e d  
to s m a l l . a t t a c k  a n g l e s .  A s  
f o r  t h e  Mm, t h e  K ,  s i m i l a r i t y  
l a w  i s  p r a c t i c a l l y  u s e f u l  f o r  
a r a the r  b road  r ange  of  
v a l u e s .  

E s t i m a t i o n  o f  Error of  Ap- 
proximate  Methods 

F i g u r e  X-3-19 C511 i s  a 

as a f u n c t i o n  o f  t h e  s i m i l a r i t y  
g r a p h i c a l  r e p r e s e n t a t i o n  of  

pa rame te r  K ,  = Mm/Xmid, t h e  e r r o r s  o f  t h e  v a r i o u s  approximate 
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methods of c a l c u l a t i n g  flow around o g i v a l  nose s e c t i o n s  as com- 
pared w i t h  t h e  method of c h a r a c t e r i s t i c s .  W e  no te  t h a t  t h e  
l i n e a r i z e d  theory  ( s e e  5x1-2) g i v e s  s m a l l  e r r o r s  w i t h  s i m i l a r i t y -  
parameter  va lues  smaller than  u n i t y .  ' 

t heo ry ,  t h e  f i r s t  " tangent  cone" method (equal -pressure  hypothe- 
s i s ) ,  and t h e  method t h a t  combines c o n i c a l  and expansion t h e o r i e s  
i n c r e a s e s  w i t h  i n c r e a s i n g  s i m i l a r i t y  parameter  K , .  The  e r r o r s  of 
t h e  second " l o c a l  cone" method, which i s  based on t h e  hypo thes i s  
of equa l  v e l o c i t i e s ,  a r e  s m a l l e r  t han  those  of t h e  f i r s t  method 
f o r  s i m i l a r i t y  parameters  not  exceeding K, = 1 . 2 .  Thus, a t  
moderate supe r son ic  speeds ,  when K, 5 1 . 2 ,  b e t t e r  r e s u l t s  a r e  
obta ined  when t h e  flow i s  c a l c u l a t e d  by t h e  " l o c a l  cone" method 
based on t h e  equa l -ve loc i ty  hypo thes i s .  When t h e  parameter  K > 
> 1 . 2 ,  p re fe rence  should be g iven  to t h e  f i r s t  " tangent  cone" 
method, a l though i t s  accuracy i s  poore r  t han  t h a t  of t h e  combined 
conical-and-expansion-flow method. We see from Fig .  X-3-19 t h a t  
t h e  Newtonian theory  g i v e s  t h e w i d e s t  s c a t t e r i n g ,  a l though the 
range of d i s p e r s i o n  narrows w i t h  i n c r e a s i n g  parameter  K , .  

I n  c o n t r a s t  to t h i s  method, t h e  accuracy of the  Newtonian 



Chapter X I  

I 

1 4 4 3  

A E R O D Y N A M I C S  OF S L E N D E R  B O D I E S  IN L I N E A R I Z E D  F L O W  

§ X I - 1 .  A P P L I C A T I O N  O F  THE METHOD OF S O U R C E S  

E q u a t i o n s  o f  l i n e a r i z e d  f l o w .  The aerodynamic c h a r a c t e r i s -  
t i c s  of s l e n d e r  bodies  i n  l i n e a r i z e d  flow a r e  i n v e s t i g a t e d  w i t h  
Eq. (111-2-31), which reads f o r  s t e a d y - s t a t e  flow cond i t ions  

( X I - 1 - 1 )  

For symmetrical  f low, t h i s  equat ion  i s  s i m p l i f i e d :  

Boundary  c o n d i  ti ons . Equat ions ( X I - 1 - 1 )  and ( X I - 1 - 2 )  form 
t h e  t h e o r e t i c a l  foundat ion of l i nea r i zed - f low aerodynamics. By 
so lv ing  t h e s e  equa t ions ,  we f i n d  t h e  d i s tu rbance  p o t e n t i a l  $ ' ,  
which must s a t i s f y  Condit ion (111-2-58') a t  t h e  boundary of t h e  
body. T h i s  cond i t ion ,  which p e r t a i n s  to t h e  g e n e r a l  case  of  flow 
w i t h  s t r o n g  d i s t u r b a n c e s ,  can b e  modif ied.  For- t h i s  purpose,  we 
f i n d  express ions  f o r  t h e  oncoming-flow v e l o c i t y  components i n  
c y l i n d r i c a l  coord ina te s :  

V , ,  = V ,  COS a; V,, = V ,  sin a cos y ;  V,, = - V ,  sin o. sin y. ( X I - 1 - 3 )  

Accordingly,  t h e  p o t e n t i a l  f u n c t i o n  f o r  t he  oncoming flow i s  

T h i s  express ion  r e p r e s e n t s  a cond i t ion  t h a t  t h e  d i s tu rbed-  
flow v e l o c i t y  p o t e n t i a l  must s a t i s f y  i n  a d d i t i o n  t o  t h e  body- 
boundary cond i t ion .  A coun te rpa r t  of t h i s  requirement i s  tha t  
t h e  s o l u t i o n s  f o r  t h e  v e l o c i t y  components must s a t i s f y  Condit ions 
( X I - 1 - 3 1  i n  undis turbed  flow. 

I f  t h e  sought p o t ' e n t i a l  f u n c t i o n  
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( X I - 1 - 5  ) CII = sV, cos a 4- rV, sin a cos y + cp' (5, r ,  y), 

t h e n  a c c o r d i n g  t o  Cond i t ion  ( X 1 - 1 - 4 ) ,  t h e  added p o t e n t i a l  9' 
( x , r , y )  i n  t h e  u n d i s t u r b e d  stream must be z e r o .  A t  t h e  very  s u r -  
f a c e  o f  t h e  body, i t  must s a t i s f y  t h e  nonsepara t ing- f low condi- 
t i o n  

T h i s  c o n d i t i o n  i s  s i m p l i f i e d  f o r  l i n e a r i z e d  f low,  s i n c e ,  
s e t t i n g  cos  a : 1 and s i n  a = a, t h e  sought  p o t e n t i a l  f u n c t i o n  
@ ( X I - 1 - 5 )  can b e  w r i t t e n  i n  t h e  form 

(D = xV, +- rV, a cos y + cp' (x, r ,  y) .  (XI-1-71 

C a l c u l a t i n g  t h e  d e r i v a t i v e s  o f  t h e  t o t a l  p o t e n t i a l  f u n c t i o n  
a ,  w e  f i n d  t h e  d i s tu rbed- f low ' v e l o c i t y  components: 

With these r e l a t i o n s h i p s  i n  mind, w e  o b t a i n  t h e  nonsepa ra t -  / 4 4 4  -- 
ing-f low c o n d i t i o n  (XI-1-6) i n  t h e  p resence  of  an  a t t a c k  a n g l e :  

I f  t h e  flow i s  ax isymmetr ic  ( X I - 1 - 9 )  i s  s i m p l i f i e d :  

The v e l o c i t y  p o t e n t i a l  o f  a l i n e a r i z e d  flow around a s o l i d  
of  r e v o l u t i o n  a t  a n  a t t a c k  a n g l e  can b e  p r e s e n t e d  as the  sum o f  
th ree  components: t h e  free-stream p o t e n t i a l  &,, t h e  p o t e n t i a l '  
$I(x,r) of t h e  d i s t u r b e d  ax isymmetr ic  f low,  and t h e  p o t e n t i a l  
from d i s t u r b a n c e  o f  symmetry $ ; ( x , r , y > .  

t i o n s  t h a t  d e f i n e  mutua l ly  independent  streams. Hence each  o f  
these f u n c t i o n s ,  as a s o l u t i o n  of  the  e q u a t i o n  o f  motion,  must 
s a t i s f y  c e r t a i n  boundary c o n d i t i o n s .  I n  p a r t i c u l a r ,  4:  must 
s a t i s f y  t h e  axisymmetr ic-f low c o n d i t i o n  ( X I - 1 - 1 0 ) .  A s  f o r  t h e  
p o t e n t i a l  @;, t h e  co r re spond ing  c o n d i t i o n  on t h e  boundary o f  t h e  

I n  l i n e a r i z e d - f l o w  t h e o r y ,  @J; and $I; are rega rded  as func- 
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body can be o b t a i n e d  from (XI-1-9). For t h i s  p u r p o s e ,  w e  rewri te  
(XI-1-9 ) as f o l l o w s  : 

where (F;.~ =: aq-;'&-, crhs == dlF;!ax e t  c . 
Applying E q u a l i t y  (XI-1-10), i n  which @; and are r e p l a c e d  

by $ i x  and $ i r ,  r e s p e c t i v e l y ,  and d r o p p i n g  t h e  lower-order  t e r m  
( d r / d x ) @ i x ,  w e  o b t a i n  t h e  n o n s e p a r a t i n g - f l o w  c o n d i t i o n  from 
(XI-1-11) : 

(XI-1-11' ) 

G e n e r a l  e x p r e s s i o n s  f o r  t h e  p o t e n t i a l  f u n c t i o n  and  t h e  p r e s -  
s u r e .  C a l c u l a t i o n  of  t h e  d i s t r i b u t i o n  o f  t h e  gasdynamic v a r i -  
ables around a s l e n d e r  s o l i d  o f  r e v o l u t i o n  i n  l i n e a r i z e d  f low i s  
based i n  t h e  c a s e  o f  s teady  f low a t  a n  a n g l e  of a t t a c k  on d i f f e r -  
e n t i a l  e q u a t i o n  (XI-1-1) f o r  t h e  d i s t u r b a n c e  p o t e n t i a l  @'.  It 
was i n d i c a t e d  above t h a t  t h e  s o l u t i o n  o f  t h i s  e q u a t i o n  i s  sought  
as t h e  sum o f  t h e  p o t e n t i a l s  + = @w + @: + @;, which a p p l y  re-  
s p e c t i v e l y  f o r  t h e  u n d i s t u r b e d  stream, ax isymmetr ic  f low @ : ( x , r ) ,  
and f low w i t h  d i s t u r b e d  symmetry $ i ( x , r , y ) .  

On t h e  bas i s  of (XI-1-2) and (XI-1-l), w e  o b t a i n  f o r  @ ;  and 
4; 

T h u s , , t h e  p a r a m e t e r s  o f  nonaxisymmetr ic  f low around a s o l i d  
o f  r e v o l u t i o n  w i l l  be found i f  w e  s o l v e  two independent  problems:  
t h e  problem of  f low around t h e  body a t  z e r o  angle .  o f  a t t a c k  a n d t h e  
problem o f  t h e  a d d i t i o n a l  f low t h a t  ar ises  from d i s t u r b a n c e  of  
symmetry. Here t h e  s o l u t i o n  of  t he  second problem i s  o b t a i n e d  
w i t h  t h e  s o l u t i o n  t o  t h e  f i r s t ,  and i t  can be  shown t h a t  a d e f i -  
n i t e  r e l a t i o n  e x i s t s  between $ 1  and 4;. 

symmetric d i s t u r b e d  f low w i t h  r e s p e c t  t o  r: 
For t h i s  p u r p o s e ,  w e  d i f f e r e n t i a t e  t h e  e q u a t i o n  o f  t h e  a x i -  
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Comparison of this equation with (XI-1-13) and application /445 
of boundary condition (XI-1-11'] indicates that 

q.; 'p; .x -._ cos y. (XI-1-14 ) dr . 

Consequently, the total disturbance potential for nonaxi- 
symmetric flow is 

We have examined the case of steady flow. However, Expres- 
sion(X1-1-14] for @; can also be extended to nonsteady flow, as 
we can see if we use the more general equation (111-2-31) as o u r  
point I of departure. 

Having determined the total additional potential 0 '  with 
consideration of the boundary conditions, we calculate the velo- 
cities and then the pressures with (111-3-14). Substituting the 
approximate value Vr = Vm(dr/dx) for the radial velocity compo- 
nent in accordance with the nonseparating-flow condition and re- 
placing Vi and V by their expressions in terms of the added po- 
tential @ ' ,  which in this case is a function of the coordinates 
11, E, y and time t, we find 

Y 

The pressure coefficienq can be presented as the sum_ of two 
components, namely = p1 + pp. One of the components, p l ,  is 
determined from the conditions of longitudinal axisymmetric f low 
with the aid of the formula 

(XI-1-17) 

- 
while the other, p , is found from the transverse-flow conditions 
as a function of  attack angle: 



If  t h e  f low c o n d i t i o n  i s  s t e a d y ,  t h e  p a r t i a l  t i m e  d e r i v a t i v e s  
$ i t  and $;t i n  these e x p r e s s i o n s  are  z e r o .  We can a l s o  p r e s e n t  
t h e  c a s e  i n  which t h e  ax isymmetr ic  f low component i s  s t e a d y  and 
t h e  p r e s s u r e  c o e f f i c i e n t  

(XI-1-19 ) 

where t h e  d e r i v a t i v e  $:x i s  a d imens ion le s s  q u a n t i t y  re fe r red  t o  
vu3 

If t h e  t r a n s v e r s e  flow i s  nons teady ,  t h e  p r e s s u r e  c o e f f i c i e n t  
must be  c a l c u l a t e d  by (XI-1-18). I f ,  on t h e  o t h e r  hand,  t h e  t r a n s -  
v e r s e  flow i s  also s t e a d y ,  w e  have 

(XI-1-20 ) 

where the c o n s t a n t  Vm i s  i n c l u d e d  i n  t h e  v a l u e  of  p o t e n t i a l  4;. 

( X I - 1 - 1 4 )  f o r  4; and Cond i t ion  ( X I - l - l l ) ,  which w e  use  t o  eva lu -  
a t e  t h e  r a t i o  $ '  /r. 

Formula (XI-1-18) f o r  p2 can b e  s i m p l i f i e d  i f  w e  app ly  

2Y 

L e t  us p r e s e n t  ( X I - 1 - 1 4 )  i n  t h e  form '~27-1 - ( t ' r )  ( r  (8v  ; 'cir.)] cos y. 

A s  w i l l  b e  shown ( s e e  page 6121, t h e  q u a n t i t y  a$:/ar = V I P  as 
r + 0 has t h e  s t r u c t u r e  f ( x ) / r  and,  consequen t ly ,  t h e  p roduc t  
r V l p  as r * 0 t e n d s  t o  t h e  l i m i t  f ( x ) .  
p o i n t  of  d e p a r t u r e  i n  e v a l u a t i n g  t h e  r a t i o  $ '  /r. D i f f e r e n t i a t -  
i n g  ( X I - 1 - 1 4 )  w i th  r e s p e c t  t o  y ,  w e  f i n d  t h a t  f o r  s m a l l  enough r - 

We s h a l l  use  t h i s  as a / 4 4 6  

2Y 

w h i l e  d i f f e r e n t i a t i o n  o f  t h e  r d e r i v a t i v e  g i v e s  t h e  a d d i t i o n a l  
r ad ia l  v e l o c i t y  component ( a l s o  f o r  r + 0 ) :  

i 
1'2,- . :- -;j. f (2.) cos p. 

By Cond i t ion  ( X I - 1 - 1 1 ? ) ,  t h i s  component i s  -aV, cos  y on t h e  

Af t e r  s u b s t i t u t i n g  t h i s  e x p r e s s i o n  i n t o  
2 s u r f a c e  o f  t h e  body. Consequent ly ,  t h e  f u n c t i o n  f ( x )  = -avoor , s o  

t h a t  $ly/r = -aVW s i n  y .  
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(XI-1-18) w e  o b t a i n  

( X I - 1 - 2 1 )  

where t h e  d e r i v a t i v e  $ i t  i s  a d imens ion le s s  v a r i a b l e  r e fe r r ed  t o  
t h e  squa red  v e l o c i t y  V:. 

g l e  of a t t a c k  i s  
The t o t a l  p r e s s u r e  c o e f f i c i e n t  f o r  nonsteady flow a t  an an- 

where t h e  second d e r i v a t i v e  $irX i s  a d imens ion le s s  q u a n t i t y  re- 
f e r r e d  t o  t h e  squared  v e l o c i t y  v:. 

I n  s t e a d y  flow 

( X I - 1 - 2  3 ) 

Consequent ly ,  t h e  t o t a l  p r e s s u r e  c o e f f i c i e n t  i s  

where the  d e r i v a t i v e s  r$: and $ ’  i n  ( X I - 1 - 2 4 )  depend only  on 
t h e  v a r i a b l e s  x - and r. - 

b a s i c  a x i a l - f o r c e - c o e f f i c i e n t  component i s  independent  of  a t t a c k  
a n g l e  and i s  de termined  by t h e  c o n d i t i o n s  of  axisymmetr ic  flow. 
The increment  i s  due t o  d i s t u r b a n c e  o f  symmetry and depends on t h e  
s q u a r e  of  t he  a t t a c k  a n g l e .  

X lrx 

S u b s t i t u t i n g  t h i s  e x p r e s s i o n  i n t o  (1-3-14), w e  n o t e  tha t  t h e  

T h e  i n f l u e n c e  o f  c1 can b e  d i s r e g a r d e d  a c c u r a t e  t o  terms o f  t h e  
second n e g a t i v e  o r d e r ,  and i t  can be assumed tha t  i t  i s  s u f f i c i e n t  
t o  de te rmine  t h e  p r e s s u r e  d i s t r i b u t i o n  around a s o l i d  o f  r evo lu -  
t i o n  i n  axisymmetr ic  f low i n  o r d e r  t o  c a l c u l a t e  t he  a x i a l - f o r c e  
c o e f f i c i e n t .  The wave-drag c o e f f i c i e n t  found as a r e s u l t  o f  t h e  
c a l c u l a t i o n  w i l l  a l s o  be e q u a l  t o  t h e  a x i a l - f o r c e  c o e f f i c i e n t .  

t a i n e d  above t h a t  t h e  problem o f  l i n e a r i z e d  f low around a s l e n d e r  
The method o f  sources. It f o l l o w s  from t h e  r e l a t i o n s h i p s  ob- 
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1 

body w i l l  have been so lved  i f  w e  f i n d  t h e  a d d i t i o n a l  v e l o c i t y  
p o t e n t i a l  4 ;  of t h e  axisymmetric s t ream.  
d i r e c t l y  t o  c a l c u l a t e  t h e  v e l o c i t y  and p r e s s u r e  d i s t r i b u t i o n s  
and t h e  wave d rag  a t  ze ro  ang le  of a t t a c k .  

method, t h e  added v e l o c i t y  p o t e n t i a l  i s  sought  w i t h  tIV-3-3). 
S e t t i n g  y - r i n  t h i s  expres s ion  and i n c l u d i n g  t h e  minus s i g n  i n  
t h e  value of t h e  f u n c t i o n  f ( E ) ,  w e  o b t a i n  

I t s  value i s  t h e n  used 

L e t  us use t h e  method of sources  t o  determine 4 ' .  I n  t h i s  

(XI-1-25)  

where a' = I/lla - i .  

f ( c )  
flow 

The s o u r c e - d i s t r i b u t i o n  l a w ,  i . e . ,  t h e  form of  t h e  f u n c t i o n  /447  
, must b e  such t h a t  one o f  t h e  s t r e a m l i n e s  of t h e  r e s u l t a n t  
w i l l  co inc ide  w i t h  t h e  g e n e r a t r i x  of t h e  s o l i d  of  revolu-  

t i o n  when we superimpose t h e  undis turbed  s t ream on t h e  flow from 
t h e s e  sou rces .  I n  o t h e r  words, t h e  p o t e n t i a l  f u n c t i o n  4:  must 
s a t i s f y  t h e  nonseparat ing-f low cond i t ion .  

I n  us ing  t h e  method 
of sou rces ,  i t  must b e  
remembered t h a t  i n  super-  
son ic  flow, t h e  source  
d i s tu rbances  a r e  propa- 
ga t ed  only i n s i d e  Mach 
cones w i t h  t h e i r  a p i c e s  

3 

M, a t  t h e  sou rces .  

Thus, i f  we t ake  a 
system o f  sources  t ha t  
are cont inuous ly  d i s -  
t r i b u t e d  a long  t h e  a x i s  
of t h e  body (F ig .  X I - 1 - l ) ,  

F igure  X I - 1 - 1 .  D i s t r i b u t i o n  of t h e  v e l o c i t y  and o t h e r  
Supersonic  Sources Along Axis of  a parameters  a t  any p o i n t  
S o l i d  of Revolut ion.  1) g e n e r a t r i x  A ( x , r )  w i l l  be  determined 
of body; 2 )  source  i n t e n s i t y  d i s -  by  t h e  d i s t u r b a n c e s  emana- 
t r i b u t i o n  curve;  3)  s t r e a m l i n e s  t i n g  from sources  s i t u a t e d  
from sources ;  4) Mach l i n e .  upstream, beginning  a t  

A t  p o i n t  E = x = 0 ,  t h e  source  i n t e n s i t y  i s  zero ,  s i n c e  i t  i s  
assumed tha t  t h e r e  a r e  no d i s tu rbances  a t  E - < 0 .  T h i s  means t h a t  
t h e  v e r t e x  o f  t h e  body i s  a t  p o i n t  x = 0 .  

understood on t h i s  basis .  The form o f  t h e  f ( & )  [or f ( x ) ]  curve 

p o i n t  E = x - a ' r  and ex- 
t end ing  t o  p o i n t  E = x = 0. 

The va lues  of t h e  i n t e g r a t i o n  l i m i t s  i n  (XI-1-25) w i l l  be  
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r e p r e s e n t i n g  t h e  s o u r c e - d i s t r i b u t i o n  l a w  f o r  a s l e n d e r  body w i t h  
a r b i t r a r y  g e n e r a t r i x  i s  r e p r e s e n t e d  i n  F i g .  X I - 1 - 1 .  T h i s  curve  
de t e rmines  t h e  con t inuous  n a t u r e  of s m a l l  d i s t u r b a n c e s  i n  l i n e a r -  
i z e d  f low.  

To f i n d  g e n e r a l  r e l a t i o n s h i p s  f o r  v e l o c i t y  and p r e s s u r e ,  w e  
t r a n s f o r m  ( X I - 1 - 2 5 )  w i t h  t h e  new v a r i a b l e  

Z =  arch- z--e (XI-1-26) 
a'r * 

Remembering t h a t  

z-e . 
a'r ' chz=-  E -= 2-- a'r cli z; dE = - a'r sh s dz3 

w e  f i n d  b y  s u b s t i t u t i n g  t h i s  e x p r e s s i o n  i n t o  t h e  i n t e g r a n d  i n  
(XI-1-25) 

arch(.x;cc'r) 

Ti= 1 f (z - a'r ch z )  da. 
0 

( X I - 1 - 2 5 ' )  

We have ( X I - 1 - 1 4 )  f o r  t h e  d i s t u r b a n c e  p o t e n t i a l  i n  f low a t  
a n a n g l e  of a t t a c k .  Using it and d i f f e r e n t i a t i n g  ( X I - 1 - 2 5 ' )  w i t h  
r e s p e c t  to E, w e  f i n d  / 4 4 8  

( X I - 1 - 2 7 )  

where m i s  t h e  d e r i v a t i v e  of  t h e  f u n c t i o n  f w i t h  r e s p e c t  to t h e  
argumeEt x - a ' r  cosh z ,  i . e . ,  m = f(x - aTr cosh z ) .  

E = x - a ' r  cosh z and remembering t h a t  m ( E )  = f ( c ) ,  w e  o b t a i n  
Conver t ing  i n  ( X I - 1 - 2 7 )  from t h e  v a r i a b l e  - z-to t h e  v a r i a b l e  

(XI-1-27' 

The i n t e g r a l  4; r e p r e s e n t s  t h e  d i p o l e  p o t e n t i a l ,  and t h e  
f u n c t i o n  m ( E )  d e s c r i b e s  t h e i r  d i s t r i b u t i o n ,  Consequent ly ,  t h e  
a d d i t i o n a l  d i s t u r b a n c e  from t h e  d i p o l e s  i s  e q u i v a l e n t  to t h e  d i s -  
t u r b a n c e  t h a t  t h e  body i n t r o d u c e s  i n t o  t h e  stream i n  nonaxisym- 
m e t r i c  f low.  
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I n  s u b s t i t u t i n g  a x i a l l y  d i s t r i b u t e d  d i p o l e s  f o r  t h e  body, i t  
must b e  remembered t h a t ,  l i k e  t h e  d i s t u r b a n c e s  from t h e  sources ,  
t hose  from d i p o l e s  a r e  propagated i n  supersonic  flow only down- 
s t ream and w i t h i n  Mach cones.  

§XI-2. AXISYMMETRIC FLOW 

;ure ~ 

r e s p e c t  t.0 x and r - and s e t t i n g  t h e  source  i n t e n s i t y  a t  t h e  p o i n t  
of t h e  body-f(E) = f ( 0 )  = 0 ,  w e  o b t a i n  f o r  t h e  v e l o c i t y  compo- 
nen t s  

D i f f e r e n t i a t i n g  t h e  f u n c t i o n  $: def ined  by  (XI-1-25’) w i t h  

arch(x ja‘r) 
= v; = 5 r’(x - Cllr ch 2)  dz; ( X I - 2 - 1 )  

arch(fb‘r) 0 

(5 - 01‘1 ch z) ch z dz. (XI-2-2)  f& = v, .z= -a’ 
0 

To use t h e s e  formulas to c a l c u l a t e  t h e  v e l o c i t y  components, 
we must know t h e  f u n c t i o n  f ( E ) .  To  determine t h e  form of t h i s  
f u n c t i o n ,  we t ransform (XI -2 -2 )  to t h e  v a r i a b l e  E i n  accordance 
w i t h  t h e  cond i t ion  (XI-1-26) 

(XI-2-2’  ) 

We s h a l l  assume t h a t  t h e  value of t h e  i n t e g r a l  f o r  s u r f a c e  
p o i n t s  d i f f e r s  l i t t l e  from i t s  l i m i t i n g  va lue  on t h e  a x i s ,  i . e . ,  

. as r -t 0 .  Accordingly,  

T h i s  exp res s ion  has a l r eady  been used i n  de te rmining  t h e  
o r d e r  of magnitude of r V r  nea r  t h e  a x i s  (page 6 0 8 ) .  

Assuming t h a t  t h e  component Vr i s  determined on t h e  s u r f a c e  
of a very s l e n d e r  body b y  Expression (XI-2-3) and us ing  t h e  ap- 

t a i n e d  from t h e  exac t  r e l a t i o n  V J ( 1  + V i )  w i t h  1 + V i  z l), we 
f i n d  t h e  equa t ion  of t h e  s o u r c e - d i s t r i b u t i o n  curve f o r  such a 
body : 

proximate nonseparat ing-f low c o n d i t i o n  V 2 dr/dx (which i s  ob- /449 r 
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( X I - 2 - 4 )  rl r 
or * 

f (i) =: -- r-- 

D i f f e r e n t i a t i n g  t h i s  f u n c t i o n  w i t h  r e s p e c t  t o  5, w e  f i n d  
t h e  d e r i v a t i v e  

( X I - 2 - 5 )  

L e t  us  assume tha t  t h e  g e n e r a t r i x  i s  g i v e n  i n  t h e  form o f  a 
p a r a b o l i c  curve  : 

( X I - 2 - 6 )  

If t h i s  e x p r e s s i o n  f o r  r i s  i n t r o d u c e d  i n t o  ( X I - 2 - 5 )  and t h e  
terms i n  t h e  r e s u l t i n g  r e l a t r o n s h i p  are a r r a n g e d  by powers o f  5, 
w e  a r r i v e  a t  t h e  f o l l o w i n g  g e n e r a l  form o f  t h e  d e r i v a t i v e :  

(XI-2-7) 

E x p r e s s i o n  ( X I - 2 - 7 )  i s  a n  approximate  one f o r  t h e  d e r i v a t i v e  
of t h e  s o u r c e  d i s t r i b u t i o n  f u n c t i o n  i n  t h e  c a s e  o f  a n  a r b i t r a r y  
s o l i d  o f  r e v o l u t i o n ,  s i n c e  a n  approximate  n o n s e p a r a t i n g - f l o w  con- 
d i t i o n  w a s  used i n  d e r i v i n g  i t .  To improve t h i s  r e l a t i o n s h i p ,  w e  
can i n t r o d u c e  i n t o  ( X I - 2 - 7 )  t h e  c o r r e c t i o n  f a c t o r s  a, and a l ,  
which w i l l  b e  de te rmined  i n  t h e  c o u r s e  of s o l v i n g  t h e  problem 
i t s e l f .  Then, i n t r o d u c i n g  t h e  v a r i a b l e  E i n s t e a d  o f  5, w e  f i n d  
t h e  f u n c t i o n  ? ( E )  i n  t h e  form 

( X I - 2 - 8 )  

N o w  l e t  us  s u b s t i t u t e  E x p r e s s i o n  ( X I - 2 - 8 ) ,  s e t t i n g  E = 

= x - a ’ r  cosh  z ,  i n  Eq .  ( X I - 2 - 2 )  f o r  t h e  d e r i v a t i v e  ? ( E ) .  A s  a 
r e s u l t  of s i m p l e  m a n i p u l a t i o n ,  w e  o b t a i n  for t h e  r ad ia l  v e l o c i t y  
c o mp one n t 

v, = a‘ (n& + n,q), (XI-2-9) 



A s imi l a r  r e l a t i o n  can be  found f o r  t h e  a x i a l  v e l o c i t y  com- 
ponen t .  
t he  d e r i v a t i v e  ? i n t o  ( X 1 - 2 - 1 ) ,  w i t h  t h e  r e s u l t  t h a t  

For  t h i s  pu rpose ,  w e  i n t r o d u c e  Expres s ion  (XI-2-8) f o r  

where 
arch u archu k 

(XI-2-12  ) 

It i s  e a s i l y  s e e n  t h a t  i n  Expres s ions  (XI -2 -10)  and ( X I - 2 - 1 2 ) ,  
w e  must e v a l u a t e  i n t e g r a l s  of  t h e  form 

arch 11 

I " -- s (chz)" dz ,  
0 

(XI-2-13) 

and t ha t  if w e  l i m i t  o u r s e l v e s  t o  k = 3,  each  o f  E q s .  (XI-2-9) /450 
and (XI -2 -11)  c o n t a i n s  f u n c t i o n s  i," and ii, whose v a l u e s  are 
de termined  from t h e  e x p r e s s i o n s  

It proceeds  from (XI-2-13) and ( X I - 2 - 1 4 )  t ha t  t h e  f u n c t i o n s  
These f u n c t i o n s ,  c a l -  in and i: depend only  on t h e  parameter u. - 

c u l a t e d  f o r  v a l u e s  of t h e  parameter u - from 1 t o  1 2 . 2 ,  are  g i v e n  i n  
T a b l e  X I - 2 - 1 .  

r 

T o  de t e rmine  t h e c o e f f i c i e n t s  a. and a , ,  i t  i s  b e t t e r  t o  use  
the nonsepara t ing- f low c o n d i t i o n  

(XI-2-15) 

L e t  us r e f e r  t h i s  c o n d i t i o n  t o  a c o n i c a l  forward element  of  
a s o l i d  of  r e v o l u t i o n .  Then, remembering t h a t  k = m = 1 and,  con- 
s e q u e n t l y ,  TI = = 0 ,  w e  o b t a i n  

(XI-2-16) 

614 



where (i:), and (ii), are d e t e r m i n e d  from E x p r e s s i o n s  ( X I - 2 - 1 0 )  

and (XI-2-12) w i t h  t h e  c o n d i t i o n  t h a t  t h e  p a r a m e t e r  u = u,  = 
= l/(a'Bo) on t h e  p o i n t  of t h e  cone ( x  = r = 0 ) .  Consequent ly ,  

The  c o e f f i c i e n t  a ,  i s  assumed c o n s t a n t  f o r  t h e  e n t i r e  body. 
C o e f f i c i e n t  a ,  i s  c a l c u l a t e d  each t i m e  on t h e  bas i s  of  t h e  non- 
s e p a r a t i n g - f l o w  c o n d i t i o n  (XI-2-15) f o r  t h e  p a r t i c u l a r  s u r f a c e  
p o i n t :  

dr  rlr . 
(XI -2 -18)  

The v a l u e s  o f  t h e  f u n c t i o n s  it and io and o f  T-I and $ a r e  r 
found f o r  t h e  - u a t  t h e  same p o i n t .  

i n t o  Formulas (XI -2 -9 )  and (X1-2-11), we can d e t e r m i n e  t h e  added 
v e l o c i t y  components. Then, u s i n g  ( X I - 1 - 1 9 ) ,  w e  c a l c u l a t e  t h e  
p r e s s u r e  c o e f f i c i e n t .  

S u b s t i t u t i n g  t h e  v a l u e s  found f o r  t h e  c o e f f i c i e n t s  a ,  and a ,  

By way of i l l u s t r a t i o n ,  l e t  us  c o n s i d e r  a p p l i c a t i o n  o f  t h i s  
method to c a l c u l a t i o n  of  f low arognd 5 s o l i d  of  r e v o l u t i o n  w i t h  a 
p a r a b o l i c  g e n e r a t r i x  of t h e  form r = x ( 2  - x ) .  I n  t h i s  c a s e ,  

j ( E )  == - - [a , - t .a ,  (+I . (XI-2-19) 

R 

Comparing (XI-2-19) and (x1-2-8),  we see t h a t  2 dn ,em- -  E --$i2. 
1,1= 1 

Assuming f u r t h e r  t h a t  t h e  v a r i a b l e  E = x - a'r cosh z i n  (XI-2-19), 
w e  o b t a i n  on s u b s t i t u t i n g  ? i n  t h e  i n t e g r a n d s  of  t h e  f u n c t i o n s  rl 
(XI-2-10) and $ (XI-1-12) t h e  f o l l o w i n g  e x p r e s s i o n s  f o r  t h e s e  
f u n c t i o n s :  

u'r - - 
where nl=7-, r = r .  

Lt- mid 'mid 

(XI -2 -20)  

The f u n c t i o n s  ii and ii are found from t h e  p a r a m e t e r  u - or 
w i t h  Formulas (XI-2-10) and (XI-2-12), or from T a b l e  X I - 2 - 1 .  
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TABLE XI-2-1. VALUES OF THE FUNCTIONS i:(u) and i:(u)* 

U 

- 

1 .o 
1.1 

I .2 
1.3 
1.4 
1.6 
1.8 

3.0 
2.2 
2.4 
2.6 
2.8 

3.0 
3.2 
3.4 
3.6 
8.8 

4.0 
4.2 
4.4 
4.6 
4.8 

5.0 
5.2 
5.4 
5.6 
5.8 

6.0 
6.2 
6.4 
6.6 
6.8 

7.0 
7.2 
7.4 
7.6 
7.8 

8.0 
8.2 
8.4 
S.6 
8.5 
9.0 
9.4 
9.E 

10.2 
10.6 

11.4 
11.8 
12.2 

11.0 

i: 
”.. . 

0 
0.44:j:: 

0.6223 
0.7.5G7 
0. Mj73 
.i . iv17 
i . 155 

1.317 
1.426 
2.522 
1.610 
1.690 

1.763 
1.831 
1.895 
1.954 
2.011 

2.064 
2.114 
2,162 
2.208 
2.251 

2.293 
2.333 
2.371 
2.408 
2.444 

2.478 
2.511 
2.544 
2.555 
2.605 

2.634 
2.663 
2.690 
2.717 
2.744 

2,769 
2.79’1 
2.818 

2.865 

2.SS8 
2. Cl32 
2.951 
3.014 
3.052 

3.080 
3.126 
3,160 
3.194 

2.8.52 

- .  .- 

. i  
‘x 

0 
O.(I2!,8 

0.  (IS.’35 
U.1227 
0,2232 
0 .  42G.5 
0 .  G W J  

0.9024 
1.157 
1 .452 
1. 58.5 
2.116 

2.461 
2.820 
3.193 
3.558 
3.953 

4.382 
4. so0 
5.227 
5.665 
6.111 

6.565 
7.0‘8 
7.498 
7.9i6 
8.462 

8.953 
9,452 
9.958 

10.47 
10.99 

11.51 
i2.04 
12.58 
13.12 
13. 66 

14.22 
14.49 
15.33 
15.90 
16.47 

17.05 
18.21 
19.39 
20.59 
21.80 

23.03 
2.4. “7 
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The v a l u e s  found f o r  rl and I) e n a b l e  us to determine  the  / 4 5 2  
c o e f f i c i e n t  a ,  f o r  a g i v e n  p o i n t  and t h e n  to use  i t  to f i n d  t h e  
d i s t u r b a n c e  v e l o c i t y  component V; = @ i X .  
can be computed by s u b s t i t u t i n g  t h e  l a t t e r  i n t o  ( X I - 1 - 1 9 ) .  It 
must be remembered here tha t  t h e  p r e s s u r e  c o e f f i c i e n t  component 
Ap = - (d r /dx ) '  can  b e  found i n  advance if w e  know Lhe shape of-the 
body. For  example, f o r  a p a r a b o l i c  nose s e c t i o n  Apl= -f3:(1 - x I 2 .  

T h i s  method can be used f o r  approxi -  

T h e  p r e s s u r e  c o e f f i c i e n t  

mate c a l c u l a t i o n  o f  f low around s o l i d s  
of  r e v o l u t i o n  t h a t  r e p r e s e n t  .combina- 
t i o n s  of e l emen t s .  For  example,  w e  
might c o n s i d e r  a body c o n s i s t i n g  o f  a 
nose  s e c t i o n  and a c y l i n d r i c a l  p a r t .  
A t a p e r i n g  t a i l  s u r f a c e  element  o r  a 
segment w i t h  any o t h e r  shape  may be  
a t t a c h e d  a t  t h e  rear .  

F igu re  X I - 2 - 1  shows t h e  p r e s s u r e  
d i s t r i b u t i o n  c a l c u l a t e d  f o r  t h e  c y l i n -  
d r i c a l  and t a i l  segments o f  a s o l i d  of  
r e v o l u t i o n  f o r  Moo = 1.5 .  A s  w e  see ,  
t h e  p r e s s u r e  i n c r e a s e s  downstream a l o n g  
t h e  c y l i n d r i c a l  s e c t i o n  beg inn ing  a t  t h e  

I 2 3 4 5 6 X/dmid end o f  t h e  nose s e c t i o n ,  wh i l e  t h e  f low 
around t h e  t a p e r i n g  t a i l  s e c t i o n  i s  ac-  

-9: 

companied by a drop  i n  p r e s s u r e  ove r  
most of i t s  l e n g t h .  F i g u r e  X I - 2 - 1 .  P r e s -  

s u r e  on S u r f a c e  o f  
Body w i t h  P a r a b o l i c  
Nose and T a i l  Sec- 
t i o n s .  1) by method 
of c h a r a c t e r i s t i c s ;  
2 )  l i n e a r i z e d  t h e o r y ;  
3 )  " l o c a l  cone" 
method. 

For  comparison, F i g .  X I - 2 - 1  a l s o  
shows cu rves  c a l c u l a t e d  by t h e  method 
o f  c h a r a c t e r i s t i c s  and b y  t h e  " l o c a l  
cone" method. 

Flow around t h e  c y l i n d r i c a l  s e c t i o n  
i s  c h a r a c t e r i z e d  by  r ecove ry  o f  t h e  pres-  
s u r e  to a tmospher ic ;  t h i s  t a k e s  p l a c e  
a lmost  e n t i r e l y  on a l e n g t h  of  s l i g h t l y  

more t h a n  two diameters,  measured from t h e  end of  the  nose s e c t i o n .  
The p r e s s u r e  d e c r e a s e  on t h e  t a p e r i n g  t a i l  s e c t i o n  does  n o t  con- 
t i n u e  ove r  i t s  e n t i r e  l e n g t h .  We see some p r e s s u r e  i n c r e a s e  i n  
t h e  v i c i n i t y  o f  t h e  base s e c t i o n  o r  t h e  p o i n t  of  t h e  t a i l .  

The  accu racy  of t h i s  method o f  c a l c u l a t i n g  l i n e a r i z e d  f low 
i n c r e a s e s  w i t h  i n c r e a s i n g  t a p e r .  It may become unnecessary  to 
i n t r o d u c e  t h e  c o r r e c t i o n  f a c t o r s  a ,  and a ,  i n t o  ( X I - 2 - 7 1  f o r  very  
s l e n d e r  b o d i e s .  I n  t h i s  c a s e ,  i t  i s  n e c e s s a r y  to proceed  from 
( X I - 2 - 4 1 ,  which can b e  r e w r i t t e n  f ( z ) = r ~ -  -S'(s)/2jt, where S ( x )  = 

= rr2 i s  t h e  c u r r e n t  v a l u e  of t h e  s l e n d e r  body ' s  c r o s s - s e c t i o n a l  
area. Then 

- 1 dS (3) - 



(XI -2 -21)  

Conver t ing  i n  t h i s  e x p r e s s i o n  t o  t h e  v a r i a b l e  E ,  s u b s t i t u t -  
i n g ' €  = x - ci'r cosh z ,  and t h e n  s u b s t i t u t i n g  t h e  v a l u e  found f o r  
t h e  d e r i v a t i v e  f ( E )  under  t he  i n t e g r a l  i n  ( X 1 - 2 - 1 1 ) ,  w e  o b t a i n  

arch u 

(XI-2-22)  1 V' =- --. 2 1  5 S"(x-a'rch z )&.  

If t h e  shape o f  t he  body i s  g i v e n ,  w e  can f i n d  t h e  f u n c t i o n  
S,  de t e rmine  i t s  second d e r i v a t i v e  S", and t h e n  e v a l u a t e  t h e  i n t e -  
g r a l  of ( X I - 2 - 2 2 ) ;  t h i s  w i l l  e n a b l e  us t o  c a l c u l a t e  t h e  a d d i t i o n a l  
v e l o c i t y  component. 

Suppose,  f o r  example,  t h a t  w e  have a g i v e n  p a r a b o l i c  nose I 4 5 3  
s e c t i o n  whose g e n e r a t r i x  e q u a t i o n  i s  

Consequent ly ,  t h e  c r o s s - s e c t i o n a l  area and t h e  second d e r i v a -  
t i v e  o f  t h e  f u n c t i o n  S w i l l  b e ,  r e s p e c t i v e l y  ( w i t h  E s u b s t i t u t e d  
f o r  x), 

S u b s t i t u t i n g  x - cl'r cosh z f o r  E i n  t h e  e x p r e s s i o n  f o r  t h e  
second d e r i v a t i v e  and s u b s t i t u t i n g  i t  i n t o  t h e  i n t e g r a n d  of  
( X I - 1 - 2 2 ) ,  w e  o b t a i n  on i n t e g r a t i o n  

where 
(XI -2 -24)  v'--- 9, 

2z ' X -  

A d i f f e r e n c e  i n  t h e  r e s u l t s  of  t h e  above two methods can be 
brought  ou t  by comparing, f o r  example, t h e  a x i a l  v e l o c i t y  compo- 
n e n t s  on t h e  p o i n t  o f  a cone. I n  t h e  f i r s t  method [Formula 
( X 1 - 2 - 1 1 ) ]  and i n  t h e  second (X1-2 -24) ,  these components are de- 
f i n e d  by t h e  r e s p e c t i v e  r e l a t i o n s h i p s  

(QU 
?.Lid v' ~ - - -  -Pp(i$),[pp(i:)o+cc' (i301-1; v;= --= - B Z ( i 0 )  , x  0. (XI-2-24') 
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It i s  e a s i l y  seen  t h a t  t h e  second expres s ion  can b e  obta ined  
from t h e  f i rs t  if t h e  cone i s  very s l e n d e r .  I n  f a c t ,  t h e  term 
B (i;), i n  t h e  square  b r a c k e t s  i s  of h ighe r  nega t ive  o rde r  i n  t h i s  

case  and can be  d i s r ega rded .  A s  f o r  t h e  remaining term,  i t  i s  re- 
duced to t h e  form c i t ( i : ) o  =: "' a t  s m a l l  B . 

Formulas ( X I - 2 - 2 4 ? )  enable  us t o  e s t i m a t e  t h e  o r d e r  of magni- 
tude  of t h e  d i s tu rbance  i n  a flow around a s l e n d e r  cone. A s  we s e e ,  
t h e  added d i s tu rbance  v e l o c i t y  component i s  of the o r d e r  of t h e  
square  of t h e  s m a l l  cone ang le .  I n  t h e  g e n e r a l  ca se  o f  an arbi-  
t r a r y  g e n e r a t r i x ,  t h i s  component i s  of t h e  o r d e r  of T ~ .  
t o  t h e  nonseparat ing-f low c o n d i t i o n ,  t h e  r a d i a l  d i s tu rbance  ve lo-  
c i t y  component i s  Vr = dr/dx and consequent ly  of  t h e  o r d e r  of T. 

Thus, t h e  d i s t u r b a n c e s  i n  t h e  l o n g i t u d i n a l  d i r e c t i o n  are an o rde r  
s m a l l e r  t han  t h o s e  i n  t h e  t r a n s v e r s e  d i r e c t i o n .  For t h i s  reason ,  
terms con ta in ing  t h e  squa res  of t h e  d i s t u r b a n c e s  i n  the t r a n s v e r s e  
d i r e c t i o n  were r e t a i n e d  i n  ( X I - 1 - 1 9 )  f o r  the  p r e s s u r e .  

L e t  us examine t h e  p r e s s u r e - c o e f f i c i e n t  r e l a t i o n  

P 

P 

According 

S i m i l a r i t y  l a w  f o r  p r e s s u r e  f u n c t i o n  and d r a g  c o e f f i c i e n t .  

(XI-2-25 ) 

We s e e  from ( X I - 2 - 2 4 )  t ha t  t h e  f u n c t i o n  SIl depends f o r  a 
given p o i n t  w i t h  coo rd ina te  x on t h e  parameter  u = x / ( a l r )  and 
t h e  s l ende rness  r a t i o  A m i d ,  which, i n  t u r n ,  determines t h e  p o i n t  
angle  B ( B p  = l /hmid) .  
P a l  form as u = u o h ( x ) ,  
f o r  a p a r a b o l i c  g e n e r a t r i x .  

The parameter  u_ can be p re sen ted  i n  gene- 
where, e . g . ,  t h e  f u n c t i o n  h ( x )  = 2 ( 2  - E)-' 

On t h e  b a s i s  of  t h e  above, t h e  p r e s s u r e  c o e f f i c i e n t  i n  gene- 
r a l  form i s  

- - 
P =- s p  (210, 3, (XI-2-26)  

where N i s  a c e r k a i n  func t ion  of t h e  parameter  u and t h e  dimension- 
less  coord ina te  x. 

Applying (1-3-14), w e  f i n d  a g e n e r a l  r e l a t i o n  f o r  t h e  wave /454 
drag  c o e f f i c i e n t :  

c xw = PiD ( r r e ) ,  (XI-2-27) 

where D i s  a c e r t a i n  f u n c t i o n  of  t h e  parameter  u o .  



Formulas (XI-2-26) and (XI -2 -27)  
permit  t h e  fo l lowing  i n f e r e n c e  as t o  
s i m i l a r i t y  of flows around s o l i d s  of 
r e v o l u t i o n .  If t h e s e  flows are 
c h a r a c t e r i z e d  b g  e u a l  parameters  
u o ,  t h e  r a t i o s  p/Bq w i l l  b e  t h e  same 

P 
a t  corresponding p o i n t s ;  t h i s  f o l -  
lows d i r e c t l y  from (XI-2-26).  It 
fo l lows  from ano the r  formula 
(XI-2-27)  t h a t  s o l i d s  of r e v o l u t i o n  
i n  gasdynamically s i m i l a r  f lows 

t h e  r a t i o s  ex w/B; w i l l  be t h e  same 
- %id expe r i ence  a x i a l  f o r c e s  such tha t  0 2 4 6 8 IO h,ixdmid 

f o r  t h e s e  bodies .  Thus, t h e  flow- 
s i m i l a r i t y  c r i t e r i o n  i n  t h i s  case  
i s  t h e  parameter  

F igure  XI-2-2. Region of  
Poss ib l e  Appl ica t ion  of 
S i m i l a r i t y  Law for Conica l  
Nose Sec t ions  ( S i m i l a r i t y  

Area). 
i s  Doubtful i n  the Shaded ~ ~ = ( ~ ‘ ~ p ~ - l = ( ~ p ~ ~ ) - l .  (XI-2-28)  

R e l a t i o n  (XI-2-26) can be p re sen ted  i n  a somewhat d i f f e r e n t  
form f o r  cases  i n  which t h e  Mm a r e  q u i t e  l a r g e  and w e  can s e t  
dM: - 1 - Mm. 

i n g  t h e  expres s ion  f o r  t h e  s i m i l a r i t y  parameter ,  w e  o b t a i n  a r e l a -  
t i o n  f o r  t h e  p r e s s u r e  f u n c t i o n :  

.-. For t h i s  purpose,  w e  i n t roduce  t h e  s i m i l a r i t y  param- 
e t e r  K, = Mm/Amid - - M m B p .  Mul t ip ly ing  (XI -2 -26)  by M: and apply- 

Thus, t h e  p r e s s u r e  f u n c t i o n  a t  a g iven  p o i n t  x depends only 
on t h e  s i m i l a r i t y  parameter  K ,  = McoBp. 

The l a w  of  s i m i l a r i t y  i n  t h i s  parameter  i s  confirmed by a 
c a l c u l a t i o n  o f  t h e  p r e s s u r e  d i s t r i b u t i o n  by t h e  method of char- 
a c t e r i s t i c s .  S a t i s f a c t o r y  r e s u l t s  a r e  obta ined  only f o r  K ,  s m a l l e r  
t han  u n i t y .  

The l a w  of  s i m i l a r i t y  i n  t h e  parameter  K, (or u o )  i s  found t o  
be d o u b t f u l  f o r  c e r t a i n  combinations of Mm and f i n e n e s s  r a t i o  
Amid 

P h y s i c a l l y ,  t h i s  occurs  on d e v i a t i o n  of t h e  r ea l  from t h e  
l i n e a r i z e d  flow f o r  t h i c k  bodies  wi th  s m a l l  s l ende rness  r a t i o s  or 
a t  very l a r g e  Mm. To p rese rve  t h e  l i n e a r i z e d  n a t u r e  of t h e  f low,  i t  
i s  necessary  t o  t a p e r  t h e  body more s t r o n g l y  as t h e  M i n c r e a s e .  
Here, as fo l lows  from (XI -2 -24) ,  t h e  i n e q u a l i t y  uo > 
served .  

must be ob- 
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It fo l lows  from t h e  expres s ion  u,, = (cctf3,)-l t h a t  i f  a s o l i d  
of r e v o l u t i o n  i s  s u f f i c i e n t l y  s l e n d e r ,  i . e . ,  i t s  s l ende rness  r a t i o  
i s  l a r g e ,  t h e  cond i t ion  Mw > 1 must be  s a . t i s f i e d  t o  p re se rve  t h e  
i n e q u a l i t y  u o  > 1. I f ,  however, Mm + 1 (XI-2-28) i n d i c a t e s  t ha t  
t h e  abso lu te  value of  t h e  d i s tu rbance  v e l o c i t y  becomes i n f i n i t e ,  
and t h i s  i s  p h y s i c a l l y  imposs ib le .  Thus, t h e  theo ry  of l i n e a r i z e d  
flows and t h e i r  s i m i l a r i t  l a w s  are a p p l i c a b l e  when t h e  two i n -  
e q u a l i t i e s  Amid > &and Mm > 1 a r e  observed s imul taneous ly .  

The r eg ions  of p o s s i b l e  a p p l i c a t i o n  of l i nea r i zed - f low theo ry  
and t h e  corresponding s i m i l a r i t y  laws a r e  shown i n  F ig .  IX-1-6 
( f o r  an o g i v a l  nose s e c t i o n )  and Fig .  X I - 2 - 2  ( f o r  a cone ) ,  where 
t h e  shaded r eg ion  corresp0nd.s to d o u b t f u l  s i m i l a r i t y .  Accordingly,  /455 
i t  i s  not recommended t h a t  c a l c u l a t i o n s  b e  made f o r  s m a l l  f i n e -  
ness  r a t i o s  Amid < 2 and moderate Mw. 
s e l e c t e d  should be  a t  l e a s t  1.3-1.5.  

I n  p r a c t i c a l  c a s e s ,  t h e  Mm 

If  i n  F i g s .  IX-1-6 and XI-2-2 w e  draw K ,  = cons t  l i n e s  cor-  
responding t o  parameter  va lues  s m a l l e r  t han  u n i t y ,  f o r  which s i m i -  
l a r i t y  g ives  s a t i s f a c t o r y  r e s u l t s ,  w e  can f i n d  t h e  corresponding 
nose-sect ion s l ende rness  r a t i o  from t h e s e  l i n e s  f o r  a g iven  Mm. 

S i m i l a r i t y  i n  garameter  K ,  a l s o  d e f i n e s  s i m i l a r i t y  f o r  t h e  

Mul t ip ly ing  both  s i d e s  of (XI-2-27)  b y  M i ,  w e  o b t a i n  a gene- 

wave drag  f u n c t i o n  MWcX w.  

r a l  expres s ion  f o r  t h i s  f u n c t i o n :  M:cx 

The Wave Drag C o e f f i c i e n t  

= H(K,). 

Wave drag o f  a slende 
t i o n a l  a x i a l  d i s t u r b a n c e  ve 

1 

r cone. The r e l a t i o n  found f o r  t h e  addi- 
l o c i t y  component on a cone, ( X I - 2 - 2 4 ) ,  

can be used t o  determine t h e  p r e s s u r e  
c o e f f i c i e n t  on i t  and, consequent ly ,  
i t s  c o e f f i c i e n t  of wave drag .  

I n  accordance wi th  ( X I - 1 - 1 9 ) ,  w e  
f i n d  

- 
(XI-2-30)  pc = c,, = 2 (i!) - p:, 

where 

Figure XI-2-3.  Wave Drag 

( i i l c  and (i:)c a r e  t h e  f u n c t i o n s  ca lcu-  C o e f f i c i e n t  f o r  a Sharp 
Cone. - exac t  t heo ry ;  ~. ----- l i n e a r i z e d  theo ry .  l a t e d  from Expressions (XI-2-17)  a f t e r  

- 1  s u b s t i t u t i n g  the  parameter  uo  = ( c i ’ B c )  . 
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T h i s  formula can be s i m p l i f i e d  s l i g h t l y  f o r  va lues  of u o  > 3: 

- 
p c  = c,, = /3f (4.606 lg 2 ~ 0  - I). (XI-2-31) 

A comparison of t h e  r e s u l t s  of c a l c u l a t i o n  of t h e  wave drag  
c o e f f i c i e n t  b y  (XI-2-30) and by t h e  exac t  theory  i s  given i n  F ig .  
XI-2-3. Up t o  l a r g e  Ma, t h e  agreement i s  good f o r  s l e n d e r  cones. 
A s u b s t a n t i a l  d i screpancy  appears  between t h e  r e s u l t s  f o r  mode- 
r a t e  Ma and t h i c k e r  cones,  as we s e e  from Fig .  XI-2-3 i n  t h e  ex- 
ample of t h e  cone w i t h  B e  = 20'. Obviously,  t h e  flow around t h i s  

cone d e v i a t e d  s u b s t a n t i a l l y  from t h e  l i n e a r i z e d  f low.  I n  us ing  
t h e  flow c a l c u l a t i o n  methods s e t  f o r t h  above, t h e r e f o r e ,  i t  i s  
necessary  t o  hold  s t r i c t l y  t o  t h e  i n d i c a t e d  r u l e s  f o r  de te rmining  
t h e  p e r m i s s i b l e  M, and ang le s  6, f o r  which t h e  l i n e a r i z e d  flow i s  
no t  d i s t u r b e d  . 

Wave d r a g  o f  s o l i d s  o f  r e v o l u t i o n  composed o f  c o n i c a l  e l e -  
m e n t s .  Figure  X I - 2 - 4  shows s e v e r a l  p o s s i b l e  schemes of  s o l i d s  of 
r e v o l u t i o n  t h a t  i n c o r p o r a t e  i n d i v i d u a l  c o n i c a l  e lements .  I n  t h e  
g e n e r a l  ca se ,  i t  i s  necessary  to know t h e  p r e s s u r e  d i s t r i b u t i o n  
over t h e  s u r f a c e  of t h e  bodies  i n  o rde r  to c a l c u l a t e  t h e i r  wave- 
d rag  c o e f f i c i e n t s .  F igure  XI-2-5 p r e s e n t s  exper imenta l  data on 
t h i s  d i s t r i b u t i o n  f o r  Ma = 2 ,  as obta ined  by wind-tunnel t e s t s  on 
a model s o l i d  of r e v o l u t i o n  c o n s i s t i n g  of a c o n i c a l  nose s e c t i o n ,  
a c y l i n d r i c a l  p a r t ,  and a t r u n c a t e d  t a i l  cone. C a l c u l a t i o n  by 
t h e  l i n e a r i z e d  theo ry  g i v e s  about t h e  same r e s u l t s .  

C a l c u l a t i o n  of t h e  flow around t h e  t a i l  segment encounters  
c e r t a i n  d i f f i c u l t i e s  owing to t h e  f a c t  t h a t ,  s t r i c t l y  speaking ,  

found on t h e  s e c t i o n  of  t h e  s u r f a c e  i n  f r o n t  of  t h e  t a i l  and i n -  
c lud ing  t h e  c y l i n d r i c a l  s e c t i o n .  

t h i s  flow can be c a l c u l a t e d  i f  t h e  flow parameters  have been 1 4 5 6  

T h i s  complete c a l c u l a t i o n  can be performed e i t h e r  b y  t h e  
l i n e a r i z e d  theo ry  o r  b y  t h e  method of  c h a r a c t e r i s t i c s .  However, 
i t  r e q u i r e s  a g r e a t  d e a l  of  t ime.  At t h e  same t ime,  t h e r e  i s  
a p r a c t i c a l  need f o r  s imple method of  approximate de t e rmina t ion  
of  t h e  flow parameters  on t h e  s t e r n ,  and p r e s s u r e  i n  p a r t i c u l a r ;  
t h i s  would enable  us to f i n d  t h e  component of t o t a l  d rag  and t ake  
t h e  i n f l u e n c e  of t h e  t a i l  s e c t i o n  i n t o  c o n s i d e r a t i o n .  

For t h i s  purpose,  we can use (V111-1-18), which, as we have 
noted ,  g i v e s  an almost exac t  value of t h e  wave d rag  c o e f f i c i e n t  
f o r  a nose cone. Here, as we see  from (XI-2-5), t h e  a c t u a l  value 
of t h e  p r e s s u r e  c o e f f i c i e n t  on a c o n i c a l  s t e r n  element i s  found 
t o  be sma l l e r  t han  t h a t  ob ta ined  b y  Formula (VIII-1-18). Hence 
t h e  p r e s s u r e  d i s t r i b u t i o n  found by t h i s  formula must be regarded  
as an approximate e v a l u a t i o n  of  t h e  tPue p i c t u r e .  Use of Formula 
(VIII-1-18) enables  us to f i n d  a comparat ively s imple  bu t  very 
c l o s e  approximate r e l a t i o n  f o r  t h e  wave-drag c o e f f i c i e n t s  of  
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d m i d  

- d b s e  

Figure  XI-2-4. Shapes F igure  XI-2-5. Pressure  
of  S o l i d s  of Revolu- D i s t r i b u t i o n  Curves f o r  a 
t i o n .  Body Composed of Conical  

Elements. ~ experiment;  
----- accord ing  t o  cone 

s o l i d s  of r e v o l u t i o n  tha t  con- formula.  
s i s t  of c o n i c a l  e lements .  

Let us assume t h a t  5 and p2 a r e  t h e  r e s p e c t i v e  c o e f f i c i e n t s  
of p r e s s u r e  on-the forwar& and a f t  cones,  and t h a t  t h e  dimension- 
l e s s  q u a n t i t y  Sbse d e f i n e s  t h e  t a i l  t a p e r ,  which i s  equa l  to 

- - - (dbse /dmid  1 2 .  Th'en, apply ing  (1-3-14) ,  we 'bse - Sbse'Smid 
o b t a i n  

- 

- 
Here t h e  f i r s t  term g ives  t h e  nose-cone d rag  en 

second g i v e s  t h e  t a i l  ( s t e r n )  d rag  ex 

accord ing  t o  ( V I I I - 1 - 1 8 j ,  we f i n d  

= p l ,  while  t h e  
x w- 

Replacing p1 and i n  Formula (XI-2-32) by  t h e i r  expres s ions  

where B 
degrees .  

and Bp,  a r e  t h e  ang le s  of  t h e  nose and t a i l  c o n e s . i n  
P l  

The p a r t  of t h e  d rag  /457 

(XI-2-34) 



‘bse 

F i g u r e  XI-2-6. Curves f o r  D e t e r m i n a t i o n  o f  Wave Drag 
C o e f f i c i e n t s  o f  C o n i c a l  T a i l  S e c t i o n s .  

b e l o n g i n g  to t h e  t a i l  e lement  can  b e  s e p a r a t e d  from t h e  e x p r e s -  
s i o n  i n  t h e  r i g h t  member of  t h i s  formula .  T h i s  p a r t  can b e  de- 
de te rmined  by  u s i n g  t h e  r e s u l t s  g i v e n  i n  F i g .  XI-2-6. Some o f  
these r e s u l t s  were o b t a i n e d  from t h e  l i n e a r i z e d  t h e o r y ,  and o t h e r s  
by a more e x a c t  t h e o r y  w i t h  a second a p p r o x i m a t i o n  and a l l  r e s u l t s  
found f o r  c o n i c a l  t a i l  s e c t i o n s  on t h e  assumpt ion  t ha t  t h e y  are  
q u i t e  far  from t h e  n o s e .  I n  t h i s  c a s e ,  p r e s s u r e  r e c o v e r s  f u l l y  
i n  f r o n t  of  t h e  t a i l  s e c t i o n ,  s o  t ha t  t h e  v e l o c i t y  i s  e q u a l  t o  
i t s  v a l u e  f o r  t h e  oncoming f low.  

I n  c a l c u l a t i o n s  u s i n g  t h e  c u r v e s  i n  F ig .  XI-2-6 ,  t h e  s l e n d e r -  
n e s s  r a t i o  of t h e  t a i l  s e c t i o n  i s  f i r s t  de termined  from t h e  known 

o r  from t h e  e x p r e s s i o n  X = t l  data by  t h e  formula  A = x /d 
= 

(M; - l)’/’(2Xt1) 

t l  t l  m i d  
- -’I2) ‘bse (28O )-’, f o l l o w e d  by c a l c u l a t i o n  o f  t h e  p a r a m e t e r  

P L 1  . The p r o d u c t  4cx st  X 2  st  i s  found f o r  t h i s  
-.!- 

p a r a m e t e r  from t h e  diagram and used  to d e t e r m i n e  c a b  x w ‘  
C a l c u l a t i o n s  made w i t h  t h e  data i n  F i g .  XI-2-6 i n d i c a t e  t h a t  

i t  g i v e s  b e t t e r  r e s u l t s  t h a n  Formula (XI-2-34) i f  t h e  a p p r o x i -  
m a t i n g  r e l a t i o n s h i p  

c~~: .O. i )L)I ! (c ’ ) .Sf~I~~)  (&)’“ v i 3  bse. (XI-2-35) 

i s  used.  

Then, a d d i n g  t h e  nose-cone d r a g  
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c:, =: 0.002 ( O S  4- Al2) (p;,)"'. (XI-2-36) 

to t h i s  component, w e  o b t a i n  a formula  f o r  t h e  t o t a l  d r a g  c o e f -  
f i c i e n t  : 

(XI-2-37) 

If t h e  a n g l e s  B and B o f  t h e  nose  and t a i l  cones are 
P l  P2 

e q u a l ,  (XI-2-37) becomes 

The t a i l  s e c t i o n  may expand i n s t e a d  o f  t a p e r i n g .  I n  t h e  1 4 5 8  
l a t t e r  c a s e ,  t h e  b a s e  s e c t i o n  i s  l a r g e r  t h a n  t h e  midships  s e c -  
t i o n .  A s  a r e s u l t ,  t h e  d r a g  c o e f f i c i e n t  of  t h e  s o l i d  o f  r e v o l u -  
t i o n  becomes even l a r g e r .  Here t h e  d r a g  w i l l , b e  l a r g e r  t h e  
l a r g e r  t h e  t a p e r  a n g l e  and s l e n d e r n e s s  ratio of t h e  t a i l  cone.  

I 

F i g u r e  XI-2-7. Diagrams (a  and b )  f o r  Determina- 
t i o n  o f  P r e s s u r e  and Wave Drag o f  Expanding Body 

Curves 1, 2 ,  3, 4 ,  and 5 Correspond t o  r/rO R a t i o s  
o f  1 . 2 5 ,  1 . 5 ,  1 . 7 5 ,  2 ,  and 3; c 
t h e  Maximum Area o f  t h e  Expanding P a r t .  

S e c t i o n  ( c )  ( 1 . 5  < Ma < 3 .5 ;  5O < B p 2  < 2 0 0 ) .  

i s  R e f e r r e d  to x w  



I n v e s t i g a t i o n  of  t h e  d r a g  component produced by a n  expanded 
t a i l  cone i s  a complex problem. It i s  s i m p l e r  i f  t h e  t a p e r  a n g l e  
i s  s m a l l .  I n  t h i s  c a s e ,  t h e  method o f  c h a r a c t e r i s t i c s  cou ld  b e  
used .  If ,  on the o t h e r  hand, t h e  a n g l e s  are l a r g e ,  on ly  e x p e r i -  
men ta l  i n v e s t i g a t i o n  g i v e s  r e l i a b l e  enough r e s u l t s .  

However, t h e  method o f  " l o c a l  cones" can be used f o r  rough 
e s t i m a t i o n  o f  t h e  f l o w - v a r i a b l e  v a l u e s ,  on t h e  assumpt ion  t h a t  
t h e  gas  moves a t  t he  free-stream v e l o c i t y  i n  f r o n t  o f  a n  expand- 
i n g  c o n i c a l  s t e r n .  

I n  t h i s  method, d r a g  i s  de termined  as a p a r t  of  t h e  d r a g  o f  
t h e  f u l l  cone w i t h  t h e  same g e n e r a t r i x  i n c l i n a t i o n  a n g l e .  Conse- 
q u e n t l y ,  t h e  wave d r a g  c o e f f i c i e n t  of  a c o n i c a l  s t e r n  w i l l  de- 
pend on t h e  t a i l - c o n e  s l e n d e r n e s s  r a t i o  X t l  = x ( o r  on t h e  /d t l  m i d  - 
t a p e r  a n g l e  f3 p 2 ) )  'bse> and Mm. 

F i g u r e  XI-2-7, a and b ([7O],  1963, No. 4 1 )  p r e s e n t s  diagrams 
w i t h  which t h e  p r e s s u r e  and t h e  c o e f f i c i e n t  c:lw can b e  de te r -  
mined. 

Wave d r a g  o f  a s l e n d e r  s o l i d  o f  r e v o l u t i o n  w i t h  a n  a r b i t r a r y  
g e n e r a t r i x .  The g e n e r a l  c a s e  of  c a l c u l a t i o n  of  t h e  wave-drag 
c o e f f i c i e n t  r e q u i r e s  c a l c u l a t i o n  of  t h e  p r e s s u r e  d i s t r i b u t i o n  
fo l lowed by a p p l i c a t i o n  o f  (1-3-14). 

T h i s  g e n e r a l  method e n a b l e s  us t o  o b t a i n  t h e  n e c e s s a r y  re- 
s u l t s  w i t h  s u f f i c i e n t  accu racy  f o r  a n  a r b i t r a r y  s o l i d  o f  r evo lu -  
t i o n ,  f o r  which p o s s i b l e  shapes  are  shown i n  F ig .  XI-2-8. 

At t h e  same t i m e ,  as i n  t h e  c a s e  of  f low c a l c u l a t i o n s  f o r  
s o l i d s  o f  r e v o l u t i o n  composed o f  c o n i c a l  e l emen t s ,  w e  can  c o n s i d e r  
approximate r e l a t i o n s h i p s  by which w e  can e v a l u a t e  t h e  wave-drag /459 
c o e f f i c i e n t  compara t ive ly  e a s i l y  f o r  a r b i t r a r y  s o l i d s  of r evo lu -  
t i o n .  

Nose s e c t i o n s  o f  v a r i o u s  shapes .  We see from F i g .  XI-2-8 
t ha t  t h e  nose s e c t i o n s  have a d u a l  r o l e .  They may be indepen-  
den t  v e h i c l e s  ( F i g .  XI-2-8, models Nos. 1 and 2 )  o r  component 
forward e lements  o f  s o l i d s  o f  r e v o l u t i o n  ( F i g .  XI-2-8, models 
Nos. 3-6) .  I n  t h e  l a t t e r  c a s e ,  t h e  nose - sec t ion  d r a g  i s  p a r t  o f  
t h e  t o t a l  d r a g  o f  t h e  body as a whole.  

The f low around t h e  nose s e c t i o n  can b e  c a l c u l a t e d  by t h e  
" loca l -cone"  method, u s i n g  Formula (XI-2-31). 

For  a s l e n d e r  nose s e c t i o n  w i t h _  a p a r a b o l i c  g e n e r a t r i x  and a 
l o c a l  i n c l i n a t i o n  a n g l e  B = B , , ( l  - x )  o f  t h e  t a n g e n t  a t  an  a r b i -  

t r a r y  p o i n t ,  t h e  approximate r e l a t i o n  f o r  p r e s s u r e  takes t h e  form 
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N3 

N4 

N 6  

Figure  XI-2-8. C e r t a i n  Shapes 
of Bodies wi th  A r b i t r a r y  
Gene ra t r i ce s .  

where K, = M-8,. 

o f  t h e  nose s e c t i o n  can be  
c a l c u l a t e d  b y  t h i s  r e l a t i o n -  
s h i p ,  u s ing  (1-3-14 ' ) :  

The wave d rag  c o e f f i c i e n t  

I n  us ing  t h i s  formula,  i t  
must be remembered t h a t  i t  was 
de r ived  f o r  t h e  complete nose 
s e c t i o n  ( F i g .  XI-2-8 ,  Model No. 
2 ) .  A s i m i l a r  r e l a t i o n s h i p  i s  
e a s i l y  obta ined  f o r  t h e  t r u n -  
c a t e d  nose s e c t i o n  (F ig .  XI-2-8, 
Model No. 1). 

I n  a d d i t i o n  to ( X I - 2 - 4 0 ) ,  
t h e  wave d rag  of a s l e n d e r  
p a r a b o l i c  o r  o g i v a l  nose sec-  

t i o n  can be c a l c u l a t e d  b y  t h e  somewhat more g e n e r a l  expres s ions  
(XI -1 -26)  and ( X I - 1 - 2 7 ) .  However, t h e  l a t t e r  formula g i v e s  over- 
s t a t e d  va lues  of t h e  wave drag  c o e f f i c i e n t  f o r  t h e  f u l l  nose sec-  
t i o n .  B e t t e r  r e s u l t s  a r e  obta ined  if 0 . 3 3 2  i s  used i n s t e a d  of  
t h e  c o e f f i c i e n t  0.415: 

= 0.3325,- C x w  ( X I - 2 - 4 1 )  

Tapered t a i l  s e c t i o n .  The d i s t r i b u t i o n  around a t a p e r e d  
t a i l  s e c t i o n - c a n  be c a l c u l a t e d  by t h e  method of c h a r a c t e r i s t i c s .  
Here, i f  t h e  c y l i n d r i c a l  s e c t i o n  i s  long enough, t h e  c a l c u l a t i o n  
begins  from t h e  j o i n t  between t h e  c y l i n d e r  and t h e  s t e r n ,  where 
t h e  l o c a l  v e l o c i t y  can be s e t  equa l  to t h e  f ree-s t ream va lue .  

T h e  r e s u l t s  ob ta ined  on t h i s  assumption i n d i c a t e d  t h a t  t h e  
p r e s s u r e  c o e f f i c i e n t  a t  a c e r t a i n  p o i n t  on t h e  s u r f a c e  of  t h e  
t a i l  element depends on t a n  f3 and t h e  coord ina te  r a t i o  r / x .  The 
ang le  8 d e f i n e s  t h e  i n c l i n a t i o n  of t h e  t angen t  to t h e  g e n e r a t r i x  
a t  a p a r t i c u l a r  p o i n t  to t h e  a x i s  of t h e  body, whi le  t h e  coordi-  
n a t e  ff. i s  equa l  to t h e  d i s t a n c e  from t h i s  p o i n t  t o  t h e  i n t e r s e c -  
t i o n  of t h e  Mach l i n e  drawn through t h e  o r i g i n  of t h e  t a i l  sec-  
t i o n  wi th  t h e  a x i s  of t h e  body. Curves c h a r a c t e r i z i n g  t h e  
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v a r i a t i o n  of t h e  p r e s s u r e  c o e f f i c i e n t  on t h e  t a i l  s e c t i o n  a s  a 
f u n c t i o n  of t h e  parameters  t a n  B and r / x  a r e  given i n  F ig .  XI-2-9 
f o r  va r ious  Ma,. 

-tgp=-@O 
-a25 
-0.20 
-0.15 

. 
-0.10- 
- 0.075 
-0.050 

&#=-4025 

Figure  XI-2-9. Curves Charac t e r i z ing  Varia-  
t i o n  of  P res su re  C o e f f i c i e n t  on S t e r n  Sur- 
f a c e  a t  Various Mm. 

The added d rag  c o e f f i c i e n t  c t1 t h a t  r e s u l t s  from t h e  i n f l u -  x w  
ence of t h e  s t e r n  can be c a l c u l a t e d  from t h e  p r e s s u r e  d i s t r i b u t i o n .  
Such data,  ob ta ined  f o r  a t a i l  element made i n  t h e  form of a para-  
b o l i c  s o l i d  of  r e v o l u t i o n ,  appear  i n  Fig.  XI-2-10. 

It i s  c l e a r  from t h e s e  diagrams t h a t  cx t1 depends on t h e  
(xt l  i s  t h e  l e n g t h  of t h e  X t l / d m i d  s t e r n  s l ende rness  r a t i o  A t l  = 
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t a i l  segment ) ,  t h e  base t a p e r  Fbse, and Ma.  
themselves  r e f l e c t  t h e  l a w  of v a r i a t i o n  o f  4At1cx t1 
t i o n  of  t h e  pa rame te r s  (2At1)-'/M: - 1 and sbse. 
s a t i s f y  o u r s e l v e s  t h a t  t h e  l a t t e r  pa rame te r  depends on t h e  s l e n -  
d e r n e s s  r a t i o  A t l  o f  t h e  r e a l  t a i l  s e c t i o n  and t h e  r a t i o  Amid - 
= tan-lB,,  = xmid/dmid o f  a c e r t a i n  v i r t u a l  p a r a b o l i c  s o l i d  ob- 
t a i n e d  by  g r a f t i n g  t h e  t a i l  s e c t i o n  t o  t h e  f u l l  nose s e c t i o n ,  as 
shown i n  F i g .  XI-2-9.  The co r re spond ing  r e l a t i o n s h i p s  f o r  gbse 

Here, t h e  diagrams 
as a func-  

W e  can e a s i l y  / 4 6 1  

- 

has  t h e  form Sbse = (1 - A;l/A;id)2. 

F igu re  X I - 2 - 1 1  p r e s e n t s  cu rves  c a l c u l a t e d  b y - t h e  method o f  
c h a r a c t e r i s t i c s  f o r  d e t e r m i n a t i o n  of t h e  wave d r a g  of  an  expand- 
i n g  p a r a b o l i c  t a i l  s e c t i o n .  

I n  a d d i t i o n  t o  t h e  method of  c h a r a c t e r i s t i c s ,  t h e  " l o c a l  cone" 
method can be used f o r  approximate e v a l u a t i o n  of  t h e  i n f l u e n c e  of 
t h e  s t e r n  on wave d r a g .  

L e t  us c o n s i d e r  a p p l i c a t i o n  of t h i s  method f o r  a qa i l  sec -  /462 
t i o n  made i n  t h e  form of a p a r a b o l i c  s o l i d  w i t h  t a p e r  Sbse. 
s h a l l  assume t h a t  t h e  f i n e n e s s  r a t i o  o f  t h e  v i r t u a l  nose sec -  
t i o n  c o n s t r u c t e d  on t h e  b a s i s  of t h e  g i v e n  t a i l  e lement  i s  Amid,  

We 

and t h a t  t h e  co r re spond ing  a n g l e  o f  t h e  
( F i g .  XI-2-8 ,  Models Nos. 3, 4 ,  and 6 ) .  
t i v e )  p r e s s u r e  c o e f f i c i e n t  on t h e  t a i l  
t h a t  

1 

c tl =-1 5 pc2 CP. 
- xw 

'bse 

cone a t  t h e  p o i n t  i s  B 
Then i f  pc2 i s  t h e  (nega-  

cone,  w e  f i n d  w i t h  (1-3-14) 

P2 

( X I - 2 - 4 2 )  

S u b s t i t u t i n g  5 from ( V I I I - 1 - 1 8 )  i n t o  t h i s  formula  w i t h  B = - c2 
= 57.3Bp(1- x )  s u b s t i t u t e d  f o r  B c  and t h e n  improving t h e  r e s u l t i n g  
r e l a t i o n s h i p  by use  of  t h e  c h a r a c t e r i s t i c - m e t h o d  data,  w e  o b t a i n  
t h e  approximate formula  

where 5 i s  t h e  p r e s s u r e  c o e f f i c i e n t  on a cone w i t h  a n g l e  B . 
c2 P2 

Applying ( X I - 2 - 4 3 )  and Expres s ion  ( X 1 - 2 - 4 1 ) ,  w e  o b t a i n  f o r  
t h e  t o t a l  wave-drag c o e f f i c i e n t  of a body w i t h  p a r a b o l i c  nose and 
t a i l  s e c t i o n s :  



F i g u r e  XI-2-10. Drag o f  T a p e r i n g  
T a i l  S e c t i o n  w i t h  P a r a b o l i c  Gene- 
r a t r i x .  X t l  = x /x (Diagrams 

Obta ined  by t h e  Method of  Char- 
a c t e r i s t i c s ) .  

t l  m i d  

Very S l e n d e r  Body 

F i g u r e  XI-2-11. I l l u s t r a t i n g  
C a l c u l a t i o n  o f  Wave Drag o f  
Expanding P a r a b o l i c  T a i l  Sec- 
t i o n .  X t l  = Rtl /D.  

- 
c,, = 0.332pc1+ 0.4& [1 -2.4lSL/,z (1 - 

0.493:!$ -+ 0.056~,,, - 0.151${:)], 
(XI-2-44) 

where i s  the  p r e s s u r e  
c o e f f i c i e n t  c a l c u l a t e d  f o r  a 
cone w i t h  a n g l e  B . 

a cone w i t h  base t a p e r  Sbse, 
t h e  t o t a l  wave d r a g  c o e f f i -  
c i e n t  i s  c a l c u l a t e d  by t h e  
s i m p l e r  f o r m u l a  

c1  

P l  
When t h e  body’s  s t e r n  i s  

where 5 i s  found from t h e  

known a n g l e  B o f  t h e  coni -  
c a l  e l e m e n t .  P 2  

c2 

The r e l a t i o n s h i p s  p r e s e n t e d  above f o r  wave d r a g  p e r t a i n e d  t o  
s l e n d e r  b o d i e s  f o r  which t h e  f l o w  p a r a m e t e r s  depend more o r  l ess  
s u b s t a n t i a l l y  on Mm; he re ,  t h e  i n v e s t i g a t i o n s  showed t h a t  t h i s  
dependence becomes weaker as t h e  body becomes more s l e n d e r .  I n  
t h e  t h e o r e t i c a l  l i m i t i n g  c a s e  w i t h  r + 0 ,  s u p e r s o n i c  d i s t u r b e d  
f low w i l l  no l o n g e r  depend on c o m p r e s s i b i l i t y .  I n  p r a c t i c e ,  t h i s  
c o r r e s p o n d s  to a v e r y  s l e n d e r  body w i t h  a l a r g e  s l e n d e r n e s s  r a t i o .  
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The above l i m i t i n g  c a s e  i s  examined i n  aerodynamics i n  a s p e c i a l  
depar tment  known as t h e  “aerodynamics o f  s l e n d e r  b o d i e s .  “ 

c o e f f i c i e n t  i s  found from t h e  g e n e r a l  e x p r e s s i o n  (IV-5-30). I t s  
s p e c i f i c  form depends on t h e  shape o f  t h e  s l e n d e r  body. 

Moreover, t h e  l a s t  t e r m  i n  ( IV-4 -30)  i s  also z e r o ,  s i n c e  t h e  con- 
t o i r  C o v e r  which t h e  i n t e g r a l  i s  e v a l u a t e d  s h r i n k s  t o  a p o i n t .  
Hence t h e  wave-drag c o e f f i c i e n t  i s  

According t o  t h i s  t h e o r y ,  t h e  r e l a t i o n  f o r  t h e  wave-drag 

B o d y  t a p e r e d  a t  b o t h  e n d s .  For  s u c h  a body, S’(1) = 0 .  /463 

(XI-2-46) 

T h e  same r e l a t i o n s h i p  w i l l  a l s o  o b t a i n  when a = 0 and t h e  
body h a s  a c y l i n d r i c a l  base. I n  f a c t ,  t h e  d e r i v a t i v e  S ’  (1) = 0 
i n  t h i s  c a s e .  I n  a d d i t i o n ,  t h e  r ad ia l  v e l o c i t y  component a + , / a v  
a l s o  v a n i s h e s  a t  t h e  end o f  t h e  body b y  t h e  n o n s e p a r a t i n g - f l o w  
c o n d i t i o n .  Hence t h e  second and t h i r d  terms. on t h e  r i g h t  s i d e  
o f  (IV-4-30) a re  z e r o ,  and t h e  d r a g  c o e f f i c i e n t  formula  assumes 
t h e  form (XI-2-46). 

N o n a x i s y m m e t r i c  b o d y  w i t h  c i r c u l a r  b a s e .  A t t a c k  a n g l e  a = 
= 0 .  For  a body l a c k i n g  a x i a l  symmetry i n  t h e  g e n e r a l  c a s e  b u t  
h a v i n g  a c i r c u l a r  base, t h e  d r a g  formula  (IV-4-30) c a n  be p r e -  
s e n t e d  i n  a more c o n c r e t e  form. For  t h i s  p u r p o s e ,  w e  w r i t e  an 
e x p r e s s i o n  f o r  t h e  f u n c t i o n  d r / d x ,  d e t e r m i n e d  f o r  p o i n t s  o f  t h e  
base s e c t i o n ,  i n  s e r i e s  form 1511: 

m 

(XI -2 -47)  

where t h e  f are c e r t a i n  d i m e n s i o n l e s s  q u a n t i t i e s .  
2m 

by  ( I V - 4 - 7 )  and re- x= 1 
C a l c u l a t i n g  t h e  d e r i v a t i v e  ( a + , / a r )  

- membering t ha t  ( a + a / a r ) x = l  - ( d r / d x ) x = l ,  w e  f i n d  t h e  c o e f f i c i e n t s  

An  and Bn and t h e n  d e t e r m i n e  t h e  i n t e g r a l  6 qo(d(po/Bv) dt = ( ~ , ( d ~ o / d r ) r o d ~ .  

I n t r o d u c i n g  t h e  v a l u e  found f o r  t h e  i n t e g r a l  i n t o  (VI-4-30), w e  
f i n d  f o r  t h e  wave-drag c o e f f i c i e n t  

2% 

c 0 
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For  an  axisymmetr ic  s o l i d  o f  r e v o l u t i o n ,  Formula (XI-2-48) i s  
s i m p l i f i e d ,  s i n c e  t h e  l a s t  t e r m  v a n i s h e s .  I n  i t s  s i m p l i f i e d  form, 
t he  formula  de t e rmines  t h e  d r a g  of  a body whose t a i l  s e c t i o n  t a p e r s  
i n  t h e  g e n e r a l  c a s e .  A t  t h e  end o f  such  a body, t h e  d e r i v a t i v e  
S'(1) = 0 .  

Shape o f  S o l i d  o f  Revo lu t ion  w i t h  Minimum Wave Drag 

T o t a l  d r a g  can be minimized f o r  c e r t a i n  c o n d i t i o n s  ( f l i g h t  
speeds ,  a t t a c k  a n g l e ,  volume and l e n g t h  of  body, e t c . )  by appro-  
p r i a t e  a d a p t a t i o n  o f  t h e  shape  o f  t h e  body. We s h a l l  c o n s i d e r  
b o d i e s  o f f e r i n g  minimum wave d r a g :  optimum nose  s e c t i o n s  o b t a i n e d  
i n  t h e  aerodynamic t h e o r y  o f  t h e  s l e n d e r  body f o r  zero a t t a c k  
a n g l e .  The shapes  o f  t hese  nose s e c t i o n s  are found by c a l c u l a t -  
i n g  t h e  f u n c t i o n  (X1-2-46), which de te rmines  wave d r a g .  

s e c t i o n a l  a r e a  a t  t h e  e n d s .  T h i s  body, which has come to be  known 
as t h e  Sears-Haak body [51], has a minimum wave d r a g  of 

Body s y m m e t r i c a l  a b o u t  c e n t e r  p o i n t  of a x i s ,  w i t h  z e r o  c r o s s -  / 4 6 4  

f o r  an  a s s i g n e d  body volume. The d i s t r i b u t i o n  o f  area a l o n g  t h e  
a x i s  i s  g i v e n  b y  t h e  formulas  

(XI-2-50) 

where t h e  a n g l e  0 i s  r e l a t e d  to t h e  - x-coord ina te  b y  

(XI-2-51) 1 
5=::-. ,- .Te(l  I -1-COSO). 

We s e e  from t h i s  r e l a t i o n  t ha t  t h e  forward  p o i n t  (x  = 0 )  cor -  
responds  to an a n g l e  0 = T, w h i l e  t h e  end p o i n t  ( x  = x ) c o r r e -  
sponds to 0 = 0 .  For  t h e  c e n t e r  p o i n t  w i t h  i t s  c o o r d i n a t e  x = 
= xe/2 ( t h e  p o i n t  o f  l a r g e s t  c r o s s  s e c t i o n ) ,  0 = ~ / 2 .  

e 



Optimum nose  s e c t i o n  w i t h  b a s e  s e c t i o n  Smid.  Karman d e r i v e d  

t h e  shape of  t h e  optimum nose s e c t i o n .  It g i v e s  minimum wave d r a g  

S ' ( x e )  = 0 a t  t h e  end p o i n t .  

- 'bse - ' m i d  

f o r  g i v e n  body l e n g t h  xe and. b a s e - s e c t i o n  area S ( x e )  = Sbse i f  

For  t h i s  body, t h e r e f o r e ,  S ( x e )  = 

. The d r a g  c o e f f i c i e n t  of th . i s  .nose s e c t i o n  i s  - - 

C,, = ~ d s m i d ,  (XI-2-52) Wl, 

T h e  d i s t r i b u t i o n  o f  areas a l o n g  t h e  a x i s  i s  g i v e n  by t h e  
e q u a t i o n  

where Smid = 2Wb/xe and t h e  a n g l e  8 i s  re la ted  t o  5 by (XI-2-51). 
I n  c o n t r a s t  t o  t h e  Sears-Haak body, f o r  which a n  a n g l e  8 = 'IT/2 
corresponds  t o  t h e  maximum-section p o i n t  (x = xe /2 ) ,  t h e  Karman 
nose s e c t i o n  has 8 = 0 co r re spond ing  t o  t h i s  c r o s s  s e c t i o n  ( X  = 
= X e ) .  

Equat ion  (XI-2-53) d e s c r i b e s  t h e  g e n e r a t r i x  of  a s l i g h t l y  
b l u n t e d  s l e n d e r  s o l i d  o f  r e v o l u t i o n .  D e s p i t e  the  b l u n t i n g ,  t h e  
d r a g  n e v e r t h e l e s s  remains very  s m a l l ,  s i n c e  the t a i l  s e c t i o n s  of  
t h e  body are  s i t u a t e d  i n  a zone of' reduced  p r e s s u r e  owing t o  t h e  
nose e f f e c t .  

T h e  d r a g  of  b o d i e s  o f  optimum shape  shows l i t t l e  dependence 
on flow c o n d i t i o n s .  T h i s  means t h a t  if ,  f o r  example,  a Karman 
nose  s e c t i o n  i s  p l a c e d  i n  a f low a t  very  h i g h  v e l o c i t y ,  i t s  shape  
w i l l  remain c l o s e  t o  optimum even under  these c o n d i t i o n s .  Thus, 
t h e  optimum n o s e - s e c t i o n  shape  from t h e  s t a n d p o i n t  o f  minimum d r a g  
under  a g i v e n  se t  of c o n d i t i o n s  depends l i t t l e  on the  l a w  used  i n  
c a l c u l a t i n g  t h e  p r e s s u r e  d i s t r i b u t i o n .  

§XI-3. FLOW AROUND SOLIDS OF REVOLUTION AT AN, ANGLE O F  ATTACK 

P r e s s u r e  D i s t r i b u t i o n  - i n  Nonaxisymmetric Flow 

duces  t o  d e t e r m i n a t i o n  o f  t h e  added p r e s s u r e  c o e f f i c i e n t  p z  t h a t  
appea r s  as a r e s u l t  o f  d i s t u r b a n c e  of f low symmetry. T h i s  p r e s -  
s u r e  depends on t h e  d i s t u r b a n c e  p o t e n t i a l  @; i n  t r a n s v e r s e  f low,  
which i s  t h e  i n t e g r a l  of  d i f f e r e n t i a l  e q u a t i o n  ( X I - 1 - 1 3 )  and can  /465 
be expres sed  i n  g e n e r a l  form by ( X I - 1 - 1 4 ) .  - The t o t a l  p r e s s u r e  
c o e f f i c i e n t  i n  nonaxisymmetr ic  f low i s  6 = p ,  + p,, where p 1  

B a s i c  r e l a t i o n s h i p s .  The nonaxisymmetric-flow problem re- 
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depends o n l y  on t h e  v a r i a b l e s  - x and E, b u t  p2 a l s o  depends on t h e  
v a r i a b l e  y .  

I n  the  l i n e a r i z e d  f l o w ,  t h e  normal - force  c o e f f i c i e n t  i s  
d e t e r m i n e d  i n  a c c o r d a n c e  w i t h  (1-4-11)  as 

( X I - 3 - 1 )  

Thus, t h e  normal - force  c o e f f i c i e n t  depends o n l y  on t h e  non- 
axisymmetr ic-f low c o n d i t i o n s .  To e v a l u a t e  t h i s  c o e f f i c i e z t ,  i t  
i s  n e c e s s a r y  t o  f i n d  t h e  d i s t r i b u t i o n  o f  t h e  c o e f f i c i e n t  p2, c a l -  
c u l a t i o n  of  which r e q u i r e s  c a l c u l a t i o n  o f  t h e  added p o t e n t i a l  I$; 
d e f i n e d  by ( X I - 1 - 2 7 )  o r  ( X I - 1 - 2 7 ’  ) .  

The n o n s e p a r a t i n g - f l o w  c o n d i t i o n  ( X I - l - l l l )  must be a t t a c h e d  
t o  t h e  e q u a t i o n  f o r  I$;. I n c l u d i n g  t h e  c o n s t a n t  V, i n  t h e  v a l u e s  
of t he  added a x i a l  Vi and rad ia l  Vi d i s t u r b a n c e - v e l o c i t y  compo- 
n e n t s  f o r  s i m p l i c i t y  and d i f f e r e n t i a t i n g  ( X I - 1 - 2 7 )  w i t h  r e s p e c t  
t o  f irst  x - and t h e n  E, w e  f i n d  

where t h e  d e r i v a t i v e  

E q u a t i n g  t h e  r i g h t  members of ( X I - 3 - 3 )  and ( X I - l - l l l ) ,  w e  ob- 
t a i n  t h e  e q u a t i o n  

archu 

a = (a’)? h (s - a’r ~ l i  2) ch? z dz 
0 

( X I - 3 - 4  ) 

for d e t e r m i n a t i o n  o f  t h e  f u n c t i o n  m ( E ) .  

On t h e  basis o f  o u r  e x p r e s s i o n  ( X I - 3 - 2 )  f o r  t h e  a d d i t i o n a l  
a x i a l  v e l o c i t y  component, w e  f i n d  the  p r e s s u r e  c o e f f i c i e n t  
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A s  we see,  a q u a d r a t i c  t e r m  has appeared i n  t h i s  expres s ion ;  
i t  enab le s  us  t o  improve t h e  p r e s s u r e - c o e f f i c i e n t  va lue .  I f  t h e  
a t t a c k  ang le s  a r e  very sma l l ,  t h i s  term can be d i s r ega rded ;  t hen  

archu . - 
pz  = - 2a‘ cos y S n L  (2 - a*r cii z )  ch s ds. (XI-3-6 ) 

0 

C a l c u l a t i o n  o f  f l o w  v a r i a b l e s .  W e  s h a l l  examine a c a l c u l a -  
t i o n  method based on t h e  l a w  o f  d i p o l e  d i s t r i b u t i o n  a long  t h e  
a x i s  of a very s l e n d e r  body as t h e  f i r s t  approximation.  The form 
of the  f u n c t i o n  m(x) t h a t  corresponds t o  t h i s  l a w  can b e  found 
from (XI-3-4) i f  w e  s e t  E = x - a ’ r  cosh z i n  i t :  

For a very s l e n d e r  body ( r  very s m a l l ) ,  a r 2  can be assumed /466 
e q u a l  i n  f i r s t  approximation t o  i t s  va lue  f o r  r -t 0 .  Then 

d 
(I \I 

p a r t s ,  remembering tha t  m ( 0 )  = 0 a t  t h e  t i p ,  we o b t a i n  S ? ? ~ ( e ) d e - ; . a r ’ .  

From t h i s  w e  f i n d  the  l a w  of d i p o l e  d i s t r i b u t i o n  a long  t h e  a x i s  o f  
a very s l e n d e r  body: m = 2 a r ( d r / d x ) .  It i s  i n t e r e s t i n g  t o  note  
t h a t  t h i s  l a w  i s  of  t h e  same type  as t h e  l a w  of source  d i s t r i b u -  
t i o n .  

0 

T h e  r e l a t i o n s h i p  g iven  above f o r  t h e  func t ion  m_ can be used 
t o  c a l c u l a t e  flow around o t h e r  t han  very s l e n d e r  bodies  i n  much 
t h e  same way as w a s  done i n  $ X I - 2  i n  connect ion w i t h  use of  t h e  
f i r s t  approximation f o r  t h e  source  d i s t r i b u t i o n  f u n c t i o n  f. of t h e  
symmetrical  ca se .  A s  an i l l u s t r a t i o n ,  l e t  us cons ide r  a s p e c i f i c  
case  of flow around a body w i t h  a p a r a b o l i c  g e n e r a t r i x .  

w e  f i n d  t h e  d e r i v a t i v e  ; (E) .  Cor rec t ing  t h e  d i s t r i b u t i o n  l a w  t h u s  
found f o r  t h i s  d e r i v a t i v e  by  i n t r o d u c i n g  t h e  cons t an t  c o e f f i c i e n t s  

Bearing i n  mind t h e  expres s ion  ob ta ined  f o r  t he  f u n c t i o n  xn, 

a, and a , ,  we o b t a i n  

Convert ing i n  t h i s  
e lud ing  t h e  cons t an t  a’ 

equa t ion  from E t o  t h e  
i n  t h e  c o e f f i c i e n t s  a ,  

(XI-3-8) 

v a r i a b l e  z and i n -  
and a , ,  



- - 
(.r - - Q'r cli 3 )  = : u {(I" . ; - n ( Z L  - ch z )  In [ 1 - 0.5m (14 - ch z)]) . (XI-3-9 

I n t r o d u c i n g  t h i s  e x p r e s s i o n  f o r  t h e  f u n c t i o n  i n t o  (XI-3-4), 
w e  o b t a i n  t h e  nonsepara t ing- f low c o n d i t i o n  by  i n t e g r a t i n g :  

From t h i s  w e  can  f i n d  t h e  two c o e f f i c i e n t s  a. and a l .  To 
de te rmine  t h e  former ,  i t  i s  n e c e s s a r y  t o  r e f e r  Cond i t ion  (XI-3-10) 
t o  t h e  p o i n t  o f  t h e  cone ( x  = E = 0 ) ;  t h e  second c o e f f i c i e n t  i s  
found from t h e  same c o n d i t i o n  w r i t t e n  f o r  an  a r b i t r a r y  s u r f a c e  
p o i n t .  The r e s u l t  i s  

(XI-3-11) 

I n  Expres s ions  (XI-3-10) and (XI-3-11], j: i s  a c e r t a i n  func-  
t i o n  t h a t  depends on ly  on t h e  pa rame te r  u = x / ( a l r ) .  I n  p a r t i c u -  
l a r  c a s e s ,  t h e  f u n c t i o n  (j:)o depends on t h e  pa rame te r  u = u o  = 

= (a'Bp)-' a t  t h e  p o i n t  of  t h e  cone.  

v e l o c i t y  component i n  t r a n s v e r s e  f low,  w e  i n t r o d u c e  (XI-3-9) i n t o  
(XI-3-2) and i n t e g r a t e :  

To o b t a i n  a r e l a t i o n s h i p  f o r  t h e  a d d i t i o n a l  a x i a l  d i s t u r b a n c e -  

(XI-3-12 ) 

where j i  i s  a c e r t a i n  f u n c t i o n  o f  t h e  same pa rame te r  u. - 

in and ii examined i n  our s t u d y  o f  ax isymmetr ic  f low.  

ass ignment  o f  t h e  d e r i v a t i v e  ; (E ) ,  as i n  t h e  form o f  a t h i r d -  
deg ree  p a r a b o l a  [a t e r m  i n  s 3  appea r s  i n  (XI-3-81], s u b s t i t u t i n g  
it i n t o  (XI-3-2) and (XI-3-3) leads us t o  r e l a t i o n s h i p s  t h a t  i n -  /467  
c o r p o r a t e  t h e  f u n c t i o n s  : 

The f u n c t i o n s  jm and j i  i n t r o d u c e d  here are ana logous  t o  t h e  

r 
If w e  are concerned w i t h  t h e  somewhat more g e n e r a l  c a s e  o f  

(XI-3-13) 
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where t h e  I a re  f u n c t i o n s  r e p r e s e n t i n g  i n t e g r a l s  of  t h e  form 
( X I - 2 - 1 3 ) .  n W e  might p o i n t  ou t  t h a t  t h e  f u n c t i o n s  j: r e p e a t  t h e  
co r re spond ing  f u n c t i o n s  ir t h a t  were i n t r o d u c e d  i n  t h e  axisym- 
m e t r i c  c a s e .  
have been computed f o r  v a r i o u s  pa rame te r s  u and are  p r e s e n t e d  i n  
Table  X I - 3 - 1 .  I n  u s i n g  t h i s  t a b l e ,  as for-Table X I - 2 - 1  f o r  a x i -  
symmetric f low,  i t  must be  remembered t h a t  t hey  were drawn up f o r  
- u r a n g i n g  from 1 to 1 2 . 2 .  If n e c e s s a r y ,  when i t  i s  found i n  t h e  
cour se  o f  t h e  c a l c u l a t i o n  t h a t  t h e  v a l u e s  o f  u are  n o t  covered  by 
t h e  t a b l e ,  t h e  co r re spond ing  v a l u e s  of t h e  f u n c t i o n s  in and j n  
must be  c a l c u l a t e d  by Formulas ( X I - 2 - 1 4 )  and (XI-3-13) to supp le -  
ment t h e  t ab l e .  Th i s  may become n e c e s s a r y  i n  i n v e s t i g a t i n g  f lows  
around long  s l e n d e r  s o l i d s  a t  s m a l l  Moo. 

V i  for g i v e n  c1 and cos  y by Formula (XI-3-12)  n e c e s s i t a t e s  c a l c u l a -  
t i o n  of t h e  v a l u e s  o f  t h e  f u n c t i o n s  j: and j: and t h e  pa rame te r  
a t  t h e  p o i n t  under  c o n s i d e r a t i o n ,  as w e l l  as (j:)o f o r  t h e  cone 
at t h e  t i p .  

n 

Values  of  t h e  o t h e r  f u n c t i o n s  j n  d e f i n e d  by  (XI-3-13) r 

A s  w e  see ,  d e t e r m i n a t i o n  of t h e  a d d i t i o n a l  v e l o c i t y  component 

Having found t h i s  component, w e  can use  (XI-1-23)  to compute 
t h e  a d d i t i o n a l  p r e s s u r e  c o e f f i c i e n t :  

11, ( X I - 3 - 1 4 )  

where t h e  r a t i o  V;/(acos y) i s  independent  of c1 c o s  y and i s  d e t e r -  
mined from ( X I - 3 - 1 2 ) .  

Th i s  method o f  c a l c u l a t i n g  nonaxisymmetr ic  f low can be s i m -  
p l i f i e d .  For  t h i s  pu rpose ,  w e  s h a l l  u s e  r e s u l t s  from t h e  t h e o r y  
of  f low around s l e n d e r  b o d i e s .  I n  de t e rmin ing  t h e  l a w  of  d i p o l e  
d i s t r i b u t i o n  w i t h  t h i s  t h e o r y ,  e . g . ,  i n  t h e  form o f  (XI-3-8) ,  it 
i s  unnecessary  to c o r r e c t  w i t h  t h e  c o e f f i c i e n t s  a. and a l .  

be  p r e s e n t e d  i n  t h e  form m = ( a / ? ~ ) S ' ( x )  and i t s  d e r i v a t i v e a s  
I% = ( a / ~ ) S " ( x ) .  Accordingly ,  t h e  added a x i a l  v e l o c i t y  component 
i s  

For  a very  s l e n d e r  s o l i d  of r e v o l u t i o n ,  t h e  f u n c t i o n  m can 

A s  a n  example,  l e t  us c o n s i d e r  a p p l i c a t i o n  o f  t h i s  r e l a t i o n  
f o r  c a l c u l a t i o n  of f low around a s o l i d  o f  r e v o l u t i o n  w i t h  a 
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TABLE XI-3-1. VALUES OF THE FUNCTIONS j:(u)* 

. . , . . - . . 

1 ,  j 
! . , .. . . . . 

1 
1 . 1  
I , '1 
1 . J  
1.; 
i .li 
1.S 

2 . 0 
2 . 4  
2 . c'r 
2 . S  
2.0 
3.2 
3 .  .: 
3 .  ci 
3. s 
.4.0 
'I ') 

4 . -i 
4.6 
4.S 

5.0 
5.2 
5 . 4  
5.6 
5.S 

6.0 
6.2 
6 . 4  
6.6 
6.8 

7.0 
5.2 
5.4  
5 . G  
5 .5  

s. 0 
.'$. 2 
3 . 4  
.3.6 
8.8 

9.0 
9. 4 
!+.8 
10.2 
10.b 

11 .O 
11.4 
11.8 
12.2 

., ., -. - 

' .- 

-! 
J r  

0 

$:;!I $ 

3 s s  

S i 5 S  

0.1315.10 is i3 
?.;ti7 
3 197 
.'lu:39 

0.50i I1 . io  
6[lg., 
5316 
S6S2 

0.102u. IO' 
O.llS5.10' 

o.:hI!Ill. 10-1 

0. I;l!l.;u" 

r.,- I .).>ih 

1351 
1553 
1592 
2030 

25ti6 
2SG5 
3187 
3.531 

0.22S8. lo2 

0.3S99- 10' 
4291 
4508 
5151 
5621 

664 '1 
5198 
7583 
8399 

9723 

1118 
119G 

14.52 
1642 
1846 
2UG7 

2.x3 
28:$7 
3130 

0.61 1s. 10' 

0.904.i. 102 

0.1044.103 

0.1278.103 

0.2.315.103 

. . . - . - . . ._ 

0:1593.10 
2.550 
3579 
5024 

0,6827~.10 
90.50 

0.1172. 102 
1491 
IS68 

2821 
0.2309*102 

0.570% 10' 
6658 
7763 
8954 

0.1032*103 
0.1180*i03 
1344 
1524 
1521 
1936 

2426 
2503 
3002 
3326 

0.2151.103 

0.3674.103 
4049 
4453 
4884 
53/15 

0.5842.103 
6335 
8171 
9563 

0.1112.104 
0.12x7.104 
1483 
1698 
1937 

. . .  - -  
j3 
r 

0.5S.N. 100 
0. I $99. 10 

4536 
5103 

25.40 

0.IOSG. 102 
1538 

0.5-300.102 

0.10S5.103 

6745 
5g09 

1330 

2040 
2472 
2954 
3552 

4971 
5831 
6803 
7899 

0.1669.103 

0.4214.103 

0.9130- 103 
0.in51.104 
1201 
1376 
1565 

19% 
2262 
2551 
28.59 

0.1i59.104 

0.3180- 104 
3950 
48.55 
5916 
515.6 

0. iox. 105 
0.85!~2.10~ 

121G 
1437 



p a r a b o l i c  g e n e r a t r i x .  For t h i s  body, t h e  second d e r i v a t i v e  S" 
i s  g i v e n  by (XI-2-23). S u b s t i t u t i n g  i t  i n t o  t he  i n t e g r a n d  o f  
(XI-3-15),  w e  o b t a i n  

aa' v.; z z  ~ C 0 5  n ya., (XI-3-16) 

where 

The above methods can b e  used  t o  e v a l u a t e  v e l o c i t y  and,  con- 
s e q u e n t l y ,  p r e s s u r e  on t h e  c y l i n d r i c a l  and t a i l  s e c t i o n s  of  a 

p r e s e r v e  t h e  l i n e a r i z e d  c h a r a c t e r  o f  t h e  f low.  
body. H e r e  t h e  t a i l  s e c t i o n  must t a p e r  or expand s l i g h t l y  t o  /469 

Law o f  f l o w  s i m i l a r i t y .  According t o  (XI-3-16) ,  t h e  func-  
t i o n  V i / ( c r  cos  y )  a t  a g i v e n  p o i n t  depends on g. 
i n  §XI-2 t h a t  t h i s  pa rame te r  i s  de termined  i n  t u r n  b y  i t s  v a l u e  
u,, on the-cone a t  t h e  t i p  and by  a c e r t a i n  f u n c t i o n  h of t h e  
v a r i a b l e  x, i . e . ,  u = u , , h ( t ) .  
count  t h a t  t h e  f u n c t i o n  ( j r ) o  depends on t h e  same pa rame te r  u o ,  
we can w r i t e  t h e  f o l l o w i n g  g e n e r a l  e x p r e s s i o n  for t h e  added p r e s -  
s u r e  c o e f f i c i e n t  i n  accordance  w i t h  (XI-3-16):  

It w a s  shown 

Consequent ly ,  i f  w e  t g k e  i n t o  ac-  

where G i s  a c e r t a i n  f u n c t i o n  t h a t  depends on u o  for a g i v e n  s u r -  
f a c e  p o i n t .  

L e t  us examine c a s e s  i n  which Ma is l a r g e  and t h e  s o l i d  of 
r e v o l u t i o n  has  a p a r a b o l i c  g e n e r a t r i x ,  s o  t h a t  i t s  s l e n d e r n e s s  
r a t i o  Amid = l / B o .  Then, m u l t i p l y i n g  (XI-3-18) by  Mi, w e  f i n d  

where B ,  i s  a c e r t a i n  f u n c t i o n  d e f i n e d  a t  a g iven  p o i n t  by t h e  
pa rame te r  K, = M,B. 

Denoting t h e  pa rame te r  "Amid b y  K , w e  w r i t e  (XI-3-19) i n  
g e n e r a l  form: 

-_ p 2  1 = B ( K I ,  Kz, 2, y). ( X I - 3 - 2  0 ) 
Pi 
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W e  see from t h i s  e x p r e s s i o n  t h a t  t h e  p r e s s u r e  f u n c t i o n  a t  a 
g i v e n  p o i n t  depends on K, and K,, which are  t h e  s i m i l a r i t y  param- 
e te rs  of  f lows  around s l e n d e r  s o l i d s  of  r e v o l u t i o n  a t  an  a n g l e  
o f  a t t a c k .  

I n  accordance  w i t h  ( 1 - 4 - 1 1 )  and (1-5-8),  t h e  normal-force 
and moment c o e f f i c i e n t s  w i l l  depend on t h e  same pa rame te r s :  

where E and F are c e r t a i n  f u n c t i o n s  o f  t h e  pa rame te r s  K, and K, .  

Normal-Force C o e f f i c i e n t  

S o l i d  o f  r e v o l u t i o n  w i t h  a r b i t r a r y  g e n e r a t r i x .  I f  w e  know 
t h e  d i s t r i b u t i o n  of  t h e  a d d i t i o n a l  c o e f f i c i e n t  p, i n  nonaxisym- 
m e t r i c  f low,  w e  can c a l c u l a t e  t h e  normal-force c o e f f i c i e n t .  We 
use  Formula ( 1 - 4 - 1 1 )  f o r  t h i s  pu rpose .  Remembering t h a t  

A S (4sinzy- 4)  c o s y d y = ~ ;  
0 

w e  o b t a i n  

(XI-3-22) 

For  t h e  p a r t i c u l a r  c a s e  o f  a p a r a b o l i c - g e n e r a t r i x  s o l i d  of  
r e v o l u t i o n ,  t h i s  formula  can be  t r ans fo rmed  t o  

(XI-3-23) 

where t = x2[1 - (F/3)1. 

V;/(cr cos  y )  as i t  v a r i e s  a l o n g  t h e  body. 
mines t h e  element  of  normal-force c o e f f i c i e n t  re fe r red  t o  a u n i t  
l e n g t h  of t he  body, i n  accordance  w i t h  t h e  formula  

P r a c t i c a l  i n t e r e s t  a t t a c h e s  to s t u d y  of  t h e  f u n c t i o n  /470 
T h i s  f u n c t i o n  deter-  

(XI-3-24) 

We s e e  from F ig .  XI-3-1 t ha t  t h e  normal f o r c e  c o e f f i c i e n t  
e lement  van i shes  a t  a l e n g t h  of  approximate ly  2dmid measured from 
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F i g u r e  XI-3-1. V a r i a t i o n  of  Func- 
t i o n  V i / ( a  cos y )  Along Composite 
S o l i d  of R e v o l u t i o n .  

t h e  end o f  t h e  nose  s e c t i o n ,  and 
t h e n  a c q u i r e s  i n c r e a s i n g  n e g a t i v e  
v a l u e s  on t h e  t a i l  s e c t i o n  w i t h  
t h e  approach  t o  t h e  base. I n  p r a c -  
t i c e ,  t h e  c y l i n d r i c a l  c e n t e r  s e c -  
t i o n  of  t h e  body has l i t t l e  i n -  
f l u e n c e  on normal f o r c e .  A s  f o r  t h e  t 
may b e  s u b s t a n t i a l  when t h e  l e n g t h  and 
l a r g e .  

F i g u r e  XI-3-2. V a r i a t i o n  
o f  Normal Force  C o e f f i -  
c i e n t  as a F u n c t i o n  of 
A t t a c k  Angle f o r  Two 
S o l i d s  of R e v o l u t i o n .  
Moo = 5.05;  s o l i d  l i n e  
from Formula (XI-3-25); 
0 0 )  e x p e r i m e n t a l  d a t a  
f o r  Amid = 5; 0 )  same 

= 3. for  ' m i d  

a i l  s e c t i o n ,  i t s  i n f l u e n c e  
t a p e r  are  s u f f i c i e n t l y  

S t u d i e s  have shown t h a t  t he  normal f o r c e  c o e f f i c i e n t s  o f  
s l e n d e r  b o d i e s  are  p r a c t i c a l l y  i n d e p e n d e n t  of Moo and s l e n d e r n e s s  
r a t i o  a t  s m a l l a n g l e s  of a t t a c k .  F o r e x a m p l e , F i g .  XI-3-2 shows 
tha t  t h e  c o e f f i c i e n t s  c are p r a c t i c a l l y  t h e  same f o r  two s o l i d s  

of r e v o l u t i o n  w i t h  s l e n d e r n e s s  r a t i o s  Amid = 3 t o  5 up t o  a t t a c k  
a n g l e s  o f  t h e  o r d e r  of  4-5" a t  Ma = 5 .05 ,  a l t h o u g h  a t r e n d  t o  
i n c r e a s i n g  normal f o r c e  c o e f f i c i e n t  v a l u e s  i s  observed  w i t h  i n -  
c r e a s i n g  s l e n d e r n e s s  r a t i o s .  

NP 

The data  g i v e n  i n  F i g .  XI-3-2 i n d i c a t e  a n e a r l y  l i n e a r  de- 
pendence o f  t h e  c o e f f i c i e n t  c on a t t a c k  a n g l e ,  o f  t h e  a p p r o x i -  
mate form NP 

C X p  = 2%. (XI-3-25) 

It i s  remarkable  t h a t  t h e  l i n e a r i z e d  t h e o r y  f o r  v e r y  s l e n d e r  
s o l i d s  of r e v o l u t i o n  g i v e s  t h i s  v a l u e  of  t h e  normal - force  c o e f f i -  
c i e n t .  To d e m o n s t r a t e  t h i s ,  i t  i s  n e c e s s a r y  t o  f i n d  t h e  p r e s s u r e  
c o e f f i c i e n t  d i s t r i b u t i o n  i n  t h e  extreme c a s e  o f  a n  i n f i n i t e s i -  
m a l l y  s l e n d e r  body, i . e . ,  f o r  r -t 0 .  T h i s  l i m i t i n g  c a s e  i s  ex- 
amined, as w e  have n o t e d ,  i n  s lender -body aerodynamics.  Accord- 
i n g  t o  t h i s  t h e o r y ,  t h e  p r e s s u r e  c o e f f i c i e n t  can  b e  found by con- 
v e r t i n g  i n  (XI-3-5) t o  t he  v a r i a b l e  E = x - a ' r  cosh  z and f i n d i n g  
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t h e  l i m i t  of  p2 as r + 0 .  C a l c u l a t i o n  of  t h e  l i m i t  g i v e s  

(XI-3-26) 

S ince  t h e  f u n c t i o n  m = 2 a r ( d r / d x ) ,  t h e  added p r e s s u r e  coef-  
f i c i e n t  i n  t h i s  case  w i l l  b e  

(XI-3-27) 

I f  w e  i n t roduce  t h i s  expres s ion  i n t o  (XI-3-11, e v a l u a t i o n  of 
t h e  i n t e g r a l  y i e l d s  t h e  r e l a t i o n  

(XI-3-28) 

which ag rees  w i t h  (XI-3-25) i n  t he  absence of t a i l  t a p e r  (gbse = 
* 1). 

Thus, slender-body aerodynamics e s t a b l i s h e s  t h e  same l i n e a r -  
i t y  of t h e  normal-force c o e f f i c i e n t  as a f u n c t i o n  of a t t a c k  ang le  
tha t  was observed p rev ious ly  i n  experiments .  P h y s i c a l l y ,  t h i s  
theory  a l s o  r e f l e c t s  c o r r e c t l y  t h e  e f f e c t  of t a i l - s e c t i o n  shape,  
w h i c h - c o n s i s t s  i n  d iminish ing  c i n  t h e  presence  of s t e r n  t a p e r  

NP 
(%S€! < 1). 

It should be noted  he re  t h a t  t h e  same exper imenta l  s t u d i e s  
NP i n d i c a t e  t h a t  f o r  r e a l  bodies  o t h e r  t han  very s l e n d e r  ones,  c 

is p r o p o r t i o n a l  t o  t h e  r e l a t i v e  base d iameter  xbse r a t h e r  t han  
t o  the t a p e r  sbse. 
use t h e  t h e o r e t i c a l  r e s u l t  (XI-3-28) i n  t h e  m a t e r i a l  t h a t  follows. 
S t u d i e s  have shown t h a t  Formula (XI-3-25) can be used f o r  approxi-  
mate e v a l u a t i o n  of t h e  normal f o r c e  c o e f f i c i e n t s  of  comparat ively 
s h o r t  s l e n d e r  s o l i d s  of r e v o l u t i o n  w i t h  s l ende rness  r a t i o s  of  t h e  
o rde r  of  3-5. 

However, while  bea r ing  t h i s  i n  mind, w e  sha l l  

Most i n t e r e s t i n g  f o r  p r a c t i c a l  problems i s  de te rmina t ion  of 
t h e  normal-force c o e f f i c i e n t  for s o l i d s  of r e v o l u t i o n  t h a t  r e p r e -  
sent ' ,  i n  t h e  g e n e r a l  c a s e ,  a combination of a nose s e c t i o n  w i t h  a 
c e r t a i n  shape,  an in t e rmed ia t e  c y l i n d e r ,  and a t a i l  s e c t i o n .  I f  
t h e  body has a c y l i n d r i c a l  s t e r n ,  i t s  b a s i c  l i f t i n g  element w i l l  
b e  t h e  nose s e c t i o n ;  hence t h e  normal f o r c e  c o e f f i c i e n t  w i l l  
change when i t s  geometry i s  changed. 

c r e a s e s ,  f o r  example, w i t h  i n c r e a s i n g  s l ende rness  r a t i o  of t h e  
Experiments have shown t h a t  t h e  normal f o r c e  c o e f f i c i e n t  i n -  
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nose s e c t i o n .  It must be noted ,  however, t h a t  t h e  change i n  t h e  
normal f o r c e  c o e f f i c i e n t  i s  s m a l l  f o r  a s m a l l  change i n  t h e  geo- 
m e t r y  o f  a s u f f i c i e n t l y  t a p e r e d  nose s e c t i o n .  

The dependence of t h i s  c o e f f i c i e n t  on tapered-nose shape f o r  
bodies  w i t h  equa l  r e l a t i v e  c y l i n d r i c a l - s e c t i o n  l eng ths  w a s  a l s o  
t e s t e d  expe r imen ta l ly .  It w a s  found t h a t ,  f o r  example, f o r  a 
body w i t h  a p a r a b o l i c  nose S e c t i o n ,  t h e  normal f o r c e  c o e f f i c i e n t  
i s  somewhat g r e a t e r  t h a n  f o r  a body w i t h  a c o n i c a l  nose s e c t i o n  
w i t h  t h e  same s l ende rness  r a t i o .  

It  w a s  e s t a b l i s h e d  t h a t  t h i s  r e l a t i o n s h i p  i s  a l s o  a f f e c t e d  
by t h e  nose s e c t i o n ' s  e f f e c t  on flow over  t h e  a d j a c e n t  c y l i n d r i c a l  
s e c t i o n .  For example, an a d d i t i o n a l  nega t ive  normal f o r c e  may be 
c r e a t e d  by t h i s  e f f e c t  on a c y l i n d e r  l e n g t h  o f  2-3dmid i n  t h e  case  
of  a p a r a b o l i c  o r  o g i v a l  nose s e c t i o n  a t  sma l l  Moo. 

p o s i t i v e  normal f o r c e  a r i s e s  on t h e  same l e n g t h ,  as w e  see c l e a r l y  
i n  F ig .  XI-3-3. T h i s  f o r c e  appears  on t h e  c y l i n d e r  because a 
p o s i t i v e  excess  p r e s s u r e  i s  c r e a t e d  on t h e  bottom and a nega t ive  
one on t h e  t o p .  

shes a t  a s e c t i o n  s i t u a t e d  a t  a d i s t a n c e  of about 3dmid. 
t h e  l i f t i n g  p a r t  o f  t h e  c y l i n d e r  c r e a t e s  an a d d i t i o n a l  normal 
f o r c e  l a r g e r  t han  i n  t h e  case  i n  which t h e  c y l i n d e r  i s  preceded 
by  a p a r a b o l i c  nose.  Moreover, t h i s  a d d i t i o n a l  f o r c e  i s  s o  s m a l l  
i n  t h e  l a t t e r  case  t ha t  i t  can b e  d i s r e g a r d e d  i n  p r a c t i c e .  At 
t h e  same t ime,  i t  may be a d v i s a b l e  t o  t a k e  i t  i n t o  account  f o r  a 
body w i t h  a c o n i c a l  nose.  

For a c o n i c a l  nose s e c t i o n ,  on t h e  o t h e r  hand, an  a d d i t i o n a l  

It i s  e a s i l y  s een  t h a t  t h e  p r e s s u r e  drop p r a c t i c a l l y  vani-  / 4 7 2  
Here 

S t a r t i n g  w i t h  t h e  above and us ing  a v a i l a b l e  exper imenta l  
data,  w e  can f i n d  t h e  normal-force c o e f f i c i e n t  by  Formula 
(XI-3-25) as i t  depends on p r e s s u r e  f o r  c y l i n d r i c a l  bodies  w i t h  
p a r a b o l i c  o r  o g i v a l  noses .  We f i n d  t h a t  t h e  c a l c u l a t i o n  can be 
performed i n  t h e  same way f o r  bod ie s  w i t h  nose cones.  The agree-  
ment between t h e c o e f f i c i e n t s i s  probably due to masking of t h e  
i n c r e a s e  i n  t h e  cone normal f o r c e  t h a t  r e s u l t s  from t h e  c y l i n -  
d r i c a l  segment next  t o  t h e  nose s e c t i o n  by  t h e  decrease  a s  com- 
pared  w i t h  t h e  p a r a b o l i c  nose.  

I f  a c y l i n d r i c a l  body t e rmina te s  i n  a t a i l  s e c t i o n  of some 
shape o t h e r  t h a n  c y l i n d r i c a l ,  t h e  r e d i s t r i b u t i o n  of p r e s s u r e  on i t  
g i v e s  r i s e  to an a d d i t i o n a l  normal-force component. T h i s  compo- 
nzn t  reduces  t h e  o v e r - a l l  normal f o r c e  i f  t h e  t a i l  i s  t ape red  
('bse 
pe r imen ta l  s t u d i e s  i n d i c a t e  t h a t  t h e  normal f o r c e  of t h e  body 
t o g e t h e r  wi th  i t s  t a i l  s e c t i o n  can be eva lua ted  approximately by  
Formula (XI-3-28), which does not  t a k e  account of t h e  dependence 

< 1) and i n c r e a s e s  i t  i f  i t  expands.  I n  e i t h e r  c a s e ,  ex- 
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F i g u r e  XI-3-3. P r e s s u r e  
D i s t r i b u t i o n  o v e r  Cone 
and Adjacent  C y l i n d r i c a l  
Segment ( E x p e r i m e n t ) .  
G e n e r a t r i c e s :  a )  u p p e r ;  
b )  s i d e ;  c )  lower .  

o f  c on MW, a l t h o u g h  r e s e a r c h  h a s  

e s t a b l i s h e d  t h a t  t h i s  dependence,  
a l t h o u g h  weak, does  e x i s t .  Here w e  
o b s e r v e  a tendency  to a s l i g h t  i n -  
c r e a s e  i n  c w i t h  i n c r e a s i n g  Moo. 

Inf luence  o f  f l o w  s e p a r a t i o n .  

NP 

NP 

The normal - force  e v a l u a t i o n  g i v e n  
above does  n o t  t a k e  f low s e p a r a t i o n  
i n t o  a c c o u n t .  While t h i s  i s  j u s t i -  
f i e d  f o r  s h o r t  b o d i e s ,  t h e  f low 
around which i s  p r a c t i c a l l y  nonsepa- 
r a t i n g ,  i t  must b e  t a k e n  i n t o  ac-  
count  i n  e v a l u a t i n g  normal f o r c e  f o r  
l o n g  b o d i e s ,  f o r  which i t  i s  ob- 
s e r v e d  i n  t r a n s v e r s e  f low of  a v i s -  
cous medium around a body a t  v e l o c i t y  
VW s i n  a ( F i g .  X I - 3 - 4 ) .  

dx ( F i g .  X I - 3 - 4 ) ,  t h e  a d d i t i o n a l  
normal f o r c e  governed by s e p a r a t i o n  
i s  

For  a s u r f a c e  e l e m e n t  of  l e n g t h  

where i s  a c e r t a i n  c o e f f i c i e n t  d e t e r m i n e d  by t h e  f low c o n d i t i o n s  
i n  t h e  boundary l a y e r .  

A c c o r d i n g l y ,  

I n t e g r a t i n g  i n  t h e  r a n g e  from xse to xb,  we o b t a i n  /473 

t h e  c o o r d i n a t e  xse i s  e q u a l  to t h e  d i s t a n c e  t o  t h e  c r o s s  s e c t i o n  
on t h e  c y l i n d e r  where f low s e p a r a t i o n  b e g i n s .  

S t u d i e s  have shown t h a t  t h i s  d i s t a n c e  i s  n o t  c o n s t a n t  and 
depends on a t t a c k  a n g l e ,  MW, Reynolds number, and t h e  shape of  
t h e  body. F i g u r e  XI-3-5 shows an  approximate  c u r v e  o f  xse as a 
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v, cosoc V, sin& 

F i g u r e  X I - 3 - 4 .  I n f l u e n c e  
o f  Normal V e l o c i t y  Com- 
ponent  Vm s i n  a on Flow 
Around S o l i d  of Revolu- 
t i o n .  

Xse'dmid 

F i g u r e  XI-3-5. D i s t a n c e  t o  
Boundary - L a y e r  S e p a r a t i o n  
Region on Lee S i d e  of S o l i d  f u n c t i o n  of  a t t a c k  a n g l e  a t  Mm = 

= 2 f o r  an  ogiva l -nosed  c y l i n -  
de r .  It i s  r e a d i l y  s e e n  t h a t  of R e v o l u t i o n .  

i n  t h e  g e n e r a l  c a s e ,  se ' X m i d  
and t h a t  a t r e n d  to i n i t i a l  f o r m a t i o n  of v o r t i c e s  and s e p a r a t i o n  
i n  t h e  t r a n s i t i o n a l  zone between t h e  o g i v a l  p a r t  and t h e  c y l i n d e r  
i s  observed  w i t h  i n c r e a s i n g  a t t a c k  a n g l e .  W e  may assume f o r  t e n -  
t a t i v e  c a l c u l a t i o n s  t h a t  t h e  b e g i n n i n g  of s e p a r a t i o n  c o i n c i d e s  
w i t h  t h e  b e g i n n i n g  o f  t h e  c y l i n d r i c a l  s e c t i o n ,  i . e . ,  t a k e  xse = 

i n  F i g .  XI-3-5 s h o u l d  b e  u s e d  t o  c o r r e c t  t h e  c a l c u l a t e d  r e s u l t s .  
as t h e  lower l i m i t  i n  (XI-3-29).  Data s imilar  t o  t h e  p l o t  m i d  = x  

I n  t h e  p r e s e n c e  of  a t a i l  s e c t i o n ,  i t  i s  u n n e c e s s a r y  to e v a l u -  
a t e  t h e  i n t e g r a l  i n  (XI-3-29).  I n  t h i s  c a s e ,  i t  i s  q u i t e  permis-  
s i b l e  t o  s u b s t i t u t e  a c y l i n d e r  w i t h  t h e  s l e n d e r n e s s  r a t i o  A t l  = 

= x /d f o r  t h e  s t e r n .  A c c o r d i n g l y ,  t l  m i d  

i s  t h e  s l e n d e r n e s s  r a t i o  of t h e  where AC = ( x c  - x m i d  - X t l ) / d m i c i  
b o d y ' s  c y l i n d r i c a l  p a r t .  

A t  s m a l l  a n g l e s  of a t t a c k  

csj = c - 4 (x, $- a, ) a2. (XI-3-30'  ) 
3 

E x p e r i m e n t a l  s t u d i e s  have shown t h a t  t h e  c o e f f i c i e n t  c de- 
pends on whether  t h e  boundary l a y e r  i s  t u r b u l e n t  of  l a m i n a r .  F o r  
l a m i n a r  f l o w  i n  t h e  r a n g e  of Reynolds numbers R e  = Vmdmid/v from 
2*104 t o  2 - 1 0 ' ,  c i s  a p p r o x i m a t e l y  1 . 2 .  Lacking o t h e r  data,  t h i s  



value  can be used f o r  o t h e r  Re i n  approximate c a l c u l a t i o n s .  For 
t u r b u l e n t  f low, we may assume c 2 0 .3 -0 .4 .  
normal f o r c e  taken  i n t o  account ,  t h e  o v e r - a l l  normal-force coef- 
f i c i e n t  becomes 

With t h e  a d d i t i o n a l  

(XI-3-31)  

/474 

F igure  XI-3-6. C o e f f i c i e n t s  of Normal 
Force and Center  of P res su re  f o r  Tapered 
S o l i d  of Revolut ion.  T o t a l  S lenderness  
Ra t io  of Body 2 1 ,  Nose-Section Slender-  
ness Amid = 4 . 7 5 .  
theory  ; ----- w i t h  boundary-layer separa-  
t i o n  i n  t r a n s v e r s e  flow cons idered;  0) 
experiment a t  M = 2 .  

- slender-body 

Figure  XI-3-6 p r e s e n t s  exper imenta l  data ,  which a r e  compared /475  
w i t h  t h e  r e s u l t s  of c a l c u l a t i o n  by  slender-body theory  (XI-3-28) 
and by (XI-3-31), which t a k e s  s e p a r a t i o n  i n t o  account .  The normal 
f o r c e  determined from slender-body theo ry  a c t s  only on t h e  expand- 
i n g  p a r t  of t h e  body i n  f r o n t  of t h e  s e p a r a t i o n  r eg ion ,  whi le  
v i scous  t r a n s v e r s e  f o r c e s  a c t  behind t h i s  r eg ion .  A s  t h e  a t t a c k  
ang le  i n c r e a s e s ,  t h e s e  f o r c e s  i n c r e a s e  i n  p ropor t ion  t o  a ' ,  whi le  
t h e  normal f o r c e  computed b y  slender-body theory  i n c r e a s e s  i n  
p ropor t ion  t o  a .  Formula (XI-3-31) g ives  r e s u l t s  t h a t  agree  
s a t i s f a c t o r i l y  w i t h  experiment .  

F igure  XI-3-7 p r e s e n t s  c e r t a i n  exper imenta l  r e s u l t s  on t h e  
c o e f f i c i e n t  cN f o r  c y l i n d r i c a l  bodies  wi th  c o n i c a l  and o g i v a l  
nose s e c t i o n s .  
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Figure  XI-3-7. V a r i a t i o n  o f  cN and c f o r  
C O P  

C y l i n d r i c a l  Bodies w i t h  Con ica l  and Og iva l  
Nose S e c t i o n s .  The numerals 1, 2 ,  3 ,  4 on 
t h e c u r v e s  cor respond t o  t h o s e  on t h e  diagram 
o f  t h e  body and r e p r e s e n t  r e f e r e n c e  l e n g t h s .  

Normal-force coefficient of slender cone. To c a l c u l a t e  t h i s  
c o e f f i c i e n t ,  i t  i s  necessa ry  t o  know t h e  d i s t r i b u t i o n  o f  t h e  addi -  
t i o n a l  p r e s s u r e  c o e f f i c i e n t .  To  f i n d  i t ,  l e t  us use  Expres s ions  
( X I - 3 - 1 4 )  and (XI-3-16) ,  which w e  combine to o b t a i n  

where t h e  s u b s c r i p t  c r e p l a c e s  t h e  0 .  - 

S u b s t i t u t i n g  t h e  v a l u e  o f  p2 i n t o  ( X I - 3 - 1 1 ,  w e  f i n d  

w e  can  f i n d  c = 2a from For  a very  s l e n d e r  cone (8, -+ 01, 
NP t h i s  formula .  
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C o e f f i c i e n t  of Moment o f  Forc-es . .  - 

i n f  lu 
c i e n t  

S o l i d  of r e v o l u t i o n  o f  a r b i t r a r y  shape .  Leaving  aside t h e  
.ence o f  s e p a r a t i o n ,  w e  s h a l l  assume t h a t  t h e  moment c o e f f i -  

depends on t h e  d i s t r i b u t i o n  of the added p r e s s u r e  and on 
t h e  p o s i t i o n  o f  t h e  r e d u c t i o n  p o i n t  a b o u t  which t h e  moment i s  
c a l c u l a t e d .  We sha l l  a l s o  assume tha t  t h i s  p o i n t  i s  the  t i p  of 
t h e  body. 

The moment c o e f f i c i e n t  i s  d e t e r m i n e d  by E x p r e s s i o n  ( I -5-8) ,  
referred t o  t h e  t o t a l  body l e n g t h  xb. which g i v e s  m 

same t i m e ,  w e  can  o b t a i n  a r e l a t i o n  f o r  t h e  moment c o e f f i c i e n t  
m '  r e f e r r ed  t o  any o t h e r  c h a r a c t e r i s t i c  l e n g t h ,  such  as t h e  nose-  
s e c t i o n  l e n g t h  xmid. 

A t  t h e  
Z P  

ZP 
The r e l a t i o n  t o  b e  used  f o r  t h i s  p u r p o s e  i s  

(XI-3-34) 

An e x p r e s s i o n  f o r  t h e  moment c o e f f i c i e n t  re fe r red  t o  t h e  
t o t a l  body l e n g t h  can  be o b t a i n e d  from (1-5-8) by a p p l y i n g  
(XI -1 -24)  f o r  p s :  

(XI-3-35 

I n  t h e  p a r t i c u l a r  c a s e  of  a p a r a b o l i c  g e n e r a t r i x ,  t h i s  f o r -  
mula can b e  w r i t t e n  somewhat d i f f e r e n t l y :  

(XI-3-35')  

where R = x 3 ( 2 / 3  - F//4). 

To c a l c u l a t e  t h e  moment c o e f f i c i e n t  w i t h  Formula (XI-3-35') ,  
i t  i s  f i rs t  n e c e s s a r y  t o  f i n d  v a l u e s  o f  Vi/(a c o s  y) as a f u n c t i o n  
o f  R and t h e n  t o  i n t e g r a t e  n u m e r i c a l l y  or g r a p h i c a l l y  ( F i g .  
XI-3-8). 

Moment c o e f f i c i e n t  o f  cone .  Applying (XI-3-32) f o r  t h e  
a d d i t i o n a l  p r e s s u r e  c o e f f i c i e n t  on a cone,  w e  can  o b t a i n  a f o r -  
mula f o r  t he  moment c o e f f i c i e n t  from (XI-3-35) : 
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F i g u r e  XI-3-8. Graphi-  F i g u r e  XI-3-9. Angle D e -  
c a l  D e t e r m i n a t i o n  of r i v a t i v e  of  Moment Coef- 
Moment C o e f f i c i e n t .  f i c i e n t  o f  S l e n d e r  Cone. 

1) e x a c t  t h e o r y ;  2 )  c a l -  
c u l a t i o n  by method o f  

Moment c o e f f i c i e n t  o f  very s o u r c e s ;  3 )  by s l e n d e r -  
s l e n d e r  s o l i d s  of r e v o l u t i o n .  By body t h e o r y .  
i n t r o d u c i n g  (XI-3-27) i n t o  For-  
mula ( I -5 -8 ) ,  w e  o b t a i n  

(XI-3-37) 

where Wb i s  t h e  volume o f  t h e  s o l i d  o f  r e v o l u t i o n  and Wc = xbSmid 
i s  t h e  volume of  a c y l i n d e r  whose base i s  e q u a l  to t h e  l a r g e s t  
c r o s s  s e c t i o n  area and whose h e i g h t  i s  e q u a l  to t h e  l e n g t h  of  
t h e  body. 

If t h e  moment i s  d e t e r m i n e d  w i t h  r e s p e c t  to a p o i n t  s i t u -  
a ted  a t  a d i s t a n c e  x from t h e  n o s e ,  

c . g  

(XI-3-37 ' )  

For  r e a l  s l e n d e r  s o l i d s  of r e v o l u t i o n ,  Formula (XI-3-37) i s  
v a l i d  only  as f a r  as t h e  o r d e r  o f  magni tude of  t h e  moment c o e f f i -  
c i e n t .  More s a t i s f a c t o r y  r e s u l t s  a r e  o b t a i n e d  by t h i s  f o r m u l a  
f o r  s l e n d e r  b o d i e s  of a r b i t r a r y  shape  w i t h o u t  t a i l  t a p e r .  It 
a l s o  g i v e s  a f a i r  approximat ion  f o r  s l e n d e r  c o n i c a l  nose  s e c t i o n s .  
For  example,  f o r  a cone w i t h  Sbse = 1 and Wb/Wc = 1/2, t he  v a l u e  
o f  m = -1.3301 i s  c l o s e  to t h e  ra ther  good v a l u e  -1.2701 o b t a i n e d  
f o r  m from (XI-3-36) a t  Moo = 1 . 8 7  f o r  a cone w i t h  t h e  a n g l e  

ZP 
ZP 

B e  = 0 . 1 .  

The data  g i v e n  i n  F i g .  XI-3-9 a l s o  i n d i c a t e  t h a t  t h e  r e s u l t s  
of  a c a l c u l a t i o n  o f  t h e  d e r i v a t i v e  m a  = a m  /a01 by Formula 
(XI-3-37) f o r  t h e  same cone are i n  good agreement  w i t h  t h e  e x a c t  

ZP Z P  

6 4 9  



t h e o r y .  We see from t h e  r e s u l t s  ' o f  t he  e x a c t - t h e o r y  c a l c u l a t i o n  
t ha t  t h e  d e r i v a t i v e  ma i s  a l m o s t  i n d e p e n d e n t  o f  Mm f o r  s l e n d e r  
cones .  ZP 

4 
Xmi d 

7 

Influence o f  separat ion.  Flow s e p a r a t i o n  on t h e  t o p  o f  t h e  
washed s u r f a c e  r e s u l t s  i n  t he  appearance  o f  a n  a d d i t i o n a l  p i t c h -  
i n g  moment. The e lement  o f  t h i s  moment ( F i g .  X I - 3 - 1 0 )  i s  

s e c t i o n ,  t h i s  p a r t  can  b e  r e p l a c e d  
by a c y l i n d e r  i n  c a l c u l a t i n g  t h e  

__ - x  moment c o e f f i c i e n t  from t h e  f o r c e s  
due t o  f l o w  s e p a r a t i o n ,  and t h e n  
t h e  f o r m u l a  can  b e  s i m p l i f i e d  f o r  

-- --c- 

1. dNf 
& - 

/I <: 

dx 

whence 

c 

0. 

Xmid 

X - - 
x b  

(XI-3-38) 

small  a t t a c k  a n g l e s  : 

I 

(XI-3-39 1 l l ~ . : f  ..= L.l 7 c (1. -- 7-) ?'kid c?. 

,T A b  F i g u r e  XI-3-10. I l l u s t r a t -  
i n g  D e t e r m i n a t i o n  of  F r i c -  
t i o n  Moment. The t o t a l  moment c o e f f i c i e n t  

i s  t h e  sum o f  t h e  component due t o  
p r e s s u r e ,  which i s  d e t e r m i n e d  by  

(XI-3-37) ,  and t h e  component t h a t  a p p e a r s  a t  f low s e p a r a t i o n  and 
c a l c u l a t e d  f r o m  (XI-3-39) ,  i . e . ,  

(XI-3-40)  

T h i s  formula  g i v e s  b e t t e r  r e s u l t s  f o r  a c y l i n d r i c a l  body w i t h  
a c o n i c a l  nose s e c t i o n  t h a n  f o r  t h e  same body when i t  has a t a p e r -  
i n g  o r  expanding t a i l  s e c t i o n .  

Data more r e l i a b l e  t h a n  t h o s e  o f  Formula (XI -3 -40)  can  b,e ob- 
t a i n e d  b y  e x p e r i m e n t .  

1 4 7 7  

I f  t h e  c o e f f i c i e n t  o f  normal f o r c e  and c e n t e r  o f  p r e s s u r e  
are d e t e r m i n e d  f i r s t ,  t h e  moment c o e f f i c i e n t  



m = c c  
Z N c . p '  (XI-3-41) 

I 

Center  of P r e s s u r e  - C o e f f i c i e n t  

Cone a n d  s o l i d  o f  r e v o l u t i o n  o f  a r b i t r a r y  shape .  It fo l lows  
from Formulas (1 -4 -11)  t h a t  t h e  c e n t e r  of p r e s s u r e  of a s l e n d e r  
cone a t  s m a l l  a t t a c k  ang le s  i s  s i t u a t e d  i n  t h e  absence of a v i s -  
c o s i t y  e f f e c t  a t  2/3 of i t s  l e n g t h ,  s o  t h a t  c = 2/3. I n  prac-  

t i c e ,  t h e  i n f l u e n c e  of v i s c o s i t y  on t h e  c o e f f i c i e n t  i s  n e g l i g i b l e .  

p r e s s u r e  c o e f f i c i e n t  i s  determined by  (1-4-11)  o r  (1-5-8) i f  w e  
cons ide r  only t h e  p r e s s u r e  d i s t r i b u t i o n .  I n  l i n e a r i z e d  flow, 
t h i s  c o e f f i c i e n t  i s  

C O P  

For a s o l i d  of  r e v o l u t i o n  of a r b i t r a r y  shape,  t h e  c e n t e r  of 

(XI-3-42) 

This  formula does not t a k e  account of s e p a r a t i o n ,  and i s  
t h e r e f o r e  s u i t a b l e  f o r  bodies  wi th  comparat ively s h o r t  c y l i n d r i -  
c a l  s e c t i o n s .  

The f u n c t i o n  V;/(a cos y )  and, consequent ly ,  t h e  c e n t e r  of 
p r e s s u r e  c o e f f i c i e n t  a r e  independent  of  a t t a c k  ang le .  For s l e n -  
d e r  s o l i d s  of  r e v o l u t i o n  wi th  p a r a b o l i c  g e n e r a t r i c e s  and s l ende r -  
nes s  r a t i o s  ranging  up t o  about 5 ,  c can b e  c a l c u l a t e d  b y  t h e  
approximate formula C . P  

where u,, = (a 'BP)- ' .  

The c e n t e r  of p r e s s u r e  c o e f f i c i e n t  c a l c u l a t e d  by  t h i s  f o r -  1478 - - 
C - P  

mula i s  referred t o  t h e  l eng th  of  t h e  nose s e c t i o n ,  i . e . ,  c 
= x /x and corresponds t o  t h e  l i nea r i zed - f low c o n d i t i o n s .  The 
- dimens ionless  v a r i a b l e  x i n  (XI-3-43) i s  determined b y  Lhe r a t i o  

X/xmid and must s a t i s f y  t h e  c o n d i t i o n  (1.1-1.15) - > x - > 0 

C . P  

(F ig .  XI-3-11). 

W e  see from (XI-3-43) tha t  t h e  c e n t e r  of p r e s s u r e  c o e f f i -  
c i e n t  i s  a weak f u n c t i o n  of M-. With i n c r e a s i n g  Moo, t h e  c e n t e r  
o f  p r e s s u r e  s h i f t s  s l i g h t l y  toward t h e  base of t h e  body. T h i s  
i s  because t h e  expansion a t  t h e  end of t h e  nose  s e c t i o n  dec reases  
wi th  i n c r e a s i n g  speed and,  consequent ly ,  t h e  d e s t a b i l i z i n g  e f f e c t  



o f  t h e  t a i l  s e c t i o n  becomes weaker.  A t  
Ma = 2.5-3, t h e  expans ion  p r a c t i c a l l y  
v a n i s h e s ,  and a p o s i t i v e  e x c e s s  p r e s -  

s o  t ha t  t h e  rear  o f  t h e  nose s e c t i o n  
b e g i n s  t o  a c t  as a k i n d  o f  s t a b i l i z e r .  

A t  moderate  speeds  (M, < 1 . 5 ) ,  t h e  
c e n t e r  o f  p r e s s u r e  may sh i f t - toward  t h e  
p o i n t  of  t h e  body, s i n c e  t h e  i n c r e a s e  
i n  t h e  normal f o r c e  i s  l a r g e r  a t  t h e  
f r o n t  o f  t h e  nose  t h a n  a t  t h e  rear .  

- .T s u r e  even  appea r s  a t  l a r g e  Mach numbers, 

- --: - -  -i I ' 4 -____? .- -{ 
.___- .- x m i d .  . 

-. 4 XI, -. _. . - . - -. . . r. 
F i g u r e  X I - 3 - 1 1 .  Geo- 
m e t  r i  c a l  Parameters 
o f  Body Necessary 
f o r  C a l c u l a t i o n  o f  
Cen te r  o f  P r e s s u r e  
C o e f f i c i e n t  . 

S t a b i l i z a t i o n  o f  n o s e  s e c t i o n s .  A 
c o n i c a l  nose  s e c t i o n  o r  a nose s e c t i o n  
o f  a r b i t r a r y  g e n e r a t r i x  w i l l  p o s s e s s  
s t a t i c  s t a b i l i t y  i f  t h e  c e n t e r  o f  p r e s -  
s u r e  i s  behind  t h e  c e n t e r  o f  g r a v i t y ,  
i . e . ,  n e a r e r  t h e  base o f  t h e  body. Here 

t h e  s t a b i l i t y  margin i n  p e r c e n t  i s  de termined  from t h e  r e l a t i o n  

To e n s u r e  a p o s i t i v e  s t a b i l i t y  margin f o r  a g i v e n  nose-sec- 
t i o n  shape  and hence a g i v e n  v a l u e  of t h e  c o e f f i c i e n t  c C a p ,  w e  
can obv ious ly  weight  t h e  forward  p a r t  and t h e r e b y  s h i f t  t h e  
c e n t e r  o f  g r a v i t y  toward t h e  t i p .  

A p o s i t i v e  s t a b i l i t y  margin can a l s o  be  s e c u r e d  by s h i f t -  
i n g  t h e  body ' s  c e n t e r  of  p r e s s u r e  towards  i t s  base. Var ious  
s t a b i l i z i n g  measures  are  t a k e n  f o r  t h i s  pu rpose .  They i n c l u d e ,  
f o r  example,  s t a b i l i z a t i o n  by t h e  use  o f  t a i l  f i n s .  Other  ae ro -  
dynamic d e v i c e s  are a l s o  employed. 

F i n  s t a b i l i z a t i o n  i s  most commonly encoun te red .  It i s  based  
on t h e  f a c t  t ha t  f i n s  a t  t h e  end o f  t h e  body s e t  up a p o s i t i v e  
f o r c e ,  s o  t h a t  t h e  c e n t e r  o f  p r e s s u r e  i s  s h i f t e d  toward t h e  base. 

The same e f f e c t  i s  o b t a i n e d  by t h e  use  o f  s o - c a l l e d  s t a b i l i z -  
i n g  s k i r t s .  L e t  us e x p l a i n  t h i s  s t a b i l i z a t i o n  method w i t h  r e f e r -  
ence  t o  a nose-cone s o l i d  of  r e v o l u t i o n .  Assume t h a t  w e  have a 
s o l i d  cone.  S i n c e  i t s  c e n t e r  of  g r a v i t y  i s  a t  3/4-height from 
t h e  nose ( F i g .  XI-3-12a)  and i t s  c e n t e r  o f  p r e s s u r e  i s  a t  2/3-* 
h e i g h t ,  t h e  body w i l l  c l e a r l y  b e  s t a t i c a l l y  u n s t a b l e  i n  f l i g h t ,  
s i n c e  i t s  s t a b i l i t y  margin i s  n e g a t i v e  and e q u a l  t o  



I 

L e t  us now a t t a c h  a s t a b i l i z i n g  s k i r t  to t h e  base o f  t h e  
c o n i c a l  body. T h i s  may b e  e i t h e r  a t r u n c a t e d  hol low cone t h a t  
forms a n  e x t e n s i o n  o f  t h e  main body ( F i g .  XI-3-12b) or has  a 
smal le r  g e n e r a t r i x  i n c l i n a t i o n  a n g l e  ( F i g .  XI-3-l2c) or a hol low /479 
c y l i n d e r  ( F i g .  XI-3-12d) .  A l l  of  t h e s e  s t a b i l i z e r  v a r i a t i o n s  
are  de termined  b a s i c a l l y  by d e s i g n  c o n f i g u r a t i o n s .  

d )  
, 

F i g u r e  XI-3-13. 
R e l a t i v e  P o s i t i o n s  o f  Cen te r s  of  
P r e s s u r e  and G r a v i t y  f o r  Nose 

Diagram Showing 

S e c t i o n s  o f  A r b i t r a r y  Shape. 
F i g u r e  XI-3-12. Diagram 
Showing R e l a t i v e  P o s i t i o n s  
of  Cen te r s  o f  P r e s s u r e  and The v e r s i o n  i n  which a coni -  
G r a v i t y  o f  a Con ica l  Body. c a l  s k i r t  forms an  e x t e n s i o n  o f  

t h e  main cone i s  s i m p l e s t  f o r  c a l -  
c u l a t i o n  o f  t h e  s t a b i l i t y  margin.  

I n  t h i s  c a s e ,  w e  may assume i f  t h e  s k i r t  weight  i s  n e g l i g i b l e  
t h a t  t h e  c e n t e r  o f  p r e s s u r e  of  t h e  e n t i r e . s t a b i l i z e d  body remains  
i n  p o s i t i o n  and t h a t  i t s  d imens ion le s s  c o o r d i n a t e  

where h_ i s  t h e  h e i g h t  of  t h e  main nose s e c t i o n  and h ,  i s  t h e  
h e i g h t  o f  t h e  e n t i r e  body w i t h  t h e  s t a b i l i z i n g  s k i r t .  

The c e n t e r  o f  p r e s s u r e . o f  such  a body w i l l  l i e  a t  a d i s t a n c e  
2/3h, from t h e  p o i n t .  Consequent ly ,  t h e  c e n t e r  o f  p r e s s u r e  coe f -  
f i c i e n t  i s  2 / 3  and t h e  s t a b i l i t y  margin ~.-=~-1-(~);8)(h,~h,)] 1t)(y;. 

The v a l u e  o f  h can b e  a d j u s t e d  i n  such  a way tha t  t h e  c e n t e r  
of  p r e s s u r e  w i l l  fall between t h e  base and t h e  c e n t e r  of  g r a v i t y  
and t h e  s t a b i l i t y  margin w i l l  b e  p o s i t i v e .  I n  p r a c t i c e ,  t h e  sta- 
b i l i t y  margin i s  u s u a l l y  p l a c e d  between 8 a n d . l O $ .  The r e q u i r e d  
h/h,  r a t i o  i s  de termined  on t h e  basis  of  t h e  s e l e c t e d  margin.  

.3 

A s i m i l a r  method of s t a b i l i z a t i o n  u s i n g  a c o n i c a l  s k i r t  can  
be used  when t h e  main nose s e c t i o n  h a s  a c u r v i l i n e a r  g e n e r a t r i x  
( F i g .  XI-3-13) .  Experiments  have shown t h a t  t h e  c e n t e r  of  p r e s s u r e  
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c o e f f i c i e n t  o f  t h e  body shown i n  F i g .  XI-3-13a, which i s  an i n -  
complete  nose  s e c t i o n  w i t h  a c o n i c a l  s k i r t  and h ,  o f  t h e  o r d e r  
o f  (1 .5-2)h ,  i s  a p p r o x i m a t e l y  0 .5-0 .55 .  It depends weakly on 
M m ,  a t t a c k  a n g l e ,  and t h e  l e n g t h  of t h e  s t a b i l i z i n g  s k i r t ,  a l -  
though a t r e n d  toward a s l i g h t  i n c r e a s e  i n  c i s  o b s e r v e d  w i t h  

i n c r e a s i n g  a t t a c k  a n g l e  o r  on p a s s a g e  to a g r e a t e r  s k i r t  l e n g t h .  
C.P 

I n t e r e s t  a t t a c h e s  to a n a l y s i s  o f  t h e  manner i n  which t h e  
normal  f o r c e  c o e f f i c i e n t  o f  s u c h  a body var ies .  It i s  p r a c t i c -  
a l l y  i n d e p e n d e n t  o f  M m .  
s e n t e d  by t h e  l i n e a r  r e l a t i o n  

The i n f l u e n c e  o f  a t t a c k  a n g l e  i s  r e p r e -  

CL,. (2.5 - - -  3) 71. 

F i g u r e  XI-3-13b shows a n o t h e r  shape  of  a f u l l  ( o r  t a n g e n t )  /480  
nose  w i t h  a s t a b i l i z i n g  s k i r t .  

S t u d i e s  have shown t h a t  s u c h  nose  s e c t i o n s  w i t h  s l e n d e r n e s s  
r a t i o s  A n  = 3.5-5 and s t a b i l i z i n g  s k i r t s  h a v i n g  s l e n d e r n e s s  r a t i o s  

- X t l  = 1 .5 -2 .5  and b a s e - s e c t i o n  r e l a t i v e  diameters &bse - 

- dbse/dmid COP 
- - = 1 .5 -1 .8  have c e n t e r  o f  p r e s s u r e  c o e f f i c i e n t s  c - 

= x 

r e s p o n d i n g  to s h o r t e r  and n a r r o w e r  s t a b i l i z i n g  s k i r t s .  
/ h l  of a p p r o x i m a t e l y  0.55-0.60, w i t h  t h e  smaller v a l u e  c o r -  C.P 

The l e n g t h  h, o f  a body w i t h  a s t a b i l i z i n g  s k j . r t  i s  chosen 
i n  t h e  same way as i n  t h e  conica l -body example f o r  t h e  known 
l e n g t h  h - and a g i v e n  c e n t e r  o f  g r a v i t y  p o s i t i o n .  

Center o f  pressure  c o e f f i c i e n t  of l o n g  bodies .  When a 
r a t h e r  l o n g  segment i s  a t t a c h e d  to a nose cone,  t h e  c e n t e r  o f  
p r e s s u r e  p o s i t i o n  of t h e  r e s u l t i n g  body w i l l  be  i n f l u e n c e d  t o  
some d e g r e e  by f low s e p a r a t i o n .  T h i s  e f f e c t ,  which i n c r e a s e s  
w i t h  a t t a c k  a n g l e ,  s h i f t s  t h e  c e n t e r  o f  p r e s s u r e  toward t h e  b a s e  
and ,  c o n s e q u e n t l y ,  i n c r e a s e s  s t a t i c  s t a b i l i t y .  

L e t  us  c o n s i d e r  a c a s e  i n  which a nose  cone w i t h  s l e n d e r -  

which,  i n  t u r n ,  i s  f i t t e d  w i t h  a t a p e r i n g  o r  expanding  
n e s s  r a t i o  A n  t e r m i n a t e s  i n  a c y l i n d e r  w i t h  a c e r t a i n  l e n g t h  

A C d m i d  
t a i l  s e c t i o n  w i t h  a l e n g t h  r a t i o  X t l  = x 
d i t i o n  X c  > 1.5-2 t h e  c e n t e r  o f  p r e s s u r e  c o e f f i c i e n t s  o f  s l e n d e r  
s o l i d s  of  r e v o l u t i o n  w i t h  small t a p e r  (gbse =: 0.9-1.1) can b e  de- 

t e r m i n e d  a p p r o x i m a t e l y  by t h e  formula  

/d With t h e  con- t l  m i d '  
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( X I - 3 - 4 4 )  

T h i s  f o r m u l a  can b e  used f o r  t e n t a t i v e  e v a l u a t i o n  of  c i f  
C - P  

i t  i s  remembered t ha t  t h e  a c t u a l  c e n t e r  o f  p r e s s u r e  w i l l  be 
s i t u a t e d  c l o s e r  t o  t h e  p o i n t  t h a n  i n d i c a t e d  by t h e  c a l c u l a t i o n .  
T h i s  i s  e v i d e n t ,  f o r  example, from F i g .  XI-3-6, which shows 
e x p e r i m e n t a l  d a t a  f o r  a l o n g  t a p e r e d  s o l i d  of  r e v o l u t i o n .  
F i g u r e  XI-3-7 shows ana logous  r e s u l t s  o b t a i n e d  f o r  c y l i n d r i c a l  
b o d i e s  w i t h  c o n i c a l  and o g i v a l  t a p e r e d  n o s e s .  

With i n c r e a s i n g  Mm, a body w i t h  a n  expanding s t e r n  shows a 
tendency  toward smaller c . Thus, f o r  one o f  t h e  s o l i d s  of  
r e v o l u t i o n  w i t h  a c o n i c a l  expanding s t e r n ,  t h e  c e n t e r  o f  p r e s s u r e  
c o e f f i c i e n t  was about  7% smaller  a t  Mm = 4 t h a n  a t  Mm = 2 .  Thus, 
t h e  i n c r e a s e  i n  Ma, r e s u l t e d  i n  some d e s t a b i l i z a t i o n .  

end o f  the body i s  n o t  t a p e r e d  or expanded and ,  c o n s e q u e n t l y ,  we 
must s e t  Sbse = 1 and X t l  = 0 i n  t h i s  f o r m u l a .  

Apart  from t h e  formulas  g i v e n  above,  t h e  c e n t e r  of  p r e s s u r e  
c o e f f i c i e n t  o f  a body o f  a r b i t r a r y  shape  can be approximated  w i t h  
t h e  a id  of  t h e  aerodynamic c o e f f i c i e n t s  known f o r  t h e  i n d i v i d u a l  
e l e m e n t s  o f  t h i s  body. L e t  us i l l u s t r a t e  t h i s  u s i n g  as a n  example 

c .P  

Formula ( X I - 3 - 4 4 )  g i v e s  more s a t i s f a c t o r y  r e s u l t s  when t h e  

I t he  s o l i d  o f  r e v o l u t i o n  diagramed i n  F i g .  X I - 3 - 1 4 .  

We d i s m e m b e r  t h i s  body i n t o  e l e m e n t s  each o f  which c r e a t e s  a 
known normal f o r c e  whose p o i n t  o f  a p p l i c a t i o n  i s  a l s o  known. We 
c a l c u l a t e  t h e  sum of  t h e  f o r c e  moments about  p o i n t  0 ;  i t  i s  e q u a l  
t o  t h e  produce  o f  t h e  t o t a l  normal f o r c e  by  i t s  a r m  x C a p ,  which 
i s  t h e  d i s t a n c e  from t h e  nose  t o  t h e  unknown c e n t e r  of  p r e s s u r e  
of  t h e  body as a whole:  

C t l  
n c . p  + N x  c c . p  N t l x c . p ’  = N x  Nx 

C.P 

where t h e  s u b s c r i p t s  2, C ,  and t l  d e n o t e  t h e  normal f o r c e s  and / 4 8 1  
t h e  r e s p e c t i v e  c o o r d i n a t e s  of  a p p l i c a t i o n  f o r  t h e  nose  s e c t i o n ,  
t h e  c y l i n d e r ,  and t h e  t a i l  s e c t i o n ,  w i t h  NC u n d e r s t o o d  as t h e  

normal f o r c e  a r i s i n g  as a r e s u l t  o f  f low s e p a r a t i o n  and a c t i n g  
on t h e  c y l i n d r i c a l  s e c t i o n  o f  t h e  body, i . e . ,  NC = N f .  
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Cons ide r ing  t h a t  N = 
N = N n + N c t N t l  

+ - . . - . . - XC.P . . . = Nn + NC k N t l  and s u b s t i -  

t u t i n g  t h e  f o r c e  c o e f f i -  
c i e n t s  f o r  t h e  f o r c e s  b o t h  
f o r  t h e  e n t i r e  body and f o r  
each  of i t s  e l emen t s ,  w e  
o b t a i n  an e q u a t i o n  f o r  t h e  
c e n t e r  of  p r e s s u r e  c o e f f i -  
c i e n t  of t h e  e n t i r e  body: 

* X  

___. . 

--.- .. 

-4 Xe ---. .~ . . . . 

F i g u r e  XI-3-14 .  Diagram f o r  Cal- 1 n-n 
c u l a t i o n  of Cen te r  o f  P r e s s u r e  
C o e f f i c i e n t  o f  Body. 

c ,p  . 

c-c tl Ttl 

(C.YJ-C.P -2- I (XI-3-45) 
-1- C.V&.p rf c.y .E d p ) ,  

n C t l  

The p l u s  s i g n  co r re sponds  t o  an expanding  s t e r n ,  which g i v e s  r i s e  
to a s t a b i l i z i n g  e f f e c t ,  and t h e  minus s i g n  t o  a t a p e r i n g  t a i l  
e l emen t ,  which c r e a t e s  a n e g a t i v e  normal f o r c e .  Expres s ion  
(XI-3-45) a l s o  c o n t a i n s  t h e  d imens ion le s s  c o o r d i n a t e s  = 

where t h e  o v e r - a l l  normal-force c o e f f i c i e n t  i s  cN = C N  + C N  f C N  . 

C * P  C t l  3 = x /xb and Ftl = x /xb.  n 
c .piXb9 = x  

G e n e r a l l y ,  i f  t h e  s o l i d  o f  r e v o l u t i o n  c o n s i s t s  of s e v e r a l  
e l emen t s ,  t h e  formula  f o r  t h e  c e n t e r  o f  p r e s s u r e  c o e f f i c i e n t  be-  
comes 

(XI-3-46 ) 

L e t  us c o n s i d e r  how t h e  i n d i v i d u a l  q u a n t i t i e s  i n  t h e  formula  
f o r  t h e  c e n t e r  of  p r e s s u r e  c o e f f i c i e n t s  are de termined .  The 
normal-force c o e f f i c i e n t  cN o f  t h e  e n t i r e  body i s  c a l c u l a t e d  by 

(XI-3-31) .  The va lue  o f  c{ f o r  t h e  nose s e c t i o n  must b e  ca l cu -  
l a t e d  w i t h  c o n s i d e r a t i o n  of  t h e  c y l i n d e r  t h a t  f o l l o w s  i t .  I n  
t h i s  c a s e ,  i t  i s  recommended t h a t  t h e  c a l c u l a t i o n  b e  performed 
by t h e  formula  cN = 3a. o f  t h e  c e n t e r  o f  
p r e s s u r e  o f  t h i s  p a r t  o f  t h e  body w i l l  a l s o  b e  i n f l u e n c e d  by t h e  
c y l i n d e r ,  and s i n c e  t h e  p a r t  o f  t h e  c y l i n d e r  a d j a c e n t  to t h e  nose 
cone i s  a l i f t i n g  e l emen t ,  i t  s h i f t s  t h e  c e n t e r  o f  p r e s s u r e  o f  
t h e  nose s e c t i o n  s l i g h t l y  backward from i t s  p o s i t i o n  f o r  t h e  i s o -  
l a t ed  nose .  For a c o n i c a l  nose and c y l i n d e r ,  t h i s  s h i f t  might 
b e  about  5-10%. I n  c a l c u l a t i n g  t h e  c o o r d i n a t e  xn f o r  a nose 
s e c t i o n  of  t h i s  t y p e  w i t h  an  a t t a c h e d  c y l i n d r i c a l  s e c t i o n ,  w e  can 
assume i t s  va lue  e q u a l  to xn 
d imens ion le s s  c o o r d i n a t e  i n  t h i s  c a s e  

The c o o r d i n a t e  xn 
C . P  

c .P 

= (2 /3) ( l .05- l .10)xmid ,  i . e . ,  t h e  
C - P  



For  a p a r a b o l i c  nose  s e c t i o n ,  t h e  c a l c u l a t i o n  i s  performed 
by t h e  u s u a l  formula  - 
t h e  c y l i n d r i c a l  s e c t i o n  a t  a t a n g e n t ,  t h e  c o e f f i c i e n t  c i s  
t a k e n  from Formula (XI-3-43). If, on t h e  o t h e r  ahnd,  t h e  nose 
s e c t i o n  i s  c u t  o f f ,  t h e  v a l u e  o f  t h i s  c o e f f i c i e n t  o b t a i n e d  from 
(XI-3-43) s h o u l d  b e  i n c r e a s e d  by  about  5-10%. T h i s  i s  because  
t h e  c y l i n d r i c a l  segment a d j o i n i n g  t h e  nose i s  a l i f t i n g  e lement  
i n  t h i s  c a s e ,  l i k e  a c y l i n d r i c a l  segment a d j a c e n t  to a c o n i c a l  
nose  s e c t i o n .  

/ A b ) ,  and if t h e  head meets C*P - 'c.p('mid 

C * P  

L e t  us now examine t h a t  
p a r t  o f  t h e  normal - force  coef -  
f i c i e n t  and t h e  c o r r e s p o n d i n g  
d i m e n s i o n l e s s  c e n t e r  o f  p r e s -  
s u r e  c o o r d i n a t e  t h a t  are 
governed by t r a n s v e r s e  f low.  
The normal-force c o e f f i c i e n t  

. .. .. __ _-- 

, I  

- x c  P 

d Xb . . .  . .  . can be de te rmined  by t h e  f o r -  
-j "2P . of  t h e  c y l i n d r i c a l  s e c t i o n  

mula 
F i g u r e  XI-3-15. Diagram f o r  
C a l c u l a t i o n  o f  C e n t e r  o f  P r e s -  
s u r e  C o e f f i c i e n t  of  a Finned  

C 
T y  - - C S ,  , (-32 L (1- b -- ).mid), ( X I  - 3- 4 8 ) .x 

S o l i d  o f  R e v o l u t i o n .  
on t h e  assumpt ion  t h a t  t h e  
s t e r n  g i v e s  t h e  same s e p a r a -  

t i o n - c o n t r o l l e d  component as a c y l i n d r i c a l  segment of  e q u a l  
l e n g t h .  

The  d i m e n s i o n l e s s  c o o r d i n a t e  x --c o f  t h e  c e n t e r  of  p r e s s u r e  
c . P  

w i l l  b e  found on t h e  assumpt ion  t h a t  t h e  normal f o r c e  i n  t r a n s -  
v e r s e  f low around t h e  body i s  d i s t r i b u t e d  uni formly  o v e r  a seg-  
ment o f  l e n g t h  A b  - Amid a n d ,  c o n s e q u e n t l y ,  t h a t  t h e  c e n t e r  o f  
p r e s s u r e  i s  l o c a t e d  i n  t h e  middle ,  i . e . ,  

/482 

The a b s o l u t e  v a l u e  o f  t h e  normal - force  c o e f f i c i e n t  c r e a t e d  
on a t a p e r i n g  o r  expanding  t a i l  s e c t i o n  as a r e s u l t  o f  p r e s s u r e  
r e d i s t r i b u t i o n  i n  i n v i s c i d  f low can  be computed a c c o r d i n g  to 
(XI-3-28) by t h e  formula  
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(XI-3-50] 

I n  t h e  f i r s t  approximation,  the  a p p l i c a t i o n  p o i n t  of t h e  
normal f o r c e  may b e  assumed t o  be a t  t he  middle of t h e  t a i l  
s e c t i o n .  Accordingly,  t he  dimensionless  coord ina te  

Stabilization o f  long solids of revolution. Like s h o r t  
ones,  long s o l i d s  of  r e v o l u t i o n  can be s t a b i l i z e d  w i t h  f i n s  or 
s p e c i a l  aerodynamic dev ices .  F i n  s t . a b i l i z a t i o n  i s  most commonly 
encountered.  

Here, i f  we know t h e  normal-force c o e f f i c i e n t  cNfn of t h e  
f i n s  r e f e r r e d  t o  t h e  midships s e c t i o n  o f  t h e  body and t h e  dimen- 
s i o n l e s s  coord ina te  Ffn = xfn /xb of t h e  f i n  c e n t e r  of p r e s s u r e ,  
w e  f i n d  t h e  fo l lowing  expres s ion  f o r  t h e  c e n t e r  of p r e s s u r e  coef- 
f i c i e n t  of  t h e  f inned  body i n  accordance w i t h  t h e  diagram shown 
i n  F ig .  XI-3-15: 

C O P  C . P  

(XI-3-52) 

b Here cN and CF a r e  t h e  r e s p e c t i v e  normal f o r c e  c o e f f i c i e n t s  
-f n a r e  t h e  body c e n t e r  of 

C * P  
of t h e  body and f i n s  and c and x 
p r e s s u r e  c o e f f i c i e n t  and t h e  dimensionless  coord ina te  of t h e  f i n  
c e n t e r  of p r e s s u r e .  

C . P  

The body's  normal-force c o e f f i c i e n t  i s  determined by  t h e  
t1 as t h e  sum of t h e  t h r e e  components n C 

C N  + C N  If: C N  
b formula cN = 

for t h e  nose,  c y l i n d e r ,  and s t e r n ,  r e s p e c t i v e l y .  Recommendations /483 
f o r  t h e i r  c a l c u l a t i o n  were se t  f o r t h  above. The body c e n t e r  of 
p r e s s u r e  c o e f f i c i e n t  cb 

I n  computing t h e  aerodynamic c h a r a c t e r i s t i c s  of t h e  body, i t  
i s  necessary  t o  t a k e  t h e  f i n s  on t h e  s o l i d  of r e v o l u t i o n  i n t o  
account .  The same a p p l i e s  t o  c a l c u l a t i o n  of t h e  f i n  c h a r a c t e r i s -  
t i c s ,  which w i l l  be in f luenced  by  t h e  body. Thus, i t  i s  neces- 
s a r y  t h a t  t h e  c a l c u l a t i o n s  be performed w i t h  cons ide ra t ion  of t h e  
i n t e r f e r e n c e  between t h e  body and t h e  f i n s .  I n  e s t i m a t i n g  t h e  
s t a t i c  s t a b i l i t y  margin of a f inned  s o l i d  of r e v o l u t i o n ,  t h e  
normal f o r c e  c o e f f i c i e n t s  of t h e  body and f i n s ,  as w e l l  a s  t h e  
c e n t e r  of p r e s s u r e  coord ina te s  can be c a l c u l a t e d  s e p a r a t e l y  f o r  
each of these elements ,  i . e . ,  wi thout  c o n s i d e r a t i o n  of 

i s  found from Expression (XI-3-45). 
C - P  



i n t e r f e r e n c e .  The accu racy  o f  these c a l c u l a t i o n s  improves w i t h  
i n c r e a s i n g  f low v e l o c i t i e s .  The f i n  c e n t e r  o f  p r e s s u r e  coord i -  
n a t e  can b e  assumed t o  l i e  a t  t h e  middle  o f  t h e  mean aerodynamic 
chord .  

By a p p r o p r i a t e  ad jus tmen t  o f  t h e  f i n  area,  w e  can p l a c e  t h e  
c e n t e r  o f  p r e s s u r e  o f  t h e  f i n n e d  body a f t  of  i t s  c e n t e r  o f  grav-  
i t y  and t h e r e b y  o b t a i n  a p o s i t i v e  s t a b i l i t y  margin.  I f  t h e  m a r -  
g i n  i s  a s s i g n e d ,  t h e  p l a n  area o f  t h e  s t a b i l i z e r  can  be  deter-  
mined f o r  a s e l e c t e d  s t a b i l i z e r  shape .  

- 
I n  f a c t ,  s i n c e  t h e  s t a b i l i t y  margin Y = ( c  - x ) l o o %  

C*P c . g  
where c and x are  t h e  c e n t e r  o f  p r e s s u r e  c o e f f i c i e n t  and 
t h e  d imens ion le s s  c e n t e r  o f  g r a v i t y  coordinate-of  t h e  f i n n e d  

C - P  cog 

body, r e s p e c t i v e l y ,  i t  i s  obvious  t ha t  c = x  + Y/lOO%. 
C O P  c . g  

Thus, t h e  g e n e r a l  e x p r e s s i o n  f o r  t h e  c o e f f i c i e n t  cNfncan b e  

w r i t t e n  cNfn = (cNf")'  (Sfn/Smid), where (c;")' i s  t h e  f i n  normal  
f o r c e  c o e f f i c i e n t  r e f e r r ed  to t h e  p l a n  area o f  t h e  s t a b i l i z e r s .  
I n  approximate c a l c u l a t i o n s  i n  which i n t e r f e r e n c e  i s  c o n s i d e r e d ,  
t h e  p a r t  o f  t h e  body area between t h e  f i n s  ( c e n t e r  s e c t i o n )  i s  
i n c l u d e d  i n  t h e  area Sfn.  

area,  i n c l u d i n g  t h e  c e n t e r  s e c t i o n ,  t o  t h e  l a r g e s t  c ross -sec-  
t i o n a l  area o f  t h e  s o l i d  o f  r e v o l u t i o n :  

We can use  Expres s ion  (XI-3-52) t o  f i n d  t h e  r a t i o  o f  f i n  

(XI-3-53) 

Ass igning  a s t a b i l i t y  margin of  8-lo%, Ee can use  t h i s  f o r -  
mula t o  f i n d  t h e  r e q u i r e d  r e l a t i v e  f i n  area S a t  which t h i s  

s t a b i l i t y  margin i s  ensu red .  
f n  

Another h i g h l y  e f f e c t i v e  s t a b i l i z a t i o n  method i n v o l v e s  t h e  
use o f  an  expanding t a i l  cone.  L i k e  f i n s ,  i t  c r e a t e s  a p o s i t i v e  
l i f t i n g  f o r c e  and t h u s  s h i f t s  t h e  c e n t e r  o f  p r e s s u r e  toward t h e  
base of  t h e  body. 

Formula (XI-3-45) can b e  used t o  de t e rmine  t h e  c e n t e r  o f  
p r e s s u r e  c o e f f i c i e n t  i t h i s  s t a b i l i z a t i o n  method. Rep lac ing  t h e  
c o e f f i c i e n t s  c i  and ck' i n  t h i s  formula  by t h e i r  v a l u e s ,  which . -  - 
might b e  o b t a i n e d  from t h e  formulas  c t  = 2a and c;'= 2a(Sbse - 1>, 
w e  o b t a i n  

659 

I 



T h i s  expres s ion  can be used t o  f i n d  t h e  r e q u i r e d  expansion 
of t h e  t a i l  s e c t i o n  f o r  a given s t a b i l i t y  margin and a s p e c i f i e d  
t a i l - s e c t i o n  l e n g t h ,  i . e . ,  i t  g ives  t h e  dimensionless  a r e a  

It can b e  e s t a b l i s h e d  by a n a l y s i s  of  t h i s  expres s ion  t h a t ,  /484  - 
o t h e r  cond i t ions  be ing  t h e  same, Sbse r eaches  i t s  l a r g e s t  va lue  
a t  very s m a l l  ang le s  of  a t t a c k  ( a  -f 0 ) .  The l a r g e s t  cone gener- 
a t r i x  i n c l i n a t i o n  ang le  w i l l  obvious ly  correspond t o  t h i s  va lue  
a t  a given t a i l - s e c t i o n  l e n g t h .  

Drag Due t o  L i f t  

A body in  f l o w a t  an ang le  of  a t t a c k  exper iences  an a d d i t i o n a l  
drag  governed by t h e  g e n e r a t i o n  of l i f t .  T h i s  d rag  can be re- 
garded as r e s u l t i n g  from v o r t i c e s  t ha t  t r a i l  from t h e  body and 
change t h e  p r e s s u r e  d i s t r i b u t i o n  on i t s  s u r f a c e .  The  drag  due t o  
l i f t  i s  equ iva len t  t o  t h e  induced d rag  of f i n i t e - s p a n  wings. It 
can be determined [51] b y  ana lyz ing  t h e  contour  i n t e g r a l  i n  For- 
mula (IV-3-30). i n t o  t h e  
i n t e g r a n d ;  here,  I $ ~  and are g iven ,  r e s p e c t i v e l y  by (IV-4-15) 
and (IV-4-17). Then t h e  terms t h a t  c o n t a i n  w i l l  g ive  the un- 
known drag  component Xi.  Assuming 3C$ / 3 r  = - a s i n  8 i n  accord- 
ance w i t h  t h e  nonseparat ing-f low c o n d i t i o n ,  we f i n d  

L e t  us i n t r o d u c e  t h e  value C $ o  = C $ t +  

a 

The corresponding d rag  c o e f f i c i e n t  i s  

(XI-3-56 

. The above formulas can b e  expressed  i n  - 
where Sbse - 'bsel'mid 
terms of  t h e  l i f t  Y = 2 ~ r r : ~ ~ q a  o r  t h e  c o e f f i c i e n t  of  t h e  l i f t i n g  
f o r c e  

(XI-3-57) 

I n  f a c t ,  Xi = %Ya o r  

6 6 0  



(XI-3-58) 

Drag  due t o  f l o w  s e p a r a t i o n .  By i t s  n a t u r e ,  t h i s  drag i s  a 
p r e s s u r e  d r a g .  It i s  u n r e l a t e d  to s u r f a c e - f r i c t i o n  f o r c e s  and 
appea r s  as a r e s u l t  o f  f low s e p a r a t i o n  from t h e  t o p  of  a body a t  an  
a n g l e  o f  a t t a c k  and ,  consequen t ly ,  from Vortex fo rma t ion .  Thus, 
t h e  d r a g  i n  t h e  p r e s e n c e  of  t r a n s v e r s e  flow a r i s e s  from f o r c e s  
normal to t h e  a x i s  of  t h e  body. I f  the t o t a l  normal f o r c e  tha t  
appea r s  i n  such  a f low has been found,  w e  can m u l t i p l y  i t  by t h e  
a n g l e  a to de te rmine  t h e  a d d i t i o n a l  d rag .  According to (XI-3-30 ' ) ,  
t h e  c o e f f i c i e n t  of  t h i s  d r a g  i s  

It must b e  remembered i n  c a l c u l a t i n g  cxf t h a t  t h e  t r a n s v e r s e -  
flow d r a g ,  l i k e  t h e  a d d i t i o n a l  l i f t ,  appea r s  beg inn ing  a t  c e r t a i n  
a t t a c k  a n g l e s  a t  which f low s e p a r a t i o n  occur s  w i t h  i t s  consequent  
p r e s s u r e  r e d i s t r i b u t i o n  on t h e  upper  s u r f a c e .  

I n  a more e x a c t  a n a l y s i s  o f  s e p a r a t i o n ,  i t  must b e  r e m e m -  
be red  t h a t  t h e  p o s i t i o n  o f  t h e  l amina r - to - tu rbu len t  boundary 
l a y e r  t r a n s i t i o n  i n f l u e n c e s  the l e n g t h  o f  t h e  s e p a r a t i o n  zone. 
The t r a n s i t i o n  p o i n t  s h i f t s  forward  w i t h  i n c r e a s i n g  a t t a c k  a n g l e ,  
c a u s i n g  e a r l i e r  s e p a r a t i o n  and v o r t e x  fo rma t ion .  It may be  as- 
sumed to s i m p l i f y  t h e  c a l c u l a t i o n s  t h a t  t h e  a d d i t i o n a l  d r a g  ap- 
p e a r s  a t  a l l  s m a l l  a t t a c k  a n g l e s  and t h a t  t h e  l e n g t h  o f  t h e  
s e p a r a t i o n  zone, which b e g i n s  a t  t h e  end o f  t h e  nose  s e c t i o n ,  i s  
xc + 
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C h a p t e r  X I 1  

A E R O D Y N A M I C S  O F  B L U N T  S O L I D S  O F  R E V O L U T I O N  

S X I I - 1 .  I N V I S C I D  FLOW AROUND A BLUNTED NOSE 

G e n e r a l  S o l u t i o n  f g r a - N o s e  - - ~ ~ - .  o f  A r b i t r a r y  Shape 

Study o f  t h e  aerodynamics of  t h e  whole b l u n t  body i n v o l v e s  
i n v e s t i g a t i o n  o f  t he  f low around i t s  forward  s e c t i o n ,  which i s  a 
b l u n t e d  nose o f  some p a r t i c u l a r  s h a p e .  The r e s u l t s  o f  these i n -  
v e s t i g a t i o n s  form t h e  basis f o r  c a l c u l a t i o n  o f  the f l o w  v a ' r i a b l e s  
on t h e  r e s t  of t h e  body. On t h e  o t h e r  hand,  these r e s u l t s  are 
o f  i n d e p e n d e n t  i m p o r t a n c e ,  s i n c e  t h e y  e n a b l e  us  t o  d e t e r m i n e  the  
aerodynamic c h a r a c t e r i s t i c s  o f  t h e  b l u n t  n o s e .  The o v e r - a l l  
aerodynamic c h a r a c t e r i s t i c s  o f  t h e  body can b e  de te rmined  by 
a d d i n g  t h e  components f o r  t h e  nose  and t h e  r e m a i n d e r .  

Here i t  must be n o t e d  t h a t  i f  t he  f low around the  p e r i p h e r a l  
p a r t  o f  t h e  body depends on t h e  b l u n t i n g ,  t h e  f low c o n d i t i o n s  
a round t h e  nose  i t s e l f  are  d e t e r m i n e d  o n l y  by  i t s  s h a p e ,  o r ,  more 
p r e c i s e l y ,  by t h e  shape o f  t h e  p a r t  of  t h e  nose  f o r w a r d  o f  t h e  
" s o n i c "  p o i n t  on i t s  s u r f a c e .  T h i s  i m p l i e s  t ha t  t h e  problem o f  
f low around a b l u n t  nose  i s  autonomous, i . e . ,  i t  i s  s o l v e d  i n -  
d e p e n d e n t l y  . 

I n v i s c i d  f low w i l l  be examined below. N e v e r t h e l e s s ,  t h e  
s o l u t i o n  found i s  o f  g r e a t  p r a c t i c a l  i m p o r t a n c e ,  s i n c e  i t  p e r m i t s  
d e t e r m i n a t i o n  of t h e  b a s i c  f low c o n d i t i o n s  o u t s i d e  t h e  boundary 
l a y e r ,  c o n d i t i o n s  t h a t  must b e  known to i n v e s t i g a t e  t h e  f r i c t i o n  
and h e a t - t r a n s f e r  p r o c e s s e s  t h a t  are shaped i n  t h e  boundary l a y e r  
i t s e l f .  

A t  t h e  p r e s e n t  t i m e ,  a number of  methods have been  d e v i s e d  
f o r  s o l v i n g  t h e  problem o f  f low around a b l u n t  n o s e .  Some a u t h o r s  
have based  t h e i r  methods on ass ignment  o f  t h e  shape and p o s i t i o n  
o f  t h e  shock wave as found,  f o r  example,  from e x p e r i m e n t .  Then 
t h e y  s o l v e d  t h e  i n v e r s e  problem: t h e  s y s t e m  o f  n o n l i n e a r  p a r t i a l  
d i f f e r e n t i a l  e q u a t i o n s  was i n t e g r a t e d  a p p r o x i m a t e l y  f o r  known 
boundary c o n d i t i o n s  on a c u r v i l i n e a r  shock wave and t h e  f low 
around t h e  b l u n t i n g  c a l c u l a t e d  i n  t h i s  manner. The a c t u a l  nose 
shape  was de termined  i n  t h i s  p r o c e s s .  

Academician A . A .  D o r o d n i t s i n  proposed  an  i n t e g r a t i o n  method 
t h a t  r e d u c e s  t o  n u m e r i c a l  s o l u t i o n  o f  a n  a p p r o x i m a t i n g  sys tem o f  
o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  i n  a c e r t a i n  r e g i o n  [lo]. T h i s  
method can  b e  u s e d ,  f o r  example,  when t h e  boundary o f  t h e  r e g i o n ,  
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which might b e  a c u r v i l i n e a r  shock wave ahead o f  t h e  b l u n t i n g ,  i s  
known i n  advance.  Consequent ly ,  i t s  shape  and p o s i t i o n  can  b e  
de te rmined  i n  t h e  p r o c e s s  o f  s o l v i n g  t h e  problem of  f low around 
t h e  n o s e .  Using t h i s  method, O.M. B e l o t s e r k o v s k i y  computed f lows  
around b l u n t  symmetr ica l  b o d i e s  w i t h  s e p a r a t e d  c u r v i l i n e a r  shock 
waves ( [68 ] ,  1960,  X X I V ,  No. 3 ) .  

l e m .  I n  t h e  c a l c u l a t i o n  o f  mixed ( s u b s o n i c ,  s o n i c ,  and s u p e r -  
s o n i c )  r o t a t i o n a l  f low o f  a g a s  between a c u r v i l i n e a r  shock and 
a b l u n t  nose  of  a r b i t r a r y  s h a p e ,  i t  i s  more c o n v e n i e n t  t o  use  a n  
e q u a t i o n  sys tem w r i t t e n  i n  s p h e r i c a l  c o o r d i n a t e s  ( F i g .  X I I - 1 - 1 ) .  
S i n c e  w e  are concerned w i t h  ax isymmetr ic  f low,  t h e  e q u a t i o n s  of 
motion (111-2-8)  and c o n t i n u i t y  (111-2-17) a p p e a r  i n  t h i s  sys tem /486 
i n  s i m p l i f i e d  form, as does  C o n d i t i o n  (111-2 -54)  f o r  i s e n t r o p i c  
g a s  f low.  

L e t  u s  examine t h e  e q u a t i o n  sys tem f o r  s o l u t i o n  o f  t h i s  prob-  

For  g r e a t e r  convenience i n  t he  
c a l c u l a t i o n s ,  i t  i s  h e l p f u l  t o  t r a n s -  
form t h e  e q u a t i o n  o f  motion w i t h  t h e  
B e r n o u l l i  e q u a t i o n  and t o  i n t r o d u c e  
t h e  stream f u n c t i o n  Y .  Then t h e  com- 
p l e t e  e q u a t i o n  sys tem w i l l  b e  

32 

-. - ._ ... _- - 
( 1  [ r ?  (;> f i l ' : , )  sir1 @ t J  d (rtsl',,l'r si11 (3)  .~ -- - - 
- . .. . . - . . - .- . , . . - - . . . .. . .. -. __ .- r (211 I -  pl;;,) sin 8; 

0; d l j  - -  - -_ 
,) ( r r \ - r  sill f j )  , 0 ( I  11'" p i l i  (3) 

d r  t l 0  
- 0; ... . - .- . . .~ T._ 

F i g u r e  X I I - 1 - 1 .  Work- ,/$ -- - ,IF - - i n g  Diagram o f  Flow - -  r)U - /'!I (I,.,., ---- rl(9 r 1 7 ~ )  riti (9; f j ( + ) ,  

( X I I - 1 - 1 )  Around B l u n t n e s s .  

where 

- 
Here w e  have i n t r o d u c e d  t h e  d i m e n s i o n l e s s  p a r a m e t e r s  V = V/Vmax, 
p = p/p,, p = p/(p,Vmax), r = r/%, where R i s  a c e r t a i n  c h a r -  
a c t e r i s t i c  l i n e a r  d imens ion  o f  t h e  body. 

The e n t r o p y  f u n c t i o n  f ,  which changes as w e  p a s s  from one 
s t r e a m l i n e  t o  a n o t h e r ,  i . e . ,  depends on t h e  stream f u n c t i o n  9 ,  
i s  d e f i n e d  by t h e  r e l a t i o n  S = c I n  f .  

- 2 - - 
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The f o u r z e q u a t i o n  - sys tem (XII-1-1) can  be used to c a l c u l a t e  
t h e  unknowns Vr,  V O ,  f and $. 

c o n d i t i o n s  on t h e  s u r f a c e  o f  t h e  nose s e c t i o n  and on t h e  shock 
wave. The f o l l o w i n g  e q u a l i t i e s  must b e  s a t i s f i e d  on t h e  s u r f a c e  
of a b l u n t  nose whose g e n e r a t r i x  e q u a t i o n  i s  r = I? , , (@):  

Its s o l u t i o n  must s a t i s f y  boundary 

- ve dro 
' 0  d e  

v ---; $=O; f=f(O)=const, r --- (XII-1-3) 

w i t h  t h e  e n t r o p y  f u n c t i o n  found f o r  t h e  c o n d i t i o n s  o f  passage  
through t h e  v e r t e x  o f  t h e  shock wave, which are  w r i t t e n  i n  t h e  
form 

The boundary c o n d i t i o n s  on a shock wave w i t h  t h e  g e n e r a t r i x  
r = r , ( O )  + s ( 0 ) ,  where s i s  r a d i a l  d i s t a n c e  and 0 = c o n s t  from 
t h e  con tour  of t h e  body Eo t h e  wave, are found from t h e  t h e o r y  of 
t h e  c u r v i l i n e a r  compression shock and take t h e  form 

The boundary c o n d i t i o n  for- the en t ropy  f u n c t i o n  i s  found 

The reader can c o n s u l t  t h e  s p e c i a l i z e d  l i t e r a t u r e  ([68],  /487 

from t h e  e x p r e s s i o n s  f o r  p and p .  

1960, No. 3) f o r  t h e  s o l u t i o n  o f  e q u a t i o n  sys tem (XII-1-1) by 
t h e  D o r o d n i t s i n  method. An e l e c t r o n i c  computer can be used f o r  
numer i ca l  i n t e g r a t i o n .  The r e s u l t  i s  c a l c u l a t i o n  o f  f lows  around 
bod ies  w i t h  de t ached  shock waves; t h e  b o d i e s  may have v a r i o u s  
b l u n t i n g  shapes ,  i n c l u d i n g  t h e  sphe re ,  t h e  f l a t  f a c e ,  c u r v i l i n e a r  
s u r f a c e s  w i t h  i n f l e c t i o n  p o i n t s ,  e t c .  It i s  t h e  p o s s i b i l i t y  o f  
u s i n g  high-speed e l e c t r o n i c  computers t h a t  makes t h i s  method e f -  
f e c t i v e ;  t h e  f i n a l  r e s u l t s  are  o b t a i n e d  on t h e  machine w i t h  t h e  
r e q u i r e d  accu racy .  

The c a l c u l a t e d  r e s u l t s  p e r m i t  i n f e r e n c e s  as t o  t h e  shape 
and p o s i t i o n  of t h e  shock wave and t h e  magnitudes and manner o f  
d i s t r i b u t i o n  o f  t h e  f low v a r i a b l e s  between the  wave and the b l u n t  
nose .  
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S X I I - 2 .  APPROXIMATE METHODS O F  C A L C U L A T I N G  FLOW AROUND NOSES WITH 
VARIOUS SHAPES 

S p h e r i c a l  -. . .. . . Nose 

E q u a t i o n  s y s t e m  and  s o l u t i o n  f o r  t h e  n e i g h b o r h o o d  o f  t h e  
t o t a l  s t a g n a t i o n  p o i n t  ( c r i t i c a l  p o i n t ) .  One o f  t h e  most char -  
a c t e r i s t i c  p o i n t s  on a s p h e r i c a l  nose  i s  i t s  p o i n t  o f  t o t a l  Stag- 

n a t i o n .  Study of t h e  flow i n  i t s  
neighborhood i s  of i n t e r e s t  p r i -  
m a r i l y  b e c a u s e  i t  i s  r e l a t ed  to 
a problem of  such  p r a c t i c a l  i m -  
p o r t a n c e  as t h a t  o f  d e t e r m i n i n g  
t h e  h e a t  f l o w s ,  which may r e a c h  
t h e i r  l a r g e s t  v a l u e s  h e r e .  It i s  
shown below t h a t  t h i s  v a l u e  depends 
on t h e  i n i t i a l  v e l o c i t y  g r a d i e n t  
a l o n g  t h e . s p h e r i c a 1  s u r f a c e .  The 
i n i t i a l  v e l o c i t y  g r a d i e n t  can be 
found by i n v e s t i g a t i n g  i n v i s c i d  
f low around t h e  b l u n t  n o s e .  A t  

F i g u r e  XII-2-1. Components t h e  same t i m e ,  s o l u t i o n  o f  t h e  
of  Flow V e l o c i t y  Around a problem o f  f low n e a r  t he  c r i t i c a l  
Blunted  Nose i n  C u r v i l i n e a r  p o i n t  e n a b l e s  us to d e t e r m i n e  t h e  
C o o r d i n a t e s .  d i s t a n c e  from t h e  wave to t h e  

body and t h e  d i s t r i b u t i o n  o f  t h e  
gasdynamic v a r i a b l e s  i n  t h i s  small  

r e g i o n ;  t h e  s o l u t i o n  can  b e  o b t a i n e d  i n . t h e  g e n e r a l  c a s e  w i t h  con- 
s i d e r a t i o n  o f  p h y s i c o c h e m i c a l  changes i n  t h e  g a s .  

L e t  us  c o n s i d e r  t h e  s o l u t i o n  of  t h e  problem f o r m u l a t e d  ( [72] ,  
1957 ,  No. 1). For  t h i s  p u r p o s e ,  w e  s h a l l  u s e  t h e  e q u a t i o n s  o f  
mot ion  (111-2-10) and c o n t i n u i t y  (111-2-20) i n  a c u r v i l i n e a r  o r -  
t h o g o n a l  sys tem.  The sys tem o r i g i n  c o i n c i d e s  w i t h  t h e  c r i t i c a l  
p o i n t ,  t h e  x - c o o r d i n a t e  i s  reckoned a l o n g  t h e  s u r f a c e ,  and 2 a l o n g  
t h e  normal to i t  ( F i g .  XII-2-1).  

If w e  assume tha t  a r e g i o n  i n  t h e  neighborhood o f  t h e  c r i t i -  
c a l  p o i n t  i s  to be i n v e s t i g a t e d  and t h a t  t h e  oncoming f low h a s  a 
v e r y  h i g h  s u p e r s o n i c  v e l o c i t y ,  t h e  complex i n i t i a l  e q u a t i o n s  can  
b e  s i m p l i f i e d .  I n  f a c t ,  t h e  f low b e h i n d  t h e  shock wave h a s  p r a c -  
t i c a l l y  i n c o m p r e s s i b l e  p r o p e r t i e s  u n d e r  t h e s e  c o n d i t i o n s ,  s i n c e  
M, d i f f e r s  l i t t l e  from t h e  v a l u e  [ ( k  - 1 ) / 2 k l 1 I 2  i n  t h e  L i m i t i n g  
c a s e  of f low (as Mm -f a, a t  k = c o n s t )  b e h i n d  a normal  shock.  I n  
t h e  neighborhood under  c o n s i d e r a t i o n ,  t h e r e f o r e ,  d e n s i t y  may b e  

d e n s i t y  b e h i n d  t h e  shock a t  t h e  c r i t i c a l  p o i n t .  Thus, w e  may 
s u b s t i t u t e  t h e  c o n s t a n t  p,/p f o r  t h e  v a r i a b l e  d e n s i t y  p i n  t h e  
motion and c o n t i n u i t y  e q u a t i o n s .  

assumed c o n s t a n t  a t  p = p,/p, where p = p,/ps, and ps i s  t h e  /488 

S i n c e  w e  are concerned  w i t h  h i g h  v e l o c i t i e s ,  t h e  shock wave 
w i l l  make a c l o s e  approach  to t h e  s u r f a c e  o f  t h e  body i n  t h i s  



case .  Here t h e  r e g i o n  of d i s t u r b e d  flow l i e s  i n  a t h i n  l a y e r  of 
a c e r t a i n  t h i c k n e s s  5 t h a t  i s  very small by  comparison w i t h  t h e  
r a d i u s  of cu rva tu re  R of t h e  s u r f a c e  near  t h e  c r i t i c a l  p o i n t .  

Thus, i f  w e  assume t h a t  s / R  << 1, then  obviously y/R << 1, 
s i n c e  0 < y x. I n  t h e  equa t ions  f o r  t h e  gasdynamic flow, there- 
f o r e ,  y/K c a n  b e  d i s r ega rded  as small by comparison w i t h  u n i t y .  
Moreover, t h e  t h i r d  terms on t h e  l e f t  can be d i s r ega rded  i n  Eqs. 
(111-2-101, s i n c e  they  a r e  of lower o r d e r ,  aga in  because y << R 
a n d , y  << R .  F i n a l l y , . t h e  c o n t i n u i t y  equa t ion  can be s i m p l i f i e d  
f o r  t h e  cond i t ions  around t h e  c r i t i c a l  p o i n t  by  s e t t i n g  r =: x. 

With t h e  above s i m p l i f i c a t i o n s ,  t h e  s y s t e m  of  equa t ions  
(111-2-10) and (111-2-20)  assumes t h e  form 

The s o l u t i o n  of  t h i s  s y s t e m  must s a t i s f y  

( X I I - 2 - 1 )  

( X I I - 2 - 2 )  

(XII-2-3) 

t he  cond i t ions  a t  
t h e  s u r f a c e  of the  body a t  an a r b i t r a r y  p o i n t ,  where t h e  normal 
v e l o c i t y  component V = 0 a t  y = 0 ,  and then  a t  t h e  c r i t i c a l  
p o i n t ,  a t  which t h e  components V i  = V 
a d d i t i o n ,  t h e  s o l u t i o n  must s a t i s f y  t h e  flow cond i t ions  d i r e c t l y  
behind the shock wave. These c o n d i t i o n s ,  wr5 t t en  f o r  t h e  velo-  
c i t y  components a t  p o i n t  A a t  a d i s t a n c e  - s from t h e  s u r f a c e  of 
t h e  nose ,  t a k e  t h e  form (F ig .  X I I - 2 - 1 )  

Y 
= 0 ,  a t  y = x = 0. I n  

Y 

( X I I - 2 - 4 )  
(XII-2-5) 

According t o  Expressions (111-4 -24)  and (111-4 -12)  and con- 
s i d e r i n g  t h a t  p = p,/p d i r e c t l y  behind t h e  shock, we s h a l l  have 
t h e  fo l lowing  c o n d i t i o n s  f o r  t h e  t o t a l  v e l o c i t y  V and t h e  pres -  
s u r e  E a t  the  p a r t i c u l a r  p o i n t  A :  
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P r e s s u r e  and d e n s i t y  can b e  excluded from ( X I I - 2 - 1 )  and 
( X I I - 2 - 2 ) .  For t h i s  purpose,  we d i f f e r e n t i a t e  t h e s e  equat ions  
wi th  r e s p e c t  t o  y- and 5, r e s p e c t i v e l y .  Then, equa t ing  t h e  re- 
s u l t s  of d i f f e r e n t i a t i o n  and apply ing  ( X I I - 2 - 3 1 ,  

( X I I - 2 - 8 )  

where t h e  f u n c t i o n  ( v o r t i c i t y  e x p r e s s i o n )  

OIL 7 avz/3y- i/v,/ax. ( X I I - 2 - 9 )  

Thus, t h e  problem c o n s i s t s  i n  f i n d i n g  s o l u t i o n s  f o r  Eqs. 
( X I I - 2 - 3 )  and ( X I I - 2 - 8 )  t h a t  s a t i s f y  t h e  above boundary con- 
d i t i o n s .  

L e t  us assume t h a t  t h e  s o l u t i o n  f o r  Vx i n  t h e  neighborhood /489 
of t h e  a x i s  x = 0 can be found i n  s e r i e s  form: 

where 5 i s  a s m a l l  parameter .  The s t r u c t u r e  of  t h i s  s e r i e s  can 
b e  s i m p l i f i e d  t o  some degree .  By t h e  oddness c o n d i t i o n ,  accord- 
i n g  t o  which equal  b u t  oppos i t e  ve loc i ty .  components Vx correspond 
t o  equal  t o  oppos i t e  x, only t h e  t e r m s  wi th  odd powers are r e -  
t a i n e d  i n  t h e  expansion:  

v, = 7 (1,  (y) s ; f r 3  (y) 58 -:- . . . . ( X I I - 2 - 1 1 )  

S ince  a s m a l l  neighborhood around t h e  c r i t i c a l  p o i n t  i s  be ing  
cons idered ,  we s h a l l  d i s r e g a r d  terms c o n t a i n i n g  i n  t h e  t h i r d  
and h ighe r  powers. W e  t h e r e f o r e  a r r i v e  a t  t h e  expres s ion  Vx = 
= a , ( y ) x .  

We i n t r o d u c e  t h e  f u n c t i o n  

F ( y )  5 a, (y) dy, 
u 

s o  t h a t  

( X I I - 2 - 1 2  ) 

( X I I - 2 - 1 3 )  
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Then 

17 -. -. . rcF’ (y). ( X I I - 2 - 1 4 )  

S u b s t i t u t i n g  t h i s  e x p r e s s i o n  f o r  V i n  t h e  c o n t i n u i t y  equa- 
X 

t i o n  ( X I I - 2 - 3 ) ,  w e  f i n d  t h e  e x p r e s s i o n  f o r  t h e  o t h e r  v e l o c i t y  
component: 

( X I I - 2 - 1 5 )  17, : - 21; (y) -:- f (2). 

But a c c o r d i n g  t o  t h e  nonsepa ra t ing - f low c o n d i t i o n  V (x,O) = 
Y 

= 0 ,  i . e . ,  -2F(O) + f ( x )  = 0 ,  and s i n c e  F ( 0 )  = 0 ,  f ( x )  = 0 .  

Consequent ly ,  

17, = - 3F (y). (XI I -2 -16  ) 

I n t r o d u c i n g  t h e  r e l a t i o n s h i p s  f o r  Vx and V i n t o  (x11-2-8), 
Y 

w e  o b t a i n  

F” (y) = 0, (XII-2-17) 

which has  t h e  g e n e r a l  solution 

yy - F ( y )  =Co-i-C,y.+C,yZ. (XII-2-18)  L 

S i n c e  F ( 0 )  = 0 ,  C ,  = 0 .  The o t h e r  two c o e f f i c i e n t s  can be 
de te rmined  from t h e  c o n d i t i o n s  on t h e  shock wave n e a r  t h e  c r i t i c a l  

= - 2 ( C , s ,  + C,st) a t  p o i n t  C and t h e  a n g l e  Os = ~ / 2 ,  w e  f i n d  on 
t h e  basis o f  - ( X I I - 2 - 6 )  w i t h  c o n s i d e r a t i o n  o f  t h e  y-ax is  - d i r e c t i o n  
t h a t  Vc = -pVW and,  consequen t ly ,  

p o i n t  as x -t 0 .  S p e c i f i c a l l y ,  s i n c e  t h e  v e l o c i t y  V = Vc - - 
Y 

On t h e  o t h e r  hand,  

(XII-2-20) 
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E q u a t i n g  t h i s  v e l o c i t y  to i t s  v a l u e  on t h e  shock wave accord-  
i n g  to (XII-2-4) and g o i n g  to t h e  l i m i t  as x + 0 ,  w e  o b t a i n  

The l i m i t  on t h e  l e f t  can be  c a l c u l a t e d  as f o l l o w s .  We see / 490  
from F i g .  X I I - 2 - 1  t h a t  t h e  a n g l e  @ . -  1 3 , ~  1;. '(11 1-13,) a t  an  a r b i t r a r y  
p o i n t .  
can assume . k i i i ( 1 1  , 1'1,) > . I )  j IS,.' Then 

L 

Consequent ly ,  o ~ . ~ ( [ L  I;,) . \ i t t ( i l . ! -& ) .  and f o r  s m a l l  11 and 8, w e  

where w i s  t h e  a n g l e  of i n c l i n a t i o n  o f t h e  shock r a d i u s  o f  curva-  
t u r e  to t h e  f low a x i s  and R i s  t h e  shock r a d i u s  of c u r v a t u r e  on 
t h i s  a x i s .  so 

T h e  r a t i o  

i s  e q u a l  to l / p  - 1. T h i s  v a l u e  c a n  be obt_ained f r o m ( I I I - 4 - 2 3 ) ,  
i n  which we must s u b s t i t u t e  AVn/V 

p a s s  to t h e  l i m i t  as w + O .  

e q u a l  to u n i t y ,  w e  f i n d  

= 1 - p ,  O s  =  IT/^ - w and n i  
S e t t i n g  t h e  r a t i o  R s o / R b  approximate ly  

(XII-2-21) 

We add one more r e l a t i o n  to Eqs. (XII-2-19) and ( X I I - 2 - 2 1 )  
( s i n c e  t h e y  c o n t a i n  t h e  t h r e e  unknown c o n s t a n t s  C , ,  C , ,  and s o ) .  
T h i s  r e l a t i o n s h i p  p r o c e e d s  from t h e  e x p r e s s i o n  f o r  v o r t i c i t y  be- 
h i n d  t h e  shock .  According to (XII-2-20], w e  o b t a i n  t h e  re la -  
t i o n  w z  = aVx/ay = 2C,x f o r  t h e  c o n d i t i o n s  on t h e  b o d y ' s  s u r f a c e .  
On t h e  o t h e r  hand,  w e  know from c u r v i l i n e a r - s h o c k  t h e o r y  t h a t  
t h e  v o r t i c i t y  



P a s s i n g  t o  t h e  l i m i t  i n  t h i s  e x p r e s s i o n  as x -t 0 ,  w e  o b t a i n  

(XII-2-22) 

S u b s t i t u t i n g  C, i n t o  E q s .  (XII-2-19) and (XII-2-21) and 
s o l v i n g  them j o i n t l y ,  w e  f i n d  t h e  c o e f f i c i e n t  C, and t h e  d e t a c h -  
ment d i s t a n c e  S o  : 

(XII-2-23) 
(XII-2-24) 

- 
where A = 1 - p .  

Another  e x p r e s s i o n  f o r  s o  can  a l s o  b e  o b t a i n e d .  Thus,  i t  i s  
shown i n  [59] t ha t  at h i g h  f low v e l o c i t i e s  and a c o n s t a n t  d e n s i t y  
b e h i n d  a shock  t h a t  i s  c o n c e n t r i c  w i t h  r e s p e c t  t o  a s p h e r i c a l  
s u r f a c e ,  t h e  s e p a r a t i o n  

(XII-2-24' ) 

T h i s  s o l u t i o n  i s  v a l i d  f o r  small ( o f  t h e  o r d e r  o f  0 . 1  and 
smal le r ) .  

I n i t i a l  g r a d i e n t  a n d  d i s t r i b u t i o n  o f  v e l o c i t y .  It f o l l o w s  
from (XII-2-20) t h a t  t h e  v e l o c i t y  Vx = C,x on t h e  c o n t o u r  o f  t h e  

body, where y = 0 ,  i . e . ,  w i t h  (XII-2-23) 

S i n c e  Vx > 0 and Vx < 0 must a p p l y  f o r  x > 0 and x < 0 ,  re- 
s p e c t i v e l y ,  i t  i s  c l e a r  t h a t  t h e  lower  s i g n  must be t a k e n  i n  t h i s  
f o r m u l a  and hence  a l s o  i n  E q u a l i t i e s  (XII-2-23) and (XII-2-24). 
In view o f  t h e  above ,  w e  can d e t e r m i n e  t h e  v e l o c i t y  components 
i n  t h e  d i s t u r b e d  stream from t h e  v a l u e s  found f o r  t h e  c o e f f i c i e n t s  
C, and C , :  1491 

(XII-2-26) 



(XII-2-26) 
(Cont ’d .  1 

where F R s o  i s  e x p r e s s e d  i n  te rms  of  s o  by Formula (XII-2-24).  

F i g u r e  XII-2-2. V e l o c i t y  
G r a d i e n t  a t  C r i t i c a l  P o i n t  
of Body. 1) t h e o r y ;  2 )  
e x p e r i m e n t .  

A s  w e  have a l r e a d y  n o t e d ,  
i t  i s  n e c e s s a r y  t o  know t h e  
c r i t i c a l - p o i n t  v e l o c i t y  g r a d i e n t  
f e r .  According t o  (XII-2-25) ,  

i n  

0 20 40 -60 80 q‘ 
F i g u r e  X I I - 2 - 3 .  V e l o c i t y  
D i s t r i b u t i o n  Over S p h e r i c a l  
Nose S e c t i o n .  

o r d e r  t o  d e t e r m i n e  h e a t  t r a n s -  

(XII-2-27) 

Exper imenta l  s t u d i e s  have shown t h a t  t h i s  r e l a t i o n s h i p ,  
which h a s  been  d e r i v e d  f o r  c a s e s  of flow a t  very  h i g h  v e l o c i t i e s ,  
can  a l s o  be used  i n  approximate  c a l c u l a t i o n s  a t  c o m p a r a t i v e l y  
moderate  s p e e d s .  T h i s  f o l l o w s ,  f o r  example,  from F i g .  XII-2-2, 
which shows e x p e r i m e n t a l  v a l u e s  of t h e  d i m e n s i o n l e s s  v e l o c i t y  
g r a d i e n t  XDb/Vo,(Db = 2Rb). 

.., I n  Formula (XII-2-25),  which w e  r e w r i t e  i n  t h e  form V, = 
= Ax, w e  can r e p l a c e  5 by t h e  c e n t r a l  a n g l e  TI determined  from 
t h e  e x p r e s s i o n  x = XRb. Then Vx = ARbrl, which i n d i c a t e s  t h a t  
Vx depends l i n e a r l y  on n .  
was o b t a i n e d  from a n a l y s i s  o f  f low a t  very  h i g h  v e l o c i t y  i n  a 
s m a l l  neighborhood o f  t h e  n o s e .  However, e x p e r i m e n t a l  s t u d i e s  
have shown t h a t  t h e  l i n e a r  v e l o c i t y  v a r i a t i o n  a p p l i e s  on a sub- 
s t a n t i a l l y  l a r g e r  area o f  t h e  c u r v i l i n e a r  s u r f a c e  and a t  compara- 
t i v e l y  small  Ma. 

It w i l l  b e  r e c a l l e d  t h a t  t h i s  r e l a t i o n  



T h i s  i s  confirmed by t h e  data i n  Fig,  XII-2-3,  which shows 
v a l u e s  of t h e  d imens ion le s s  v e l o c i t y  V / ( A D  ) on a h e m i s p h e r i c a l  
nose  as c a l c u l a t e d  from wind-tunnel  measurements f o r  f o u r  d i f f e r e n t  
MW. of  t h e  a n g l e  Q = 45-50° and p e r s i s t s  w i t h  s m a l l  d e v i a t i o n s  a t  
l a r g e r  n. 

X b 

It can b e  no ted  t h a t  l i n e a r i t y  i s  w e l l  p r e s e r v e d  up t o  v a l u e s  

The formula  Vx = XRbn t ha t  cor responds  t o  t h i s  l a w  can b e  

r e p r e s e n t e d  i n  the  form Vx = AVWx, where x = x/Db, and t h e  dimen- 
s i o n l e s s  v e l o c i t y  g r a d i e n t  = DbA/VW. Expe r imen ta l  and t h e o r e t i -  

v e l o c i t y  g r a d i e n t  de te rmined  from t h e  approximate  r e l a t i o n s h i p  

- -  
- 

c a l  data f o r  t h i s  g r a d i e n t  are  shown i n  F i g .  XII -2-4 ,  w i t h  t h e  /492  

( X I I - 2 - 2 7 ’ )  

- 
which i s  d e r i v e d  from t h e  improved Newton formula  = p ,  c o s 2 ’  Q. 
T h i s  formula  can b e  used t o  e v a l u a t e  t h e  v e l o c i t y  d i s t r i b u t i o n  
ove r  a s p h e r i c a l  nose .  An e x p r e s s i o n  o b t a i n e d  from the  c o n d i t i o n  
of i s e n t r o p i c  f low behind  t h e  shock shou ld  b e  used f o r  t h i s  pur-  
pose :  

E- I __ 
( X I I - 2 - 2 8 )  

where km i s  t h e  r a t i o  o f  heat  c a p a c i t i e s  i n  t h e  f r ee  stream and - E i s  t h e  average  rat20 of  heat  c a p a c i t i e s  behind  a bow compression 
shock and may r e a c h  k = 1 . 1 - 1 . 2  a t  very h i g h  t e m p e r a t u r e s .  

- According t o  t h e  Newton formula ,  
t h e  p r e s s u r e  r a t i o  t ha t  appea r s  i n  
( X I I - 2 - 2 8 )  i s  e q u a l  t o  

= GOS? q + p.0 sin2 q, ( XI I - 2- 2 9 ) PA Pu 
I I 

~ ~ . . .  
0 2 4 6 6 M ,  

and p,/pI, can be se t  approximate ly  
e q u a l  t o  (kM:)-’ a t  s u f f i c i e n t l y  F i g u r e  XII-2-4.  V e l o c i t y  

Grad ien t  a t  C r i t i c a l  l a r g e  MW. 
P o i n t  of  Sphere .  0 )  ex- 
per iment  . Express ion  (XII-2-28) e a s i l y  

y i e l d s  s i m p l i f i e d  re  l a t i o n s h i p  s 
f o r  v e l o c i t y  and i t s  g r a d i e n t  i n  t h e  

neighborhood of  t h e  c r i t i c a l  p o i n t :  
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where 

(XII-2-30) 

( X I I - 2 - 3 1 )  

T h i s  e x p r e s s i o n  f o r  and, consequen t ly ,  Formulas((XI1-2-30) 
themselves ,  can be  s i m p l i f i e d  if w e  are concerned w i t h  very  h i g h  
v e l o c i t i e s .  Then t h e  q u a n t i t i e s  t h a t  are i n v e r s e l y  p r o p o r t i o n a l  
t o  Ma i n  (XII -2-31)  can be se t  e q u a l  t o  z e r o .  F u r t h e r  s i m p l i f i c a -  
t i o n  r e s u l t s  from assuming t h e  f low i n  t h e  neighborhood of  t h e  
t i p  t o  b e  i ncompress ib l e .  Accord ingly ,  w e  can w r i t e  p i  = 
= p + kpp;. 
w i t h  ( X I I - 2 - 2 9 ) ,  i n  which w e  s e t  C O S Q  - 1, s i n  rl - rl = xRb i n  
view of  t h e  s m a l l n e s s  o f  r l .  Then, d i f f e r e n t i a t i n g  Vx w i t h  r e s p e c t  
t o  x, w e  a r r i v e  a t  Formula ( X I I - 2 - 2 7 ' )  f o r  t h e  v e l o c i t y  g r a d i e n t .  
The p,/p: under  t h e  r a d i c a l  can be d i s r e g a r d e d  a t  h i g h  v e l i c i t i e s .  

s u p e r s o n i c ,  w e  have i n  t h e  neighborhood of  t h e  c r i t i c a l  p o i n t  

Here t h e  p r e s s u r e  can be  s u b s t i t u t e d  i n  accordance  - .., 

For a c e r t a i n  r ange  o f  v e l o c i t i e s  from subson ic  t o  medium 

( X I I - 2 - 3 2 )  

I n  t h i s  formula ,  x = 1 . 5  f o r  i n c o m p r e s s i b l e  f low,  s o  t h a t  
t h e  v e l o c i t y  g r a d i e n t  

The va lue  o f  x becomes smaller w i t h  i n c r e a s i n g  Moo. For  Ma > / 493  
> 1, i t  can b e  found from t h e  e m p i r i c a l  e x p r e s s i o n  

I t  i s  i n t e r e s t i n g  t o  e v a l u a t e  t h e  dimensions o f  t h e  incom- 
p r e s s i b l e - f l o w  r e g i o n  and t h e  d i s t a n c e  t o  t h e  s o n i c  p o i n t  on t h e  
s p h e r e .  We can use  (XII-2-28) f o r  i s e n t r o p i c  f low,  assuming tha t  
t h i s  f low b e g i n s  a t  t h e  c r i t i c a l  p o i n t .  With a c e r t a i n  approx i -  
mat ion ,  t h e  c o n d i t i o n s  a t  t h i s  p o i n t  may b e  assumed t h e  same as 
t h o s e  d i r e c t l y  beh ind  t h e  normal p a r t  o f  t h e  shock wave. 
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F i g u r e  XII-2-5.  Pos i -  
t i o n  o f  Incompress ib l e -  
Flow Region (M < 0 . 3 )  
i n  t h e  NeighborEood o f  
t h e  C r i t i c a l  P o i n t  of a 
Sphere .  M, = 5.1; p,/p, = 
= 0 . 2 ;  k = 1 . 4 .  1) shock 
wave; 2 )  s u r f a c e  o f  body. 

F i g u r e  XII-2-6. P o s i t i o n  o f  
"Sonic" P o i n t s  on Sphere (1) 
and on Shock Wave ( 2 ) .  Angu- 
l a r  D i s t a n c e  ( 3 )  t o  Boundary 
of  Incompress ib l e  Region on 
Sphere ( t o  t h e  P o i n t  a t  Which 
M = 0 . 3 ) .  

r - 
"b For example,  t h e  r e g i o n  of  undis -  
%O s o c i a t e d  i n c o m p r e s s i b l e  f low a t  k = 1.4 

w a s  de te rmined  i n  t h i s  way on t h e  as- 
sumption t h a t  t h e  l o c a l  M > 0 . 3  o u t s i d e  
of  i t .  Th i s  r e g i o n  i s  shown schemat i -  

05 c a l l y  i n  F ig .  XII-2-5.  F i g u r e  XII-2-6 
shows t h e  a n g u l a r  d i s t a n c e  t o  p o i n t s  on 
t h e  s p h e r e  a t  which t h e  l o c a l  Mach num- 

0 ber s  are M = 0 . 3  and M = 1, as found by 
the  same method and f o r  t h e  same con- 
d i t i o n s .  

2 10 0.5 

F i g u r e  XII-2-7.  Pos i -  
t i o n s  o f  Shock Waves These r e s u l t s  are  i n  good agree-  
and "Sonic" L ines  ment w i t h  t h e  data  i n  F ig .  X I I - 2 - 7  on 
Around a S p h e r i c a l  t h e  p o s i t i o n s  of  " son ic"  p o i n t s  on a 
S u r f a c e  a t  Var ious  s p h e r e  as o b t a i n e d  on an  e l e c t r o n i c  
% *  computer by t h e  Dorodni t syn  method. 

v a r i o u s  M, and t h e  p o s i t i o n s  o f  t h e  " son ic"  p o i n t s  on t h e  shock 
wave. The shock i n c l i n a t i o n  a n g l e s  co r re spond ing  t o  these p o i n t s  
are shown i n  F i g .  XII-2-6. Under r ea l  c o n d i t i o n s ,  t h e  r e g i o n s  o f  
i n c o m p r e s s i b l e  and s u b s o n i c  compress ib l e  f lows w i l l  b e  smaller 
t h a n  i n d i c a t e d  by t h i s  c a l c u l a t i o n .  T h i s  i s  because  v i b r a t i o n a l  
e x c i t a t i o n  of  molecules  o r  d i s s o c i a t i o n  behind  t h e  shock wave a t  
h i g h  v e l o c i t i e s  r e s u l t s  i n  a t empera tu re  dewease.  T h i s  t e n d s  t o  
lower t h e  speed  o f  sound. Consequent ly ,  t h e  l o c a l  M i n c r e a s e s  and 
t h e  M = 0 . 3  and M = 1 p o i n t s  are  s h i f t e d  on t h e  sphere  a t  t h e  same 
v e l o c i t y .  

F i g u r e  X I I - 2 - 7  a l s o  g i v e s  an  idea  o f  
t h e  shape  o f  t h e  " son ic"  l i n e s  f o r  

Pressure d i s t r ibut ion  a n d  drag c o e f f i c i e n t .  The r e s u l t s  ob- 
t a i n e d  f o r  t h e  v e l o c i t y  e n a b l e  us t o  f i n d  the  p r e s s u r e  d i s t r i b u -  
t i o n  i n  a t h i n  shock l a y e r  i n  t h e  neighborhood o f  t h e  a x i s  and on 



I 

t h e  body s u r f a c e  n e a r  t h e  c r i t i c a l  p o i n t .  For t h i s  purpose ,  w e  1494 
can  u s e  t h e  B e r n o u l l i  e q u a t i o n  f o r  a n  i n c o m p r e s s i b l e  medium, 
from which it i s  e a s y  t o  o b t a i n  an  e x p r e s s i o n  f o r  t h e  p r e s s u r e  
c o e f f i c i e n t  a t  an  a r b i t r a r y  p o i n t  of  t h e  shock l a y e r :  

S i n c e  t h e  l a y e r  i s  t h i n ,  t h e  p r e s s u r e  c o e f f i c i e n t  FA and t h e  
v e l o c i t y  d i r e c t l y  behind  t h e  shock a t  a p o i n t  on i t s  c u r v i l i n e a r  
s u r f a c e  can be  r e p l a c e d  i n  approximat ion  by t h e  v a l u e s  pc and Vc 
behind  t h e  normal  p a r t  a t  p o i n t  C .  As i s  i n d i c a t e d  by ( X I I - 2 - 7 )  
and ( X I I - 2 - 6 1 ,  t h e s e  v a l u e s  are  r e s p e c t i v e l y  

- - 
C l e a r l y ,  pA = pc and VA = Vc f o r  t h e  c o n d i t i o n s  on t h e  a x i a l  

( z e r o )  s t r e a m l i n e .  Then t h e  p r e s s u r e  c o e f f i c i e n t  a t  an  a r b i t r a r y  
p o i n t  on t h i s  l i n e  i s  

( X I I - 2 - 3 5 '  ) 

where V /(FV,) i s  c a l c u l a t e d  by  ( X I I - 2 - 2 6 ) .  

Ass ign ing  v a r i o u s  v a l u e s  to y / s , ,  w e  can  compute t h e  p r e s -  
s u r e  c o e f f i c i e n t  a t  each  p o i n t  on t h e  a x i a l  s t r e a m l i n e .  For ex- 
ample,  a t  t h e  c r i t i c a l  p o i n t  on t h e  s u r f a c e ,  where V = 0 ,  t h i s  

Y 

c o e f f i c i e n t  i s  Y 

- - 
po = 2 - p. ( X I I - 2 - 3 6 )  

The p r e s s u r e  d i s t r i b u t i o n  on t h e  body ' s  s u r f a c e  i n  t h e  ne igh-  
borhood o f  t h e  c r i t i c a l  p o i n t  can $e c a l c u l a t e d  by ( X I I - 2 - 3 5 ) ,  i n  
which w e  must s e t  V = 0 and Vx = Ax. Then 

Y 

( X I I - 2 - 3 7 )  

S u b s t i t u t i n g  t h e  g r a d i e n t  a c c o r d i n g  t o  ( X I I - 2 - 2 7 )  i n t o  t h e  
above e q u a t i o n  and s e t t i n g  R = R b ,  w e  o b t a i n  

so 
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T h i s  formula was d e r i v e d  f o r  small x. However, s t u d i e s  have 
shown tha t  Formula ( X I I - 2 - 3 8 )  can b e  extgnded a f t e r  a s imple 
t r ans fo rma t ion  t o  a s u b s t a n t i a l l y  .., l a r g e r  a r e a  of t h e  body's  s u r -  
f a c e .  In f a c t ,  s i n c e  x/Rb rl - s i n  q, i t  i s  obvious t h a t  = 

= ( 2  - p )  cos' n and, consequent ly ,  p = p o  cos' q. We have t h u s  
obta ined  t h e  improved Newton formula.  Experimental  s t u d i e s  i n d i -  
c a t e  t h a t  t h i s  formula can be  used f o r  h igh ly  a c c u r a t e  c a l c u l a -  
t i o n s  of p r e s s u r e  d i s t r i b u t i o n  over  p r a c t i c a l l y  t h e  e n t i r e  s u r -  
f a c e  of a hemisphere,  a l though t h e  e r r o r  r i ses  somewhat a t  t h e  

- - - 

end of a b l u n t  nose,-where the Newtonian theo ry  
somewhat h ighe r  t h a n  t h o s e  from experiments .  

According t o  (1-3-14), t h e  working formula 
of a s p h e r i c a l  nose has t h e  form =,, = jj-dsin~l),.  "'"s 0 11 

g i v e s  r e s u l t s  

f o r  t h e  wave d rag  
In t roduc ing  p = 

- 
= p o  cos' q i n t o  t h i s  formula and i n t e g r a t i n g ,  w e  f i n d  

( X I I - 2 - 3 9 )  - si112 9 cxw :- po s i r 1 2  11 (1 - --) 2 . 

S p e c i f i c a l l y ,  f o r  a hemisphere (q = ~ / 2 ) ,  t h e  c o e f f i c i e n t  

Experiments i n  which t h e  d rag  of a hemisphere was measured 
wi thout  c o n s i d e r a t i o n  of wake p r e s s u r e  (F ig .  XII-2-8) confirm 
Formula ( X I I - 2 - 3 9 ) ,  i n d i c a t i n g  t ha t  i t s  accuracy i n c r e a s e s  w i t h  
v e l o c i t y .  For ang le s  nea r  q = ~ / 2 ,  t h e  Newton formula g i v e s  i n -  
c o r r e c t  r e s u l t s .  

= o . 5 p o .  w 
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Figure X I I - 2 - 8 .  Wave Drag 
C o e f f i c i e n t  of Hemisphere. 

Research has  shown t h a t  
under t h e  cond i t ions  of an 

F igure  XII -2-9 .  F r o n t a l  Drag 
C o e f f i c i e n t  of a Sphere (Ex- 
per iment ) .  

e q u i l i b r i u m - d i s s o c i a t i n g  gas  
a t  f l i g h t  speeds V, 3000 m / s ,  t h e  p r e s s u r e  

6 7 6  
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approximated c l o s e l y  over  t h e  e n t i r e  forward s u r f a c e  of t h e  sphere  
by t h e  equa t ion  ( [ 7 7 ] ,  1 9 6 6 ,  N o .  1) 

In t h e  range 1 0  zM, 5 4 0 ,  t h e  p r e s s u r e  d i s t r i b u t i o n  i s  prac-  
t i c a l l y  independent of  Mach number. 
s o c i a t i o n  d i s r e g a r d e d )  

For M, > 3 and k = 1 . 4  ( d i s -  

- .  _-  -_ 1 -(1.523- 1.855) s i n 2 q +  (0.487-I.32p) sin'q,  
P; (XII-2-39" ) 

where 

The wave d rag  c o e f f i c i e n t s  c a l c u l a t e d  from t h e  p r e s s u r e  d i s -  
t r i b u t i o n s  ( X I - 2 - 3 9 ' )  and ( X I I - 2 - 3 9 " )  f o r  a s p h e r i c a l  segment 
w i t h  t h e  semiver tex  ang le  rl > n *  ( n *  i s  t h e  c e n t r a l  angle  co r re -  
sponding to t h e  "sonic"  p o i n t  on t h e  s p h e r e )  are r e s p e c t i v e l y  
equa l  to 

( X I I - 2 - 4 0 )  

T o  determine t h e  d rag  c o e f f i c i e n t  of a hemisphere o r  p a r t  of 
one, i t  i s  necessary  to f i n d  t h e  p r e s s u r e  pb a t  t h e  t o t a l - s t a g n a -  
t i o n  p o i n t .  T o  do s o ,  we can determine ( w i t h  c o n s i d e r a t i o n  of 
physicochemical  t r a n s f o r m a t i o n s )  t h e  d e n s i t y  r a t i o  p = p,/p2 be-  
hind t h e  normal p a r t  of t h e  wave and t h e n  use ( X I I - 2 - 3 6 )  t o  c a l -  
c u l a t e  t h e  p r e s s u r e  c o e f f i c i e n t  and t h e  corresponding p i .  The 
formulapi/p, = kM2 can be used f o r  approximate e v a l u a t i o n  of t h e  
s t a g n a t i o n  p r e s s u r e  a t  very l a r g e  M,. 

The e f f e c t  of p r e s s u r e  on t h e . a f t  p a r t  of t h e  s u r f a c e  must 
b e  cons idered  i n  de te rmining  t h e  d rag  of  a sphere .  A s  w e  s e e  
from t h e  exper imenta l  data i n  F ig .  XII -2-9 ,  t h i s  e f f e c t  w i l l  be 
s u b s t a n t i a l  a t  moderate supe r son ic  v e l o c i t i e s .  For Moo > 5 t h i s  
e f f e c t  can f o r  a l l  p r a c t i c a l  purposes  be d i s r ega rded ,  as- 
suming t h a t  cx = 0.55 , .  A t  k = 1 . 4 ,  cx = 0 . 9 2 ;  t h i s  ag rees  
w e l l  w i t h  t h e  data of F ig .  XII -2-9 ,  which were ob ta ined  f o r  a /496  
"cold" stream.. W e  no te  t ha t  t h e  d rag  of t h e  sphere  r eaches  i t s  
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- maximum a t  about M, - 1. 
almost  unchanged w i t h  f u r t h e r  v e l o c i t y  i n c r e a s e .  I n  t h e  presence  
of d i s s o c i a t i o n  and i o n i z a t i o n ,  drag  i n c r e a s e s  s l i g h t l y  w i t h  i n -  
c r e a s i n g  Mm ( s e e  F ig .  XII-2-8). 

It dec reases  up t o  Mm 2 4 and remains 

Research has  shown 
t h a t  t h e  t o t a l  d rag  of  a 
sphe re  depends not  only 
on Moo, bu t  a l s o  on Rey- 
no lds  number. T h i s  i s  
ev iden t  from Fig .  XII -2-10 ,  
which shows t h e  r e s u l t s  
of  exper imenta l  d e t e r -  
mina t ion  of t h e  t o t a l  
d r a g  c o e f f i c i e n t  of  a 
sphere  as a f u n c t i o n  of  
Mm and R e  = 2V,Rb/v, C551. 
The dependence of d rag  on 
Mm and Re becomes weaker 
w i t h  i n c r e a s i n g  flow 
v e l o c i t y .  F igure  XI I -2 -10 .  Drag of  a .  Sphere as 

a Funct ion  of  Moo and Re = 2RbV,/vm. Detachment d i s t a n c e  
and shape o f  shock wave.  

The detachment d i s t a n c e  s o  can be determined from ( X I I - 2 - 2 4 ) ,  
which was de r ived  f o r  very h igh  v e l o c i t i e s ,  i n  which case  w e  may 
s e t  R = R b ,  f o r  which experiments  i n d i c a t e  tha t  - < 0 . 1 .  But 
- t h e  same formula can a l s o  be used f o r  lower v e l o c i t i e s  ( l a r g e r  
p ) ,  when R s o  > Rb.  
( X I I - 2 - 2 4 )  y i e l d s  t h e  r e l a t i v e  detachment d i s t a n c e  g o  = s / R s o .  

so' To determine t h e  a b s o l u t e  value 
For a g iven  oncoming f low,  R i s  determined by t h e  sphere  r a d i u s  
%, and r e s e a r c h  has shown tha t  t h e  wave r a d i u s  of cu rva tu re  de- 
pends l i n e a r l y  on' Rb.  

I f ,  w i t h  t h i s  i n  mind, we proceed from t h e  assumption t h a t  
t h e  wave i s  c o n c e n t r i c  w i t h  t h e  sphere  on t h e  a x i s ,  t hen  R = 

* . Rs /Rb = (1 - g o ) - ' .  Experiments i n d i c a t e  t h a t  the v i o l a t i o n  
of  c o n c e n t r i c i t y  i s  g r e a t e r  t h e  sma l l e r  t h e  M-. B e t t e r  r e s u l t s  
are obta ined  w i t h  t h e  r e l a t i o n s h i p  

so 

The only d i f f e r e n c e  i s  t h a t  i n  t h i s  case  

s o ,  i t  i s  necessary  t o  f i n d  R 

so 

so 

( X I I - 2 - 4 1 )  

Then t h e  detachment d i s t a n c e ,  r e f e r r e d  t o  t h e  r a d i u s  of  a 
s p h e r i c a l  nose,  i s  



F i g u r e  X I I - 2 - 1 1  p r e s e n t s  r e s u l t s  of  a c a l c u l a t i o n  by 
( X I I - 2 - 4 2 )  and ( X I I - 2 - 2 4 ) .  

For  < 0.5,  t h e  e m p i r i c a l  r e l a t i o n  

g i v e s  r e l a t i v e  detachment d i s t a n c e s  t h a t  agree q u i t e  w e l l  w i t h  
these  r e s u l t s .  

=s. 
.' R b  

4 8 

Q6 
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F i g u r e  XI I -2 -11 .  R e l a t i v e  De-  F i g u r e  X I I - 2 - 1 2 .  Radius  
tachment D i s t a n c e  of  Shock Wave o f  Curva tu re  o f  Shock 
i n  F ron t  of Sphere (1) and F l a t  Wave i n  F r o n t  of  a 
Trunca t ion  ( 2 ) .  C a l c u l a t i o n  b y  Sphere .  
Formula ( X I I - 2 - 4 2 )  ( 3 ) .  

To c o n s t r u c t  t h e  shock wave i n  f r o n t  of  a b l u n t  nose ,  i t  i s  
n e c e s s a r y  t o  know n o t  on ly  t h e  d i s t a n c e  s o ,  b u t  a l s o  t h e  shape  
of  t h e  wave 's  g e n e r a t r i x .  It can  be assumed w i t h  adequa te  ap- 
p rox ima t ion  t h a t  t h e  wave i s  p a r a b o l i c  
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T h e  semiaxes a - and b - o f  t h e  hype rbo la  are de termined  from 
t h e  c o n d i t i o n s  

b2 R - - - -  
so -- a 9 

b 
a 
- L: (AI?, - q-‘? 

The shock-wave g e n e r a t r i x  c o n s t r u c t e d  i n  t h i s  manner agrees 
c l o s e l y  w i t h  t h e  e x p e r i m e n t a l  wave f o r  p r a c t i c a l l y  a l l  Mw,  and 
t h e  approximat ion  improves as t h e  Mach number i n c r e a s e s .  F i g u r e  
XII -2-12  p r e s e n t s  a curve  c h a r a c t e r i z i n g  t h e  v a r i a t i o n  o f  r a d i u s  

i n  accordance  w i t h  Formula (XII -2-41)  and ( X I I - 2 - 2 4 ) .  Rs 0 
According to (C771 1966, No. 11, t h e  wave r a d i u s  o f  curva-  

t u r e  on t h e  a x i s  a t  very  h i g h  f low v e l o c i t i e s  i s  

1. 05F)-’Rb, ( X I I - 2 - 4 1 ’ )  

where 0 . 0 6  - < - < 0 . 2 .  

Knowing t h e  shape  of  t h e  shock wave, w e  can de te rmine  t h e  
v a r i a b l e s  d i r e c t l y  behind  i t  a t  any p o i n t  on i t s  s u r f a c e .  For  
example, w e  can  f i n d  t h e  M, d i s t r i b u t i o n  and t h e  p o i n t  a t  which 
M2 = 1. For  t h i s  pu rpose ,  t h e  f o l l o w i n g  approach  shou ld  b e  t a k e n  
i n  the c a s e  o f  a d i s s o c i a t i n g  g a s .  After a s s i g n i n g  a s e r i e s  o f  
v a l u e s  of  w =  IT/^ - e S ,  t h e  obl ique-compression-shock problem i s  
s o l v e d  f o r  each  o f  them w i t h  c o n s i d e r a t i o n  o f  d i s s o c i a t i o n .  Local  
v a l u e s  o f  V, and a, and hence a l s o  o f  M, are de termined  i n  t h i s  
p r o c e s s  M, = l w i l l  co r r e spond  t o  one of  t h e  a s s i g n e d  a n g l e s  
w = w ( ’ j .  The d i s t a n c e  from t h e  a x i s  to the  p o i n t  on t h e  shock 
wave a t  which M, = 1 i s  approx ima te ly  

Ordinary obl ique-shock t h e o r y ,  and Formula (111-4-29)  i n  
p a r t i c u l a r ,  can b e  used t o  e v a l u a t e  r .  - 

Assigning  a se r ies  o f  a n g l e s  e S ,  w e  can  f i n d  t h e  v a l u e  of 
an a n g l e  t o  which co r re sponds  M P  = 1 f o r  a knownM, = Mw. 
F i g u r e  XII-2-6 shows t h e  v a r i a t i o n  o f  t h e  a n g l e s  e S  c a l c u l a t e d  
by t h i s  method f o r  k = 1 . 4 .  

F l a t  Face /498 

Pressure d i s t r i b u t i o n  a n d  drag c o e f f i c i e n t .  The s o l i d  curve  
i n  F i g .  X I I - 2 - 1 3  i s  a g r a p h i c a l  r e p r e s e n t a t i o n  of t h e  p r e s s u r e  
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d i s t r i b u t i o n  over a f l a t  f a c e  i n  axisymmetric flow as c a l c u l a t e d  
on an e l e c t r o n i c  computer f o r  one of t h e  Ma. 
s u l t s  are shown on t h i s  f i g u r e  a long  w i t h  t hose  from theo ry .  

Experimental  r e -  

ii Analysis  of  t h e  r e s u l t s  
ob ta ined  e s t a b l i s h e s  a g e n e r a l  
r e l a t i o n  f o r  t h e  p re s su re -  
coef fLcieg t  v a r i a t i o n  i n  t h e  
form p = p o f ( r ) ,  where khe 
dimensionless  v a r i a b l e  r i s  
e q u a l  t o  t h e  . r a t i o  of t h e  d i s -  
t ance  11 t o  an a r b i t r a r y  p o i n t  
on t h e  s u r f a c e  of-the f ace  t o  
i t s  r a d i u s  Rb; f ( r )  i s  a cer -  
t a i n  "un ive r sa l "  f u n c t i o n  t h a t  
depends only on r, and p o  i s  
t h e  p r e s s u r e  c o e f f i c i e n t  a t  t h e  
c e n t e r  of t h e  f a c e ,  which coin-  
c i d e s  w i t h  t h e  t o t a l - s t a g n a t i o n  

"b p o i n t .  

Accordingly,  t h e  wave d rag  Figure XII-2-13. P res su re  D i s -  
t r i b u t i o n  over F l a t  Face.  c o e f f i c i e n t  of t h e  f a c e  i s  

- -  i 
cxw = To 1 f ( r )  dr2. 

0 

Assuming t h g t  t h e  diagram i n  F ig .  XII-2-13 g i v e s  a "univer-  
s a l "  f u n c t i o n  f ( r )  tha t  can be used f o r  a l l  v e l o c i t i e s ,  we can 
c a l c u l a t e  t h e  i n t e g r a l  and o b t a i n  

cxw = O.SIEip,. - (XII-2-43) 

A s  we s e e ,  t h e  d rag  c o e f f i c i e n t  of t he  f l a t  f a c e  i s  almost 
twice  t h a t  of a hemisphere.  Avai lab le  exper imenta l  data confirm 
t h i s  r e s u l t .  

D e t a c h m e n t  d i s t a n c e  a n d  s h a p e  o f  bow shock  wave .  Detachment- 
d i s t a n c e  measurements made i n  va r ious  wind t u n n e l s  have i n d i c a t e d  
t h a t  t h i s  d i s t a n c e  i s  p r o p o r t i o n a l  t o  t h e  f a c e  r a d i u s  Rb bu t  a l s o  
depends on t h e  v e l o c i t y  of t h e  oncoming flow and t h e  s t a t e  of the 
gas .  A s  we know, t h e s e  l a t t e r  f a c t o r s  determine t h e  v a r i a t i o n  of 
d e n s i t y  behind the  shock. 

If we take t h e  g e n e r a l  case  of a d i s s o c i a t i n g  and i o n i z i n g  
gas ,  we can assume t h a t  t h e  d i s t a n c e  from the ,wave  t o  t h e  body, 
r e f e r r e d  t o  t h e  r a d i u s  Rb ,  w i l l  depend, as i n  t h e  case  of a 
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s p h e r i c a l  nose ,  on t h e  d e n s i t y  r a t i o  
p a r t  o f  t h e  shock.  

f l a t  f a c e  i s  g r e a t e r  t h a n  t h a t  from a s p h e r e .  A rough c a l c u l a -  
t i o n  leads us  t o  t h e  c o n c l u s i o n  t h a t  w h i l e  go = s o / R b  i s  o f  t h e  

o r d e r  o f  t h e  d e n s i t y  r a t i o  
F o - l / v  f o r  a f l a t  b l u n t n e s s .  

from e x p e r i m e n t a l  data can  be  r e p r e s e n t e d  by  

= p,/ps beh ind  t h e  normal  

It i s  a l s o  no ted  t h a t  t h e  s e p a r a t i o n  o f  the  wave from a 

= p,/ps f o r  a s p h e r i c a l  nose ,  i t  i s  

The e x p r e s s i o n  f o r  t h e  r e l a t i v e  detachment d i s t a n c e  found /499 

I---- - 

R SO E _- 
SO RL 

1 4 8 I.,& 
P P, 

Figure  X I I - 2 - 1 4 .  Shock 
Wave Radius o f  Curva- 
t u r e  i n  F r o n t  of  C r i t i -  
c a l  Po in t  of  F l a t  Face.  

The r a d i u s  o f  c u r v a t u r e  of  t h e  
wave on t h e  a x i s ,  which de te rmines  
i t s  shape  n e a r  t h e  f a c e ,  i s  found,  
l i k e  t h e  detachment d i s t a n c e ,  to b e  
p r o p o r t i o n a l  to t h e  r a d i u s  of  t h e  
b l u n t n e s s .  Here w e  can w r i t e  
- f o r  t h e  r e l a t i v e  r a d i u s  o f  c u r v a t u r e  
R = R /R t h e  obvious  e x p r e s s i o n  
( R s o I f  = ( s o / g o ) f  i n  which, as b e f o r e ,  
S o  = so/Rso, and t h e  s u b s c r i p t  - f 

i d e n t i f i e s  t h e  pa rame te r s  f o r  t h e  
f l a t  f a c e .  

so so -b 

A s imi l a r  r e l a t i o n s h i p ,  ( R s O ) s p  - - 
= (so/~)sp,  can b e  a p p l i e d  to t h e  

s p h e r e .  Here, exper iment  has shown 
t h a t  t h e  r e l a t i v e  detachment d i s t a n c e s  

S o  f o r  t h e  sphere and the- f l a t  f a c e  are  approximate ly  t h e  same. 
Accord ingly ,  t h e  r a t i o s  s o / R s  
t h e r e f o r e  w r i t e  f o r  t h e  r e l a t i v e  r a d i u s  o f  t h e  wave 's  c u r v a t u r e  
i n  f r o n t  o f  t h e  f l a t  f a c e  

w i l l  a l s o  b e  t h e  same. We may 
0 

(XII-2-45) 

The r e l a t i v e  detachment d i s t a n c e  (golf f o r  t h e  f l a t  f a c e  and - 
t h e  (s ) 
( X I I - 2 - 4 2 ' )  and (X11-2-41) ,  r e s p e c t i v e l y .  

and ( R s , ) s p  f o r  t he  sphere are  de termined  by  Formulas 
SP 
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R e l a t i o n  (XII-2-45) can  be p r e s e n t e d  i n  a s i m p l e r  form i f  
w e  assume t h a t  t he  wave i s  c o n c e n t r i c  w i t h  t h e  s p h e r e .  I n  t h i s  
c a s e ,  

- (XII-2-46) 
( E  ) := 1 -t- (s& - so sp 

Then, a p p l y i n g  (XII-2-42 ' )  and (XII-2-44),  w e  f i n d  f o r  t h e  
f l a t  f a c e  

- -  
n s O  = 0.52 (3- p) [p (I -c)l-i'2. ( X I I - 2 - 4 7 )  

- F i g u r e  XII-2-14 p r e s e n t s  a curve  o f  t h i s  r e l a t i o n s h i p  f o r  
Rso  

It i s  e a s i l y  s e e n  t h a t  a c c o r d i n g  t o  (XII-2-47),  R s o  + 00 as 
- 
p -f 0 ,  s i n c e  t h e  wave t o u c h e s  t he  f l a t  s u r f a c e  a t  t h e  l i m i t .  

The p o s i t i o n  of t h e  " s o n i c "  p o i n t  on t h e  shock wave i s  de t e r -  
mined by t h e  methods t h a t  were i n d i c a t e d  i n  our s t u d y  of  f low 
around a s p h e r e .  

w i t , h  t h e  s h a r p  edge of t h e  f a c e ;  t h i s  i s  confirmed by e x p e r i m e n t a l  
d a t a .  

A s  concerns  t h e  washed s u r f a c e ,  t he  " s o n i c "  p o i n t  c o i n c i d e s  

S i n c e  t h e  v e l o c i t y  i s  s o n i c  a t  t h e  edge of  t h e  f a c e  and,  con- 
s e q u e n t l y ,  t h e  l o c a l  Mach number M = 1 i s  known, t h e  p r e s -  
s u r e  can  b e  d e t e r m i n e d  a t  t h i s  p o i n t .  

Regard ing  t h e  f low as i s e n t r o p i c  a l o n g  t h e  s t r e a m l i n e  be- 
tween t h e  t o t a l - s t a g n a t i o n  and " s o n i c "  p o i n t s ,  we can w r i t e  f o r  
t he  p r e s s u r e  

where k,  i s  t h e  r a t i o  o f  heat c a p a c i t i e s  c a l c u l a t e d  f o r  t h e  con- / 5 O O  
d i t i o n s  on t h e  normal  p a r t  of t h e  shock.  For  moderate  v e l o c i t i e s ,  
k, = k l ,  s o  t h a t  t h e  p r e s s u r e  psn a t  t h e  " s o n i c "  p o i n t  i s  de te r -  
mined by t h e  u s u a l  formula .  

A t  h i g h  v e l o c i t i e s ,  i t  i s  n e c e s s a r y  t o  c o n s i d e r  t h e  v a r i a -  
t i o n  of  t h e  heat c a p a c i t i e s .  
/ ( k ,  + l), w e  have i n  a p p r o x i m a t i o n  

I f  w e  assume t h a t  p = (k ,  - 1)/ 



F i g u r e  XII -2-15 .  I l l u s t r a t -  
i n g  De te rmina t ion  o f  Equiva- 
l e n t  Radius  ( A  = A / R b ) .  

According to t h i s  formula ,  
t h e  p r e s s u r e  a t  t h e  i n f l e c t i o n  
p o i n t  o f  t h e  f l a t  f a c e  i s  approx i -  
mate ly  h a l f  t h a t  a t  t h e  t o t a l -  
s t a g n a t i o n  p o i n t .  

c a l  p o i n  t. It has been shown 
tha t  t h e  v e l o c i t y  g r a d i e n t  f o r  
a s p h e r e  i s  i n v e r s e l y  p r o p o r t i o n a l  
t o  t h e  s u r f a c e  r a d i u s  R b .  A s  t h i s  

r a d i u s  i n c r e a s e s ,  t h e r e f o r e ,  t h e  
v e l o c i t y  g r a d i e n t  d e c r e a s e s  and 
v a n i s h e s  a t  t h e  l i m i t  as Rb +. 0 0 ,  

i . e . ,  f o r  a f l a t  b l u n t n e s s .  

V e l o c i t y  g r a d i e n t  a t  c r i t i -  

T h i s  c o n c l u s i o n  f o l l o w s  from ( X I I - 2 - 2 7 ’ ) .  S t u d i e s  i n d i c a t e  
t h a t  t h e  v e l o c i t y  g r a d i e n t  a t  t h e  c r i t i c a l  p o i n t  on a f l a t  f a c e  
d i f f e r s  from z e r o .  It may b e  assumed on t h i s  basis  t h a t  a f l a t  
f a c e  i n f l u e n c e s  t h e  f low i n  much t h e  same way as a s p h e r i c a l  s u r -  
f a c e  w i t h  a c e r t a i n  r a d i u s  Rg. T h i s  c o n c l u s i o n  i s  confirmed by 
o b s e r v a t i o n s  of  shock-wave shape.  

It  i s  p o s s i b l e  t o  f i n d  a n  e q u i v a l e n t  sphere r a d i u s  RE a t  
which t h e  a x i a l  c u r v a t u r e  o f  t h e  wave w i l l  be  approximate ly  t h e  
same as i t s  c u r v a t u r e  i n  f r o n t  o f  a f l a t  f a c e .  Then 

Hence t h e  e q u i v a l e n t  r a d i u s  

( X I I - 2 - 4 9 )  

where Rb = Db/2 i s  t h e  r a d i u s  o f  t h e  f l a t  f a c e .  

a t  t h e  c r i t i c a l  p o i n t  of a s p h e r e  of  t h e  e q u i v a l e n t  r a d i u s :  
Applying ( X I I - 2 - 2 7 ’ ) ,  w e  can de te rmine  t h e  v e l o c i t y  g r a d i e n t  
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where 
J : l q % ( l . - * ) ] -  1/2 . 

f'o P O  

The v e l o c i t y  g r a d i e n t  de te rmined  b y  (XII -2-50)  i s  assumed to 
be the  same as t h a t  a t  t h e  t o t a l  s t a g n a t i o n  p o i n t  on t h e  f l a t  f a c e .  
T h i s  assumpt ion  i s  n a t u r a l l y  n o t  r i g o r o u s  and r e q u i r e s  supple-  
mentary e x p e r i m e n t a l  v e r i f i c a t i o n .  The data a v a i l a b l e  i n  F i g .  
X I I - 2 - 1 5  i n d i c a t e  t h a t  Formula (XII -2-50)  g i v e s  a n  approximate ly  
c o r r e c t  s o l u t i o n  a t  h i g h  v e l o c i t i e s .  

O t h e r  Blunted  Nose Shapes 

b l u n t i n g  w i t h  a c i r c u l a r  b e v e l  ( rounded e d g e )  ( F i g .  XII-2-16, 
curve  2 )  and a spherical-segmentbluntnesswith a r a d i u s  l a r g e r  
t h a n  t h a t  o f  t h e  hemisphere ( F i g .  XII-2-16,  c u r v e  3 ) .  

P r e s s u r e  d i s t r i b u t i o n  a n d  d r a g .  L e t  us c o n s i d e r  a f l a t  

S t u d i e s  have shown ( [ 7 2 ]  1 9 6 1 ,  No. 11) t h a t  i n  t h e  s u b s o n i c  / 5 0 1  
r a n g e ,  t h e  p r e s s u r e  d i s t r i b u t i o n  i s  i n f l u e n c e d  somewhat f a r the r  
ups t ream,  b e g i n n i n g  a t  t h e  t o t a l - s t a g n a t i o n  p o i n t ,  b y  t h e  shape 
and r a d i u s  o f  c u r v a t u r e  o f  t h e  c o n t o u r  n e a r  i t s  s h a r p  i n f l e c -  
t i o n  p o i n t .  

The d e t e r m i n i n g  p a r a m e t e r  f o r  f l a t  n o s e s  w i t h  rounded edges  
i s  t h e  r a d i u s  of c u r v a t u r e  r a t i o  r = r / R b ;  f o r  n o s e s  w i t h  a 
s p h e r i c a l  segment,  i t  i s  t h e  d i m e n s i o n l e s s  r a d i u s  r = r / R b  o f  
t h e  s p h e r e  (or t h e  d i m e n s i o n l e s s  segment h e i g h t  n = A / R b ) ,  w i t h  

t he  i n f l u e n c e  of  t h e  i n f l e c t i o n  p o i n t , c o m i n g  i n t o  p l a y  f o r  t h e  
l a t t e r  nose  shape if s o n i c  flow i s  e s t a b l i s h e d  a t  t h a t  p o i n t .  

E x p e r i m e n t a l  s t u d i e s  a t  Mm = 5 . 8  showed t h a t  t h e  s o n i c - v e l o -  
c i t y  c o n d i t i o n  i s  p r e s e r v e d  a t  the  i n f l e c t i o n  p o i n t  up t o  v a l u e s  
o f  t h e  s p h e r i c a l - s u r f a c e  i n c l i n a t i o n  a n g l e  B b r  
p o i n t .  
nose  i s  p r a c t i c a l l y  independent  of  t h e  nose  c u r v a t u r e  r a d i u s .  The 
" s o n i c "  p o i n t  on t h e  shock wave l i e s  a t  t h e  i n t e r s e c t i o n  o f  the 
wave w i t h  a normal drawn from t h e  i n f l e c t i o n  p o i n t .  
t h e  s u r f a c e s  of  t h e  nose and t h e  shock wave are  a lmost  c o n c e n t r i c .  
For  g e n e r a t r i x  i n c l i n a t i o n  a n g l e s  of  45" 5 fib, - < 67" a t  t h e  i n -  
f l e c t i o n  p o i n t ,  t h e  f low c o n d i t i o n  i s  c h a r a c t e r i z e d  by s h i f t i n g  
of  t h e  " s o n i c "  p o i n t  on t h e  shock  wave toward t h e  a x i s  o f  t h e  
body as the  segment r a d i u s  i n c r e a s e s ,  w h i l e  t h e  " s o n i c "  p o i n t  on 
t h e  body remains  a t  t h e  i n f l e c t i o n  p o i n t .  The shape of  t h e  wave 
becomes more and more d i v e r g e n t  from t h e  shape  of  t h e  n o s e ,  and 
t h e  p r e s s u r e  d i s t r i b u t i o n  approaches  t h a t  o b t a i n e d  on a hemisphere .  

45" a t  t h a t  
For  67" 5 B b r  - < g o " ,  t h e  shape  of t h e  shock wave n e a r  t h e  

For Bb, -+ 67" ,  
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F i g u r e  XII-2-16. D i s t r i b u t i o n  
of  P r e s s u r e  Over Var ious ly  
Shaped Blunted S u r f a c e s .  S" 
i s  t h e  c o o r d i n a t e  o f  t h e  
" s o n i c " p o i n t  on t h e  b l u n t  
s u r f a c e ;  I i s  t h e  p o s s i b l e  
p o s i t i o n  of  t h e  " son ic"  
p o i n t ;  i n d i c a t e s  t h e  p o i n t  
a t  which t h e  c i r c u l a r  cham- 
f e r  meets t h e  f l a t  f a c e .  

Expe 
l i n e a r  r e  
nose and 
t h e  form 

The p r e s s u r e s  are equa l -  
i z e d  when t h e  con tour  a t  t h e  
i n f l e c t i o n  p o i n t  i s  i n c l i n e d  
a t  t h e  same a n g l e  as a t  t h e  
" son ic"  p o i n t  on t h e  hemisphere.  
I n  p a r t i c u l a r ,  t h i s  occur s  at 
Mm = 5 . 8  when 0 - < Bbr  - < 45' 
a t  t h e  i n f l e c t i o n  p o i n t .  I n  
t h i s  f low regime,  a d e c r e a s e  
i n  t h e  nose r a d i u s  of  curva-  
t u r e  causes  a s h i f t  o f  t h e  
" son ic"  p o i n t  on t h e  body 
s u r f a c e  from t h e  i n f l e c t i o n  
toward t h e  a x i s .  The p r e s s u r e  
d i s t r i b u t i o n  does n o t  change, 
s i n c e  d i s t u r b a n c e s  do n o t  
p e n e t r a t e  i n t o  t h e  subson ic  
r e g i o n  from t h e  i n f l e c t i o n  
p o i n t ,  where v e l o c i t y  i s  supe r -  
s o n i c .  

The manner o f  v a r i a t i o n  
of  p /po  i n  F i g .  XII-2-16 de- 
pends r e l a t i v e l y  w e a k l y  on 
M m ,  as i s  confirmed by t h e  
d a t a  of  F i g .  XII-2-17,  which 
shows t h e  expergmental  d i s -  
t r i b u t i o n  o f  F/p, n e a r  t h e  s u r -  
f a c e  of a s p h e r i c a l  segment 
w i t h  t h e  a n g l e  T-I = 20O.21 f o r  
two Mach numbers: Mm = 2 . 0 1  
and 4 . 7 6 .  For  t h i s  nose ,  t h e  
i n f l e c t i o n  and " son ic"  p o i n t s  
c o i n c i d e .  

- -  

r i m e n t a l  s t u d i e s  made a t  moderate  Mm brought  o u t  a 1 5 0  2 
' l a t i o n  between t h e  wave d rag -coe f f i c i en t  o f  a rounded 
t h e  d imens ion le s s  pa rame te r  r ,  which i s  p r e s e n t e d  i n  

C x w  - ( e x  w ) f  - C(CX w ) f  - ( e x  1 sp  IF. (XII -2-51)  - 

It  may b e  assumed t h a t  t h i s  r e l a t i o n s h i p  w i l l  a l s o  be p re -  
s e rved  a t  h i g h e r  v e l o c i t i e s .  

With a c e r t a i n  approximat ion ,  Formula (XII -2-51)  can b e  ex- 
tended  to bod ies  w i t h  b l u n t e d  noses  made i n  t h e  form o f  s p h e r i c a l  
segments w i t h  i n c r e a s e d  r a d i u s  R 

SP 
> Rb o r  i n  t h e  form of  an 
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Figure  XII-2-17. P r e s -  
s u r e  on Blunted  S u r f a c e  
a t  Var ious  M .  a )  " son ic"  
p o i n t .  

F i g u r e  XII-2-18. Detach- 
ment R a t i o  o f  Shock Wave 
a t  F l a t  B lun tness  w i t h  
C i r c u l a r  Bevel (Exper i -  
ment ) . 

e l l i p s e ,  a l t h o u g h ,  s t r i c t l y  speak ing ,  exper iments  i n d i c a t e  a c e r -  
t a i n  d e v i a t i o n  from l i n e a r i t y .  

When Formula (XII-2-51)- i s  used i n  t hese  two c a s e s ,  t h e  param- 

Detachment  d i s t a n c e  and r a d i u s  o f  c u r v a t u r e  o f  wave. A s i m i -  

e t e r  r - must b e  r e p l a c e d  by b and A ,  r e s p e c t i v e l y .  

l a r  l i n e a r  r e l a t i o n  i s  a l s o  observed  f o r  t h e  r e l a t i v e  detachment 
d i s t a n c e  of t h e  shock wave i n  f r o n t  of a rounded nose .  

- F i g u r e  XII-2-18 shows an  e x p e r i m e n t a l l y  o b t a i n e d  diagram o f  
s o  f s o / R b  as a f u n c t i o n  o f  t h e b l u n t n e s s p a r a m e t e r  r = r / R b  f o r  
M = 5.8. As w e  s e e ,  t h e  shape of t h e  body ' s  s u r f a c e  i n  t h e  
"genic" r e g i o n  has a s t r o n g  i n f l u e n c e  on t h e  s e p a r a t i o n  and curva-  
t u r e  of  t h e  wave. 

Assuming t h a t  t h i s  l a w  i s  p r e s e r v e d  f o r  a r b i t r a r y  Ma, w e  
w r i t e ,  b y  analogy w i t h  (XII-2-5l), a g e n e r a l  e x p e r s s i o n  f o r  t h e  
r e l a t i v e  detachment d i s t a n c e  : 

(XII-2-52) 

Exper imenta l  data o b t a i n e d  on nose models  w i t h  s p h e r i c a l  
segments i n d i c a t e  n e a r l y  l i n e a r  v a r i a t i o n  of s o  as a f u n c t i o n  of 
segment h e i g h t  r a t i o s  i n  t h e  r ange  - 0 . 1  - < A 5 0.45. 

The co r re spond ing  approximate  r e l a t i o n  f o r  t he  r e l a t i v e  
detachment d i s t a n c e  i s  

(XII-2-53) 



where A i s  t h e  detachment d i s t a n c e  r a t i o  f o r  = 0.45.  A c -  /503 
cord ing  t o  c e r t a i n  e x p e r i z e n t a l  data,  t h i s  value may be  se t  
approximately equa l  t o  2 ( s  ) . 
t h e  r e l a t i o n s h i p  f o r  t h e  r e l a t i v e  cu rva tu re  r a d i u s  of t h e  shock 
wave on t h e  a x i s .  For rounded bod ies ,  i t  i s  hype rbo l i c  i n  n a t u r e  
over  t h e  e n t i r e  range 0 < r < 1, w i t h  the  r a d i u s  o f  cu rva tu re  
dec reas ing  w i t h  dec reas ing  rounding r a d i u s .  The corresponding 
e m p i r i c a l  r e l a t i o n  i s  

O SP 
Experiments have a l s o  e s t a b l i s h e d  t h e  approximate n a t u r e  of 

( X I I - 2 - 5 4 )  

For roundings i n  t h e  form of s p h e r i c a l  segments,  t h e  re la -  
t i v e  r a d i u s ,  l i k e  t h e  s e p a r a t i o n ,  i s  an almost l i n e a r  f u n c t i o n  
of A for t h e  case  of a n e a r l y  f l a t  nose ( - 0 . 1  < h - < 0 . 4 5 ) .  In 
t h i s  range of A ,  t h e  r e l a t i v e  cu rva tu re  r ad ius -  

(XII -2-55)  

where B i s  t h e  va lue  of E t h a t  corresponds t o  n = 0 . 4 5 .  Ex- 
pe r imen ta l  data i n d i c a t e  i n  approximation t h a t  B = ( 1 . 8 - 2 ) ( E  ) . 

Equivalent  radius  o f  sphere a n d  v e l o c i t y  g r a d i e n t  a t  c r i t i c a l  
p o i n t .  The premises  f o r  c a l c u l a t i o n  of t h e s e  p a r a m e t e r s a r e  t h e  
same as those  adopted i n  s tudy  of  flow around a f l a t  f a c e .  The 
e q u i v a l e n t  sphere r a d i u s  corresponding t o  a given nose i s  deter-  
mined from (X11-2-49),  i n  which t h e  numerator must be c a l c u l a t e d  
by  (XII -2-54)  or (XI I -2 -55) .  

so 

so SP 

The v e l o c i t y  g r a d i e n t  a t  t h e  c r i t i c a l  p o i n t  w i l l  b e  deter-  
mined by  (XII -2-50]  a f t e r  t h e  e q u i v a l e n t  r a d i u s  i s  found. Accord- 
i n g  t o  our  premises ,  t h e  va lues  ob ta ined  a r e  t e n t a t i v e ,  and i t  
i s  recommended t h a t  they be v e r i f i e d  and r e f i n e d  exper imenta l ly  
i n  each case .  

The r e s u l t s  of such s t u d i e s  a t  lowered M a r e  shown i n  F ig .  
XII-2-15.  Here w e  s e e  t h a t  Formula (XII -2-507 ag rees  w e l l  w i t h  
t h e  exper imenta l  d a t a  f o r  t h e  s p h e r i c a l  segment w i t h  n = 0 . 4 ,  
a l though t h e  corner  .po in t  i s  "sonic"  i n  t h i s  case  ( t h e  l a r g e s t  
value of A ,  which corresponds t o  t h e  speed of sound, i s  A = 0 . 4 5 ) .  

Avai lab le  d a t a  i n d i c a t e  t h a t  ( X I I - 2 - 5 0 )  can be used t o  c a l -  
c u l a t e  t h e  v e l o c i t y  g r a d i e n t  a t  t h e  c r i t i c a l  p o i n t  of segment 
noses even f o r  A somewhat smaller than  0 . 4 ,  beginning a t  about 
0 .3-0 .35 .  For a body w i t h  a n e a r l y  f l a t  nose (rounding r a d i u s  

6 8 8  



l a r g e  enough s o  t h a t  n -+ 01, t h e  approximate va lue  of t h e  v e l o c i t y  
g r a d i e n t  a t  t h e  t o t a l - s t a g n a t i o n  p o i n t  [55]  i s  

(XII-2-50?) 
y=o 

S p h e r i c a l  Sur face  wi th  "Blunted" Forward End 

P res su re  can be  c a l c u l a t e d  f o r  very-high-veloci ty  c i r c u l a r  
a i r f l o w  around a "blunted" sphere  formed by  combining p a r t  of a 
sphere  wi th  an a r b i t r a r i l y  shaped s u r f a c e  (F ig .  X I I - 2 - 1 9 )  by  t h e  
improved Newton formula 

- - 

- -  
p _ -  po (cos a sin p - sin a cos fj cos y)z. (xII-2-56) 

F igure  XI I -2 -19 .  Working Diagram 
f o r  "Blunted" Sphere.  

S e t t i n g  t h e  g r e s -  1504 
e s u r e  c o e f f i c i e n t  p = 0 

i n  t h e  "shaded" zone, w e  
determine t h e  a x i a l - f o r c e  
c o e f f i c i e n t  c i n  accord-  
ance wi th  (X-3-5) by t h e  
formula 

RP 

(XII-2-57) 

where x '  i s  t h e  coord ina te  of t h e  p o i n t  corresponding to t h e  be- 
g inning  of  t h e  "shaded" zone on t h e  bottom of  t h e  s u r f a c e  and 
A(yb) i s  t h e  f u n c t i o n  de f ined  by (X-3-6). 

b 

The normal-force c o e f f i c i e n t  i s  determined by Formula (X-3-36) 

where B(yb) i s  t h e  f u n c t i o n  c a l c u l a t e d  from Expression (X-3-37). 

The moment c o e f f i c i e n t  i s  determined wi th  (X-3-55): 



Figure  X I I - 2 - 2 0 .  Coef f i -  F igure  XI I -2 -21 .  Coef f i -  
c i e n t s  of Axial  ( a )  and c i e n t s  of Moment ( a )  and 
Normal ( b )  Forces  f o r  Centec.of  P res su re  ( b )  f o r  
"Blunted" Sphere.  "Blunted" Sphere.  

we can determine t h e  /505 
NP ' Knowing t h e  c o e f f i c i e n t s  m and c 

Z P  . The above f o r -  c e n t e r  of p r e s s u r e  c o e f f i c i e n t  c 
mulas can be used f o r  a t t a c k  ang le s  vary ing  from 0 to T, i . e . ,  
f o r  t h e  c i rcu lar -onf low case .  F igures  XI I -2 -20  and X I I - 2 - 2 1  
show t h e  r e s u l t s  of a flow c a l c u l a t i o n  f o r  a sphere  j o i n e d  t o  
a h a l f - e l l i p s o i d  f o r  va r ious  s e m i a x i s  r a t i o s  m = a/b = a / R b .  

The va lue  m = 1 corresponds to a s p h e r i c a l  s u r f a c e ,  and m = 0 t o  
a f l a t  f a c e .  Q u a l i t a t i v e l y ,  t h e s e  r e s u l t s  agree  w e l l  w i th  expe r i -  
mental  data.  Less s a t i s f a c t o r y  agreement of t h e  q u a n t i t a t i v e  
c h a r a c t e r i s t i c s  i s  exp la ined  by t h e  imprec i s ion  of  t h e  method, 
which, f o r  example, does not  t a k e  account of t h e  p r e s s u r e  i n  t h e  
"shaded" zone. 

= m~p'CNp C9P 

S X I I - 3 .  FLOW AT H I G H  VELOCITIES AROUND C Y L I N D R I C A L  AND C O N I C A L  
BODIES WITH SMALL BLUNTNESS 

Analogy _ _  .. ~ wi th  Nonsteady Motion - of P i s t o n  

Influence o f  a small bluntness. S t u d i e s  have shown t h a t  t h e  
i n f l u e n c e  of a s m a l l b l u n t n e s s o n  t h e  flow around t h e  e n t i r e  body 
i s  n o t  t h e  same f o r  d i f f e r e n t  se t s  of cond i t ions  and depends, f o r  
example, on t h e  v e l o c i t y  of t h e  oncoming flow. Thus, i t  has been 
e s t a b l i s h e d  by experiments  t h a t  a t  moderate Ma,  t h i s  e f f e c t  i s  



i n s i g n i f i c a n t  and a f f e c t s  on ly  a s m a l l  neighborhood around t h e  
nose of t h e  body. 

The i n f l u e n c e  of b l u n t n e s s  i n c r e a s e s  s u b s t a n t i a l l y  a t  
very h igh  v e l o c i t i e s .  A b l u n t e d  nose changes t h e  n a t u r e  of t h e  
flow i n  a d i s t u r b e d  r e g i o n  whose l e n g t h  r anges  to t e n s  and hun- 
dreds o f b l u n t n e s s d i a m e t e r s ;  t h e  more s l e n d e r  t h e  body, t h e  
l a r g e r  t h i s  r e g i o n  and,  consequen t ly ,  t h e  more e f f e c t i v e  t h e  
b l u n t n e s s .  To t h e  above,  w e  shou ld  add t h a t  t h e  b l u n t n e s s  e f f e c t  
a l s o  depends on t h e  shape  o f  t h e  b l u n t e d  body; e . g . ,  i t  i s  sub- 
s t a n t i a l l y  g r e a t e r  f o r  a p r o f i l e  t h a n  f o r  a s o l i d  of r e v o l u t i o n .  

For  example, t h e  d r a g  o f  a b l u n t e d  p r o f i l e  i s  always g r e a t e r  
t h a n  t h a t  of a s h a r p  one,  and t h e  i n c r e a s e  may b e  very  l a r g e .  For  
a s o l i d  of r e v o l u t i o n ,  however, i t  may n o t  on ly  not i n c r e e s e ,  b u t  
even become smaller .  

The  n a t u r e  of t h e  f low around t h e  body w i l l  depend on t h e  
degree  o f b l u n t n e s s ,  which w e  can d e f i n e  by t h e  r a t i o  2Rb/L.  

deg ree  of  b l u n t n e s s a n d  t h e  flow e f f e c t  co r re spond ing  to i t  are 
d e f i n i t e l y  c o n s i s t e n t  w i t h  t h e  r e s e a r c h  methods of bluf f -body 
aerodynamics.  For example, i f  t h e  b l u n t n e s s  dimension i s  s m a l l  
(2Rb/L << l), t h e  i n v e s t i g a t i o n  may be  c a r r i e d  o u t  on t h e  assump- 
t i o n  t h a t  t h e  body has  remained s h a r p  and t h e b l u n t n e s s e f f e c t  may 
b e  r e p l a c e d  by t h e  e f f e c t  of c o n c e n t r a t e d  f o r c e s  e x e r t e d  b y  t h e  
b l u n t n e s s  on t h e  moving f low.  

The 

The problem has been s o l v e d  i n  t h i s  f o r m u l a t i o n  by  P r o f .  G . G .  
Chernyy C381. To o b t a i n  a c l e a r e r  concep t ion  of  t he  proposed 
method, l e t  us r e c a l l  t h e  analogy between s teady  f low around a 
cone and uns teady  motion of a gas  behind  a c y l i n d r i c a l  shock 
wave t h a t  forms i n  f r o n t  o f  a p i s t o n .  I n  t h i s  ana logy ,  t h e  d i s -  
t u r b e d  flow around t h e  cone i s  e q u i v a l e n t  i n  a t r a n s v e r s e  p l a n e  
s t a t i o n a r y  w i t h  r e s p e c t  to t h e  body to t h e  gas  flow t h a t  a r i s e s  
i n  f r o n t  of a c y l i n d r i c a l  p i s t o n .  For  an o b s e r v e r  i n  t h i s  p l a n e ,  
t h e  flow i s  ana logous  to t h e  flow t h a t  a r i s e s  d u r i n g  p r o p a g a t i o n  
of  an  e x p l o s i o n  wave. 

f low formed when a long  c o n c e n t r a t e d  c y l i n d r i c a l  cha rge  exp lodes  
a t  t = 0 .  The i n i t i a l  energy of t h e  gas  i s  assumed e q u a l  to i t s  
v a l u e  i n  t h e  u n d i s t u r b e d  flow owing to t h e  absence  of a s t r o n g  
e f f e c t  of a s h a r p  nose on t h e  gas  i n  f r o n t  o f  t h e  e x p l o s i o n  ( o r  
t he  p i s t o n ) .  

Thus, t h e  d i s t u r b e d  flow around t h e  cone i s  ana logous  to t h e  / 5 0 6  

I n  t he  p resence  of b l u n t n e s s ,  however, t h e  f o r c e  a c t i n g  on 
t h e  gas  i s  n o t  z e r o .  T h i s  f o r c e ,  which i s  e q u a l  to t h e  f r o n t a l  
d r a g  X o f  t h e  b l u n t n o s e ,  a c t s  on t h e  g a s ,  per forming  a work t h a t  
i m p a r t s  a c e r t a i n  energy  E to i t .  Thus, t h e  i n i t i a l  energy  p e r  
u n i t  l e n g t h  of t h e  c o n c e n t r a t e d  cha rge  i s  i d e n t i f i e d  w i t h  t h e  
nose d r a g .  



Limi t ing  ou r se lves  to symmetrical  f low, w e  can now formula te  
t h e  problem of motion of a c y l i n d r i c a l  p i s t o n  t h a t  i s  e q u i v a l e n t  
to t h e  problem of flow around a b l u f f  body. I n  a gas  at r e s t  
l y i n g  a long  a c e r t a i n  s t r a i g h t  l i n e ,  an exp los ion  takes p l a c e  a t  
t h e  i n i t i a l  p o i n t  i n  t ime ,  w i t h  t h e  r e s u l t  t ha t  a s p e c i f i c  energy 
E i s  imparted to t h e  gas .  A t  t h e  same i n s t a n t ,  a flow s imilar  to 
t h e  flow i n  f r o n t  of  a c y l i n d r i c a l  p i s t o n  moving a t  v e l o c i t y  V 
arises i n  t h e  gas a t  the  p o i n t  of t h e  exp los ion .  

S o l u t i o n  of t h e  problem c o n s i s t s  i n  de te rmining  t h e  motion 
t h a t  appearsahead of t h e  p i s t o n .  I n  t h e  e q u i v a l e n t  problem of 
s t a t i o n a r y  flow, t h i s  s o l u t i o n  w i l l  enable  us to f i n d  t h e  shape 
of t h e  shock wave ahead of  t h e  b l u n t  cone and t h e  p r e s s u r e  d i s -  
t r i b u t i o n  over its s u r f a c e .  By pas s ing  to t h i s  problem, w e  must 
s e t  

(XII-3-1) 

where c i s  t h e  drag c o e f f i c i e n t  of  t h e  b luntness .  

I n  t h e  g e n e r a l  case ,  t h e r e f o r e ,  t h e  problem of flow around a 
b l u n t  cone reduces to t h e  problem of an explos ion  w i t h  subsequent 
p i s t o n  expansion. It must be noted t h a t  t h i s  analogy p e r t a i n s  to 
a flow r e g i o n  not  too c l o s e  to t h e  nose of t h e  body, where t h e  
v e l o c i t y  d i s tu rbance  i n  t h e  l o n g i t u d i n a l  d i r e c t i o n  i s  small and, 
consequent ly ,  t h e  l a w  of p l ane  s e c t i o n s  a p p l i e s .  

X 

The e q u a t i o n  s y s t e m .  Problems of t h i s  t ype  i n v o l v i n g  analy-  
s i s  of motion a t  a p i s t o n  a r e  convenient ly  so lved  by  use of equa- 
t i o n s  i n  a form proposed by  Lagrange i n s t e a d  of i n  t h e  Eu le r  form 
( s e e  Chapter 111). Wri t ten  i n  t h i s  form, t h e  equat ions  r e f l e c t  
i n d i v i d u a l - p a r t i c l e  motion. I f ,  as i n  our case ,  t h e  concern i s  
one-dimensional r ad ia l  motion around a c y l i n d r i c a l  p i s t o n ,  t h e  
s o l u t i o n  of  t h e s e  equa t ions  w i l l  determine t h e  r - coord ina te s  and 
t h e  v a r i a b l e s  of  s t a t e  of  t h e  p a r t i c l e  f o r  any t ime - t .  

I f  a t  t = 0 ,  t h e  p a r t i c l e  coord ina te  i s  r l ,  t h e n  i t s  p r e s e n t  
coord ina te  r - w i l l  be a f u n c t i o n  of t ime t and t h e  i n i t i a l  coord i -  
n a t e  r l ,  i . e . ,  r = f ( r l , t ) .  The v a r i a b l e s  of s t a t e  a r e  a l s o  func- 
t i o n s  of  t h e  i n i t i a l  coo rd ina te  r l  and t i m e  t when t h e i r  i n i t i a l  
va lues  a r e  known ( f o r  example, t h e  d e n s i t y  B,, p r e s s u r e  pm, en- 
t ropy  Sa,, e t c ) .  

d e r i v a t i o n  of  t h e  fundamental equat ions  i n  t h e  Lagrangian form. 
Equat ing to zero  t h e  sum of t h e  i n e r t i a  f o r c e s  ( 3 V r / 3 t ) p  x 

x (2rr d r - 1 )  and p r e s s u r e  f o r c e s  ( 3 p / 3 r ) ( 2 r r o l ) d r  a c t i n g  on a par-  
t i c l e  of volume 2 r r  d r - 1 ,  we o b t a i n  t h e  equat fon  of motion 

Refe r r ing  to Fig .  111-2-3, l e t  us b r i e f l y  s e t  f o r t h  t h e  



(XII-3-2) 

The c o n t i n u i t y  equa t ion  i s  obta ined  from the cond i t ion  of 
par t ic le -mass  conse rva t ion  du r ing  t h e  motion. According t o  t h i s  
c o n d i t i o n ,  i f  t h e  mass was p , ( 2 ' r r r l d r 1 * l )  a t  t h e  i n i t i a l  p o i n t  
i n  t i m e ,  i t  w i l l  remain t h e  same a f t e r  a t ime - t .  Consequently,  

Since t h i s  c o n d i t i o n  i s  i n  e f f e c t  a t  any p o i n t  i n  t i m e ,  t h e  /507 
t o t a l  d e r i v a t i v e  d r / d r ,  can be r ep laced  by  t h e  p a r t i a l  de r iva -  
t i v e  a r / a r , .  Then t h e  c o n t i n u i t y  equa t ion  assumes t h e  form 

I f  w e  i n t r o d u c e  t h e  new Lagrangian v a r i a b l e  m = p,r:/2, t h e  
equat ions  of  motion and c o n t i n u i t y ,  w r i t t e n  i n  t h i s  v a r i a b l e ,  w i l l  
b e  

( X I I - 3 - 2 '  ) 

(XII-3-3')  

These equat ions  are so lved  f o r  i s e n t r o p i c  flow a t  t h e  p i s -  
t on .  In  mathematical  form, t h e  cond i t ion  of t i m e  constancy of 
p a r t i c l e  entropy i s  

(XII-3-4) 

The f i r s t  expres s ion  a p p l i e s  f o r  t h e  more g e n e r a l  case  i n  
which physicochemical t r ans fo rma t ions  may occur  i n  t h e  g a s ,  w h i l e  
t h e  l a t t e r  corresponds t o  i s e n t r o p i c  flow wi th  cons t an t  heat capa- 
c i t i e s .  

Let us supplement our  equa t ion  s y s t e m  w i t h  an energy equa- 
t i o n  r e f e r r e d  t o  t h e  same c o n d i t i o n s  behind t h e  c y l i n d r i c a l  shock 
wave. I f  we a r e  concerned w i t h  p i s ton- impel led  motion of a gas  
t ha t  has s t a r t e d  a f t e r  an exp los ion ,  t hen  accord ing  t o  t h i s  l a w  
t h e  t o t a l  ( k i n e t i c  and i n t e r n a l )  energy of t h e  moving gas  i s  
equal  a t  any p o i n t  i n  t i m e  t o  t h e  energy E l i b e r a t e d  p e r  u n i t  
l eng th  by  t h e  exp los ion ,  t h e  i n i t i a l  energy E , ,  and t h e  work of 
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expans ion  o f  t h e  p i s t o n .  Consequent ly ,  

where and u, are t h e  s p e c i f i c  i n t e r n a l  e n e r g i e s  and have t h e  
dimensions of  v e l o c i t y  squa red ;  E i s  t h e  gas  p r e s s u r e  on t h e  p i s -  
t o n ;  r o  and r a re  t h e  d i s t a n c e s  to t h e  p i s t o n  and t h e  shock wave, 
r e s p e  c t i v e l y 7  

Examining t h e  c a s e  o f  c o n s t a n t  h e a t  c a p a c i t i e s ,  when u = 
= crT = [l/(k - l ) ] p / p ,  and remembering t h a t  Vr = a r / a t  and 
r l p , d r l  = r p d r ,  w e  f i n d  

F i n a l l y ,  w e  o b t a i n  t h e  e q u a t i o n  o f  momentum, which,  t o g e t h e r  
w i t h  t h e  energy e q u a t i o n ,  i s  most convenient  f o r  s o l u t i o n  of prob- 
lems of  gas  motion around a c y l i n d r i c a l  p i s t o n .  The momentum 
e q u a t i o n  can be o b t a i n e d  from t h e  e q u a t i o n  o f  motion when t h e  
l a t t e r  i s  w r i t t e n  i n  t h e  form 

A f t e r  i n t e g r a t i n g  ove r  t h e  t h i c k n e s s  of  t h e  d i s t u r b e d  l a y e r ,  
w e  f i n d  

( X I I - 3 - 6 )  

Flow Around a Blunted  C y l i n d e r  
/508 

S o l u t i o n  o f  t h e  e q u i v a l e n t  problem o f  nons teady  motion of a 
c y l i n d r i c a l  p i s t o n  e n a b l e s  us t o  c a l c u l a t e  t h e  f low around a 
b l u n t e d  c y l i n d e r .  It i s  assumed h e r e  t h a t  a charge  d i s t r i b u t e d  
a l o n g  a c e r t a i n  s t r a i g h t  l i n e  i m p a r t s  an  i n i t i a l  energy E to t h e  
gas  as i t  exp lodes .  

The g a s  motion t h a t  r e s u l t s  from t h i s  e x p l o s i o n  cor responds  
t o  t h e  c o n d i t i o n  of  v e l o c i t y  V = 0 a t  t h e  p i s t o n .  I n  t h e  g e n e r a l  
c a s e ,  t h e  pa rame te r s  t h a t  de t e rmine  t h i s  motion behind  t h e  shock 
wave are t h e  i n i t i a l  p r e s s u r e  p, and t h e  d e n s i t y  p W ,  t h e  explo-  
s i o n  energy E (work p e r  u n i t  l e n g t h ) ,  t h e  h e a t - c a p a c i t y  r a t i o  



Figure XII-3-1. Pressure Distribution on Generatrix of Cylin- 
drical Body with Spherical Nose. 0 )  experiment; - ) ac- 
cording to (XII-3-12); ----- ) according to (XII-3-10! ) .  

k, the distance r from the line of the explosion, and the time t. 
If we calculate The dimensionless characteristics of the disturKed 
flow, e.g., the relative pressure, they will also be functions of 
dimensionless combinations derived from the determining parameters 
named above. 

Since one of these parameters, namely, the ratio of specific 
heats k_, is dimensionless , the additional dimensionless combina- 
tions must, according to dimensionality theory [31], be composed 
of the remaining five parameters. Since three of them have inde- 
pendent dimensions, we can obviously write two more independent 
dimensionless combinations, namely p2 r/El/z,  p, t / (p ,qvz .  

After they have been reduced to dimensionless form, there- 
fore, the unknowns behind the shock will depend on these three 
dimensionless parameters. The latter two can be transformed by 
the substitution with (XII-3-1). Then the system of dimension- 
less parameters takes the form 

It follows from the above that the shape of the bow shock in 
front of a blunted cylinder is determined by the general func- 
tional relation 

(XII-3-8) 

6 9 5  



/509 10-25.- The g e n e r a l  r e l a t i o n  f o r  t h e  p re s -  
s u r e  d i s t r i b u t i o n  on t h e  s u r f a c e  of  t h e  
c y l i n d e r  i s  found from t h e  c o n d i t i o n  
r = 0 and has t h e  form 30 

25 

(XII-3-91 
20 ---I. 1 2  
15 Pm .?I: -l /CX D b  

io 
5 I n  (XII-3-8) and (XII-3-9), t h e  func- 

and k_, t i o n s  R and P depend on -. - 

which are s i m i l a r i t y  parameters .  The 
e x i s t e n c e  of t h e s e  parameters  enab le s  

r e s u l t s  i n t o  a group of s imilar  flows 

1 
ff 2 4 6 8kM:X*z jllf 1t.';; f J b  

'b 

Figure  XII-3-2. Curve us t o  g e n e r a l i z e  i s o l a t e d  exper imenta l  
f o r  Dete,rmination of 
Shape of Bow Wave i n  around b lun ted  c y l i n d r i c a l  bodies .  By 
Front  of a Cy l ind r i -  way of i l l u s t r a t i o n ,  l e t  us examine 
tal Body w i t h  a exper imenta l  data on t h e  p r e s s u r e  d i s -  S p h e r i c a l  Nose. t r i b u t i o n  obta ined  f o r  M, = 7 .7  and 

k = 1 . 4  i n  wind-tunnel t es t s  of a c y l i n -  
der model w i t h  a hemisphe r i ca l  nose 

(F ig .  X I I - 3 - l a ) . T o  g e n e r a l i z e  t h e s e  data,  va lues  o f  t h e  param- 
e t e r  (x/Db)/(M:Jcx), i n  which t h e  c o e f f i c i e n t  cx was found f o r  
M, = 7 .7  i n  accordance w i t h  t h e  exper imenta l  c o n d i t i o n s ,  were 
c a l c u l a t e d . .  
The diagram c o n s t r u c t e d  w i t h  t h i s  parameter  i n  F ig .  XII-3-lb (ex- 
pe r imen ta l  data [16]) can be used t o  c a l c u l a t e  p r e s s u r e  f o r  a rb i -  
t r a r y  Ma. 
exper imenta l  r e s u l t s  ob ta ined  under t h e  same c o n d i t i o n s  ( k  = 1 . 4 ,  
M, = 7 . 7 )  i n  a s tudy  of shock-wave shape. 

(XII-3-9) can be converted t o  a more conc re t e  form. T h i s  i s  
p o s s i b l e ,  f o r  example, a t  very h igh  flow v e l o c i t i e s ,  when t h e  
i n i t i a l  gas  p r e s s u r e  p, i s  n e g l i g i b l e  as compared w i t h  the  p res -  
s u r e  behind a very s t r o n g  shock wave. I n  t h i s  case ,  t he  pres-  
s u r e  p, i s  dropped from t h e  de te rmining  parameters  l i s t e d  above. 
Consequently,  t h e  p r e s s u r e  on t h e  c y l i n d e r  can b e  p re sen ted  by  
t h e  r e l a t i o n  

The r a t i o s  x/Db were t h e  same as i n  t h e  experiment .  

F igure  XII-3-2 shows a s i m i l a r  diagram tha t  g e n e r a l i z e s  

I n  c e r t a i n  c a s e s ,  t h e  g e n e r a l  r e l a t i o n s h i p s  (XII-3-8) and 

The las t  t h r e e  parameters  under t h e  s i g n  of t h e  f u n c t i o n  P 
have independent dimensions and cannot form a d imens ionless  com- 
b i n a t i o n .  Consequently,  accord ing  t o  t h e  b a s i c  theorem of dimen- 
s i o n a l i t y  theo ry ,  Ap must be determined by  t h e  expres s ion  
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I Ill Ill lllll Ill l l l l l  

where f , ( k )  i s  a c e r t a i n  f u n c t i o n  tha t  depends on t h e  r a t i o  of 
heat c a p a c i t i e s .  A f t e r  s u b s t i t u t i n g  Express ions  (XII-3-11 f o r  
E and 4, w e  can w r i t e  

The exponents are determined w i t h  t h e  b a s i c  formula of d i -  
mensional a n a l y s i s ,  which t a k e s  t h e  form of a power monomial: 

where M ,  L ,  and T are the independent dimensions of mass, l eng th ,  
and t i m e ,  r e s p e c t i v e l y .  
z = 1. Consequently,  

F igure  XII-3-3. Curves 
f o r  Determinat ion of 
Working C o e f f i c i e n t s  
i n  Formulas (XII-3-10)  
and ( X I I - 3 - 1 1 ) .  

d i n a t e  

~. 

From t h i s  w e  f i n d  t h a t  x = y = 1/2, / 5  10 

(XII -3-10)  

A s imilar r e l a t i o n s h i p  can be ob- 
t a i n e d  f o r  t h e  coord ina te s  of shock- 
wave p o i n t s .  Let u s  f i r s t  w r i t e  a 
g e n e r a l  expres s ion  f o r  t h e  wave r a d i u s  
i n  t h e  form rs = R ( k , p m ,  E ,  t )  where 
R i s  a c e r t a i n  f u n c t i o n  of  t h e  param- 
e t e r s  i n  t h e  pa ren theses ,  and then  
apply d imens iona l i ty  theo ry ,  which 
was used i n  d e r i v i n g  t h e  g e n e r a l  r e l a -  
t i o n  f o r  t h e  p r e s s u r e  f u n c t i o n ,  i . e . ,  
p r e s e n t  rs i n  t h e  form 

where g , ( k )  i s  a c e r t a i n  f u n c t i o n  of  
t h e  s p e c i f i c  heats r a t i o  k_, t o  o b t a i n  
a formula f o r  t h e  dimensionless  coor- 

( X I I - 3 - 1 1 )  
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I n  (XII-3-10) and ( X I I - + l l ) ,  t h e  f u n c t i o n s  f ( k )  and g ( k ) ,  
which depend on t h e  d imens ion le s s  r a t i o  k = c /cv ,  are de te r -  
mined b y  e x a c t  s o l u t i o n  of t h e  problem o f  a s t r o n g  l i n e a r - c h a r g e  
e x p l o s i o n .  The numer ica l  v a l u e s  o b t a i n e d  f o r  these  f u n c t i o n s  a r e  
p r e s e n t e d  g r a p h i c a l l y  i n  F i g .  XII-3-3. I n  accordance  w i t h  t hese  
v a l u e s  and w i t h  t h e  ex  = 0 . 9 4  t a k e n  from (XII-3-lO),  w e  can  ob- 
t a i n  the  e x p r e s s i o n  

P 

2- = 0.06611% y .  Db ( X I I - 3 - 1 0 ' )  
Pm 

It must b e  remembered t ha t  t h i s  formula ,  l i k e  t he  more gene- 
r a l  r e l a t i o n s h i p  ( X I I - 3 - l l ) ,  i s  a f i r s t  approximat ion ,  s i n c e  i t  
does  n o t  take account  o f  t h e  i n i t i a l  p r e s s u r e .  

Attempts  were made to t ake  account  o f  t h i s  p r e s s u r e .  The 
r e s u l t  was t h e  more e x a c t  formula  

(XII-3-12) 

A s  w e  see  from F i g .  XII-3-1, t h e  r e s u l t s  c a l c u l a t e d  from 
t h i s  formula  a g r e e  b e t t e r  w i t h  exper iment .  Formula (X11-3-12), 
which a p p l i e s  to a c y l i n d e r  w i t h  a s p h e r i c a l  nose ,  can  b e  ex tended  
to c y l i n d r i c a l  b o d i e s  w i t h  a r b i t r a r y  b l u n t e d  shapes .  Fo r  t h e  
c a s e  k = 1 . 4 ,  t h e  g e n e r a l i z e d  formula  takes t h e  form 

-- -0.069~1: 1/ ,~;0.405+0.15 .>I:,,< I - Db t . (XII-3-13) 
P P  

I f  t h e  c y l i n d e r  i s  f i t t e d  w i t h  a s p h e r i c a l  nose ,  f o r  which 
w e  assume c = 0.94, t h i s  formula becomes (XII-3-12) w i t h  t he  
same c o n d i t i o n  k = 1 . 4 .  

X 

S i m i l a r  r e l a t i o n s h i p s  have been d e r i v e d  f o r  d e t e r m i n a t i o n  
of  shock-wave shape .  F i n d i n g  t h e  v a l u e s  o f  g ( k )  f o r  k = 1 . 4  on 
t h e  diagram of  F i g .  XII-3-3 and assuming, as b e f o r e ,  t h a t  ex = 

= 0 . 9 4 ,  w e  o b t a i n ,  i n  accordance  w i t h  ( X I I - + l l ) ,  t h e  f o l l o w i n g  
formula  f o r  f i r s t - a p p r o x i m a t i o n  c a l c u l a t i o n  of t h e  r a d i u s  of  a 
p o i n t  on t h e  shock wave around a c y l i n d e r  w i t h  a s p h e r e :  /511 

- (XII-3-11')  



A more exac t  r e l a t i o n s h i p  t h a t  t a k e s  counterpressure  i n t o  
cons ide ra t ion  i s  

( X I I - 3 - 1 4 )  

T h i s  r e l a t i o n s h i p ,  extended t o  t h e  g e n e r a l  case  i n  which t h e  
c y l i n d e r  has  a b l u n t n e s s o f  a r b i t r a r y  shape a t  i t s  forward end, i s  

I n  us ing  (XII -3-10)- (XII -3-15) ,  i t  must b e  remembered t h a t  
they g ive  s a t i s f a c t o r y  r e s u l t s  f o r  zones of t h e  body approxi-  
mately one nose r a d i u s  d i s t a n t  from t h e  base  of t h e  nose.  The 
corresponding va lues  of  5,  reckoned from t h e  c r i t i c a l  p o i n t  of 
t h e  nose ( s e e  F ig .  X I I - 3 - l ) ,  should be taken  from t h e  cond i t ion  
x > (2 -2 .5 )Rb  i n  p r a c t i c a l  c a l c u l a t i o n s .  

Flow Around ~~ a S lender  - Cone w i t h  a Small Bluntness  

G e n e r a l  e q u a t i o n s  and  method o f  s o l u t i o n .  Case o f  K, = m .  

T o  c a l c u l a t e  t h e  flow around a s l e n d e r  cone a t  very h igh  super- 
sonic  v e l o c i t y ,  we s h a l l  use t h e  analogy wi th  t h e  problem of 
unsteady gas motion w i t h  c y l i n d r i c a l  waves. 

Assuming tha t  t h e  l a y e r  of  gas  between t h e  p i s t o n  and the  
shock wave i s  very t h i n  a t  h igh  v e l o c i t i e s ,  we can s impl i fy  t h e  
energy equa t ion  (XII-3-51']: 

The momentum equa t ion  (XII-3-61 can a l s o  be s i m p l i f i e d .  
Since t h e  l a y e r  of d i s t u r b e d  gas  i s  considered t h i n ,  t h i s  equa- 
t i o n  w i l l  be 

(XII -3-6 '  ) 

I n  t h e s e  equa t ions ,  w e  s h a l l  assume a r / a t  = I? t o  be cons tan t  
throughout  t h e  d i s t u r b e d  r e g i o n  and equa l  t o  t he  v e l o c i t y  of  
p a r t i c l e s  immediately behind t h e  shock wave, bea r ing  i n  mind t h a t  
v e l o c i t y  can be  determined from compression-shock theory .  I n  t h e  
theory  of t h e  s t eady  shock, t h e  r e l a t i v e  v e l o c i t y  change i s  given 



I n v e r t i n g  t h e  mot ion ,  s o  t h a t  a shock wave moves a t  v e l o c i t y  
V, = D = $ 

behind  t h e  shock:  
i n  a s t a t i o n a r y  f low,  w e  f i n d  t h e  p a r t i c l e  v e l o c i t y  

S 

(XII-3-16) 

A s  w e  know, t h i s  formula  takes  account  of t h e  i n i t i a l  gas  p r e s -  
s u r e .  

F u r t h e r ,  remembering t h a t  t h e  d i s t u r b e d  l a y e r  i s  t h i n ,  w e  
take t h e  c o o r d i n a t e  r - e q u a l  t o  t h e  d i s t a n c e  t o  t h e  shock wave and 
the  p i s t o n  r a d i u s  r p  e q u a l  t o  U t ,  where U i s  t h e  speed  o f  p i s t o n  
expans ion .  We now i n t r o d u c e  Expres s ion  (XII-3-16) for ? and t h e  
v a l u e s  r = rs and r o  = U t  i n t o  E q s .  (XII-3-5") and (XII-3-61) and 
conve r t  t o  d imens ion le s s  v a r i a b l e s  i n  t h e  r e s u l t i n g  e q u a t i o n s  b y  
means of  t h e  l e n g t h  L = E/(.rrp,U2) and t i m e  L/U s c a l e s .  
s u l t  i s  

The re -  

(XII-3-17) 

(XII-3-18) 

where Ap = (p-p,)/(p,U2), and K 1 . -  U(/i/~,v'pJ'*'~ = a J , t g &  is a s i m i l a r i t y  
parameter .  

I n  t h e  g e n e r a l  c a s e ,  these  s o l u t i o n s  can b e  s o l v e d  f o r  a r b i -  
t r a r y  - t by numer i ca l  i n t e g r a t i o n .  

L e t  us c o n s i d e r  t h e  l i m i t i n g  c a s e  when K, -P co. We s h a l l  
assume f u r t h e r  t h a t  t h e  t i m e  t i s  s m a l l ,  s o  t ha t  t h e  i n i t i a l  
energy of  t h e  gas  i n  t h e  d i s t u r b e d  r e g i o n  and t h e  work of  p i s t o n  
expans ion  w i l l  a l s o  b e  small by comparison w i t h  t h e  energy re- 
leased i n  t h e  e x p l o s i o n .  Equat ions  (XII-3-17) and (XII-3-18) 
t h e n  become s u b s t a n t i a l l y  s i m p l e r :  



Excluding  Ap from these e q u a t i o n s ,  w e  o b t a i n  

( X I I - 3 - 1 7 ! )  

( X I I - 3 - 1 8 '  ) 

( X I I - 3 - 1 9  ) 

T h i s  e q u a t i o n  has a unique  s o l u t i o n  f o r  r s ( t )  t h a t  sa t is-  
f i e s  t h e  c o n d i t i o n  r s ( O >  = 0 ,  and which e x i s t s  a t  a l l  t 2 0 .  
s m a l l  4, t h e  s o l u t i o n  takes t h e  form 

For 

( X I I - 3 - 2 0 )  4 (k + 1)2 @-I) 114 r s = [  3 k - I  ] t ' / * .  

T h e  c o o r d i n a t e s  o f  shock-wave p o i n t s  can be c a l c u l a t e d  b y  
t h i s  formula  

S u b s t i t u t i o n  of t h e  v a l u e  for rs from ( X I I - 3 - 2 0 )  i n t o  
( X I I - 3 - 1 7 ' )  e n a b l e s  us  t o  f i n d  t h e  p r e s s u r e  

A p  :=. [- 4 (3k- I) ( X I I - 3 - 2 1 )  

Conver t ing  t o  d imens iona l  pa rame te r s  and b e a r i n g  ( X I I - 3 - 1 1  
i n  mind, w e  f i n d  r e l a t i o n s h i p s  f o r  t h e  shock-wave shape and t h e  
p r e s s u r e  d i s t r i b u t i o n  on t h e  s u r f a c e  o f  a cone: 

i n  which t h e  c o e f f i c i e n t s  

( X I I - 3 - 2 0 ' ]  

( X I I - 3 - 2 1 ' )  



It i s  r e a d i l y  s e e n  t h a t  (XII-3-20!) and ( X I I - 3 - 2 1 f )  d i f f e r  1513 
from t h e  co r re spond ing  r e l a t i o n s h i p s  f o r  a c y l i n d r i c a l  body on ly  
i n  t h e  v a l u e s  of  t h e  c o e f f i c i e n t s  y and v .  These v a l u e s  are  
r e p r e s e n t e d  g r a p h i c a l l y  i n  F i g .  XII-3-3. 

s m a l  

F i g u r e  X I I - 3 - 4 .  P r e s s u r e  
C o e f f i c i e n t  on S u r f a c e  of  
Cone w i t h  F l a t  B lun tness  
a t  Mm = 6 . 8 5 .  ----- coni -  
tal t h e o r y .  

l e r  on a c e r t a i n  segment t h a n  

F i g u r e  XII-3-5. Drag Coef- 
f i c i e i n t  of S l e n d e r  Cone 
w i t h  F l a t  B l u n t n e s s .  

According to ( X I I - 3 - 2 1 f ) ,  
t h e  p r e s s u r e  c o e f f i c i e n t ,  which 
i n c r e a s e s  w i t h o u t  l i m i t  a t  t h e  
forward c r i t i c a l  p o i n t ,  de- 
c r e a s e s  r a p i d l y  w i t h  i n c r e a s i n g  
d i s t a n c e  from t h e  nose .  I t s  
v a l u e s  are  s u b s t a n t i a l l y  
on t h e  s h a r p  cone. 

Th i s  e f f e c t  i s  obse rved ,  f o r  example,  on a cone w i t h  a 
s p h e r i c a l  nose .  For  comparison,  l e t  us assume t h a t  t h e  p r e s s u r e  
c o e f f i c i e n t  on t h e  s h a r p  cone i s  pc = 28' i n  accordance  w i t h  t h e  
Newton t h e o r y  and t h a t  t h e  d r a g  c o e f f i c i e n t  of t h e  s p h e r i c a l  nose 
i s  c = 1. For  k = 1 . 4 ,  t h e  c o e f f i c i e n t  v = 0 . 1 2 5 .  I n  t h i s  c a s e ,  

C 

X 

I f ,  f o r  example,  t h e  cone a n g l e  8, = 0 . 1 ,  t h e n  F/p 
= 6.25(Db/x) .  It i s  now c l e a r  tha t  t h e  p r e s s u r e  on t h e  b l u n t  
cone i s  below t h a t  on a s h a r p  cone a t  d i s t a n c e s  x > 6.25D from 
t h e  nose.. 

= 
C 

b 

I n v e s t i g a t i o n  shows t h a t  t h i s  q u a l i t a t i v e  p e c u l i a r i t y ,  which 
w e  have e s t a b l i s h e d  f o r  t h e  l i m i t i n g  case  K ,  = m, a l s o  p e r s i s t s  
a t  f i n i t e  v a l u e s  o f  K , ,  and i n  p a r t i c u l a r  when i t  i s  o f  t h e  o r d e r  
o f  u n i t y .  
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Formula (XII-3-21!) cannot  b e  used to a s c e r t a i n  t h e  t y p e  o f  
p r e s s u r e  v a r i a t i o n  ove r  t h e  e n t i r e  s u r f a c e  of t h e  cone,  b u t  i s  
s u i t a b l e  only  f o r  compara t ive ly  s m a l l  x. - 

Exper imen ta l ly  confirmed i n v e s t i g a t i o n s  i n d i c a t e  t h a t  t h e  
p r e s s u r e  c o e f f i c i e n t ,  l i k e  t he  shock i n c l i n a t i o n  a n g l e s ,  t e n d s  
a t  g r e a t e r  d i s t a n c e s  from t h e  nose to v a l u e s  de te rmined  by t h e  
c o n d i t i o n s  o f  flow around a s h a r p  cone. 

These p e c u l i a r i t i e s  o f  t h e  p r e s s u r e  d i s t r i b u t i o n  are c l e a r l y  
e v i d e n t  i n  F i g .  XII-3-4, which shows t h e  r e s u l t s  of  wind-tunnel  
t e s t s  on a f l a t - b l u n t e d  cone w i t h  t h e  a n g l e  8, = loo a t  Mm 
= 6.85.  We n o t e  t h a t  t h e  p r e s s u r e  minimum i s  reached  a t  a d i s -  
t a n c e  o f  about  1 0  b l u n t i n g  d iameters ,  and tha t  p r e s s u r e  r e c o v e r s  
to i t s  v a l u e  f o r  t h e  s h a r p  cone on a l e n g t h  about  1 0  t i m e s  
g r e a t e r .  The lower p r e s s u r e  ove r  a s u b s t a n t i a l  p a r t  o f  t h e  
b l u n t  cone may have as aconsequence  t h a t  i t  o f f e r s  less d r a g  t h a n  
a s h a r p  one.  

= 

F i g u r e  XII-3-5 p r e s e n t s  a diagram t h a t  can b e  used t o  c a l -  
c u l a t e  t h e  d r a g  of  a b l u n t  cone. W e  see from t h i s  diagram tha t  
t h e  d r a g  o f  t h e  cone r e a c h e s  a minimum a t  a c e r t a i n  cone l e n g t h .  

According to t h e  diagram o f  F i g .  XII-3-5, t h e  d rag -coe f f i -  
c i e n t  minimum i s  reached  a t  a cone l e n g t h  r a t i o  

For  example,  x/Db = 68  f o r  a cone w i t h  a s p h e r i c a l  nose  
( e x  = 1) and an  a n g l e  B c  = 0 . 1 .  

t h a n  t h a t  o f  a s h a r p  one .  When t h e  optimum l e n g t h  i s  n o t  ob- 
s e r v e d ,  t h e  d r a g  o f  s l i g h t l y  b l u n t e d  cones a t  very  h i g h  ve lo-  
c i t i e s  i s  p r a c t i c a l l y  t h e  same as t h a t  of  s h a r p  cones.  

S t u d i e s  have shown t h a t  f o r  s l i g h t l y  b l u n t e d  s l e n d e r  b o d i e s ,  
t h e  p r e s s u r e  on t h e  c o n i c a l  p a r t  i s  s u b s t a n t i a l l y  smaller  t h a n  
i t s  v a l u e  on a s h a r p  cone,  and t h a t  i t  r e c o v e r s  to t h e  sharp-cone 
v a l u e  Comparat ively s lowly  w i t h  i n c r e a s i n g  d i s t a n c e  from t h e  nose .  
However, t h e  d i f f e r e n c e  between t h e  p r e s s u r e s d e c r e a s e s  s h a r p l y  
f o r  f low around a t h i c k  cone,  and t h e  r ecove ry  p r o c e s s  i s  p r a c t i -  
c a l l y  complete n e a r  t h e  b l u n t i n g .  Experiments  i n d i c a t e  t h a t  f o r  
a s p h e r i c a l l y  b l u n t e d  40-degree cone a t  M = 6 ,  t h e  p r e s s u r e  on 
the  c o n i c a l p a r t  i s p r a c t i c a l l y  e q u a l  to i?s va lue  on a s h a r p  cone 
a t  a d i s t a n c e  o f  l i t t l e  more t h a n  one b l u n t i n g  diameter from t h e  
t o t a l - s t a g n a t i o n  p o i n t .  T h i s  i n d i c a t e s  a p r a c t i c a l  p o s s i b i l i t y  
o f  e v a l u a t i n g  p r e s s u r e  on the  c o n i c a l  p a r t  of a body on the  bas i s  
of  sharp-cone f low t h e o r y .  

The minimum d r a g  of  a b l u n t  cone i s  approximate ly  1 0 %  smaller  
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A s  f o r  t h e  s p h e r i c a l  nose and a s m a l l  neighborhood around 
i t ,  i n c l u d i n g  t h e  c o n i c a l  p a r t ,  w e  - s e e  from Fig .  XII-3-1 t h a t  
t h e  improved Newton formula 
mation o f  t h e  exper imenta l  data.  

= p o  cos2  TI g i v e s  a good approxi-  

S i m i l a r i t y  law. Arbitrary M,. The above c o n s i d e r a t i o n s  
as t o  t h e  n a t u r e  of flow around b lun ted  bodies  enable  us t o  
d e r i v e  a s i m i l a r i t y  l a w  t o  which t h e  flow around a b l u n t  cone 
i s  s u b j e c t .  

It was e s t a b l i s h e d  i n  d e r i v i n g  g e n e r a l  r e l a t i o n s h i p s  t o  
c h a r a c t e r i z e  flow around a b lun ted  c y l i n d e r  t h a t  t h i s  flow i s  
determined by  t h e  d imens ionless  parameters  of  (XII-3-7). If w e  
t a k e  a s l e n d e r  b lun ted  cone, w e  must add t h e  ang le  B c  t o  t h e  s e t  
of  parameters  t h a t  determine p r e s s u r e .  Then, as i n  t h e  case  of 
flow around a sha rp  cone, t h e  s i m i l a r i t y  parameter  K, = M m B c  must 
a l s o  be inc luded  among t h e  d imens ionless  parameters  on which t h e  
flow depends. 

These dimensionless  parameters  must determine t h e  dimen- 
s i o n l e s s  flow c h a r a c t e r i s t i c s .  If we cons ide r  p r e s s u r e ,  Newton's 

On t h e  basis of t h i s  e s t i m a t e ,  t h e  excess  p r e s s u r e  can be  d e t e r -  
mined a s  p - p, = pooV:BE@, where @ i s  a c e r t a i n  dimensionless  
c h a r a c t e r i s t i c  f o r  t h e  p r e s s u r e .  

theory  i n d i c a t e s  t h a t  t h e  excess  on t h e  cone p - p, % pooVooBc. 2 2  

Consequently, t h e  p r e s s u r e  c o e f f i c i e n t  on t h e  cone s u r f a c e  
i s  

(XII-3-22) 

where t h e  f u n c t i o n  P ,  which i s  e q u a l  t o  26 ,  i s  determined,  w i t h  
t h e  parameter  K , ,  by  t h e  dimensionless  q u a n t i t y  

(XII-3-23) 

which can be regarded as a c e r t a i n  convent iona l  r e l a t i v e  coordi-  /515 
n a t e .  Here, as we have noted ,  t h e  s e c t i o n  under i n v e s t i g a t i o n  
must be a t  l e a s t  one r a d i u s  Rb from t h e  base of t h e  b l u n t i n g .  
For b lunted  c o n i c a l  bod ie s ,  w e  s h a l l  hence fo r th  measure t h e  coor- 
d i n a t e  x a long t h e  a x i s  of  t h e  body from t h e  base of  t h e  nose,  
s o  that-x > Rb i n  t h e  c a l c u l a t i o n s .  

n a t e s  of  shock-wave p o i n t s  i s  
By analogy w i t h  (X11-3-8), t h e  s i m i l a r i t y  l a w  f o r  t h e  coordi-  
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( X I I - 3 - 2 4 )  

where d i s  a c e r t a i n  f u n c t i o n  o f  t h e  pa rame te r s  x i 1 ,  K , ,  k_. 

l a w  by s u b s t i t u t i n g  t a n  B c  f o r  t h e  a n g l e  B c .  
l a w ,  t h e  d imens ion le s s  q u a n t i t i e s  def ined  by (XII-3-22) and 
( X I I - 3 - 2 4 )  w i l l  b e  t h e  same a t  e q u a l  r e l a t i v e  c o o r d i n a t e s  x/Db i n  
flow around s l i g h t l y  b l u n t e d  cones t h a t  have d i f f e r e n t  a n g l e s  13, 
and nose diameters  D if k - and t h e  s i m i l a r i t y  pa rame te r s  

W e  can broaden  t h e  r ange  o f  a p p l i c a b i l i t y  o f  t h e  s i m i l a r i t y  
According t o  t h i s  

b 

remain t h e  same. 

The pa rame te r  K, r e f l e c t s  t h e  s p e c i f i c  p e c u l i a r i t i e s  o f  f l o w  
around t h e  b l u n t e d  cone. 

T h e  above s i m i l a r i t y  l a w  can b e  ex tended  t o  b l u n t  b o d i e s  o f  
a r b i t r a r y  shape b u t  w i t h  a f f i n e l y  modi f ied  g e n e r a t r i c e s .  I n  t h i s  
c a s e ,  i t  i s  n e c e s s a r y  t o  r e p l a c e  t h e  a n g l e  B c  w i t h  a n o t h e r  param- 
e t e r  T t h a t  c h a r a c t e r i z e s  t h e  body ' s  t h i c k n e s s  r a t i o .  

S X I I - 4 .  APPLICATION O F  METHQD OF CHARACTERISTICS TO C A L C U L A T I O N  
O F  FLOW AROUND BLUNT SOLIDS O F  REVOLUTION 

S y s t e m  o f  e q u a t i o n s  f o r  t h e  c h a r a c t e r i s t i c s .  The t h e o r e t i -  
c a l  methods s e t  f o r t h  above are  a p p l i c a b l e  t o  i n v e s t i g a t i o n  o f  
very-high-speed f lows  around b l u n t  b o d i e s .  I n  p r a c t i c a l  c a s e s ,  
i t  may b e  n e c e s s a r y  t o  c a l c u l a t e  t h e  flow i n  t h e  zone beh ind  a 
b l u n t  nose a l s o  f o r  r e l a t i v e l y  low s u p e r s o n i c  speeds .  T h i s  
c a l c u l a t i o n  can be made by t h e  method o f  c h a r a c t e r i s t i c s  i n  t h e  
r e g i o n  o f  p u r e l y  s u p e r s o n i c  f low between t h e  shock wave and t h e  
body ' s  s u r f a c e .  Here, s i n c e  t h e  shock wave i s  c u r v i l i n e a r  i n  
f r o n t  o f  a b l u n t  body, a method t h a t  t a k e s  account  o f  v o r t i c i t y  
must b e  used.  

Consequent ly ,  Eqs.  ( I V - 1 - 2 0 )  and ( IV-1-22)  f o r  t h e  c o n j u g a t e  
c h a r a c t e r i s t i c s  o f  r o t a t i o n a l  s u p e r s o n i c  f low can b e  used as t h e  
working r e l a t i o n s h i p s .  With them, w e  can c a l c u l a t e  t h e  f low 
v a r i a b l e s  n u m e r i c a l l y  f o r  a s s i g n e d  c o n d i t i o n s  i n  a c e r t a i n  re-  
g i o n  i n c l u d i n g  t h e  s u r f a c e  o f  t h e  body and t h e  shock wave. 

However, t h e  method o f  c h a r a c t e r i s t i c s  i n v o l v e s  ex t remely  
cumbersome c a l c u l a t i o n s .  They r e q u i r e d  a great  dea l  o f  t i m e ,  
and t h i s  d i scouraged  e x t e n s i v e  p r a c t i c a l  u s e  of  t h e  method. 
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With t h e  advent  of t h e  high-speed e l e c t r o n i c  computer ,  t h i s  
d e f i c i e n c y  of t h e  method o f  c h a r a c t e r i s t i c s  ceased  t o  b e  sub- 
s t a n t i a l .  At t h e  same. t ime,  i t  was found t h a t  u t i l i z a t i o n  o f  
t h e  machines t o  s o l v e  t he  c o n v e n t i o n a l  c h a r a c t e r i s t i c  e q u a t i o n s  1516 
(IV-1-20) and (IV-1-22) i s  i n e f f i c i e n t .  These e q u a t i o n s  do n o t  
adap t  f o r  machine computa t ion ,  s i n c e  t h e y  i n c l u d e  a whole s e r i e s  
o f  f u n c t i o n s  ( i n c l u d i n g  e x p o n e n t i a l  and t r i g o n o m e t r i c )  t h a t  re -  
q u i r e  a d d i t i o n a l  machine t i m e  f o r  c a l c u l a t i o n .  

Thus i t  became n e c e s s a r y  to improve t h e  method o f  c h a r a c t e r -  
i s t i c s  and adap t  i t  f o r  c a l c u l a t i o n s  on t h e  e l e c t r o n i c  computer.  
T h i s  was done by P.I. Chushkin (C681, 1 9 6 0 ,  No. 5 ) ,  who a l s o  used 
a computer t o  c a l c u l a t e  s u p e r s o n i c  f low around a number o f  coni -  
c a l  b o d i e s  w i t h  s p h e r i c a l  n o s e s .  

(IV-1-20) and (IV-1-22), i t  i s  h e l p f u l  t o  conve r t  - -  - them t_o t h e  
unknown f u n c t i o n s  a ' -  c tgp -  I \ I L - - l .  5 -  t p l i .  S 

I n  o r d e r  t o  improve t h e  e q u a t i o n s  f o r  t h e  c h a r a c t e r i s t i c s ,  

I n  p i ) ' ' ,  p -p 'p>,,  p - - p ' ( p ; . ( ~ * ~ ) .  

Then, a f t e r  t r a n s f o r m a t i o n  to t h e s e  new v a r i a b l e s ,  e q u a t i o n  
s y s t e m  (IV-1-20) and (IV-1-22) f o r  t h e  c o n j u g a t e  c h a r a c t e r i s t i c s  
i n  t h e  p h y s i c a l  and hodograph p l a n e s  i s  w r i t t e n  as f o l l o w s :  

f i r s t  f a m i l y  

d: -+ li da' -t L dr - P dS= 0; 

second f ami ly  

drl a'E-1 -=-- = n; 
d r  a'+f 

d:- 1- da' - N dx + P dS = 0, 

where 

(XII-4-1) 
(XII-4-2) 

(XII-4-3) 
(XII-4-4) 

To c a l c u l a t e  e n t r o p y ,  i t  i s  h e l p f u l  t o  e x p r e s s  i t  i n  terms 
of  t h e  stream f u n c t i o n  J, i f  (111-2-23) and t h e  r e l a t i o n  f o r  en- 
t r o p y  are  t ransformed j o i n t l y  w i t h  c o n s i d e r a t i o n  of  t h e  new 
v a r i a b l e s  a' and 5; h e r e  i t  i s  more conven ien t  to r e p l a c e  t h e  
f u n c t i o n  $ by i t s  m o d i f i c a t i o n  Y i n  accordance  w i t h  



1 - 
dY = (l ieS) dq. 

W r i t i n g  t h e  d i f f e r e n t i a l  dJI i n  t h e  form 

and r e p l a c i n g  t h e  p a r t i a l  d e r i v a t i v e s  JI, and JIr i n  accordance  
w i t h  (111-2-33),  w e  f i n d  a n  e q u a t i o n  f o r  t h e  m o d i f i e d  s t r e a m  func-  
t i o n  a f t e r  i n t r o d u c i n g  t h e  v a r i a b l e s  a' and 5 :  

( X I I - 4 - 5 )  

The e n t r o p y  S can be  found from o u r  f u n c t i o n  Y. S i n c e  w e  
are concerned w i t h  i s e n t r o p i c  f low and ,  c o n s e q u e n t l y ,  t h e  e n t r o p y  
i s  c o n s t a n t  on a g i v e n  s t r e a m l i n e  Y = c o n s t ,  w e  can  do t h i s  by  
u s i n g  t h e  r e l a t i o n  between Y and S t h a t  was o b t a i n e d  from t h e  
c o n d i t i o n s  on t h e  shock wave. 

The s y s t e m  composed o f  E q s .  ( X I I - 4 - 1 ) - ( X I I - 4 - 5 )  and t h e  
e q u a t i o n  l i n k i n g  S and Y i s  s o l v e d  n u m e r i c a l l y .  For  t h i s  pur -  
p o s e ,  each  o f  t h e  e q u a t i o n s  i s  p r e s e n t e d  i.n f i n i t e - d i f f e r e n c e  
form. 

The s o l u t i o n  p r o c e d u r e  f o r  t h e  two problems r e p r e s e n t e d  
g r a p h i c a l l y  i n  F i g .  I V - 1 - 4  i s  t h e  same as i n  t h e  o r d i n a r y  method 
o f  c h a r a c t e r i s t i c s ,  which was s e t  f o r t h  i n  Chapter  I V .  T h e  t h i r d  
problem, which i n v o l v e s  c a l c u l a t i o n  o f  t h e  p o i n t  H on t h e  shock /517 
wave (see F i g .  IX-1-11, can  b e  s o l v e d  here  as f o l l o w s .  

At p o i n t  H ,  whose p o s i t i o n  i s  n o t  y e t  known, w e  a s s i g n  a n  
a r b i t r a r y  v a l u e  of  t h e  wave i n c l i n a t i o n  a n g l e  BsH t h a t  i s  some- 
what smal le r  t h a n  a t  a n e i g h b o r i n g  p o i n t  F.  From t h e  r e l a t i o n -  
s h i p s  on t h e  shock wave, w e  t h e n  d e t e r m i n e  
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The c o o r d i n a t e s  xH and rH 
o f  p o i n t  H are found by i t e r a -  
t i v e  s o l u t i o n  o f  a s y s t e m  con- 
s i s t i n g  of  a n  e q u a t i o n  i n  t h e  
form Ax = m a r  f o r  t h e  f i r s t -  
f a m i l y  c h a r a c t e r i s t i c  and the  
e q u a t i o n  of a p a r a b o l a  r e p r e -  
s e n t i n g  wave segment FH. 

B o  

42 

401 . a5 o Mm 15 

1 0.5 3 

F B a  

The a p p r o x i m a t i o n s  are 
broken  o f f  when t h e  e q u a t i o n  
f o r  t h e  second-family c h a r -  
a c t e r i s t i c  i s  s a t i s f i e d :  

F i g u r e  X I I - 4 - 1 .  D i s t r i b u t i o n  
o f  Variables  Over Thickness  
o f  Shock L a y e r .  - ) e x a c t  
s o l u t i o n ;  0 0 0 )  Formula The m o d i f i e d  stream func- 
( X I I - 4 - 7 ) ;  S/R i s  the r a t i o  t i o n  
o f  e n t r o p y  to t h e  gas con- 
s t a n t .  

4- LA- (r,I - rs) - PA- (S, - S.,-) = 0. 

i s  de termined  from t h e  p a r a m e t e r s  found a t  p o i n t  H. 

B o u n d a r y  c o n d i t i o n s .  To a p p l y  t h e  above method o f  c h a r -  
a c t e r i s t i c s  f o r  c a l c u l a t i o n  o f  t h e  s u p e r s o n i c  p a r t  o f  f low around 
a b l u n t e d  s o l i d  of  r e v o l u t i o n ,  i t  i s  n e c e s s a r y  to know t h e  param- 
e t e r s  on some boundary c u r v e .  I f  t h e y  are known, w e  c a n  deter-  
mine t h e  p a r a m e t e r  f i e l d  i n  t h e  r e g i o n  between t h i s  c u r v e ,  t h e  
s u r f a c e  of  t h e  body, and the  compression shock;  t h e  compression-  
shock g e n e r a t r i x  i s  p l o t t e d  p r o g r e s s i v e l y  d u r i n g  t h e  s o l u t i o n .  
I f  w e  are c o n s i d e r i n g  a body w i t h  a s p h e r i c a l  n o s e ,  t h e  i n i t i a l  
data may b e  known on t h e  normal  segment AB t o  t h e  s p h e r i c a l  s u r -  
f a c e ,  which i s  s i t u a t e d  i n  t h e  c o m p l e t e l y  s u p e r s o n i c  l a y e r  n e a r  
t h e  " s o n i c "  l i n e  CD ( F i g .  X I I - 4 - 1 1 .  These data  are  de termined  
by v a r i o u s  methods.  One o f  t h e  most e x a c t ,  f o r  example,  i s  t h e  
method of  i n t e g r a l  r e l a t i o n s  s e t  f o r t h  e a r l i e r .  

The f o l l o w i n g  approximate  method may a l s o  be used .  F i r s t ,  
a shock-wave g e n e r a t r i x  i s  c o n s t r u c t e d  around t h e  s p h e r i c a l  nose  
i n  accordance  w i t h  t h e  e q u a t i o n  r 2  = 2Rs0(x + s o > .  

t r a r y  p o i n t  A i s  s e l e c t e d  n e a r  t h e  " s o n i c "  p o i n t  on t h e  s p h e r e ,  
and normal AB to t h e  nose  s u r f a c e  i s  drawn t h r o u g h  i t  ( F i g .  /518 

Then a n  arbi-  



X I I - 4 - 1 ) .  Now t h e  d i s t r i b u t i o n  of  a c e r t a i n  pa rame te r  a l o n g  t h e  
normal can be  a s s i g n e d  by t h e  polynomia l  

( x I I - 4 - 6 )  

where 7 = y/s  and g i s  t h e  t h i c k n e s s  of t h e  shock l a y e r  i n  t h e  
s e c t i o n  cons ide red .  T h e  independent  v a r i a b l e  5 v a r i e s  from z e r o  
a t  t h e  w a l l  to u n i t y  on t h e  shock wave. 

For  h i g h  enough v e l o c i t i e s  and,  
consequen t ly ,  s m a l l  shock- layer  t h i c k -  
n e s s e s ,  w e  may l i m i t  t h e  polynomia l  
to t h r e e  terms and t a k e  

.- - 
11 (10 ;- ~ , I J  -i ~L~IJ’. 

. .  O E 

T h e  unknown c o e f f i c i e n t  a,, i s  
de termined  from t h e  c o n d i t i o n  a t  t h e  
w a l l  a t  7 = 0 .  Here t h e  pa rame te r s  
on t h e  w a l l  are c a l c u l a t e d  approx i -  
mate ly  by  t h e  improved Newton t h e o r y  
or are found e x p e r i m e n t a l l y .  

Fi-gure X I I - 4 - 2 .  N e t  of  
C h a r a c t e r i s t i c s  for 
Blunted  Cone. 

The o t h e r  two c o e f f i c i e n t s  are  de te rminedby  u s i n g  t h e  shock- 
wave c o n d i t i o n  f o r  y = 1, where t h e  pa rame te r s  are found from t h e  
a n g l e  O s  of  i t s  i n c l i n a t i o n  a t  p o i n t  B and from Mm, as w e l l  as 
the- known v a l u e  o f  t h e  d e r i v a t i v e  all/ay a t  t h e  p o i n t  B(y = 1) or 
A(y  = 0 ) .  Knowledge o f  t h i s  d e r i v a t i v e  e n a b l e s  us t o  f i n d  t h e  
c o e f f i c i e n t  a ,  i n  t h e  form a ,  = ( a I I / a y ) ~ , ~ .  

t h e  d i s t r i b u t i o n  of  c e r t a i n  pa rame te r s ,  i n c l u d i n g  M ,  B ,  and t h e  
d imens ion le s s  e n t r o p y  S/R; as w e  see ,  d a t a  o b t a i n e d  w i t h  t h e  
p a r a b o l i c  r e l a t i o n  ( X I I - 4 - 7 1  a g r e e  w i t h  them c l o s e l y .  

mine t h e  i n i t i a l  d a t a  a l o n g  t h e  s e l e c t e d  normal .  For  t h i s  pur-  
pose ,  a t i g h t  row o f  p o i n t s  i s  t a k e n  a l o n g  an a r b i t r a r y  a r c  EF 
of t h e  a s s i g n e d  shock wave ( F i g .  X I I - 4 - 1 ) .  S i n c e  t h e  pa rame te r s  
a re  known a t  each  of  t h e s e  p o i n t s ,  t he  e q u a t i o n s  f o r  t h e  char -  
a c t e r i s t i c s  can be used.  By s o l v i n g  them, w e  f i n d  a n e t  of  char -  
a c t e r i s t i c s  a t  whose p o i n t s  t h e  f low v a r i a b l e s  have become known 
i n  t h e  r e g i o n  between a r c  EF and t h e  con juga te  c h a r a c t e r i s t i c s  
EA and FA. The pa rame te r s  can b e  found a l o n g  t h e  normal from 
t h e s e  data.  The r e s u l t s  shown i n  F i g .  X I I - 4 - 1  were o b t a i n e d  i n  
p r e c i s e l y  t h i s  manner. 

F i g u r e  X I I - 4 - 1  shows t h e  r e s u l t s  o f  an e x a c t  c a l c u l a t i o n  of  

The method o f  c h a r a c t e r i s t i c s  can b e  used d i r e c t l y  to d e t e r -  
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Calcu la t ion  procedure a n d  c e r t a i n  r e s u l t s .  Now t h a t  a row 
of p o i n t s  a t  which t h e  parameters are known has been  e s t a b l i s h e d  
a l o n g  ou r  s e l e c t e d  normal ,  w e  can  use  t h e  e q u a t i o n s  f o r  t h e  cha r -  
a c t e r i s t i c s  i n  f i n i t e - d i f f e r e n c e  form. As a r e s u l t  o f  s u c c e s s i v e  
a p p l i c a t i o n  of  these  e q u a t i o n s ,  t h e  pa rame te r s  are  c a l c u l a t e d  by 
i t e r a t i o n  a t  p o i n t s  o f  t h e  row n e x t  to t h e  normal.  Here, one o f  
t h e  p o i n t s  of t h e  row, t h e  uppermost one,  l i e s  a t  t h e  i n t e r s e c -  
t i o n  of t h e  f i r s t - f a m i l y  c h a r a c t e r i s t i c  and t h e  shock-wave s u r -  
f a c e ,  and a n o t h e r ,  t h e  lowermost,  a t  t h e  i n t e r s e c t i o n  o f  t h e  
second-family c h a r a c t e r i s t i c  and t h e  body’s  g e n e r a t r i x .  All 
o t h e r  p o i n t s  l i e  a t  t h e  i n t e r s e c t i o n s  of  con juga te  c h a r a c t e r i s -  
t i c s  emanat ing from a d j a c e n t  p o i n t s  on t h e  normal.  

Then t h e  c o o r d i n a t e s  of p o i n t s  i n  t h e  nex t  row are found i n  
a s imilar  f a s h i o n ,  t h e  parameters a t  t hese  p o i n t s  are  c a l c u l a t e d ,  
and s o  f o r t h .  T h i s  method w a s  used on a computer t o  c a l c u l a t e  
f lows around a se r ies  o f  s p h e r i c a l - n o s e d  cones a t  v a r i o u s  ve lo-  
c i t i e s .  The cone a n g l e s  were B = 0 ,  2 0 ,  30,  and 4 0 ° ,  and t h e  

48 i n t e r v a l s .  I n  F i g .  X I I - 4 - 2 ,  w e  have c o n s t r u c t e d  t h e  scheme 
of  t h e  f low around a b l u n t e d  cone w i t h  a n g l e  B e  = 20’ at M, = 

= 6 ;  t h i s  w i l l  g i v e  a n  idea  of  t h e  shape  of  t h e  shock-wave genera-  
t r i x  l and t h e  c h a r a c t e r i s t i c  n e t  2 .  Also shown i s  t h e  f i r s t -  
f a m i l y  c h a r a c t e r i s t i c  FE emanat ing  from t h e  p o i n t  a t  which t h e  
sphe re  meets t h e  cone and bounding t h e  p a r t  o f  t he  f low t h a t  i s  
shaped i n  flow around t h e  s p h e r i c a l  nose and behind  which f low 
governed n o t  on ly  by t h e  s p h e r e ,  b u t  a l s o  by t h e  main p a r t  o f  
t h e  body b e g i n s .  

M, = 3 ,  4, 6 ,  1 0 ,  and m. Norma? segment AB was broken  up i n t o  1519 

Thus, c h a r a c t e r i s t i c  FE i s  ana lo -  
gous to K S  (see F i g .  I X - 1 - l ) ,  which 
s e p a r a t e s  c o n i c a l  f low from t h e  f low 

f a c e .  

P :,kF; ; -1 , _ _ _  .. __  . - t h a t  ar ises  around a c u r v i l i n e a r  s u r -  

62 j M g 4  - - -E -  F i g u r e  XII-4-3 shows t h e  p r e s s u r e  
d i s t r i b u t i o n  on a s p h e r i c a l l y  b l u n t e d  

01 ~ 
cone w i t h  t h e  a n g l e  B e  = 20° as com- 
p u t e d  by t h e  method of c h a r a c t e r i s t i c s  

D 4 8 X h b  on an  e l e c t r o n i c  machine f o r  t h r e e  
M m .  The dashed l i n e s  i n d i c a t e  t h e  

F i g u r e  XII-4-3. P r e s -  p r e s s u r e s  on sha rp  cones f o r  compari- 
s u r e  D i s t r i b u t i o n  on s o n .  As w e  see,  b l u n t n e s s  lowers  t h e  
G e n e r a t r i x  o f  Blunted  p r e s s u r e  on a c e r t a i n  l e n g t h ,  w i t h  t h e  
Cone. ----- p r e  s s u r e  r e l a t i v e  change i n c r e a s i n g  w i t h  Ma. 
on s h a r p  cone. 

t h e  f low around t h e  p e r i p h e r a l  p a r t  of 
a b l u n t  body i s  p r a c t i c a l l y  no d i f f e r e n t  from t h e  f low around a 
s h a r p  cone. T h i s  i n d i c a t e s  t h e  p o s s i b i l i t y  o f  c a l c u l a t i n g  t h e  
d r a g  o f  a b l u n t  cone i n  approximat ion  by adding  t h e  d r a g s  o f  t h e  

- 

03 -j Po’ I 
1 . ,+% :.. 

A t  moderate  v e l o c i t i e s ,  t h e r e f o r e ,  
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nose and t h e  p e r i p h e r a l  p a r t  o f  t h e  cone,  on which t h e  p r e s s u r e  
i s  assumed t o  be t h e  same as on t h e  sharp-cone s u r f a c e .  

The same i n f e r e n c e  can a l s o  b e  drawn w i t h  r e s p e c t  to a t h i c k -  
ened b l u n t  body, on which t h e  p r e s s u r e  d i s t r i b u t i o n  a t  any speed  
d i f f e r s  l i t t l e  on t h e  main segment from t h e  co r re spond ing  d i s -  
t r i b u t i o n  on t h e  s h a r p  body. Needless t o  s a y ,  a s m a l l  ne ighbor-  
hood o f  t he  p e r i p h e r a l  s u r f a c e  d i r e c t l y  a d j a c e n t  t o  t h e  nose ,  
where t h e  p r e s s u r e  may va ry  s u b s t a n t i a l l y ,  must be exc luded  from 
t h i s  a n a l y s i s .  

S X I I - 5 .  INFLUENCE OF ATTACK ANGLE 

I n v e s t i g a t i o n  o f  nonaxisymmetr ic  f low around b l u n t  cones i n -  
d i c a t e s  t ha t  t h e  b a s i c  p e c u l a r i t i e s  a s s o c i a t e d  w i t h  t h e  p r e s s u r e  
change a l o n g  g e n e r a t r i c e s  l y i n g  i n  d i f f e r e n t  m e r i d i o n a l  p l a n e s  
a re  t h e  same as a t  z e r o  a n g l e  of a t t a c k .  T h i s  i s  e v i d e n t ,  f o r  
example, from t h e  e x p e r i m e n t a l  r e s u l t s  o b t a i n e d  f o r  a cone w i t h  
a s p h e r i c a l  nose a t  Mm = 5 .8  and a t t a c k  a n g l e s  a = 4 and 8" ( F i g .  
X I I - 5 - 1 ) .  The p r e s s u r e  d e c r e a s e s  g r a d u a l l y  a f t e r  t h e  c r i t i c a l  
p o i n t  on t h e  lower  and upper  g e n e r a t r i c e s ,  r e a c h i n g  a minimum a t  
a c e r t a i n  d i s t a n c e  from t h e  nose .  It  t h e n  i n c r e a s e s  to v a l u e s  
n e a r  t h o s e  observed  i n  f low around a s h a r p  cone.  Exper imenta l  
i n v e s t i g a t i o n s  have shown t h a t  f o r  a < 4-5", t h e  p r e s s u r e  d i s -  
t r i b u t i o n  can be approximated ra ther  w e l l  by t h e  e q u a t i o n  

D 

F i g u r e  XII-5-1. P r e s s u r e  on S p h e r i -  
c a l l y  Blunted  Cone i n  Flow a t  an  an- 
g l e '  o f  a t t a c k .  ----- ) s h a r p  cone 
( t h e o r y ) ;  A )  f o r  upper  g e n e r a t r i x ;  
B )  f o r  lower  g e n e r a t r i x .  

Here t h e  c o e f f i c i e n t s  
B ,  C ,  and D are  indepen-  
d e n t  o f  a t t a c k  a n g l e ,  and 
hence t h e  r e s u l t s  o f  meas- 
urement o r  c a l c u l a t i o n  o f  / 520  
t h e  p r e s s u r e  d i s t r i b u t i o n  
a l o n g  t h r e e  a r b i t r a r y  
g e n e r a t r i c e s  o f  t h e  body 
a t  a g iven  a n g l e  o f  a t t a c k  
can be used to de te rmine  
t h e m .  

Equa t ion  ( X I I - 5 - 1 )  
i s  s i m p l i f i e d  i f  t h e  
a t t a c k  a n g l e s  are s o  s m a l l  
t h a t  t h e  t e r m  a 2 D  can b e  
d i s r e g a r d e d .  Then t h e  
two c o e f f i c i e n t s  B and C 
i n  ( X I I - 5 - 1 )  must be de- 
t e rmined ,  and t h i s  can be 
done b y  u s i n g  data f o r  
t h e  p r e s s u r e  on 
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generatrices in the y = 0 and y = 7~ planes. For very small a, 
we can limit (XII-5-11 to the second term and assume 

(XII-5-2) - -  
p = pa-0 - UB COS y. 

SXII-6. THE NEWTON METHOD 

Calculation of the aerodynamic coefficients of solids of 
revolution with blunt curvilinear noses in hypersonic flow can 

Figure XII-6-1. Scheme of Flow Calculation 
fo; Blunt Cone by Newton Method. 

be based on the improved Newton formula (X-3-1) for the pressure. 

Determination of the boundaries of the "shaded" zone for a 
given body shape is an essential element'in the calculation. Let 
us consider a body in the form of a spherical-nosed cone (Fig. 
XII-6-1). The generatrix takes the form of an arc of a circle on / 5 2 l  
segment 0 < x < x x - < Rc is a straight line 
with the equations 

and on segment xc - C' - 

(XII-6-1) 

where xc and rc are the coordinates of the joint between the 
sphere and the cylinder. 

We see from Fig. XII-6-1 that rc = Rb cos BC;' xc = 

= Rb(l - sin 8,). As a characteristic of the bluntness, we can 
introduce the ratio a = Rc/R;, where R k  = rmid/tan Bc is the 
length of the unblunted cone. As anotherbluntness parameter, it 
i s  helpful to consider the radius ratio Rb = Rb/rmid, which, as 
we see from Fig. XII-6-1, is equal to 



(XII-6-2) 

Assume t ha t  w e  are concerned w i t h  t h e  most g e n e r a l  c a s e  of 
f low,  i n  which t h e  "shaded" zone cove r s  p a r t  o f  t h e  c o n i c a l  s u r -  
f a c e  Snd t h e  s p h e r e .  Its boundary i s  de termined  from t h e  condi-  
t i o n  p = 0 ,  which g i v e s  cos  y = t a n  B/tan a. On t h e  s p h e r e ,  
t h e  boundary curve  i s  a c i r c l e  of r a d i u s  R b y  whose p l a n e  i s  i n -  
c l i n e d  t o  t h e  z -ax i s  a t  an  a n g l e  a (see F i g .  X I I - 6 - 1 ) .  On t h e  
cone,  t h e  boundary of  t h e  "shaded" zone i s  de te rmined  by t h e  
e q u a t i o n  cos y 

i n  f r o n t  of  t h e  p o i n t  w i t h  c o o r d i n a t e  xa = R b ( l  = s i n  a) i s  com- 
p l e t e l y  i n s i d e  t h e  f low,  and ,  consequen t ly ,  yc = 0 .  

Formula (X-3-5) : 

e C 

= t a n  Bc/tan a = c o n s t .  T h e  p a r t  of t h e  s p h e r e  
C 

T h e  a x i a l - f o r c e  c o e f f i c i e n t  i s  de termined  as fo l lows  w i t h  

The f u n c t i o n  A I  cor responds  t o  t he  f u l l - f l o w  zone a t  t h e  
s p h e r i c a l  nose and i s  de termined  from (X-3-6) f o r  y = 0 .  The 

v a l u e  o f  t a n  B = dr /dx  = ( R b  - x ) / r .  
i n t e g r a l  i n  (XI1-6-3) ,  Expres s ion  (X-3-6),  i n  which w e  s e t  y = 

= a r c  cos  ( t a n  @ / t a n  a )  and t a n  B = ( R b  - x ) / r  shou ld  be sub- 
s t i t u t e d  f o r  A, (yc) ,  t h e r e b y  t a k i n g  t h e  i n f l u e n c e  of  t h e  "shaded" 

zone on t h e  s p h e r i c a l  nose i n t o  accoun t .  T h e  t h i r d  i n t e g r a l  i s  
s i m p l e s t  t o  e v a l u a t e ;  i t  cor responds  to t h e  c o n i c a l  segment,  f o r  
which w e  must s e t  yc = a r c  cos t a n  Bc/tan a ;  A,(yc )  = c o n s t ;  
t a n  B = t a n  B c  = c o n s t  and s u b s t i t u t e  f o r  r - i n  accordance  w i t h  

t h e  second r e l a t i o n  of  (XII-6-1:. Having e v a l u a t e d  t h e  i n t e g r a l s  
i n  ( X I I - 6 - 3 1 ,  w e  o b t a i n  f o r  t h e  a x i a l - f o r c e  c o e f f i c i e n t  

C 
To e v a l u a t e  t h e  second 

C 

( X I I - 6 - 4 )  

where c 1  i s  t h e  c o e f f i c i e n t  o f  t h e  a x i a l  f o r c e  a c t i n g  on t h e  un- 
b l u n t e d  cone:  
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The parameter  Ac, determines t h e  a d d i t i o n a l  component of 
t h e  a x i a l - f o r c e  c o e f f i c i e n t  due t o  b l u n t n e s s :  

The angle  yc i s  determined from t h e  t a p e r  ang le  b y  t h e  f o r -  
mula cos y c  = t a n  Bc/tan a .  

c o e f f i c i e n t  i s  

I f  B c  2 a ,  t h e r e  i s  no "shaded" zone 
on t h e  body, and hence t h e  angle  y c  = 0 and t h e  a x i a l - f o r c e  /522 

F igure  XII-6-2. Axial-  F igure  XII-6-3. Axial-Force 
Force C o e f f i c i e n t  of C o e f f i c i e n t  of  Blunted Cone 
Blunted Cone, Calcu- Ca lcu la t ed  b y  Newtonian 
la ted  by  Newtonian Theory ( c i r c u l a r  onflow).  
Theory ( z e r o  a t t a c k  
angle  ) . 

For axisymmetric f low,  i t  i s  necessary t o  s e t  a = 0 and 
= 0 i n  t h e  above expres s ions .  F igure  XII-6-2 shows t h e  r e -  

Y C  
s u l t s  of c a l c u l a t i o n  of c f o r  t h i s  case .  For  t h e  unblunted 
cone, Rb = 0 .  

a x i a l - f o r c e  c o e f f i c i e n t  f o r  c i rcu lar -onf low cond i t ions .  F igure  
XII-6-3 shows t h e  corresponding c a l c u l a t e d  r e s u l t s  f o r  13, = 1 5 O  

RP 
Formula ( X I I - 6 - 4 )  enables  us t o  determine t h e  



- 
and % = 0 . 9  and 0 .6 .  
i . e . ,  on a f l a t  f a c e  (at t h e  t o t a l - s t a g n a t i o n  p o i n t ) .  

(XII -6-3)  also as t h e  sum of t h r e e  components. Remembering 
(X-3-36), w e  wr i te  

c w a s  assumed equa l  to 2 f o r  a = 1 8 0 ° ,  
RP 

The normal-force c o e f f i c i e n t  i s  determined b y  analogy wi th  

xa Xb 'b 

cs,-p = - miid - 2  {l B ( y , ) r ~ z i - S B ( y , ) r d z i - S B ( y , ) r d x ) .  (XII -6-8)  
0 xa X b  

The f u n c t i o n  B(yc) f o r  each of  t h e  t h r e e  i n t e g r a t i o n  seg- 
ments i s  determined from (X-3-37), us ing  t h e ' r e s p e c t i v e  va lues  
yc = 0 ,  y c  = a r c  cos ( t a n  B/tan a) and y c  = a r c  cos ( t a n  @,/tan a). 
A f t e r  e v a l u a t i n g  t h e  i n t e g r a l s  and r e a r r a n g i n g ,  we o b t a i n  

where c p  i s  t h e  normal-force c o e f f i c i e n t  of a sha rp  cone; 

c2 = cos2fic sin 2% [ (1 -E) +- 3.7. 1 sin y,  (tgp, c t g a +  2 ctgp, t g a ) ]  . (XII-6-10 

The q u a n t i t y  Acp determines t h e  dec rease  i n  normal f o r c e  
c o e f f i c i e n t  owing to t h e  s p h e r i c a l  nose:  

A c ~  7 ~2 COS' p, -t cg, (XII-6-11)  

where 
sin 

s in 2(J,, [5sii i2a+sin2fi ,  (1 -3sin2aJ. (XII-6-12)  , i s iny,  
' 6  ;r 
--___ 

I n t h e  absence of a "shaded" zone (a f B c ) ,  t h e  angle  y c  = 0 /523  
and 

The i n f l u e n c e  of a c y l i n d r i c a l  segment on t h e  c o e f f i c i e n t  
c i s  t aken  i n t o  account  by  adding Ac = ( 1 6 / 3 ~ ) A ~  s i n 2  a. 
Figure  XII-6-4 shows c a l c u l a t e d  r e s u l t s  f o r  t h e  normal f o r c e  

NP NP 
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c o e f f i c i e n t  accord ing  t o  
( X I I - 6 - 9 ) .  It i s  noted  t h a t  t h e  
c y l i n d r i c a l  segment i n c r e a s e s  
the maximum of  c . 

C 
l'. 

NP 
10 Using (X-3-55), w e  can 

c a l c u l a t e  t h e  moment c o e f f i -  
c i e n t  by r e p r e s e n t i n g  each i n t e -  
g r a l  i n  t h i s  formula as a sum 

45 of  t h r e e  i n t e g r a l s :  t h e  f i r s t  
corresponding t o  t h e  s u r f a c e  
zone from 0 t o  x t h e  second 
ex tending  from x t o  xb, and 
t h e  t h i r d  from xs t o  R b .  

F igure  X I I - 6 - 4 .  Normal-Force aRg(a + R b )  i n  t h e  denominator 
C o e f f i c i e n t  of Blunted Cone should be r ep laced  by  ariidRb. (8, = 15O). - without  
c y l i n d r i c a l  p a r t ;  ----- w i t h  A f t e r  t h e  c a l c u l a t i o n ,  we 
c y l i n d r i c a l  p a r t  o f  l e n g t h  have 

a'  
a 

The I! 20 40 60 80 f00 120 140 160~~%" 

0 .  334dmid* 
- - 

( X I I - 6 - 1 4 )  2 s i n 2 a  1-1  J)Z,* = -- - c2+Rgc4. 
3 i  1 

Here 

- 
The parameter R = R b / R i  and t h e  c o e f f i c i e n t s  c p  and c g  a r e  g iven  
by ( X I I - 6 - 1 0 )  and (x11-6-12), r e s p e c t i v e l y .  I n  t h e  absence of a 
"shaded" zone, yc = 0 and 

. -  - cosspc - ( i  - I )  + R; - 1 2 
mzp = 1 cos? p, sin 2a [ 3COS2f lc  (2-3sinpc)]. (XII -6-16)  

s u r e  
case  

w e  f i n d  t h e  c e n t e r  of  pres -  
NP ' From t h e  va lues  of m and c 

c o e f f i c i e n t  c = x  /fib = m Z p / C N p -  I n  t h e  p a r t i c u l a r  
i n  which t h e r e  i s  no "shaded" zone ( y e  = 0 ) '  we f i n d  from 

Z P  

C O P  c 9P 

(XII-6-16) and (XII-6-13) 

2 - - coc3p 
(2-3sinflC) ~- 3c0s2pc (1 --I) +";= 

CCeP =: -- - (XII-6-17) - (  1 1 - - 7 COS2j3, ) 



- - 
C O P  

For a shary cone (Kb = 0 ) ,  w e  o b t a i n  t h e  expres s ion  c 
= 2 / ( 3  cos 8,) 

Cylinder with hemispherical nose. I n  t h e  case  of flow around 
a c y l i n d e r  w i t h  a nose of a g iven  shape,  e . g . ,  a hemisphere,  t h e  
"shaded" zone w i l l  a l w a y s  cover h a l f  of t h e  c y l i n d r i c a l  s u r f a c e  
a t  any a t t a c k  a n g l e ,  and, consequent ly ,  y, = ~ / 2 .  A t  t h e  nose ,  
t h e  "shaded" zone begins  a t  t h e  p o i n t  ( i n  t he  y = 0 p l a n e )  a t  
which t h e  ang le  B = a and covers  t h e  downstream p a r t  o f  t h e  h e m i -  
sphere  between a p lane  i n c l i n e d  to t h e  r - a x i s  a t  an ang le  c1 and 

f o r  a c y l i n d e r  w i t h  a hemisphe r i ca l  nose 
t h e  forward base of t h e  c y l i n d e r .  C a l c u l a t i o n s  i n d i c a t e  t ha t  /524 

where A b  = Rb/(2rmid)  i s  t h e  s l ende rness  r a t i o  of t h e  body. 

above were found on t h e  basis of t he  o rd ina ry  Newton formula,  
accord ing  t o  which t h e  excess  p r e s s u r e  on a s u r f a c e  element t h a t  
forms an angle  a with  t h e  normal t o  the  v e c t o r  v, i s  $ - p, - 
= p,Vi cos a ,  and t h e  p r e s s u r e  c o e f f i c i e n t  p = 2 cos a. I n  
flow around a cone o r  any o t h e r  body wi th  a s p h e r i c a l  nose a t  a 
s m a l l  angle  of a t t a c k ,  t h e  t o t a l - s t a g n a t i o n  p o i n t  1 i e s . o n  t h e  sphe re ,  
and t h e  improved Newton formula ( X - 3 - 1 )  can be used to c a l c u l a t e  
t h e  flow around t h e  b lun ted  body. The corresponding expres s ions  
f o r  t h e  aerodynamic c o e f f i c i e n t s  can be obta ined  from ( X I I = 6 - 7 ) ,  
(X11-6-13), and ( X I I - 6 - 1 6 )  by i n t r o d u c i n g  t h e  c o e f f i c i e n t  p o  and 
assuming s m a l l  a :  

Application of improved Newton formula. The  r e s u l t s  given 

- 
2 

On t r a n s i t i o n  to a sha rp  cone, i t  i s  necessary  t o  s e t  E = 0 b i n  t h e s e  formulas and s u b s t i t u t e  e ( k )  f o r  Po i n  accordance 
w i t h  (X-3-3). 
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For a c y l i n d e r  w i t h  a hemispher ica l  nose,  use of t he  i m -  
proved Newtonian theory  l e a d s  not  t o  Formulas (XII-6-18)- 
(XII-6-20), bu t  to t h e  expres s ions  

( X I I - 6 - 2 4 )  - 
-po: 

C R p -  2 9 

- 
(XII-6-25) 

a 

I2.Q = - '(O [ 1+K(2hb-1)a a; 

m z p = F  [i +- 3n (43.2,- 1) a]  %. 
1 - 8  

2 - 
(XII -6-26)  

S X I I - 7 .  FLOW AROUND BLUNT BODIES OF CURVILINEAR SHAPE 

The genera l  solution. The problem of flow around b l u n t  
bodies  w i t h  c u r v i l i n e a r  g e n e r a t r i c e s  can be so lved  on t h e  basis 
of t h e  l a w  of p l ane  s e c t i o n s ,  a m a n i f e s t a t i o n  of  which i s  t h e  
analogy w i t h  nonsteady motion of a gas  d r iven  by a c y l i n d r i c a l  
p i s t o n .  

A s  we know, t h i s  one-dimensional motion i s  desc r ibed  i n  
g e n e r a l  form by t h e  s y s t e m  of equa t ions  (XII-3-2')  and (XII-3-3 ' ) .  
Following G . G .  Chernyy [38] ,  we f i n d  t h e  s o l u t i o n  of t h e  equa- 
t i o n s  by expanding t h e  unknown f u n c t i o n  i n  power se r ies  i n  
6 = ( k  - l ) / ( k  + 1). For t h e  gas  v a r i a b l e s  behind t h e  shock wave, 
t h e s e  r e l a t i o n s h i p s ,  and Formula (111-4-12)  f o r  t h e  p r e s s u r e  i n  

With i n c r e a s i n g  v e l o c i t y ,  t h i s  q u a n t i t y  becomes s m a l l e r ,  r each ing  
p,/p2 = 6 i n  t h e  l i m i t i n g  case  w i t h  M, -t 03 and k = c o n s t .  

shock, t hen  p,/p2 w i l l  be s m a l l e r .  Thus, a l a y e r  of  compressed 
gas  i n  which t h e  d i s t u r b e d  v a r i a b l e s  a r e  of t h e  same o r d e r  of 
magnitude a s  d i r e c t l y  behind t h e  wave, i . e . ,  t h e y  a l s o  have as a 
de termining  parameter  t h e  r a t i o  of d e n s i t i e s  i n  t h e  oncoming flow 
and i n  t h e  undis turbed  l a y e r ,  forms nea r  t h e  shock-wave s u r f a c e .  
The h ighe r  the v e l o c i t y ,  t h e  more i n t e n s e  t h e  wave and the  t h i n n e r  
t h e  l a y e r  i n  which compression t a k e s  p l a c e .  

p a r t i c u l a r ,  a r e  expressed  i n  terms of  t h e  d e n s i t y  r a t i o  p, /p2 .  /525 

If  we cons ide r  physicochemical  t r ans fo rma t ions  behind t h e  

T h i s  d i s t u r b e d  r e g i o n  o f  t h e  gas  behind t h e  wave can be r e -  
garded as a k ind  of  boundary l a y e r  of  t h e  wave, one i n  which most 
of t h e  change i n  gas  p r e s s u r e  occur s .  I n  t h e  l i m i t i n g  case  i n  
which t h e  compression i n  t h i s  l a y e r  i s  i n f i n i t e ,  i . e . ,  p,/p2 = 0 ,  

and ag rees  w i t h  t h e  va lue  ob ta ined  from t h e  Newtonian theo ry .  
The l a y e r  t h i c k n e s s  becomes i n f i n i t e s i m a l .  

t h e  excess  gas p r e s s u r e  behind t h e  wave i s  p2  - p, - - p,V: s i n 2  fi 

I n  r e a l  ca ses  of  f low,  t h e  p r e s s u r e  d i f f e r s  from t h e  l i m i t -  
i n g  va lue ,  and t h e  parameter  p,/p2 i s  t h e  c r i t e r i o n  of  t h i s  d i f -  
f e r ence .  The above impl i e s  t ha t  t h e  p o s s i b i l i t y  of f i n d i n g  t h e  
s o l u t i o n  t o  t h e  problem of  gas  flow i n  a t h i n  l a y e r  n e a r  t h e  wave 



i n  t h e  form of power s e r i e s  i n  t h e  parameter  6 = p,/p2. It can 
be seen  from t h e  formulas g iven  i n  $111-4  t ha t  t h e  gas v a r i a b l e s  
behind the shock wave a r e  determined by  p r e c i s e l y  t h i s  s m a l l  
parameter .  

(X11-3-4), we p r e s e n t  i t s  s o l u t i o n  i n  t h e  form of t h e  s e r i e s  
Taking the  system of equa t ions  ( X I 1 - 3 - 2 I ) ,  (XI1-3-3I), and 

PO r = r o + 6 r l +  . . .; p-po-F6pi + . . .; p =,+ pi + . . . . (XII-7-1) 

In t roduc ing  t h e  ser ies  i n t o  t h e s e  equa t ions  ,and denot ing  
&,/at=;,; a2ro/at2=;',, w e  o b t a i n  t h e  equa t ion  system 

which s e r v e s  for determina t ion  of  t h e  form of  t h e  func t ions  r o ,  
p o ,  and p o .  I n t e g r a t i n g  t h e  equa t ions ,  we f i n d  

where r o ( t ) ,  P ( t ) ,  b(m) are a r b i t r a r y  f u n c t i o n s .  

The  same s u b s t i t u t i o n  g ives  t h e  equa t ion  system 

( X I I - 7 - 4 )  

which t h e  func t ions  r l , . p l ,  and p 1  s a t i s f y .  
equat ions  g i v e s  expres s ions  f o r  t h e s e  f u n c t i o n s :  

I n t e g r a t i o n  of t h e  

where r f ( t ) ,  p f ( t )  and g l (m)  a r e  a r b i t r a r y  func t ions  and m* i s  
the  lower l i m i t  o f  t h e  i n t e g r a l s ,  which i s  a l s o  chosen a rb i t ra r -  
i l y .  
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The c o n d i t i o n s  on t h e  shock wave and on t h e  p i s t o n  s u r f a c e  / 5 2 6  
shou ld  be used t o  de t e rmine  t h e  a r b i t r a r y  f u n c t i o n s .  The con- 
d i t i o n s  on t h e  shock wave moving a t  v e l o c i t y  D r e l a t i v e  t o  t h e  
u n d i s t u r b e d  f low take t h e  form 

(XII-7-6 ) 

E x e r c i s i n g  o u r  freedom of  cho ice  of  t h e  a r b i t r a r y  f u n c t i o n  

Then t h i s  
r o ( t ) ,  w e  take one t h a t  co r re sponds  t o  t h e  l a w  of  p r o p a g a t i o n  o f  
t h e  shock wave, i . e . ,  w e  s e t  i t  e q u a l  to ro  = r s ( t ) .  
p r o p a g a t i o n  v e l o c i t y  w i l l  b e  D = a r  / a t  = FS. 
obv ious ly  makes t h e  f u n c t i o n  r l  = 0 on t h e  shock wave. The con- 
d i t i o n s  t h a t  t h e  o t h e r  terms i n  t h e  expans ions  must s a t i s f y  on 
t h e  shock wave w i l l  b e  o b t a i n e d  i f  Expres s ions  (XII-7-6) f o r  
ps and ps are s e t  e q u a l  t o  t h e i r  r e s p e c t i v e  v a l u e s  p r e s e n t e d  i n  
t he  form o f  t h e  s e r i e s  (XII-7-11. We f i n d  as a r e s u l t  

T h i s  s e l e c t i o n  
S 

I po-6p, 6 +  ( 1 - 6 ) - 7  ; p,=o. [ e I-1 
With C o n d i t i o n s  (x11-7-6) and (XII-7-71 on t h e  shock wave, 

- w e  can de termine  t h e  a r b i t r a r y  f u n c t i o n s  i n  (XII-7-3) and 
(XII-7-5). 
i n t o  t h e  second e x p r e s s i o n  of  (XII-7-3), 

I n  p a r t i c u l a r ,  i n t r o d u c i n g  p ,  = p,:: and m = O.5pmr; 

.. 
P ( t )  = p,r,” + 0,5pmrsrs. 

The o t h e r  f u n c t i o n s  can b e  found s i m i l a r l y ,  and p o  and p o  
found a f t e r  s u b s t i t u t i o n  o f  t hese  f u n c t i o n s  i n t o  (XII-7-3) and 
s imple  rear rangement  : 

(XII-7-8 ) 

where j? = a r / a . r  i s  t h e  d e r i v a t i v e  o f  t h e  v a r i a b l e  11, which de- 
f i n e s  t h e  Lagrangian  c o o r d i n a t e  m. Here, i f  t i s  t h e  t i m e  - - 



c o r r e s p o n d i n g  t o  t h e  c o o r d i n a t e  m * ( r s ) ,  t h e n  a c e r t a i n  t i m e  T 
d e f i n e s  t h e  a r b i t r a r y  Lagrangian  c o o r d i n a t e  m ( r >  o f  t h e  shock 
wave. 

Formulas f o r  r , ,  p ,  and p ,  are o b t a i n e d  i n  t h e  same way: 

I 
J 

S i n c e  t h e  shape  of t h e  s o l i d  of  r e v o l u t i o n  i s  u s u a l l y  as- 
s i g n e d ,  and t h i s  c o r r e s p o n d s  to a s s i g n i n g  t h e  l a w  of  p i s t o n  mo- 

w i t h  a n  a d d i t i o n a l  c o n d i t i o n .  The c o n d i t i o n  w i t h  which t h e  t e r m s  
o f  second and h i g h e r  o r d e r  of s m a l l n e s s  can be  dropped has t h e  
form 

t i o n  r b ( t ) ,  i t  i s  n e c e s s a r y  t o  l i n k  t h e  f u n c t i o n  rs to t h i s  l a w  1 5 2 7  

We f i n d  from i t  t h a t  

where t h e  f u n c t i o n  Irlli* i s  de te rmined  b y  t he  f i r s t  e x p r e s s i o n  
i n  (XII-7-9) w i t h  t he  upper  l i m i t  o f  t h e  i n t e g r a l  m = 0 ( c o n d i -  
t i o n  on t h e  p i s t o n ) .  We n o t e  t h a t  i n  t h i s  e x p r e s s i o n ,  t h e  quan- 
t i t y  rs i n  t h e  r i g h t - h a n d  m e m b e r  can  be r e p l a c e d  by rb. 
f o l l o w s  from t h e  f a c t  t h a t  a f t e r  s u b s t i t u t i n g  rs = r 
r a t h i r d  t e r m  of  t h e  o r d e r  of 6 2  a p p e a r s  i n  i t  and can  b e  d i s -  

regarded.  

T h i s  

- 6 r ,  f o r  b 

S' 

Flow a r o u n d  s o l i d  o f  r e v o l u t i o n  w i t h  p o w e r - l a w  g e n e r a t r i x .  
L e t '  us  c o n s i d e r  a p p l i c a t i o n  o f  t h e  above method to c a l c u l a t i o n  
of  f low around a s o l i d  o f  r e v o l u t i o n  w i t h  a power-law shape  [381. 

A t  v e r y  h i g h  f low v e l o c i t i e s ,  when a m / D  << 1, t h e  p r e s s u r e  
i n  f r o n t  o f  t h e  shock wave can  b e  d i s r e g a r d e d .  I t s  v e l o c i t y  w i l l  
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then be determined by 

where f(t,pm) is a certain function of - t and p,. 

Since these two quantities have independent dimensions, 

where B is a constant. 
propagation velocity 

Denoting B p E  = C,, we write for the wave 

-= ara C,t" 
dt  

and determine the law of its motion 

( X I I - 7 - 1 1 )  

The constant C, that appears here has the kinematic dimen- 
(n+ll sions LT- 

By analogy with the expression for rs, we can write a rela- 
tion for the expansion law of the piston: 

(XII-7-12) 

Substituting t = x/Vm for t in this last expression, we ob- 
tain the equation of the body's-generatrix: 

( X I I - 7 - 1 2 ! )  

which has the form of a power monomial. In the particular case 
of n = 0, we arrive at the cone equation. 

Having ( X I I - 7 - 1 1 )  for rs and the corresponding relation 



(XII-7-11' ) 

w e  can de te rmine  t h e  a r b i t r a r y  f u n c t i o n s  t h a t  are r e p r e s e n t e d  i n  
g e n e r a l  form by (XII-7-8) and (XII-7-9). Afte r  s u b s t i t u t i o n  and 
t h e  a p p r o p r i a t e  t r a n s f o r m a t i o n s ,  and remembering t h a t  a m / D  i s  
c o n s i d e r e d  n e g l i g i b l y  s m a l l ,  w e  o b t a i n  

F i g u r e  XII-7-1. rb/rs 
f o r  a Body of Power- 
Law Shap,e. 0 0 0 )  e x a c t  

t i o n  a c c o r d i n g  to 
F i g u r e  XII-7-2. R a t i o  o f  
P r e s s u r e  on S u r f a c e  o f  S o l i d  
of Revo lu t ion  w i t h  Power-Law 
G e n e r a t r i x  to P r e s s u r e  Behind 
Shock Wave. 

s o l u t i o n ;  - ) s o l u -  

(XII-7-22). 

S i m i l a r l y ,  w e  o b t a i n  r e l a t i o n s h i p s  f o r  t h e  f u n c t i o n s  
(XII-7-9): 

(XII-7-14) 

where 
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(XII-7-15)  

and J '  (E) = dJ(m)/dm. 

We s e e  from (XII -7-9)  and ( X I I - 7 - 1 4 )  t h a t  t h i s  motion i s  
s e l f - s i m i l a r ,  s i n c e  a l l  dimensionless  parameters  are determined 
by t h e  s i n g l e  dimensionless  q u a n t i t y  = m/m*. 

The r e l a t i o n  between t h e  laws of p i s t o n  and shock-wave 
motion, which i s  Zletermined by the r e l a t i o n s h i p s  between t h e  
c o e f f i c i e n t s  C and C , ,  i s  ob ta ined  from Formulas ( X I I - 7 - 1 1 )  and 
( X I I - 7 - 1 2 )  by  u s ing  ( X I I - 7 - 1 4 )  f o r  r , :  

'b 
rs ci - c = 1 .- y 8 J (O), (XII -7-16)  

where J ( 0 )  i s  t h e  va lue  of t h e  f u n c t i o n  J ( m )  a t  = 0 .  

I n  t h e  problem o f  flow around t h e  body, R e l a t i o n  (XI I -7 -16)  
g i v e s  t h e  r a t i o  o f  t h e  coord ina te s  of p o i n t s  on t h e  body and 
shock-wave s u r f a c e s ,  r e s p e c t i v e l y .  T h i s  r e l a t i o n  i s  p resen ted  
g r a p h i c a l l y  i n  F ig .  X I I - 7 - 1 .  

Using (XII -7-13)  and ( X I I - 7 - 1 4 ] ,  as w e l l  a s  E q s .  ( X I I - 7 - l ) ,  
w e  can f i n d  r e l a t i o n s h i p s  t ha t  determine t h e  v a r i a b l e s  of t h e  gas  
i n  t h e  d i s t u r b e d  layer  between. t h e  shock wave and t h e  body. In 
p a r t i c u l a r ,  t h e  p r e s s u r e  on t h e  s u r f a c e  o f  t h e  body (m = 0 )  i s  

and t h e  p r e s s u r e  d i r e c t l y  behind t h e  shock i s  

w h i l e  t h e  f u n c t i o n  P ( 0 )  = pb/ps[P(0) i s  determined from 
(XI I -7 -17) I .  The d rag  of  t h e  power-law body can be c a l c u l a t e d  
from t h i s  func t ion ,  which i s  p resen ted  g r a p h i c a l l y  i n  F ig .  
XII-7-2.  Here w e  s h a l l  proceed from t h e  formula 
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and the p r e s s u r e  expres s ion  

We express  t h e  product  C : t Z n  t h a t  appears  above i n  terms of  rs 
and rb w i t h  c o n s i d e r a t i o n  of  ( X I I - 7 - 1 1 )  and ( X I I - 7 - 1 2 ) .  
i n t r o d u c e  t h e  expres s ion  ob ta ined  f o r  5 i n t o  t h e  i n t e g r a n d  and 
e v a l u a t e  i t  to o b t a i n  

We t h e n  

where R ( 0 )  = rb/rs i s  c a l c u l a t e d  by  Formula (XII-7-16). 

of t h e  body ' s  g e n e r a t r i x  i n  a d d i t i o n  to t h e  parameters  of t h e  on- 
coming flow. The r a d i u s  of  t h e  l a r g e s t  c r o s s  s e c t i o n ,  rb = rmid, 
t h e  exponent ;, and t h e  cons t an t  C appear  i n  ?ormula (XII-7-18) 
as parameters  c h a r a c t e r i z i n g  t h e  shape of t he  body. 

To c a l c u l a t e  t h e  d rag ,  i t  i s  necessary  to know t h e  equa t ion  

I n  p r a c t i c a l  c a s e s ,  w e  can a s s i g n  ;, r.mid, and t h e  s l e n d e r -  
nes s  r a t i o  X = xmid/(2r m i d  
cordance w i t h  t h e  equa t ion  

) and c o n s t r u c t  t h e  g e n e r a t r i x  i n  ac- 

Having determined t h e  c o e f f i c i e n t  A w i t h  t h i s  equa t ion ,  w e  
can c a l c u l a t e  t h e  c o e f f i c i e n t  C ,  which, accord ing  t o  (XII-7-12'] 
i s  A(n + l ) V z + ' .  

f o r  a l l  va lues  of  t h e  exponent n i n  t h e  pis ton-expansion l a w  
(X11-7-12), i . e . ,  f o r  a l l  power-law shapes. For example, it i s  
ev iden t  t ha t  t h e  va lue  of t h e  i n t e g r a l  

It fo l lows  from (XII-7-18) t h a t  a s o l u t i o n  does no t  e x i s t  

d ive rges  f o r  [ n / ( n  + 111 < -1. At n cor responding  to t h i s  i n -  
e q u a l i t y ,  d rag  becomes i n f i n i t e ,  a n z t h i s  cannot be.  
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The d rag  c a l c u l a t e d  by (XII-7-18) w i l l  be f i n i t e  f o r  bodies  
whose g e n e r a t r i x  equa t ions  are c h a r a c t e r i z e d  by an exponent 
n > -  1 / 2 .  But i f  n < - 1/2, t h e n  no self-s imilar  s o l u t i o n  
e x i s t s .  T h i s  means t ha t  t h e  d i s t r i b u t i o n  of parameters  i n  t r a n s -  
ve r se  p l anes  between t h e  body and t h e  shock wave does not  have 
t h e  s i m i l a r i t y  p rope r ty  and, consequent ly ,  t h e  p r e s s u r e ,  d e n s i t y ,  
and v e l o c i t y  cannot be expressed  i n  t h e  form 

I n  t h i s  ca se ,  t h e  f low i n  a g iven  c r o s s  s e c t i o n  must depend 
on i t s  p r i o r  h i s t o r y ,  which i s  determined by t he  geometr ic  pecul -  
i a r i t i e s  of t h e  body. It fo l lows  from a n a l y s i s  of the  g e n e r a t r i x  
equa t ion  (XII-7-12) t ha t  w i t h  n > - 1 / 2  t h i s  equa t ion  r e p r e s e n t s ,  
i n  a d d i t i o n  t o  sha rp  bodies  ( n  O ) ,  a l s o  b lun ted  shapes ( -  1 / 2  < 
< n < 0 ) .  

The approximate n a t u r e  of (X11-7-18), which i s  due t o  pre-  /530 
s e n t a t i o n  of  t h e  s o l u t i o n s  i n  s e r i e s  form ( X I I - 7 - 1 )  w i t h  con- 
s i d e r a t i o n  of  terms of t h e  o r d e r  6 = ( k  - l ) / ( k  + 1) r e s t r i c t s  
t h e . . a p p l i c a t i o n  of  t h i s  formula t o  va lues  of n s l i g h t l y  l a r g e r  
t h a n  - 1/2. T h i s  i s  seen  i n  F ig .  XII-7-3, whrch shows a curve 
of t h e  d rag  c o e f f i c i e n t  corresponding t o  t h e  formula 

(XII -7-19)  

i n  which t h e  body’s s l e n d e r n e s s  Amid = x / ( 2 r b )  = 1/~. 
t h a t  Formula ( X I I - 7 - 1 9 )  i s  ob ta ined  from (XII-7-18) i f  t h e  value 
of t h e  i n t e g r a l  i s  ze ro  a t  t h e  lower l i m i t  and t h e  c o n s t a n t  

We n o t e  

A comparison w i t h  t h e  r e s u l t s  of t h e  exac t  s o l u t i o n  (F ig .  
XII-7-3) i n d i c a t e s  t ha t  t h e  exac tness  of (XII -7-19)  dec reases  
around n = -1/2. The same can a l s o  be said as r ega rds  shock-wave 
shape.  The corresponding working r e l a t i o n s h i p  (XII -7-16)  g i v e s  
l e s s  s a t i s f a c t o r y  r e s u l t s  t han  t h e  exac t  t heo ry  around t h e  same 
va lue  n = -1/2 ( s e e  F ig .  X I I - 7 - 1 ) .  

Analysis  of  t h e  r e s u l t s  g iven  i n  F ig .  111-7-3 pe rmi t s  t h e  
conclus ion  t h a t  t h e r e  e x i s t s  a power-law s o l i d  of  r e v o l u t i o n  t h a t  
has t h e  smallest drag  of a l l  such bodies  w i t h  t h e  same s l e n d e r n e s s  
r a t i o .  It fo l lows  from t h e s e  r e s u l t s  t ha t  t h e  minimum o f  t h e  
f u n c t i o n  cxAiid i s  reached a t  approximately n = -0 .29 and i s  equa l  



t o  0.38, whi le  cx)\iid = 0 . 5 2  f o r  
a cone, which i s  about 37% l a r g e r .  
For very h igh  v e l o c i t i e s ,  t h e r e -  
f o r e ,  t h e  b l u n t  s o l i d  of revolu-  
t i o n  w i t h  a c u r v i l i n e a r  g e n e r a t r i x ,  
which has an advantage over t h e  
sha rp  cone i n  i t s  s u p e r i o r  con- 
d i t i o n s  f o r  d i s s i p a t i o n  of heat,  
may a l s o  compare favorably  w i t h  
t h e  cone i n  t h a t  i t s  drag  i s  
smaller. 

F igure  XII-7-3.  Drag Coef- The r e l a t i o n s h i p s  de r ived  
f i c i e n t  of  S o l i d s  of  above p e r t a i n e d  to t h e  case  i n  
Revolut ion w i t h  Power-Law which t e r m s  of t h e  o rde r  of  6 = 
Genera t r i ce s .  0 0 0 )  exac t  = ( k  - l ) / ( k  + 1) were cons idered  
s o l u t i o n ;  - ) s o l u t i o n  i n  t h e  expansions of  ( X I I - 7 - 1 ) .  
accord ing  t o  (XII -7-25) .  N a t u r a l l y ,  t h e s e  r e l a t i o n s h i p s  

s impl i fy  i f  only t h e  p r i n c i p a l  
terms a r e  cons idered .  For  example, 

Formulas (XII -7-16)  and (XII-7-17)  become 

and Formula (XII-7-19)  f o r  t h e  d rag  c o e f f i c i e n t  

(XII-7-16 '  ) 

(XII-7-17 '  ) 

( X I I - 7 - 1 9 ? )  

Having determined t h e  minimum of 
r a t i o  Amid, we f i n d  t h a t  t h i s  minimum 
The minimum 

c f o r  a f i x e d  s l ende rness  
i s  reached a t  n = -1/3. 

X 

(XII-7-20) 

which i s  sma l l e r  t han  f o r  a cone i n  t h i s  approximation, f o r  which /531 
t h e  Newtonian theory  g i v e s  cx = 1 / (2 ) \k id ) ,  corresponds to t h i s  
va lue .  

l a ted  b y  (XII-7-17)  f o r  p o i n t s  on t h e  s u r f a c e  of a power-law 
s o l i d  of r e v o l u t i o n  a t  a c e r t a i n  d i s t a n c e  from t h e  b l u n t  nose.  

Appl ica t ion  o f  the  Newton formula. Pressure  can be ca lcu-  
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F i g u r e  XII-7-4.  Comparison of T h e o r e t i c a l  
and Exper imenta l  P r e s s u r e  D i s t r i b u t i o n s  
Around a n  E l l i p s o i d  i n  Symmetr ical  Flow. 

F i g u r e  XII-7-5.  Diagram f o r  
C a l c u l a t i o n  of Flow Around 
E l l i p s o i d .  

A s  concerns  t h e  nose s u r f a c e ,  t h e  
improved Newton t h e o r y  g i v e s  sa t i s -  
f a c t o r y  r e s u l t s  h e r e  i n  p r e s s u r e -  
d i s t r i b u t i o n  c a l c u l a t i o n s  f o r  
s p h e r i c a l  b o d i e s .  S t u d i e s  have 
shown t h a t  t h e  same r e s u l t s  are  
o b t a i n e d  f o r  b o d i e s  w i t h  o t h e r  
c u r v i l i n e a r  shapes .  

Th i s  i s  s e e n ,  f o r  example, 
i n  F i g .  XII-7-4,  which p r e s e n t s ,  
t o g e t h e r  w i t h  t h e  r e s u l t s  of a 
c a l c u l a t i o n  by  t h e  formula  p = 
= p o  s i n '  6, e x p e r i m e n t a l  data  
on t h e  Dressu re  d i s t r i b u t i o n  
around e l l i p s o i d s  i n  symmetr ica l  
f low.  S a t i s f a c t o r y  r e s u l t s  are 

a l s o  o b t a i n e d  from t h e  improved Newton formula  ( [ 6 6 ] ,  1 9 6 4 ,  No. 4) 
f o r  c a l c u l a t i o n  of  f low around a n  e l l i p s o i d  a t  an  a n g l e  of  a t t a c k  
( F i g .  XII -7-5) :  

(XII -7-21)  

where Bp i s  t h e  a n g l e  between t h e  t a n g e n t  t o  t h e  body ' s  con tour  
a t  i t s  forward p o i n t  and t h e  d i r e c t i o n  of  t h e  v e c t o r  vm; r = 
= r / b ;  t = a/b ( b  and a a re  t h e  semiaxes of t h e  e l l i p s e ,  F i g .  
XI I -7 -5 ) ;  Po i s  che  p r e s s u r e  c o e f f i c i e n t  a t  t h e  c r i t i c a l  p o i n t  
o f  t h e  e l l i p s o i d .  The c a l c u l a t i o n s  can be s i m p l i f i e d  by u s i n g ,  
i n s t e a d  of  (XI I -7 -21) ,  t h e  e m p i r i c a l  r e l a t i o n  



(XII-7-22) 

where 

According to Formula (XII-7-22),  t h e  p r e s s u r e  i s  de termined  /532 
a t  any p o i n t  on t h e  s u r f a c e  by i t s  v a l u e  a t  p o i n t s  on t h e  e l l i p -  
s o i d  g e n e r a t r i c e s  c o r r e s p o n d i n g  to t h e  a n g l e s  y = 0 and T. 

p r e s s u r e  o v e r  t h e  s u r f a c e .  C a l c u l a t i o n s  and a comparison w i t h  
exper iment  i n d i c a t e  t h a t  t h i s  c o e f f i c i e n t  v a r i e s  i n s i g n i f i c a n t l y  
o v e r  a r a t h e r  b r o a d  r a n g e  of a t t a c k  a n g l e s :  -15" < a < 15". The 
comparison shows t h a t  b e t t e r  agreement  between t h e  e x p e r i m e n t a l  
and t h e o r e t i c a l  r e s u l t s  i s  observed  a t  h i g h  s u p e r s o n i c  s p e e d s .  
However, t h e  Newton t h e o r y  g i v e s  a n  a p p r o x i m a t i o n  t h a t  i s  q u i t e  
s a t i s f a c t o r y  f o r  p r a c t i c a l  p u r p o s e s  even  a t  c o m p a r a t i v e l y  low 
speeds  when t h e  p r e s s u r e  i s  de te rmined  n e a r  t h e  c r i t i c a l  p o i n t .  
With i n c r e a s i n g  d i s t a n c e  from t h e  n o s e ,  t h e  p r e s s u r e  found t h e o -  
r e t i c a l l y  becomes smaller t h a n  t h e  e x p e r i m e n t a l l y  measured p r e s -  
s u r e .  

The a x i a l - f o r c e  c o e f f i c i e n t  can  b e  de te rmined  by i n t e g r a t i n g  

T h e  c a l c u l a t e d  r e s u l t s  can  be improved to some e x t e n t  by  
" g l u i n g "  t h e  p r e s s u r e  d i s t r i b u t i o n  found on the  forward  end 
by t h e  Newton formula  to t h e  p r e s s u r e  d i s t r i b u t i o n  found on t h e  
downstream segment from t h e  t h e o r y  o f  Prandtl-Meyer e x p a n s i o n  
f low.  I n  t u r n ,  t h e  Prandtl-Meyer s o l u t i o n  i s  "g lued"  to t h e  
s o l u t i o n  found by  Formula ( X I I - 7 - 1 7 ) .  

§x11-8. INFLUENCE OF N O N E Q U I L I B R I U M  ON PARAMETERS OF INVISCID 
FLOW AROUND BLUNT BODIES 

N.onequilibrium Flow_ i n  Regions - . .  w i t - h  . .. S t r o n g  . . -. . . . - . Overexpansion . . ~ and 
Small- Pre-ssure G r a d i e n t s  

R e g i o n s  of gas f l o w  a r o u n d  a b l u n t  b o d y .  If w e  examine t h e  
n a t u r e  o f  t h e  f low around a b l u n t  body, w e  can  e s t a b l i s h  t h r e e  
r e g i o n s  of  t h e  g a s  flow ( F i g .  XII-8-1). The f i r s t  l i e s  d i r e c t l y  
o v e r  t h e  b l u n t  nose  between t h e  f low a x i s  and t h e  " s o n i c "  l i n e .  
It i s  c h a r a c t e r i z e d  by a n  a l m o s t  c o n s t a n t  p r e s s u r e  c l o s e  to t h e  
t o t a l - s t a g n a t i o n  v a l u e .  Moving a l o n g  a s t r e a m l i n e  i n  t h i s  re-  
g i o n  o f  a l m o s t  c o n s t a n t  and very  h i g h  p r e s s u r e ,  t h e  g a s ,  which 
has e n t e r e d  a s t a t e  o f  n o n e q u i l i b r i u m  d i s s o c i a t i o n  a f t e r  p a s s a g e  
t h r o u g h  t h e  shock wave, w i l l  b e  a b l e  to r e c o v e r  q u i c k l y  to t h e  
e q u i l i b r i u m  s t a t e .  Here t h e  e q u i l i b r i u m  c o r r e s p o n d s  to a c e r t a i n  
a v e r a g e  p r e s s u r e  and e n t h a l p y  i n  t h i s  r e g i o n .  

The second r e g i o n  of t h e  f low b e g i n s  a t  t h e  " s o n i c "  l i n e  
and i s  c h a r a c t e r i z e d  on a c e r t a i n  d i s t a n c e  by a s h a r p  p r e s s u r e  
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a )  

Subsonic 

region f 3 
- /  

F i g u r e  XII-8-1. D i a -  
gram o f  Gas Flow 
Around Blunt  Bodies .  
a )  s p h e r i c a l  b l u n t -  
n e s s ;  b )  f l a t  b l u n t -  
n e s s  w i t h  c i r c u l a r  
b e v e l ;  1) shock 
wave; 2 )  " son ic"  
l i n e ;  3 )  low-velo- 
c i t y  shock l a y e r ;  
4 )  s t r e a m l i n e .  

F i g u r e  XII-8-2. P r e s -  
s u r e  Drop Along 
S t r e a m l i n e  During 
Expansion of Gas Ac- 
c o r d i n g  t o  P r a n d t l -  
Meyer Law. 

d e c r e a s e .  The r e g i o n  may t e r m i n a t e  
(depending on t h e  shape o f  t h e  body 
beh ind  t h e  n o s e )  i n  a f low w i t h  p o s i -  
t i v e ,  z e r o ,  o r  n e g a t i v e  p r e s s u r e  grad-  
i e n t s .  I n  t h i s  zone o f  s t r o n g  over -  
expans ion ,  t h e  s t a t e  o f  t h e  d i s s o c i a t -  
i n g  gas  w i l l  l a g  behind  e q u i l i b r i u m ,  
s o  t h a t  thermodynamic nonequ i l ib r ium 
i s  an  e s s e n t i a l  p r o p e r t y  o f  t h e  moving 
g a s .  

I n  t h e  t h i r d  f low r e g i o n ,  which i s  
s i t u a t e d  on the  p e r i p h e r a l  p a r t  o f  t h e  
body and i s  c h a r a c t e r i z e d  by a small 
change i n  p r e s s u r e ,  t h e  gas  w i l l  t e n d  
t o  i t s  e q u i l i b r i u m  s t a t e .  

Thus,  i t  becomes n e c e s s a r y  t o  take 
d e p a r t u r e  from e q u i l i b r i u m  i n t o  accoun t  
i n  c a l c u l a t i n g  i n v i s c i d  f low.  Here, 
r e s e a r c h  i n d i c a t e s  t h a t  i n  p r a c t i c e ,  
t h e  p r e s s u r e  changes only  s l i g h t l y  on 
passage  from t h e  nonequ i l ib r ium t o  t h e  
e q u i l i b r i u m  s t a t e .  On t h i s  bas i s ,  i t  
has become p o s s i b l e  t o  e v a l u a t e  t h e  i n -  
f l u e n c e  of nonequ i l ib r ium molecu la r  
d i s s o c i a t i o n  on such  i n v i s c i d - f l o w  
v a r i a b l e s  as t h e  deg ree  of  d i s s o c i a t i o n ,  
d e n s i t y ,  and t empera tu re  f o r  a g i v e n  
r e a l i s t i c  p r e s s u r e  d i s t r i b u t i o n .  It 
is assumed here  t h a t  t h e  p r e s s u r e  dis- 
t r i b u t i o n  i s  s u b j e c t  to t h e  same l a w  
i r r e s p e c t i v e  of  t h e  c o n d i t i o n s  of  t h e  
body ' s  motion.  

Calculation of nonequilibrium flow. 
T h i s  c a l c u l a t i o n  r e q u i r e s  i n t e g r a t i o n  o f  
e q u a t i o n  system (111-4-47) w i t h  c e r t a i n  
a s s i g n e d  c o n s t a n t s  and boundary condi-  
t i o n s .  The r e s u l t s  g i v e n  here  were ob- 
t a i n e d  u s i n g  C = 6 0 1 0 ' ~  cm3/g*s and pd = 

= 1 2 5  g/cm3. The boundary c o n d i t i o n s  
used i n  i n t e g r a t i n g  t h e  e q u a t i o n s  were 
t h e  c o n d i t i o n s  on t h e  " son ic"  l i n e ,  w i t h  
t h e  co r re spond ing  pa rame te r s  on t h i s  
l i n e  de te rmined  f o r  a g iven  f l i g h t  speed  
V and a g i v e n  a l t i t u d e  H as pa rame te r s  
oq! e q u i l i b r i u m  f low i n  t he  t o t a l - s t a g n a -  
t i o n  r e g i o n .  

1 5 3 3  
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The s t r e a m l i n e  along which t h e  nonequi l ibr ium flow v a r i a b l e s  
were c a l c u l a t e d  w a s  downstream o f  t h e  "sonic"  r eg ion .  It was 
assumed tha t  t h e  p r e s s u r e  e s t a b l i s h e d  on t h i s  s t r eaml ine  i s  t h e  
same a s  i n  expansion of a one-dimensional flow i n  accordance 
w i t h  t h e  Prandtl-Meyep l a w .  I t  was a l s o  assumed tha t  w i t h  t h i s  
p r e s s u r e  d i s t r i b u t i o n ,  t h e  l e n g t h  of t h e  s e l e c t e d  s t r eaml ine  
would be of t h e  o rde r  of t h e  r a d i u s  of a s p h e r i c a l  nose o r  one- 
q u a r t e r  of t h e  r a d i u s  of a f l a t  f a c e  ( o r  a f l a t  f a c e  wi th  a s m a l l  
c i r c u l a r  b e v e l ) .  The l eng th  assumed f o r  t h e  i n i t i a l  supersonic  
expansion determines t h e  c h a r a c t e r i s t i c  l i n e a r  dimension L.  

F igure  XII-8-2 shows t h e  p r e s s u r e  d i s t r i b u t i o n  c a l c u l a t e d  
on t h e  basis of Prandtl-Meyer theo ry  f o r  a s t r e a m l i n e  c r o s s i n g  
an expansion f a n  beginning a t  t h e  "sonic"  p o i n t  (I-721, 1 9 6 0 ,  No. 
11). For a s t r e a m l i n e  wi th  a cons t an t  r a d i u s  of cu rva tu re  E, 
t he  expansion angle  w a s  assumed to b e  v = x = x / r .  F igures  
XII-8-3 through XII-8-7 show c e r t a i n  r e s u l t s  of numerical  i n t e -  
g r a t i o n  of System (111-4 -47)  f o r  va r ious  a l t i t u d e s  and speeds .  
The c a l c u l a t i o n s  were a l s o  made i n  each case  f o r  s e v e r a l  char-  
a c t e r i s t i c  l eng ths  L ( o r ,  which i s  t h e  same t h i n g ,  f o r  s e v e r a l  
v a l u e s  o f  t h e  parameter $7) .  

An i n f e r e n c e  as to t h e  n a t u r e  of t h e  change i n  nonequi l ib-  
r i u m  d i s s o c i a t i o n  can be drawn from Fig .  XII-8-3. For compari- 
son,  t h i s  f i g u r e  shows curves of t h e  degree of equ i l ib r ium d i s -  
s o c i a t i o n  as obta ined  f o r  r e a l  a i r  (B) and a diatomic-gas model 
( A ) .  We no te  t h a t  a t  speeds Vo3 > 5 k m / s ,  t h e  d i f f e r e n c e  between 
t h e  degrees  of equ i l ib r ium d i s s o c i a t i o n  i s  s m a l l  i n  t h e  l a s t  two 
cases .  Analysis  of t h e s e  r e s u l t s  shows t h a t  t h e  change i n  t h e  de- 

comparison w i t h  t h e  i n i t i a l  e q u i l i b r i u m  va lue  a O e  even a t  a con- 
s i d e r a b l e  d i s t a n c e .  Here t h e  gas  i s  c l o s e  to t h e  "frozen" s t a t e ,  
i n  which no r e a c t i o n s  t a k e  p l a c e  i n  it and, consequent ly ,  i t s  
chemical composition does not  change. 

t i c a l  cases  when t h e  composition of t h e  gas  d i f f e r s  by about 
5% from t h e  o r i g i n a l  composi t ion.  Then i f  a 1  i s  t h e  degree of 
nonequi l ibr ium d i s s o c i a t i o n  a t  t h e  end of t h e  expansion segment 
under c o n s i d e r a t i o n ,  t h e  "frozen" s t a t e  r e q u i r e s  s a t i s f a c t i o n  o f  
a c o n d i t i o n  accord ing  t o  which t h e  nonequi l ibr ium d i s s o c i a t i o n  
parame t e r  

gree  of d i s s o c i a t i o n  c1 a long  t h e  s t r e a m l i n e  i s  very s m a l l  by  1534 

A s  a convent ion,  we can cons ide r  t h e  flow "frozen" i n  prac-  

t h i s  parameter  i n c l u d i n g  c1 

d i s s o c i a t i o n  a t  t h e  end of 
5 ,  i s  ze ro ,  t h e  t r a n s i t i o n  

which i s  t h e  degree of equ i l ib r ium e '  
t h e  s,ame segment. I f  t h e  parameter  
to equ i l ib r ium i s  complete.  I n  prac-  

< t i c e ,  i t  can b e  assumed t h a t  t h i s  s t a t e  has in t e rvened  i f  - 
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F i g u r e  XII-8-3. I n f l u e n c e  of Nonequi l ibr ium o n t h e  
Degree of D i s s o c i a t i o n  a l o n g  S t r e a m l i n e .  A )  dia- 
tomic g a s ;  B )  r e a l  a i r ;  a )  H = 47 k m ,  Vm = 7.6 
km/s; b )  H = 6 1  km, Vm = 7.6  km/s; e )  H = 75 km, 
Vm = 7.6  km/s; d )  H = 47km, V 
H = 6 1  km; Vm = 4 . 6  km/s; f )  fi = 75 km, Vm = 4 .6  

= 4 . 6  km/s; e )  

km/s. 

0 

F i g u r e  XII-8-4. V a r -  
i a t i o n  o f  Dens i ty  i n  
Nonequi l ibr ium Flow 
o f  Diatomic Gas 
Model. H = 47 km, 
Vm = 4 . 6  km/s; 1) 
L = 0.3  m; 2 )  L = 
= 6 m ;  3 )  L = 30 m; 
4 )  L = m ( e q u i l i b -  
r ium f l o w ) .  

< 0.05.  Re tu rn ing  t o  t h e  diagrams o f  
F i g .  XII-8-3, w e  n o t e  t h a t  t h e  f low i n  
t h e  r e g i o n  of s u p e r s o n i c  expans ion  around 
b l u n t  b o d i e s  w i l l  b e  p r a c t i c a l l y  " f rozen"  
a t  a l t i t u d e s  above 47  k m  a t  speeds  o f  
5-8 km/s. 

For any g i v e n  speed  and l e n g t h  L ,  
t h e  f low w i l l  be found more n e a r l y  
" f rozen"  w i t h  i n c r e a s i n g  a l t i t u d e .  With 
d e c r e a s i n g  speed ,  o t h e r  c o n d i t i o n s  t h e  
same, t h e  pa rame te r  i n c r e a s e s  owing 
t o  t h e  d e c r e a s e  i n  l o c a l  d e n s i t y .  In -  
c r e a s e d  " f r e e z i n g "  i s  observed  a t  a 
d e c r e a s e  i n  t h e  c h a r a c t e r i s t i c  l e n g t h  
L ,  which r e s u l t s  i n  a s h o r t e r  s t a y  t i m e  
of  t h e  gas  p a r t i c l e s  a t  a p a r t i c u l a r  
p o i n t , d u r i n g  which only  a f e w  atoms 
manage t o  recombine. 

s e n t e d  i n  F i g s ,  XII-8-4 and XII-8-5 t h a t  
t h e  d e v i a t i o n  from e q u i l i b r i u m  causes  a 
d e c r e a s e  i n  d e n s i t y  and a r i s e  i n  t e m -  
p e r a t u r e .  I n  t u r n ,  t h i s  r e s u l t s  i n  a 

It fo l lows  from t h e  r e s u l t s  p re -  
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F i g u r e  XII-8-5. Temperature  
D i s t r i b u t i o n  i n  Nonequi l ibr ium 
Flow of  Diatomic Gas Model. 
H = 47 km, Vo3 = 4 . 6  k m / s .  1) 
L = m ( e q u i l i b r i u m  f l o w ) .  2 )  
L = 300 m ;  3 )  L = 30 m ;  4 )  
L = 3 m ;  5 )  L = 0 . 3  m .  

s u b s t a n t i a l  change i n  t h e  l o c a l  
R e .  Here, c a l c u l a t i o n s  i n d i -  
c a t e  t h a t  t h e  d e v i a t i o n  from 
e q u i l i b r i u m  f low i n f l u e n c e s  t h e  
p r e s s u r e  d i s t r i b u t i o n  weakly.  

Curves t h a t  can b e  used 
t o  estimate t h e  nonequ i l ib r ium 
d i s s o c i a t i o n  pa rame te r  f o r  a 
known T have been p l o t t e d  i n  
F i g .  XII-8-6 from t h e  r e s u l t s  
o f  numer i ca l  i n t e g r a t i o n  o f  ( 1 1 1 - 4 -  

F i g u r e  XII-8-6. V a r i a t i o n  
of  Nonequi l ibr ium Dis soc ia -  
t i o n  Parameter under  Var ious  
Cond i t ions .  1) H = 47 k m ,  
Vm = 4.6 km/s; 2) H = 6 1  km, 
Vm = 4.6  km/s; 3 )  H = 47 k m ,  
Vm = 6 . 1  km/s; 4 )  H = 6 1  k m ,  
Vm = 6 . 1  k m / s ;  5) H = 47 k m ,  
Vm = 7 .6  km/s; 6 )  H = 6 1  k m ,  
Vm = 7.6 k m / s .  

, 4 7 1 .  

Behind t h e  r e g i o n  o f  s u p e r s o n i c  expans ion ,  t h e  f low e n t e r s  
a zone of  weakly v a r y i n g  p r e s s u r e  t h a t  may b e  r e g a r d e d  i n  p rac -  
t i c e  as a c o n s t a n t - p r e s s u r e  r e g i o n ,  t h u s  s i m p l i f y i n g  t h e  a n a l y s i s .  
T h i s  c a s e  i s  a c l o s e  approximat ion  of  r e a l i t y  i f  t h e  b l u n t e d  nose 
i s  fo l lowed by a c o n i c a l  segment.  

A s  t h e y  move i n  t h e  c o n s t a n t - p r e s s u r e  zone, t h e  gas  p a r t i c l e s  
are ab le  to r e t u r n  t o  e q u i l i b r i u m ,  which co r re sponds  to c o n s t a n t  
e n t h a l p y  and p r e s s u r e .  During t h i s  t r a n s i t i o n ,  t h e  n o n e q u i l i b -  
r ium pa rame te r s  are de termined  by i n t e g r a t i n g  only  t h e  l a s t  equa- 
t i o n  o f  System ( 1 1 1 - 4 - 4 7 ) .  The i n i t i a l  c o n d i t i o n s  are de termined  
by t h e  " f rozen"  pa rame te r s  a t  t h e  end o f  t h e  supersonic-expans ion  
segment c o n s i d e r e d  a b o v e . ( t h e  l e n g t h  x i s  measured from t h i s  
cone ) .  The r e s u l t s  i n d i c a t e  t h a t  a t  speeds  o f  4 .6-7 .6  km/s, t h e  
f low on t h e  segment n e x t  to t h e  nose remains p r a c t i c a l l y  " f rozen"  
a t  a d i s t a n c e  o f  no  l e s s  t h a n  6-9 m ,  w i t h  t h i s  d i s t a n c e ,  which 
co r re sponds  t o  a n  a l t i t u d e  of  t h e  o r d e r  o f  45-47 km, i n c r e a s i n g  
w i t h  H. For  example, a t  H = 6 1  k m ,  t h e  l e n g t h  L has i n c r e a s e d  t o  
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30 m. 
XII-8-7. The d e v i a t i o n  from t h e  " f rozen"  s t a t e  and t h e  approach 
to equ i l ib r ium cond i t ions  take p l a c e  most r a p i d l y  a t  h igh  velo-  
c i t i e s .  

"s - 9 :. TLr 
&::-J 

C e r t a i n  c a l c u l a t e d  r e s u l t s  f o r  H = 40 k m  a r e  shown i n  F ig .  

The " f r eez ing"  phenomenon i s  /536 
i n h e r e n t  no t  only to t h e  r e g i o n  w i t h  
z e ro  p r e s s u r e  g r a d i e n t ,  b u t  a l s o ,  and 
to an even g r e a t e r  degree ,  to flow 
w i t h  nega t ive  p r e s s u r e  g r a d i e n t s ,  
which a r i s e ,  f o r  example, i n  flow 
around a c y l i n d e r .  T h i s  enhanced 
s u s c e p t i b i l i t y  to " f r eez ing"  i s  ex- 
p l a i n e d  by t h e  f a c t  tha t  a decrease  
i n  p r e s s u r e  causes  a decrease  i n  
d e n s i t y .  I n t h e  last equa t ion  of 
S y s t e m  (111-4-47), t h e  recombinat ion 
term i n  t h e  r i g h t  member depends 
e s s e n t i a l l y  on d e n s i t y ,  vary ing  Figure  XII-8-7. Varia- 

t i o n  of Degree of D i s -  approximately i n  p r o p o r t i o n  to i t s  
s o c i a t i o n  along a Coni- squa re .  
c a l  Sur face  under Con- 
s t a n t - P r e s s u r e  Condi- The fo l lowing  p r a c t i c a l  conclu- 
t i o n s  ( H  = 47 k m ) .  s i o n  can be drawn from t h e  above 

t i r e  flow zone a s s o c i a t e d  w i t h  t h e  r e g i o n  of t h e  s t r o n g  shock 
wave remains " f rozen"  over  a lmost  t h e  e n t i r e  l e n g t h  of t h e  b l u n t  
bod.y, t h e  inv i sc id - f low v a r i a b l e s  a long  a s t r e a m l i n e  i n  t h i s  
shock l a y e r  can be c a l c u l a t e d  from t h e  c o n d i t i o n  of  i s e n t r o p i c  
flow w i t h  k, = 1 . 1 - 1 . 2  ( t h e  exac t  value of k, i s  c a l c u l a t e d  f o r  
t o t a l - s t a g n a t i o n  c o n d i t i o n s ) .  Accordingly,  t h e  tempera ture  and 
d e n s i t y  a t  a given p o i n t  a r e  found from t h e  expres s ions  

a n a l y s i s  of nonequi l ibr ium flow 
around a b l u n t  body. S ince  t h e  en- 

(XII-8-1) 

E f f e c t  of Nonequilibrigm ~~ ~ on . _  P o s i t i o n  and Shape of Shock Wave c- 

L e t  us  cons ide r  t h e  fo l lowing  two extreme c a s e s ,  which char-  
a c t e r i z e  t h i s  e f f e c t  q u a l i t a t i v e l y .  The f i r s t  i s  governed by  
completely " f rozen"  flow behind t h e  shock, when t h e  gas  behaves 
as a medium w i t h  cons t an t  heat c a p a c i t i e s  t h a t  can be determined 
i f  i t  i s  assumed t h a t  t h e  v i b r a t i o n a l  degrees  of freedom a r e  
e s t a b l i s h e d  i n s t a n t a n e o u s l y  behind t h e  shock. However, t h e  maxi- 
mum e f f e c t  can be a s c e r t a i n e d  on t h e  premise t h a t  equ i l ib r ium i s  
not  e s t a b l i s h e d  f o r  t h e s e  deg rees .  
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I n  our  second l i m i t i n g  case ,  t h e  gas i n  t h e  compressed l a y e r  
i s  under equ i l ib r ium-d i s soc ia t ion  cond i t ions .  

We se t  f o r t h  above a method f o r  c a l c u l a t i n g  t h e  r e l a t i v e  
detachment d i s t a n c e . o f  t h e  shock wave i n  both  of t h e  l i m i t i n g  
flow cases .  According t o  t h e  c a l c u l a t e d  r e s u l t s ,  t h e  wave i s  
far thest  from t h e  c r i t i c a l  p o i n t  i n  t h e  f i r s t  case ,  while  i n  t h e  
second i t  makes i t s  c l o s e s t  approach t o  t h i s  p o i n t .  

mediate shock-wave p o s i t i o n s ,  f a l l  between t h e s e  extreme cases .  
To c h a r a c t e r i z e  such f lows,  i t  i s  h e l p f u l  t o  in t roduce  a non- 
equ i l ib r ium parameter  de f ined  as fo l lows .  T h e  l a s t  equa t ion  of 
System (111-4 -47)  imp l i e s  t h a t  f o r  flows behind a normal compres- 
s i o n  shock, (CpoO>- '  can be regarded as t h e  t i m e  s c a l e  of d i s s o c i a -  
t i o n ,  and t h e  parameter  V,(Cp,)-l a s  t h e  l i n e a r  s c a l e  of t h e  flow. /537 
Then w e  can take t h e  r a t i o  of  some l i n e a r  dimension of  t h e  body 
t o  t h e  l i n e a r  flow s c a l e  as a dimensionless  parameter  of nonequi- 

Real nonequi l ibr ium f lows,  which are c h a r a c t e r i z e d  by  i n t e r -  

l i b r ium flow. 

rL 

Figure  XII-8-8. Varia- 
t i o n  of Degree o,f D i s -  
s o c i a t i o n  along Zero 
S t reaml ine  (from shock 
wave t o  c r i t i c a l  p o i n t  
of body) .  (mAV:)/D = 1; 
p,/pd = lom6; 1) A = 

= 100; 2 )  A = 50; 3 )  
A = 1 0 ;  4 )  A = 1. 

A 

Figure  XII-8-9. R e l a t i v e  
Detachment Distance of a 
Shock Wave i n  Front  of a 
Sphere as a Funct ion of Non- 
equ i l ib r ium Parameter : 
(m,V:)/D = 1; p,/pd = lo-'. 

The l i n e a r  dimension f o r  
a sphere  may be  i t s  diameter  
D b .  Consequently, t h e  non- 
equ i l ib r ium parameter i n  t h i s  
case  i s  

DbCf)nlVkl,l. (XII-8-2) 

I f  t h i s  parameter  A i s  zero ,  w e  have und i s soc ia t ed  ( " f rozen" )  
flow owing t o  t he  i n f i n i t e s i m a l  r a t e  of chemical r e a c t i o n .  
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Large A correspond to rapid reactions and, consequently, dis- 
sociation begins near the wave and covers almost the entire re- 
gion between the wave and the body's surface. As A + a, equilib- 
rium is reached immediately behind the wave. 

The local value of the parameter A = A, calculated from 
the local velocity V on the zero streamline, i.e., 

(XI I -8 -2 ' )  

can be used to analyze the flow between the wave and the body. 

At the critical point, where V = 0, this parameter A = a 
and, consequently, equilibrium dissociation is reached near it. 
Physically, this effect is explained by the extremely slow flow 
in the neighborhood of the stagnation point, which aids in the 
establishment of thermodynamic equilibrium. 

If we start with equilibrium flow on the surface of the body, 
the concentration distribution of the atomic component along the 
normal to the wall will be characterized qualitatively by a 
gradual concentration decrease toward the shock wave, where the 
degree of dissociation vanishes. The concentration profile can 
be calculated theoretically by solving the equation system for 
flow in the region of the critical point simultaneously with the 
last equation of the nonequilibrium-flow system (111-4-47) .  
Figure XII-8-8 shows the concentration profile calculated in 
this manner for one of the particular cases. 

Another result of solution is the possibility of calculating 
the distance from the shock wave to the body. Figure XII-8-9 is 
a graph of the relative detachment distance as a function of the 
nonequilibrium parameter A. Comparing the results, we see that 
the separations may differ by a factor of two in the two extreme 
cases, i.e., in "frozen" and equilibrium flows. The variation of 
the axial radius of curvature of the wave is similar. 

Case  o f  n o n e q u i l f b r i u m  a t  t h e  s u r f a c e .  The ratio of the 
(tso is the stay time of the characteristic times tD = tD/tso 

particles in the nonequilibrium-reaction zone) can be used for 
approximate evaluation of the conditions under which nonequilib- 

tion occurs if tD - > 1, i.e., when the atoms reach the surface of 
the body before reacting. 

rium chemical reaction occurs at the wall. Clearly, this reac- /538 

To estimate the length L of the surface segment with chemi- 
cal reaction, it is necessary to compare the characteristic time 
of the reaction with the characteristic stay time of the particles 
in the nonequilibrium zone on the segment under consideration. 
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Here the  s t a y  t i m e  i s  c a l c u l a t e d  from d a / d t ,  which de te rmines  t h e  
r a t e  o f  the change i n  deg ree  of d i s s o c i a t i o n  due to t h e  d i s a p p e a r -  
ance  of  atoms by recombina t ion .  T h i s  evanescence t i m e ,  which i s  
obv ious ly  e q u a l  t o  t h e  c h a r a c t e r i s t i c  s t a y  t i m e  i n  t h e  r e a c t i o n  
zone, i s  de termined  from t h e  e q u a t i o n  

For  approximate e v a l u a t i o n ,  w e  can s e t  dx/da % L / a , ,  where 
a, i s  t h e  degree  o f  e q u i l i b r i u m  d i s s o c i a t i o n  a t  t h e  s t a g n a t i o n  
p o i n t .  The s t a y  t i m e  can t h e r e f o r e  be  p r e s e n t e d  i n  t h e  form 
L / ( a , V ) ,  where V i s  t h e  p a r t i c l e  v e l o c i t y  a l o n g  t h e  s u r f a c e  n e a r  
t h e  s t a g n a t i o n  p o i n t .  L e t  us assume tha t  t h i s  v e l o c i t y  i s  o f  
t h e  same o r d e r  as t h e  ave rage  v e l o c i t y  between the  shock and 
t h e  body, o r  O . 5 V 0 .  Thus, t h e  c h a r a c t e r i s t i c - t i m e s  r a t i o  can  b e  
w r i t t e n  

From t h i s  e x p r e s s i o n ,  w e  e a s i l y  p a s s  to 

(XII-8-3) 

(XI I -8 -3 ' )  

where = L/Rb.  

t i o n  rL 2 1 must obv ious ly  be s a t i s f i e d  i n  i t .  
t h i s  zone from t h e  s t a g n a t i o n  p o i n t  w i l l  t h e r e f o r e  be 

S i n c e  we are concerned w i t h  t h e  r e a c t i o n  zone, t h e  condi-  
The l e n g t h  of  

Atoms t h a t  have n o t  r e a c t e d  chemica l ly  e n t e r  t h e  boundary 
l a y e r  on a s u r f a c e  segn;ent o f  t h i s  l e n g t h .  

and has some i n f l u e n c e  on f r i c t i o n  and heat  t r a n s f e r .  It shou ld  
be  s t ressed  here  t ha t  t h e  p r e s s u r e  d i s t r i b u t i o n  i s  p r a c t i c a l l y  
independent  of t h e  nonequ i l ib r ium e f f e c t s .  

Improvement o f  t h e  f low regime i n  t h e  s t a g n a t i o n  zone ( a t  
t h e  c r i t i c a l  p o i n t  and f o r  a c e r t a i n  d i s t a n c e  downstream) e n a b l e s  
us to e v a l u a t e  t h e  change i n  d e n s i t y  and t empera tu re  i f  t h i s  

The recombina t ion  p r o c e s s  cu lmina te s  i n  t h e  boundary l a y e r  
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regime i s  nonequi l ibr ium. Inc reased  temperature  and decreased 
d e n s i t y  a t  t h e  o u t e r  l a y e r  boundary r e s u l t  i n  a change i n  the 
heat flow on t h i s  s u r f a c e  segment from t h e  flow of t h e  e q u i l i b -  
rium s ta te .  It can be assumed t h a t ,  d e s p i t e  t h e  temperature  i n -  
c r e a s e ,  t h e  heat flow d iminishes  t o  some degree owing t o  t h e  de- 
c r e a s e  i n  d e n s i t y .  

assumption t h a t  t h e  recombinat ion-rate  parameter  kR i s  indepen- 
dent  of tempera ture .  Ac tua l ly ,  however, t empera ture  has sub- 
s t a n t i a l  i n f l u e n c e  on t h i s  parameter .  For example, accord ing  t o  
c e r t a i n  exper imenta l  data f o r  oxygen 

Up t o  t h i s  p o i n t ,  a l l  c a l c u l a t i o n s  have been based on the  

(XII-8-5) 

According t o  t h i s  formula,  t h e  r e l a x a t i o n  t i m e  c a l c u l a t e d  
above can be improved by  i n t r o d u c i n g  a c o r r e c t i o n  f a c t o r  
(T/3500)2. T h e  r e f i n e d  r e l a x a t i o n  t i m e  w i l l  t h e r e f o r e  be 

T Z  . (XII-8-6 ) 
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Chapter  X I 1 1  /5 39 

N O N S T A T I O N A R Y  A E R O D Y N A M I C S  O F  B O D I E S  

S X I I I - 1 .  LINEARIZED FLOW AROUND SOLIDS O F  REVOLUTION 

B a s i c  ~~ R e l a t i o n s h i p s  

G e n e r a l  d e f i n i t i o n s .  L e t  us  c o n s i d e r  t h e  problem o f  l i n e a r -  
i z e d  nons teady  f low around a body. A s  i n  t h e  c a s e  o f  s t e a d y  
f low,  w e  s h a l l  u s e  t h e  method of s o u r c e s  f o r  i t s  s o l u t i o n ,  w i t h  
t h e  d i f f e r e n c e  t h a t  t h e  washed body i s  r e p l a c e d  by a s y s t e m  of 
nons teady  s o u r c e s  ( s i n k s )  and d i p o l e s  ( [72] ,  1951 ,  N o .  8 ) .  

F i g u r e  X I I I - 1 - 1 .  Diagram 
of Nonsteady Flow Around 
S o l i d  of  R e v o l u t i o n  i n  
T r a n s v e r s e  D i r e c t i o n .  

L e t  us  assume t h a t  i n  a l i n e a r -  
i z e d  s u p e r s o n i c  f low a t  a c e r t a i n  
Mm t h e r e  i s  a secondary  t r a n s v e r s e  
onflow a t  a v e l o c i t y  W ( x , t )  t h a t  
depends on t i m e  t and t h e  c o o r d i n a t e  
x - o f  a g i v e n  c r o s s  s e c t i o n  o f  t h e  
s o l i d  of  r e v o l u t i o n  ( F i g .  X I I I - 1 - 1 ) .  
Thus,  t h i s  a d d i t i o n a l  f low i s  non- 
s t e a d y .  Fol lowing  t h e  method o f  
s o u r c e s ,  w e  can r e g a r d  t h e  v e l o c i t y  
p o t e n t i a l  o f  t h i s  f low as t h e  po- 
t e n t i a l  o f  nons teady  s o u r c e s  and 
d i p o l e s  whose s t r e n g t h  and moment, 
r e s p e c t i v e l y ,  v a r y  i n  t i m e .  

Here t h e  v e l o c i t y  p o t e n t i a l  from nons teady  s o u r c e s  and d i -  
p o l e s  on t h e  a x i s  o f  a s l e n d e r  body i s  de termined  from t h e  l i n e a r -  
i z e d  e q u a t i o n  (111-2-31). The i n t e g r a l  @ '  of  t h i s  e q u a t i o n  i s  
sought  as t h e  sum o f  two p o t e n t i a l s :  @:, t h e  axisymmetr ic-f low 
p o t e n t i a l ,  which does n o t  produce  d i s t u r b a n c e s  t h a t  lead to t h e  
appearance  of  a normal f o r c e ,  and Cpi, t h e  p o t e n t i a l  from d i s t u r b -  
ance  o f  symmetry, which does  produce  a normal f o r c e .  A s  i n  t h e  
c a s e  of  s t e a d y  f low,  t h e  s o l u t i o n  f o r  t h e  added p o t e n t i a l  $ 4  can  
b e  s o l v e d  i n  t h e  form ( X I - 1 - 1 4 ) .  A s  r e g a r d s  t h e  s o l u t i o n  f o r  @;, 
i t  i s  t h e  i n t e g r a l  o f  t h e  l i n e a r i z e d  nonsteady-f low e q u a t i o n  

( X I I I - 1 - 1 )  

where t h e  s u b s c r i p t s  x - and r - s i g n i f y  t h e  c o r r e s p o n d i n g  p a r t i a l  
d e r i v a t i v e s .  
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Potent ia l  o f  nonsteady source ( s i n k s ) .  L e t  us w r i t e  t h e  
s o l u t i o n  of ( X I I I - 1 - 1 )  i n  t h e  form 

( X I I I - 1 - 2 )  

where w i s  t h e  a n g u l a r  f requency  o f  t h e  body ' s  v i b r a t i o n s  i n  t h e  
u n i n v e r t e d  motion and ? l (x , r )  i s  a f u n c t i o n  o f  t h e  v a r i a b l e s  x and 
r .  - 
t h e  absence  of  d i s t u r b a n c e s  on t h e  x = 0 l i n e .  

Here, n ( 0 , r )  = n x ( O , r )  = 0 ,  which co r re sponds  p h y s i c a l l y - t o  

Af t e r  s u b s t i t u t i n g  ( X I I I - 1 - 2 )  f o r  $: i n t o  ( X I I I - 1 - l ) ,  it 
becomes 

( X I I I - 1 - 3 )  

D i f f e r e n t i a l  e q u a t i o n  ( X I I I - 1 - 3 )  can be s o l v e d  by  an o p e r a t o r  
method based  on t h e  Laplace  i n t e g r a l  t r a n s f o r m a t i o n .  Appl ied  to 
t h e  p r e s e n t  c a s e ,  t h i s  method c o n s i s t s  i n  s t u d y i n g  n o t  t h e  func-  
t i o n  n ( x , r )  i t s e l f ,  which i s  known as t h e  o r i g i n a l ,  b u t  i n s t e a d  
i t s  s o - c a l l e d  t r a n s f o r m .  T h i s  t r a n s f o r m a t i o n  o f  t h e  f u n c t i o n  
q ( x , r )  w i t h  r e s p e c t  to t h e  v a r i a b l e  z i s  accomplished as f o l l o w s .  
The functTon n ( x , r )  i s  m u l t i p l i e d  by t h e  e x p o n e n t i a l  f u n c t i o n  
e x p ( - s x ) ,  and t h e n  i n t e g r a t i o n  i s  c a r r i e d  o u t  i n  t h e  r ange  from 
0 to m .  We o b t a i n  as a r e s u l t  

where c(s,r) i s  a f u n c t i o n  known as t h e  ( L a p l a c e )  t r a n s f o r m  o f  
t h e  f u n c t i o n  q ( x , r )  and - s i s  a c e r t a i n  complex q u a n t i t y ,  t h e  
t r a n s f o r m a t i o n  o p e r a t o r .  

A s  a r e s u l t  of  t h e  Laplace  t r a n s f o r m a t i o n  ( X I I I - 1 - 4 ) ,  we 
o b t a i n  a n  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n  f o r  t h e  t r a n s f o r m :  

( X I I I - 1 - 5 )  

The s e n s e  o f  t h e  t r a n s f r o m a t i o n  becomes e v i d e n t  from t h e  
form o f  ( X I I I - 1 - 5 1 :  i t  has reduced  t h e  number o f  v a r i a b l e s  by 
one and t h e r e b y  enab led  us to p a s s  from a p a r t i a l  d i f f e r e n t i a l  
e q u a t i o n  ( X I I I - 1 - 3 )  t o  t h e  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n  
( X I I I - 1 - 5 ) .  The e q u a t i o n  o b t a i n e d  i s  one of t h e  m o d i f i c a t i o n s  
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of  t h e  Besse l  e q u a t i o n  whose s o l u t i o n  has a l i m i t  a t  i n f i n i t y :  

(XIII-1-6) 

where K O  i s  a Macdonald f u n c t i o n .  

The i n v e r s e  Laplace  t r a n s f o r m a t i o n  must be used f o r  t h i s  purpose .  
The f i n a l  e x p r e s s i o n  f o r  t h e  unknown f u n c t i o n  takes t h e  form 

Having found t h e  t r a n s f o r m  ’?, w e  must f i n d  t h e  o r i g i n a l  0 .  

11 (5, F ) = [ I c ~ - ( o I ‘ T ) ~ ] - ~ / ~ c o s  { m [ ~ 2 - ( ~ ’ r ) 2 ] 1 ’ 2 } ,  w (XIII-1-7) 

which i s  v a l i d  f o r  t he  c o n d i t i o n  ( x  - a’r) > 0 .  

We o b t a i n  a r e l a t i o n  f o r  t h e  p o t e n t i a l  o f  a nons teady  p o i n t  
s o u r c e  on t h e  basis o f  (XIII-1-2) and (XIII-1-7). I f  s o u r c e s  of 
v a r i a b l e  i n t e n s i t y  f ( s )  are  d i s t r i b u t e d  con t inuous ly  a l o n g  t h e  x- 
a x i s ,  t h e  p o t e n t i a l  f u n c t i o n  i s  

- 

P o t e n t i  a1 o f  a n o n s t e a d y  d i p o l e .  D i f f e r e n t i a t i n g  t h e  poten-  
t i a l  f u n c t i o n  $ I 1  w i t h  r e s p e c t  t o  11, w e  f i n d  t h e  added p o t e n t i a l  
$I; of a nonsteahy d i p o l e  i n  accordance  w i t h  (XI-1-14). 
d i f f e r e n t i a t i n g ,  w e  t r a n s f o r m  Expres s ion  (XIII-1-8) to t h e  v a r i -  
ab l e  z = a r c  cosh [(x - ~ ) / ( a ’ r ) ] .  Then, d i f f e r e n t i a t i n g  w i t h  /541 
r e s p e c t  to r and t r a n s f o r m i n g  back to t h e  v a r i a b l e  E = 
= x - a’r cosh z, w e  f i n d  an e x p r e s s i o n  f o r  t h e  nons teady-d ipole  
p o t e n t i a l :  

Before 

(XIII-1-9) 
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Figure XIII-1-2. Cases of Motion of 
Solid of Revolution. a) harmonic os- 
cillatory motion about the body's 
center of gravity; b) harmonic os- 
cillation of the body normal to 
its longitudinal axis; c) steady 
rotation of the body about a 
transverse axis passing through 
its center of gravity. 

= - TV (5, t )  cos y.  (7) r+O 

Boundary c o n d i  t i  on. 
The boundary condition 
for determination of the 
function f(&) in (XIII-1-9) 
is obtained from the non- 
separating-flow condition. 
This means that the dis- 
turbed-motion potential 
from the nonsteady dipole 
must be such that the nor- 
mal velocity component 
vanishes on the surface 
of the body or, consider- 
ing its small thickness, 
on the x-axis, i.e., such 
that a condition analogous 
to (XI-1-11') is satisfied: 

( x I I I -1 - 10 ) 

This condition assumes various forms depending on the specif- 
ic case of flow accompanying the particular form of motion of the 
body. 

Let us consider possible cases of motion that are of practi- 
cal interest in connection with investigation of oscillatory sta- 
bility. 

Harmonic oscillatory motion of the-bodz ab-o-ut- a transverse 
axis passing through its center of gravity (Fig. XIII-1-2a). In 
this case, the motion is determined by the equation 

a :-- a,, csp (iot), (XIII-1-11) 

where a, is the initial amplitude, which is equal to the attack 
angle at t = 0. 

to a nonsteady disturbed flow whose transverse velocity component 
In the inverted motion, oscillations of the body give rise /542 
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i s  

S i n c e  

_- da - cr,Jco c'sp ( i t o t ) ,  
d t  

( X I I I - 1 - 1 2 )  

(XII I -1-13)  

t h e  boundary cond i t ion .becomes  

Harmonic - o s c i l l a t i o n _ n g r m a l  _- to t h e  body ' s  l o n g i t u d i n a l  a x i s  
( F i g .  XIII-1-2b). I n  t h i s  c a s e ,  t h e  m o t i o n - i s  c h a r a c t e r i z e d  by a 
t r a n s v e r s e  v e l o c i t y  component 

1 i z -  ( t )  .: ll;o csp ( i w t ) ,  (XIII-1-15) 

where W, i s  t h e  normal v e l o c i t y  o f  t h e  o s c i l l a t o r y  motion a t  t i m e  
t = 0 .  

Consequent ly ,  Cond i t ion  ( X I I I - 1 - 1 0 )  i s  w r i t t e n  

- 1V0 esp  (iot)  c o s y .  (XIII-1-16 ) -= 
ar 

Steady r o t a k i o n  o f - t h e - b o a -  gbgut - i t s  _- c e n t e r  o f  g r a v i t y  ( F i g .  
XII I -1-2c) .  The v e l o c i t y  component a t  a c e r t a i n  p o i n t  on t h e  s u r -  
f a c e  of t h e  body, which has  a c o n s t a n t  a t t a c k  ang le  a , i n  t h i s  c a s e ,  
i s  determined by t h e  e x p r e s s i o n  

I.v (5) = aoV, 4- Q z  (5--5,., ), ( X I I I - 1 - 1 7 )  

where Q z  i s  t h e  angular v e l o c i t y  o f  r o t a t i o n .  The boundary 
c o n d i t i o n  w i l l  be  

aq; - [aoV, -+ 9, (5 - 5 c . g  )I cos y.  (XIII-1-18 1 -= 
ar 

The boundary c o n d i t i o n s  se rve  f o r  d e t e r m i n a t i o n  of  t h e  source-  
d i s t r i b u t i o n  l a w ,  i . e . ,  t h e  form of f ( E ) .  I n  t h e  c a s e  o f  a very  
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s l e n d e r  body, t h e  form o f  t h i s  f u n c t i o n  can be found as f o l l o w s .  
F i r s t ,  Expres s ion  (XII I -1-9)  i s  t r ans fo rmed  to t h e  v a r i a b l e  z = 
= a r c  cosh [ ( x  - &>/cc'r)] and t h e  p a r t i a l  d e r i v a t i v e  9 '  i s  c a l -  
c u l a t e d .  Then t h e  e x p r e s s i o n  o b t a i n e d  f D r  t h i s  d e r i v a t i v e  i s  
conve r t ed  back to t h e  v a r i a b l e  E = x - a ' r  cosh z, and t h e  l i m i t  
t r a n s i t i o n  w i t h  r -f 0 i s  made. The above boundary c o n d i t i o n s  are 
a t t a c h e d  to t h e  r e s u l t i n g  l i m i t  r e l a t i o n s h i p .  Then t h e  l i m i t i n g  
v a l u e  of  t he  p a r t i a l  d e r i v a t i v e  0 '  which i s  s t u d i e d  i n  s l e n d e r -  
body t h e o r y  f o r  t h e  c a s e  o f  nons teady  f low,  w i l l  be 

2 r  

2 r '  

(XII I -1-19)  

where S ( x )  = m2 i s  t h e  c r o s s - s e c t i o n a l  area a t  a d i s t a n c e  - x from 
t h e  t i p  o f  the  body. 

D e t e r m i  n a t i o n  o f  t h e  a e r o d y n a m i  c c o e f f i c i e n t s .  The expres -  
s i o n  f o r  t h e  p o t e n t i a l  f u n c t i o n  and t h e  boundary c o n d i t i o n  must be 
supplemented w i t h  r e l a t i o n s h i p s  t h a t  de te rmine  t h e  aerodynamic 
c o e f f i c i e n t s  i n  g e n e r a l  form. One of  these r e l a t i o n s h i p s  i s  For- 
mula (XI-1-21) f o r  t h e  added p r e s s u r e  c o e f f i c i e n t  t h a t  appea r s  as 
a r e s u l t  of  nons teady  t r a n s v e r s e  f low.  S u b s t i t u t i n g  t h e  expres -  
s i o n  f o r  t h i s  c o e f f i c i e n t  a c c o r d i n g  t o  (XI-1-21) f o r  p2 into t h e  
i n t e g r a n d  i n  (XI-3-11, w e  o b t a i n  f o r  t h e  normal-force c o e f f i -  /543 
c i e n t  

where 

(XIII-1-20) 

(XIII-1-21) 

L e t  u s  now examine t h e  r e l a t i o n s h i p  t h a t  d e f i n e s  t h e  moment 
c o e f f i c i e n t  about  an  a x i s  p a s s i n g  through t h e  c e n t e r  o f  g r a v i t y .  
To do s o ,  w e  s h a l l  u se  Formula (1-5-8), which w e  t r a n s f o r m  t o  

(XIII-1-22) 

A s  f o l l o w s  from (1-3-14) and (X1-1-21), t h e  e x p r e s s i o n  f o r  
t he  a x i a l - f o r c e  c o e f f i c i e n t  i s  t h e  same as f o r  t h e  c a s e  o f  s teady  
flow. 
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Aerodynamic --- C o e f f i c i e n t s  ~~~ under  t h e  C o n d i t i o n s  o f  Low-Frequency 
O s c i l l a t i o n s  

G e n e r a l  e x p r e s s i o n  f o r  t h e  p o t e n t i a l  f u n c t i o n .  S o l u t i o n  o f  
t h e  problem o f  d e t e r m i n i n g  aerodynamic c h a r a c t e r i s t i c s  f o r  non- 
s t e a d y  s u p e r s o n i c  f low around a s o l i d  of  r e v o l u t i o n  i s  s i m p l i f i e d  
i f  low-frequency o s c i l l a t i o n s  c o r r e s p o n d  t o  t h i s  f low i n  t h e  un- 
i n v e r t e d  mot ion .  If ( X I I I - 1 - 9 )  i s  p r e s e n t e d  as a se r i e s  i n  powers 
of  t h e  p a r a m e t e r  k = Mmur/(alVm), which i s  known as t h e  reduced  
harmonic f r e q u e n c y ,  w e  can s a t i s f y  o u r s e l v e s  t h a t  f o r  f r e q u e n c i e s  
o f - t h e  o r d e r  o f  ama ' /xb ,  t h e  nonsteady-f low p o t e n t i a l  can b e  r e p r e -  
s e n t e d  w i t h  s u f f i c i e n t  a c c u r a c y  i n  t h e  form o f  a l i n e a r  f u n c t i o n  
of t h e  p a r a m e t e r  k .  - Transforming  t o  t h e  v a r i a b l e  z = 
= a r c  cosh [(x - ~ ) / ( a ' r ) ] ,  i n  t h i s  r e l a t i o n s h i p ,  w e  f i n d  i n  f i r s t  
a p p r o x i m a t i o n  

arch u 

'p; =cos y esp (iot) [a' i (x - a'r ch =.) ch z dz - i 
- iM,a'k arr i (x - a'r ch z )  dz . 

0 1 (XIII-1-23) 

We now c a l c u l a t e  t h e  d e r i v a t i v e s  o f  +: w i t h  r e s p e c t  t o  x 
and 't, which are  needed f o r  d e t e r m i n a t i o n  o f  t h e  p r e s s u r e  coFf- 
f i c i e n t .  S e t t i n g  f = m ,  w e  o b t a i n  

arch u 

cp;x = a' cos y esp ( i d )  [ 1 & ( x - a a ' r c h z ) c h z d z -  

-iihil,k 1 i n ( x T a ' r c h z ) d z  ; 

0 

(XIII-1-24) 1 
arch u 

0 
arch u 

v;g =a'io cos y csp (iot) [ 1 nz (5 - a'r ch z) ch z dz.- 
0 

arch u 

- - i 3 l J i  m (z - a'r ch a )  dz]  . 
0 

(XIII-1-25) 

1544 The form o f  t h e  f u n c t i o n s  and m i s  de te rmined  from Con- 
d i t i o n  ( X I I I - 1 - 1 9 )  and t h e  boundary c o n d i t i o n s  f o r  each  s p e c i f i c  
c a s e  o f  mot ion  o f  t h e  body. 

Harmonic .- o s c i l l a t o r y  motion o f  t h e  body about  i t s  c e n t e r  o f  
g r a v i t y .  I r - - t h i s  case, .  t h e  form o f  t h e  f u n c t i o n s  m and rh can be 
d e t e r m i n e d  as f o l l o w s .  F i r s t  w e  f i n d  t h e  f u n c t i o n -  
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(XIII-1-26) 

from Expressions (XIII-1-14) and (XIII-1-19). 

Then, c a l c u l a t i n g  t h e  f i r s t  and second d e r i v a t i v e s ,  

.v ( e )  (XIII-1-27) ioao; [I, .-  -:- ito ( E  - .rc.g)l -1- - S' (F )  - I 

111 ( P )  --- 

A'" ( 0 )  a(llVm t - i o ( E - . r c . g ) l  -!-y 2.9' ( E )  iorro. / I l ( P )  - . - 

3 n 

(XIII-1-28) n 

We in t roduce  t h e s e  expres s ions  i n t o  (XIII-1-24) and (XIII-1-25) 
a f t e r  f i r s t  t ransforming  t o  t h e  v a r i a b l e  z = a r c  cosh [(x - E)/ 
/ ( a ' r ) ] .  Then, c a l c u l a t i n g  t h e  i n t e g r a l s  and apply ing  (XI-1-21], 
we o b t a i n  

where 

0 

Q1 == 1 S' (s - a'r ch z )  ch  z dz; (XIII-1-30) 
arch u 

0 

Q2 = S' ( s - a ' r c h  z )  ( x - a ' r c h  z )  ch z dz; (XIII-1-31) 
archu 

0 

Q3 = 1 S' ( x  -a'r ch z )  dz .  (XIII-1-32) 
arch u 

In t roduc ing  from (XIII-1-29) i n t o  (XIII-1-19) and 
(XIII-1-22) and then  c a l c u l a t i n g  t h e  d e r i v a t i v e s  

(XIII-1-33) 

w e  o b t a i n  

I I 
I I  



The s t a b i l i t y  d e r i v a t i v e s  o f  very  s l e n d e r  b o d i e s  can b e  ob- 
t a i n e d  from t h e  above e x p r e s s i o n s  i f  t h e  a p p r o p r i a t e  v a l u e s  from 
slender-body aerodynamics are  s u b s t i t u t e d  f o r  t h e  f u n c t i o n s  Qn. 
To f i n d  these v a l u e s ,  i t  i s  n e c e s s a r y  to c o n v e r t  to t h e  v a r i a b l e  
E = x - a ' r  cosh z i n  Expres s ions  ( X I I I - l - 3 O ) - ( X I I I - 1 - 3 2 )  and 
t h e n  make t h e  l i m i t  t r a n s i t i o n  w i t h  r -P 0 .  On s u b s t i t u t i n g  t h e  

( X 1 1 1 - 1 - 3 5 ) ,  w e  o b t a i n  
v a l u e s  t h u s  found f o r  t h e  f u n c t i o n  Qn i n t o  ( X I I I - 1 - 3 4 )  and /545 

(xIII-1-36 ) 

( X I I I - 1 - 3 7 )  

Harmo-nic o s c i l l a t i o n s  i n  t h e  d i r ec t i -on  normal to t h e  body ' s  
l o n g i t u d i n a l  a x i s .  Fo r  t h i s  t y p e  o f  mot ion ,  t he - func t ion  f ( E )  i s  
d e f i n e d  as f o l l o w s  i n  accordance  w i t h  (XIII-1-16) and ( X I I I - 1 - 1 9 ) :  

f (E )  =:- 9 w,, 
n 

and the  f u n c t i o n  m - and i t s  d e r i v a t i v e  take t h e  form 

(xIII-1-38)  

( X I I I - 1 - 3 9 )  

Conver t ing  to t h e  v a r i a b l e  5 and s u b s t i t u t i n g  t h e  f u n c t i o n s  
m and A found from ( X I I I - 1 - 3 9 )  i n t o  Formulas ( X I I I - 1 - 2 4 )  and 
T X I I I - 1 - 2 5 ) ,  w e  o b t a i n  t h e  co r re spond ing  v a l u e s  o f  $;x and $I& 
and t h e n ,  u s i n g  ( X I I I - 1 - 2 1 ) ,  t h e  p r e s s u r e  c o e f f i c i e n t .  I n t r o d u c -  
i n g  t h e  v a l u e s  o f  t h i s  c o e f f i c i e n t  i n t o  ( X I I I - 1 - 2 0 )  and ( X I I I - 1 - 2 2 )  
and d i f f e r e n t i a t i n g ,  w e  o b t a i n  t h e  s t a b i l i t y  d e r i v a t i v e s  

( X I I I - 1 - 4 0 )  

747 



where 

( X I I I - 1 - 4 1 )  

( X I I I - 1 - 4 2 )  
arv 
at W=-. 

The r e l a t i o n s h i p s  f o r  t h e  s t a b i l i t y  d e r i v a t i v e s  de r ived  from 
t h e  aerodynamic theory  of  t h e  s l e n d e r  body t a k e  t h e  form 

Steady r o t a t i o n  about c e n t e r  of g r a v i t y .  - I n  t h i s  c a s e ,  t h e  
f u n c t i o n  f ( & )  i s  g iven  by  t h e  equa t ion  

D i f f e r e n t i a t i n g  t h i s  expres s ion  twice w i t h  r e s p e c t  t o  E ,  we 
f i n d  

.. f ( E )  = m = - 8" (F) IaoVm + Qz ( ~ - - 5 ~ . ~ ) l +  2s' -y- ( E )  Q z -  XXIII-1-46) x 

Converting i n  t h i s  formula t o  t h e  v a r i a b l e  z and s u b s t i t u t -  
i n g  t h e  expres s ion  found f o r  fi i n t o  (XI-3-2), we-find @iX and then  
t h e  p r e s s u r e  c o e f f i c i e n t  

With pi, w e  can c a l c u l a t e  t h e  c o e f f i c i e n t s  of normal f o r c e  /5 46 
and moment due t o  t h e  r o t a t i o n  and then  t h e i r  d e r i v a t i v e s  
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where 

(XIII-1-47) 

(XIII-1-48 ) 

(XIII-1-49) 

Figure  XIII-1-3. V a r -  F igure  XIII-1-4. V a r -  
i a t i o n  of S t a b i l i t y  i a t i o n  of S t a b i l i t y  
D e r i v a t i v e s  of  S o l i d  Der iva t ives  of  S o l i d  
of  Revolut ion wi th  Mw of Revolut ion wi th  Mw 
i n  Ro ta t ion  a t  Constant i n  Harmonic O s c i l l a -  
Angular Ve loc i ty .  t i o n s  About t h e  Center  

of  G r a v i t y .  

CW 
"P 

1.4 

1.3 

Figure  XIII-1-5. V a r -  
i a t i o n  of  S t a b i l i t y  
D e r i v a t i v e s  of S o l i d  
of Revolut ion wi th  Mm 
i n  Harmonic O s c i l l a -  
t i o n s  Normal t o  t h e  
Longi tudina l  Axis.  

F igure  XIII-1-6. V a r -  
i a t i o n  of  S t a b i l i t y  
Der iva t ives  of S o l i d  
of  Revolut ion w i t h  Mm 
i n  Motion a t  Constant 
Angle of  Attack.  

The s t a b i l i t y  d e r i v a t i v e s  corresponding t o  slender-body aero-  
dynamic theory  take the  form 
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R e s u l t s  o f  c a l c u l a t i o n  of  t h e  s t a b i l i t y  d e r i v a t i v e s  by t h e s e  
formulas  f o r  a p a r a b o l i c  s o l i d  of  r e v o l u t i o n  are p r e s e n t e d  i n  F i g s .  
XIII-1-3 t h r o u g h  X I I I p l - 5 .  
form r = O.O2(1Ox - x ), whi le  t h e  c o o r d i n a t e  o f  t h e  c e n t e r  o f  
g r a v i t y  reckoned from t h e  c o o r d i n a t e  o r i g i n  x = 5. The dashed  /547 
l i n e s  on t h e s e  f i g u r e s  i n d i c a t e  r e s u l t s  o b t a i n e d  from s l e n d e r -  
body t h e o r y .  For  comparison,  F i g .  XIII-1-6 shows s t a t i c  s t a b i l i t y  
d e r i v a t i v e s  c a l c u l a t e d  f o r  t h e  same body by t h e  f o r m u l a s  o f  l i n e a r -  
i z e d  t h e o r y  

The g e n e r a t r i x  o f  t h i s  s o l i d  has t h e  

cog 

X h  

(XIII-1-52) 

XC 

and by the  formulas  o f  s lender -body aerodynamic t h e o r y  (dashed 
l i n e s  ) : 

( X I I I - 1 - 5 4 )  

(XIII-1-55 ) 

SXIII-2.  APPLICATION OF THE NEWTON METHOD 

Tapered S o l i d  of R e v o l u t i o n  

L e t  u s  c o n s i d e r  t h e  aerodynamic c h a r a c t e r i s t i c s  o f  a body i n  
h y p e r s o n i c  t r a n s l a t i o n a l  mot ion  when i t  a l s o  r o t a t e s  a t  a c e r t a i n  
a n g u l a r  v e l o c i t y  f iz  a b o u t  i t s  c e n t e r  o f  g r a v i t y .  

The p r e s s u r e  c o e f f i c i e n t  i s  de termined  by t h e  g e n e r a l  formula  
(IV-7-7) as t h e  sum o f  two components, one of  which i s  governed by 
t h e  t r a n s l a t i o n a l  motion and t h e  o t h e r  by t h e  damping tha t  arises 
as a r e s u l t  o f  t h e  r o t a t i o n .  
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The f i rs t  component Fv i s  g iven  by  Formula (X-3-1), and t h e  

second i s ,  accord ing  t o  (IV-7-91, equa l  t o  

According t o  (1-3-141, t h e  a x i a l - f o r c e  c o e f f i c i e n t  of  a body 
i n  r o t a t i o n  about i t s  c e n t e r  o f  g r a v i t y  i s  

where x = X/xmid '  

T h i s  formula can be  w r i t t e n  

where 

(XIII-2-2) 

(XIII-2-3) 

(XIII-2-4) 

The a x i a l - f o r c e  c o e f f i c i e n t  ( c ~ ~ ) ~ = ~  i n  t h e  absence o f  ro-  
t a t i o n  i s  determined by  (X-3-5). The second term i n  (XIII-2-3) 
depends on t h e  angu la r  v e l o c i t y  SIz and i s ,  as we s e e ,  expressed  
as t h e  i n t e g r a l  of t h e  l o c a l  a x i a l - f o r c e  c o e f f i c i e n t  c 1  . If w e  
a r e  concerned w i t h  t h e  case  o f  low angu la r  v e l o c i t i e s ,  which i s  
u s u a l l y  encountered i n  p r a c t i c e ,  t h e  second term i n  (XIII-2-1) 
can b e  dropped; t hen  

/548 

R P  

Evalua t ion  of t h e  l i m i t s  and A b ,  which a r e  determined by 
the l eng th  and shape of  t h e  "shaded" zone, i s  se t  f o r t h  i n  5X-3. 
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The r o t a r y  d e r i v a t i v e  

(XIII-2-5) 

I n  analogy w i t h  (X111-2-3), w e  can w r i t e  f o r  t h e  normal- 
f o r c e  c o e f f i c i e n t  

-,’ 
Xb 

where x = x/xmid. 

I n  t h i s  formula,  (eNp ) n=o i s  determined from (X-3-36), 
keeping t h e  minus s i g n ,  and 

(XIII-2-7) 
a c x p  

( C . v p ) h  = Y = - - 
ar . 

‘b 

With t h e  f i r s t  term i n  sZz/V, r e t a i n e d ,  Expression ( X I I I - 2 - 1 )  f o r  
pn i s  s u b s t i t u t e d  i n t o  t h e  i n t e g r a n d  t o  o b t a i n  
- 

The r o t a t i o n a l  d e r i v a t i v e  

(XIII-2-91 

Let us examine expres s ions  f o r  t h e  t o t a l  l o n g i t u d i n a l  moment 
c o e f f i c i e n t  of t h e  body about i t s  c e n t e r  of g r a v i t y  and t h e  cor- 
responding r o t a r y  d e r i v a t i v e .  The moment c o e f f i c i e n t  
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where 
=c.g r . -  

5. - . -  , r = - -  , 2 c . g  = --. - 
Zmid =mid  r m i d  

O r ,  a p p l y i n g  (XIII-2-71, /549 

where,  a c c o r d i n g  t o  (X-3-36),  

(XIII-2-12) 

and t h e  d e r i v a t i v e  ( c  ) '  i s  g i v e n  by  (XIII-2-7). 
NP s-2 

The r o t a r y  d e r i v a t i v e  

For t h e  c y l i n d r i c a l  s e c t i o n  o f  t h e  body, w e  must s e t  B = 0 

Np'h = and yb =  IT/^ i n  t h e  above f o r m u l a s .  
= 0 .  

Accord ingly ,  ( c R p ) h  = ( e  

A t  c e r t a i n  a n g l e s  of  a t t a c k  s m a l l e r  t h a n  t h e  B o  a t  t h e  p o i n t ,  
t h e  "shaded" zone on a c u r v i l i n e a r  nose  s e c t i o n  may b e  short, s o  
t h a t  we can s e t  Fi = 1 and yc = 0 .  Then 

If t h e  a n g l e s  a 1. B o ,  t h e  i n f l u e n c e  of t h e  "shaded" zone w i l l  
be  s i g n i f i c a n t  and i t  i s  n e c e s s a r y  to use t h e  more g e n e r a l  r e l a t i o n -  
s h i p s ,  i n  which t h e  a n g l e  y c  = a r c  c o s  ( t a n  B/tan a). I n  t h e  
"shaded" zone, w e  can  s e t  t h e  p r e s s u r e  c o e f f i c i e n t  <e = 0 .  
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The formulas  t o  be  used  i n  c a l c u l a t i n g  t h e  t o t a l  aerodynamic 
c o e f f i c i e n t s  are 

In t h e  last formula  

i s  deter-  = m ~ p / C N p  C-P 
mined from t h e  v a l u e s  found f o r  m and c . 
Blunted  Cone 

The c e n t e r  o f  p r e s s u r e  c o e f f i c i e n t  c 

=P NP 

The aerodynamic c o e f f i c i e n t s  o f  a s p h e r i c a l l y  b l u n t e d  cone i n  
r o t a t i o n  a t  a n g u l a r  v e l o c i t y  f i z  s h o u l d  be c a l c u l a t e d  by Formulas 
( X I I I - 2 - 3 ,  (XIII-2-6) and ( X I I I - 2 - 1 1 ) ,  i n  which t h e  i n t e g r a l s  are 
r e p r e s e n t e d  as sums o f  t h r e e  i n t e g r a l s ,  e a c h  of which c o r r e s p o n d s  
t o  one o f  t h e  f low r e g i o n s  e s t a b l i s h e d  i n  S X I I - 6 .  With c o n s i d e r a -  /550 
t i o n  o f  t h e  l e n g t h s  o f  t h e  f low r e g i o n s ,  t h e  f i r s t  i n t e g r a l  i s  
e v a l u a t e d  i n  t h e  r a n g e  from 0 to xa, t h e  second from x t o  xb ,  
and t h e  t h i r d  from xb to R b  (see F i g .  X I I - 6 - 1 ) .  

a 

According ( X 1 1 1 - 2 - 3 ) ,  t h e  t o t a l  a x i a l  f o r c e  c o e f f i c i e n t  

where ( cRp fi= 
c i e n t  A(c ) due t o  t h e  r o t a t i o n  by 

i s c a l c u l a t e d b y  ( X I I - 6 - 4 )  a n d t h e  a d d i t i o n a l c o e f f i -  

RP fi 

i s  t h e  r e l a t i v e  c o o r d i n a t e  of  t h e  c e n t e r  o f  - 
- 'c.g/'b c - g  

where x 
g r a v i t y .  

The c o e f f i c i e n t s  
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- 
Here wx = Q R /Vm; Rb = Rb/rmid; R = Rb/R; (E; i s  t h e  l e n g t h  

o f  t h e  u n b l u n t e d  cone and Rb i s  t h e  r a d i u s  of t h e  s p h e r i c a l  n o s e ) ;  
z b  

x (bi - b'z,, s i n  Bc cosBC); 

A2 = 20, (1 - -") x b3 cos a cos2 Bc + o,bz (1 + sin2a) + 
sin yc cos a (4 t g  a c tg  $, - c tg  a t g  pC) (b3 - b J ;  2 + T 0, cos2 pc - .- 

al 

2 -  i -  
bi=3-  R b c o s f i , ( l - s i n f i , ) + ~ R ~ c o s g ~ ,  (2'3sinI3,); 

( X I I I - 2 - 2 2 )  1 
I 

The normal - force  c o e f f i c i e n t  

where ( c ~ ~ ) ~ = ~  i s  found from (XII-6-9)  i n  t h e  absence  o f  r o t a t i o n .  

T h e  added component due to an  a n g u l a r  v e l o c i t y  i s  

where 

( X I I I - 2 - 2 6 )  

T h e  t o t a l  l o n g i t u d i n a l  moment c o e f f i c i e n t  a b o u t  a c e n t e r  o f  /551 
g r a v i t y  a t  c o o r d i n a t e  x i s  de termined  from t h e  . e x p r e s s i o n  

c . g  
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inLp - .. (/i?L,,)o--(J -i- [I (mLj,)?, (XIII-2-27) 

where (mzp)n ,o  i s  c a l c u l a t e d  wi thout  c o n s i d e r a t i o n  of  damping b y  

Formula (XII-6-14). It must b e  remembered i n  t h e  c a l c u l a t i o n  
t h a t  t h e  moment i s  be ing  determined with-respect t o  the  p o i n t  

from (XII-6-16) and cNp from (X-3-36). The damping component 
= m  - e  x wherem i s  found 

Z P  Np c.gy Z P  
X Accordingly,  ( m Z p  1 n=o c .g '  

where A ,  and A, a r e  given by  Expressions (XIII-2-25). The param- 
e t e r  

- F =: -2- 0 
12 b,cos'p, 1 n '-2 cos v. (1 ") (bl-j- b;) .+- b2b31iisin2 pc (1 - f  sir'? a)  -j- 

- 2 sin** 
3 n  + - (4  t g a c t g PC --c g v. t g PC ) (bi + b5 - b3b& si n2 pc c.os2 Pc)], ( XI I I - 2 - 2 9 ) 

where 

+;-?* + ~ R ~ c o s 3 P C - - R  1 -6 c0.9 P,. (XIII-2-30] 36 b -  9 

In t h e  absence of a "shaded" zone, when a 
and, consequent ly ,  t h e  parameters  de te rmining  damping w i l l  b e  
s imple r :  

B C  t h e  ang le  yb  = 0 

(XIII-2-31) 

(XIII-2-32) 

20 b ,  B, = -A- s in  a; 
1 

A ,  = o,b, cos a; 

B2 = h i b 3  s in  acos2 pc; 

A2 = 2to,b3 cos a cos2Pc ; 
1 

(XIII-2-33) F = - T - - -  2% c o s a  bf+b ,  . 
I2   COS^^, b3 

For a skarp  cone, t h e  damping c h a r a c t e r i s t i c s  can be ob ta ined  
f o r  Rb = 0 ,  R = 1: 

(XIII-2-34) 
40, sin a 

3 B, = 

= 20, sin a cos2 pc [ (1 --+I + s i n b  n tg pc ctg ; 
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( X I I I - 2 - 3 5 )  1 A i =  '40, cos a [ ( I -~ )+* (4 tgac tgp , - tgpcc tga ) ] ;  

I + 7 ( 4  t g  a c t g p .  - l g  p c c t g  a)] ; J 

A2 = 20, cos a cos2 BC [(I -3 + 
sin v b  

P= uJz cos a [(I-?) + ~ ( 4 t g a c t g & - t g B , c t g a ) ] .  sin Yb ( X I I I - 2 - 3 6 )  cos* p, 

If a 5 B c ,  t h e r e  i s  no "shaded" zone,  t h e  a n g l e  y b  = 0 and,  
c o n s e q u e n t l y ,  

(XI I I -2 -37)  

(XIII-2-38) 

B 4 .  - To, sin a; . B2 = 20, sin a cos2 & ;  
4 Ai = w, cos a; .,I2 --= 2w, cos a cos &; 
cos a F=----- 

cos2 $, O,. (XII I -2-39  ) 

PO 160 d o  

F i g u r e  X I I I - 2 - 1 .  Damping Parameters a A l / a w Z  and a A , / a w Z ,  C a l -  

c u l a t e d  by Newtonian Theory f o r  a S p h e r i c a l l y  Blunted  Nose 
(8, = 1 5 " ) .  - ) cone w i t h  c y l i n d r i c a l  t a i l  s e c t i o n  of  
l e n g t h  0.334dmid; ----- ) w i t h o u t  c y l i n d r i c a l  s e c t i o n .  

For  a c y l i n d e r  w i t h  a s p h e r i c a l  n o s e ,  the c o e f f i c i e n t s  B1,, 
and A I , ,  assume t h e  form 

40 80 
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F i g u r e  X I I I - 2 - 2 .  Damping 
Parameter aF/awZ, C a l c u l a t e d  
by  Newtonian Theory f o r  a 
S p h e r i c a l l y  Blunted  Cone 

c y l i n d r i c a l  t a i l  s e c t i o n  of 

w i t h o u t  c y l i n d r i c a l  s e c t i o n .  

= 16'). - ) cone w i t h  (8,  

l e n g t h  0.334dmid; ----- 1 

Using t h e s e  c o e f f i c i e n t s ,  
w e  can de te rmine  t h e  damping 
components by Formulas (XIII-2-20) 
and (XIII-2-24) f o r  t h e  a x i a l -  
and normal-force c o e f f i c i e n t s .  
The damping-moment c o e f f i c i e n t  

( X I I I - 2 - 4 3 )  

F o r  c i r c u l a r  onflow,  when 
t h e  a t t a c k  a n g l e s  r e a c h  a > 9 0 ° ,  
t h e  i n f l u e n c e  o f  t h e  base p l a n e  
on damping must b e  t a k e n  i n t o  
account  by a p p l y i n g  to A ( m  ) 

a c o r r e c t i o n  
ZP 

AF = o, a cos a. (XIII-2-44) 
1 

R e s u l t s  of  c a l c u l a t i o n s  by t h e s e  formulas  are  p r e s e n t e d  i n  
F i g s .  X I I I - 2 - 1  and X I I I - 2 - 2 .  F i g u r e  X I I I - 2 - 1  shows va lues  of t h e  
d e r i v a t i v e s  ~ A , ~ & , =  djp; a ~ ~ / a ~ , = - 4 : z  as f u n c t i o n s  of  a, found f o r  c i r -  
c u l a r  onflow o n t o  a b l u n t e d  cone w i t h  f3, = 15O and Rb = 0 . 6  and 
0 . 9 .  I n  one of  t h e s e  c a s e s ,  t h e  cone has  a c y l i n d r i c a l  t a i l  sec -  
t i o n  o f  l e n g t h  xc = 0.334dmid. F i g u r e  X I I I - 2 - 2  p r e s e n t s  ca l cu -  
l a t e d  v a l u e s  of  t h e  d e r i v a t i v e  dF/awZ = F f o r  t h e  same condi-  
t i o n s .  

w 

S X I I I - 3 .  A C T I O N  OF A D D I T I O N A L  FORCES DUE TO ROTATION OF BODY /553 
ABOUT L O N G I T U D I N A L  AXIS 

An a d d i t i o n a l  l a t e r a l  f o r c e  A Z  ( t h e  s o - c a l l e d  Magnus f o r c e )  
appea r s  when a body r o t a t e s  abou t  i t s  l o n g i t u d i n a l  a x i s  o f  sym- 
met ry ;  i t  can b e  c a l c u l a t e d  by t h e  formula  

where 

( X I I I - 3 - 2 )  



?,=f/d,,,, l=x,+0.5xn, R e l = V d / v , .  ( X I I I - 3 - 2 )  
(Con t ' d . )  

F igure  XII I -3-1 .  Magnus Force 
a t  Large Body Attack Angles. 

Formula (XI I I -3 -1 )  i s  de- 
r i v e d  f o r  a c y l i n d r i c a l  body 
wi th  a f l a t  base  and i s  a p p l i c -  
able f o r  s m a l l  a t t a c k  ang le s  
a < 5 - 7 O  and flow cond i t ions  
under which t h e  boundary l a y e r  
remains laminar .  

The coord ina te  hc .p)Az of 
t h e  p o i n t  of a p p l i c a t i o n  of t h e  
Magnus f o r c e ,  reckoned from t h e  
nose of t h e  body, i s  c a l c u l a t e d  
by t h e  formula 

(T) = * - 0.4 + 0.3750:h2. 
A2 

(XIII-3-3)  

The moment of t h i s  f o r c e  wi th  r e s p e c t  to t h e  nose i s  AM = 
= A Z ( X ~ . ~ ) ~ ~ .  
i n c r e a s e s  by about 30-40%. This  e f f e c t  depends weakly on t h e  
shape of t h e  nose,  i t s  degree o f b l u n t n e s s , a n d  t h e  presence of 
va r ious  annu la r  p r o j e c t i o n s  o r  grooves on t h e  body. A t  t h e  same 
t ime,  t h e  t a i l  s e c t i o n  shape of t h e  v e h i c l e  has  s u b s t a n t i a l  i n -  
f l uence  on A Z .  For example, rounding t h e  t r a i l i n g  edges a t  t h e  
base may change t h e  Magnus f o r c e  sha rp ly  and cause A Z  to vary 
n o n l i n e a r l y  w i t h  a t t a c k  angle  a even a t  sma l l  va lues  of t h i s  
angle .  

For a t u r b u l e n t  boundary l a y e r ,  t h e  Magnus e f f e c t  

T h i s  n o n l i n e a r i t y  becomes s t r o n g e r  w i t h  i n c r e a s i n g  a t t a c k  
ang le .  To t a k e  t h e  e f f e c t  i n t o  account ,  we can use t h e  diagram 
i n  F ig .  X I I I - 3 - 1 ,  which g i v e s  exper imenta l  va lues  of 

as a f u n c t i o n  of  

i s  
1g 

ob ta ined  f o r  bodies  w i t h  f i neness  r a t i o s  from 3 to 9. 
t h e  area of  t h e  body's  l o n g i t u d i n a l  s e c t i o n .  The data of  F ig .  
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XIII-3-1 can  b e  used  t o  d e t e r m i n e  t h e  Magnus f o r c e  a c c u r a t e  t o  
10-20 p k : .  

Example. Determine t h e  Magnus f o r c e  and t h e  moment o f  t h i s  
f o r c e  f o r  a n  u n f i n n e d  body i n  r o t a t i o n  a b o u t  i t s  l o n g i t u d i n a l  
a x i s  a t  a n  a n g u l a r  v e l o c i t y  R x  = 600 rad/s and i n  f l i g h t  a t  a n  
a l t i t u d e  o f  5 km, Mm = 2,  and  a t  a n  a n g l e  o f  a t t a c k  01 = 5 O .  

xn = 560 mm; dmid = 250 mm. 
c e n t e r  o f  mass x = 830 mm. 

The 
g e o m e t r i c a l  d imens ions  o f  the  body are  as f o l l o w s :  xc = 970 mm; /554 

The d i s t a n c e  from t h e  n o s e  t o  t h e  

cog 
I n  a c c o r d a n c e  w i t h  t h e s e  d imens ions ,  t h e  r e f e r e n c e  l e n g t h  
C R = x + 0 . 5 ~ ~  = 970  + 0.5.560 = 1250 mm; t h e  s l e n d e r n e s s  r a t i o  

X = R/dmid = 1250/250 = 5. 

We f i n d  f o r  a n  a l t i t u d e  o f  5 km from t h e  s tandard-a tmosphere  
t a b l e s :  p 
= 3 2 0 . 4  m T s .  

= 0.07506 kg*s2/m';  vm= 22.09*10-6 m 2 / s 2 ;  am - - 

The f l i g h t  s p e e d  a t  t h i s  a l t i t u d e  i s  

v L , , - - ~ r a a -  =2.w~.-=(; io .s  dS. 

and t h e  Reynolds number 

According to (XIII-3-2)  

S i n c e  t h e  v e l o c i t y  head 

and t h e  m i d s h i p s - s e c t i o n  area Smid = rd i id /4  = ~ * 0 . 2 5 ~ / ' 1  = 

= 0.04.91 m 2 ,  t h e n  a c c o r d i n g  to ( X 1 1 1 - 3 - 1 ) ,  t h e  Magnus f o r c e  i s  



We f i n d  from Formula (XIII-3-3) 

(+ )Ar=v-0 . .4 f0 .375  =c P 1530 ( Gv)2 52=@.695. 
i 250 2 6i0.8 

The d i s t a n c e  between t h e  p o i n t  of  a p p l i c a t i o n  o f  t h e  Magnus 
f o r c e  and t h e  v e h i c l e ' s  c e n t e r  of mass i s  

The moment of  t h e  Magnus f o r c e  

L e t  u s  assume t h a t  t h e  a t t a c k  a n g l e  i s  i n c r e a s e d  b y  10' and 
t h a t  i t  i s  n e c e s s a r y  t o  t a k e  t h e  n o n l i n e a r  e f f e c t  i n t o  a c c o u n t .  
W e  f i n d  from F i g .  X I I I - 3 - 1  f o r  MmtsV = Moo s i n  a = 2 * s i n  1 0  = 0 . 3 4 7  

F o r  a v e h i c l e  w i t h  a c o n i c a l  nose  s e c t i o n ,  t h e  l o n g i t u d i n a l -  
s e c t i o n  a r e a  i s  

From t h i s  l o n g i t u d i n a l  s e c t i o n  and t h e  t r a n s v e r s e  f low v e l o -  
- - = 0.3470320.4  = 111 m / s ,  w e  c a l c u l a t e  t h e  c i t y  Vcotsv M m t S V a w  

Magnus f o r c e  



C h a p t e r  XIV 

F R I C T I O N  AND HEAT TRANSFER A T  H I G H  V E L O C I T I E S  

/555 

SXIV-1. FRICTION AND HEAT TRANSFER ON THE BODY 

B o u n d a r y  l a y e r  a r o u n d  a s o l i d  of  r e v o l u t i o n .  The e q u a t i o n s  
f o r  t h e  boundary l a y e r  around a s o l i d  o f  r e v o l u t i o n  can b e  t r a n s -  
formed to e q u a t i o n s  f o r  t h e  boundary l a y e r  o f  a p l a n e  two-dimen- 
s i o n a l  gas  f low C571. The e q u a t i o n s  o f  motion and c o n t i n u i t y  f o r  
an ax isymmetr ic  l a m i n a r  boundary l a y e r  ( F i g .  XIV-1-1) w i l l  b e  ex- 
amined i n  t h e  r e s p e c t i v e  forms (111-2-12) and (111-2-21) f o r  
E = 1 and t h e  r a d i u s  r s e t  e q u a l  to i t s  v a l u e  r o  f o r  t h e  body. 
S e t t i n g  E = 1 and r =-ro, w e  o b t a i n  t h e  energy e q u a t i o n  f o r  an 
i d e a l  gas  w i t h  c o n s t a n t  heat c a p a c i t i e s  from (111-2-45) i n  t h e  
form 

We s h a l l  use  t h e  t r a n s f o r m a t i o n  formulas  proposed b y  Mangler 
C571: 

(XIV-1-2 ) 

(XIV-1-3 ) 

where d i s  a c e r t a i n  c h a r a c t e r i s t i c  l e n g t h  and c i s  a n  a r b i t r a r y  
s c a l e  F a c t o r .  - 

The v e l o c i t y  components are r e l a t ed  to t h e  stream f u n c t i o n  
by 

With t h e  above t r a n s f o r m a t i o n  formulas ,  t h e  e q u a t i o n s  o f  mo- 
t i o n  (111-2-12), c o n t i n u i t y  (111-2-211, and energy  XIV-1-1) are 
t r ans fo rmed  to t h e  co r re spond ing  e q u a t i o n s  f o r  a p l a n e  two-dimen- 
s i o n a l  boundary l a y e r  a l o n g  which t h e  p r e s s u r e  d i s t r i b u t i o n  i s  



2 - 
X 

F i g u r e  X I V - 1 - 1 .  Coord ina te  
System f o r  Mangler T r a n s f o r -  
mat ion .  1) g e n e r a t r i x  o f  
body; 2 )  boundary of .bound- 
a r y  l a y e r .  

- -  
s u b j e c t  to t h e  c o n d i t i o n  ~ ( X I =  
= p ( x > .  
l a t e d  by Formula (XIV-1-21  t o  
t h e  a r c  l e n g t h  x of t h e  s o l i d -  
o f - r e v o l u t i o n  g e n e r a t r i x .  Ob- 
v i o u s l y ,  t h e  pa rame te r s  of t h e  
gas  on t h e  o u t e r  boundar i e s  o f  
t h e  boundary l a y e r  w i l l  have t h e  
same v a l u e s  a t  co r re spond ing  
p o i n t s  of  p l a n e - p a r a l l e l  and 
ax isymmetr ic  f lows .  

The pa rame te r  x i s  re- 

L e t  us  c o n s i d e r  t h e  re la-  /556 
t i o n  between the  f r i c t i o n a l  
stresses. For  - p l Z n e - E a r a l l e l  
f low,  T w l  - - V w l  (avx/aY l W l ,  w h i l e  
f o r  ax isymmetr ic  f low -rwl = 

- 
~ ~ ~ / y ~ ~  = ( c / d ) r o ,  i n  which c/d i s  de termined  from t h e  f i r s t  
e x p r e s s i o n  o f  ( X I V - 1 - 2 ) .  We o b t a i n  by  s u b s t i t u t i o n  

( aVx/ay)wl. Applying ( X I V - 1 - 2 )  f o r  f, w e  f i n d  t h e - r a t i o  - V w l  

T h e  x -coord ina te  can b e  t a k e n  e q u a l  t o  t h e  g e n e r a t r i x  a r c  
l e n g t h  x .  If w e  c o n v e r t  to t h e  a x i a l  c o o r d i n a t e  5 and w r i t e  t h e  
g e n e r a t F i x  e q u a t i o n  i n  t h e  form ro  = f ( x ) ,  t h e  a r c  l e n g t h  w i l l  be  
1' 5 14qmTXp dx. 
0 

Consequent ly ,  

From t h e  second r e l a t i o n s h i p  o f  ( X I V - 1 - 2 ) ,  w e  o b t a i n  t h e  
r e l a t i o n  between t h e  boundary- layer  t h i c k n e s s e s :  

( X I V - 1 - 4 ' )  
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To use t h e s e  r e l a t i o n s h i p s ,  i t  i s  necessary  t o  know t h e  
g e n e r a t r i x  equa t ion  of t h e  s o l i d  of r e v o l u t i o n .  I_f t h i s  equa- 
t i o n  i s  given i n  t h e  form r = axm, t h e  r a t i o  T ~ ~ / T ~ ~  w i l l  be a 
f u n c t i o n  of t h e  exponent m .  On segments of t h e  c u r v i l i n e a r  s u r -  
f a c e  f a r  from t h e  nose,  wfiere t h e  p r e s s u r e  v a r i a t i o n  a long  t h e  
g e n e r a t r i x  i s  n e g i l g i b l e ,  t h e  flow i n  t h e  boundary l a y e r  on a 
s o l i d  of r e v o l u t i o n  can be determined approximately from the  flow 
i n  t h e  boundary l a y e r  on a f l a t  p l a t e  i n  uniform flow a t  zero an- 
g l e  of  a t t , ack  and t h e  same gas -va r i ab le  va lues  as i n  i n v i s c i d  
flow around t h e  body and a t  t h e  same w a l l  t empera ture .  

For a f u l l y  t u r b u l e n t  boundary l a y e r ,  the  c a l c u l a t i o n  can 
be made by  t h e  formulas 

(XIV-1-4" ) 

A r e l a t i o n s h i p  can be ob ta ined  C411 on t h e  basis of  (XIV-1-4) 
f o r  t h e  f r i c t i o n  d rag  of  a s o l i d  of r e v o l u t i o n  of a r b i t r a r y  shape:  

(XIV- 1- 5 ) 

where - x i s  t h e  a r c  l e n g t h  measured a long  t h e  mer id iona l  contour  
and xb i s  t h e  l eng th  of t h e  s o l i d  of r e v o l u t i o n .  

The f r i c t i o n  drag  i s  

where cxf i s  t h e  ave.rage value o f  t h e  c o e f f i c i e n t  o f  f r i c t i o n  f o r  
a f l a t  p l a t e  of l e n g t h  xb and Ssde i s  t h e  s i d e  (we t t ed )  a r e a  of 
t h e  body. 

For t u r b u l e n t  f low, the  Mangler t r ans fo rma t ion  g i v e s  an ex- /557 
p r e s s i o n  f o r  t h e  f r i c t i o n a l  d r a g  [41]: 

(XIV-1-51) 

Cone. For a cone, t h e  exponent m = 1; dr,/dx = t a n  B e ;  
ro = x t a n  B e ,  and, consequent ly ,  i n  t h e  case  of a laminar  bound- 
a r y  l a y e r  
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(XIV-1-61 

(XIV-1-6' ) 

Thus, t h e  s u r f a c e  f r i c t i o n  a t  corresponding p o i n t s  on t h e  
cone i s  l a r g e r  by a f a c t o r  and t h e  boundary-layer t h i c k n e s s  
smaller by a f a c t o r  6 t h a n  on t h e  f l a t  p l a t e .  

A formula analogous t o  (XIV-1-6) i s  used t o  determine the  
l o c a l  cgx and average c g f  va lues  o f  t h e  f r i c t i o n  c o e f f i c i e n t s  

which p e r t a i n  t o  t h e  v e l o c i t y  head of t h e  d i s t u r b e d  stream qb = 

= p b V i / 2 .  I f  we conver t  to t h e  f ree- f low v e l o c i t y  head 
qw = pwV:/2, t hen  a m u l t i p l i e r  pbVi/pmV: appears  i n  Formulas 
( X I V - 1 - 7 ) .  

I n  t h e  case  of a completely t u r b u l e n t  boundary l a y e r  on the 
cone 

( XIV- 1- 8 ) 

(XIV-1-9  ) 

The  formula f o r  de t e rmina t ion  of t h e  average f r i c t i o n - d r a g  
c o e f f i c i e n t ,  which i s  c a l c u l a t e d  f o r  t h e  midships-sec t ion  area 
of t h e  cone, i s  

( X I V - 1 - 1 0  ) 

where x = x/xc and t h e  x-coordinate  - i s  reckoned a long  an a x i s  
C t ha t  co inc ides  w i t h  t h e  a x i s  of t h e  cone. 

depends on Reynolds number, which i s  determined f o r  a l e n g t h  
reckoned a long  t h e  g e n e r a t r i x .  
t h e  i n t e g r a n d ,  w e  o b t a i n  

The c o e f f i c i e n t  c f x  

S u b s t i t u t i n g . t h e  va lue  of cCfxinto 

( X I V - 1 - 1 1 )  
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where R i s  t h e  l e n g t h  of t h e  cone g e n e r a t r i x  and t h e  va lues  of C 
and n a r e  determined from Table V I - 1 - 1 .  The c o e f f i c i e n t  A i s  
J? for a laminar  boundary l a y e r  and A = f o r  a t u r b u l e n t  
boundary l a y e r .  

Cyl inder .  For a c y l i n d r i c a l  body, m = 0 ,  s o  t h a t  

Thus, i f  w e  assume t h a t  t h e  " i n v i s c i d "  parameters  remain 
cons t an t  on a c y l i n d e r ,  t h e  f r i c t i o n a l  s t r e s s  and boundary-layer 
t h i cknesses  w i l l  be t h e  same as on a f l a t  p l a t e  w i t h  t h e  same 
w a l l  temperature  and " i n v i s c i d "  parameters  a s  on t h e  c y l i n d e r .  The /558 
r e s u l t  ob ta ined  a p p l i e s  t o  bo th  laminar  and t u r b u l e n t  boundary 
l a y e r s .  

Heat t r a n s f e r .  Heat t r a n s f e r  on a cone i s  c a l c u l a t e d  by  
Formula ( I V - 8 - 4 l f ) ,  i n  which t h e  c o e f f i c i e n t  of f r i c t i o n  i s  r e -  
p laced  by i t s  va lues  f o r  a cone. The l o c a l  and average S tan ton  
numbers w i l l  be determined by  t h e  r e s p e c t i v e  r e l a t i o n s h i p s  

( X I V - 1 - 1 2 )  

The h e a t - t r a n s f e r  c o e f f i c i e n t s  ax and a are c a l c u l a t e d  on 
t h e  basis of Formulas (IV-8-40?).  

Method of de te rmining  en tha lpy .  T o  t a k e  account  of t h e  i n -  
f l u e n c e  of high t empera tu res ,  i t  i s  necessary  t o  conver t  t h e  
above formulas t o  de te rmining  parameters .  

The l o c a l  c o e f f i c i e n t  of  laminar  f r i c t i o n  c a l c u l a t e d  from 
t h e s e  parameters  f o r  t h e  cone i s  

(XIV-1-13) 

where c = p*p* /pcpc ,  R e x  = Vcpcx/pc a r e  c a l c u l a t e d  from t h e  f r e e -  
stream parameters  on a cone ( t h e  s u b s c r i p t  - c corresponds t o  t h e  
s u b s c r i p t  6 ) .  

The S tan ton  number 

( X I V - 1 - 1 4 )  



where g can be c a l c u l a t e d  b y  one of t h e  formulas 

The Nusse l t  number, which can be c a l c u l a t e d  from t h e  d e t e r -  
mining parameters ,  i s  

( X I V - 1 - 1 5 )  

Turbulent  f r i c t i o n  and h e a t  t r a n s f e r  can be c a l c u l a t e d  
s i m i l a r l y .  T h e  "seventh-root  l a w "  i s  used h e r e .  

S t u d i e s  have shown (V.M. I y e v l e v )  t h a t  s a t i s f a c t o r y  r e s u l t s  
f o r  t h e  l o c a l  c o e f f i c i e n t  of f r i c t i o n  and t h e  s p e c i f i c  h e a t  f low 
are ob ta ined  from Formulas ( V I - 1 - 3 7 )  and ( V I - 2 - 8 ) ,  r e s p e c t i v e l y ,  
i n  which t h e  parameter  

z = 0.54 Re,. (XIV-1-16) 

When t h e  equ i l ib r ium r a d i a t i o n  tempera ture  i s  e s t a b l i s h e d  
p r e f e r e n t i a l l y ,  f r i c t i o n  and h e a t  t r a n s f e r  on a cone a r e  ca lcu-  
l a t e d  b y  success ive  approximations.  I n  i l l u s t r a t i n g  t h e  proce- 
du re ,  we b e a r  i n  mind t h a t  t h e  gas  i s  d i s s o c i a t e d  i n  t h e  bound- 
a r y  l ayer .  This  c a l c u l a t i o n  begins  wi th  de t e rmina t ion  of t h e  
parameters  of i dea l  flow around a cone, i . e . ,  t h e  p r e s s u r e  pc ,  
d e n s i t y  p,, en tha lpy  ic, and v e l o c i t y  Vc.  
va lues  a r e  a s s igned  to t h e  P r a n d t l  number, P r *  = 0 . 7 1 ,  and to 
t h e  en tha lpy  of  a h e a t - i n s u l a t e d  w a l l ,  iwl = ic + 0.5JPr*V; and 

Formula ( I V - 8 - 7 )  i s  used to c a l c u l a t e  t h e  de te rmining  en tha lpy  
i*. The de termining  tempera ture  T* i s  found from t a b l e s  o r  
diagrams of t h e  thermodynamic f u n c t i o n s  f o r  t h i s  en tha lpy  and 
t h e  p r e s s u r e  p . Then t h e  equa t ion  of s t a t e  i s  used to f i n d  t h e  
d e n s i t y  p *  = p C ~ ~ , / ( R , T * ) ,  w i th  t h e  average molecular  weight 1.1" av 
c a l c u l a t e d  from t h e  va lues  of T* and pc .  

The v i s c o s i t y  i s  c a l c u l a t e d  to supplement t h e s e  parameters ,  
and t h e n  t h e  S tan ton  number i s  c a l c u l a t e d  i n  f i r s t  approximation 
from ( X I V - 1 - 1 2 )  and used to f i n d  t h e  s p e c i f i c  heat flow 

Then approximate 

C 
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Then t h e  e q u i l i b r i u m  r a d i a t i o n  t e m p e r a t u r e  Twl = Te i s  de- 

t e rmined  i n  second approximat ion  by s o l v i n g  t h e  e q u a t i o n  q w l  = 

= E O T ; ~ .  

c u l a t i o n s  and improve P r * ,  S t * ,  and Twl = Te. 

are s lmilar  f o r  a t u r b u l e n t  boundary l a y e r .  

The t e m p e r a t u r e  found can  be used to c o n t i n u e  t h e  c a l -  
The c a l c u l a t i o n s  

When there  i s  no d i s s o c i a t i o n ,  t h e  e q u i l i b r i u m  r a d i a t i o n  
t empera tu re  can b e  de t e rmined  by s o l v i n g  t h e  e q u a t i o n  

I n  per forming  t h e  c a l c u l a t i o n s ,  i t  i s  n e c e s s a r y  to e v a l u a t e  
t h e  l e n g t h  o f  t h e  l amina r  boundary l a y e r  by d e t e r m i n i n g  t h e  
c r i t i c a l  Reynolds number. Research  has shown ( f o r  p a r t i c u l a r s ,  
see SXIV-3) t h a t  t h e  c r i t i c a l  Reynolds number i s  de te rmined ,  apar t  
from t h e  l o c a l  Mg = M , a l s o  by t h e  r e l a t i v e  wa l l  t empera tu re  
T /T (Fig.XIV-3-4) grid t h a t  t h e r e  i s  approximate  p r o p o r t i o n a l i t y  
between R e c r  and Twl/Tr (See F i g .  XIV-3-4). Cool ing  o f t h e w a l l  i n -  
c r e a s e s  t h e  l e n g t h  o f  t h e  boundary l a y e r .  The c r i t i c a l  Reynolds 
number f o r  t h e  c a s e  o f  e q u i l i b r i u m  r a d i a t i o n  t empera tu re  i s  c a l -  
c u l a t e d  by s u c c e s s i v e  approx ima t ions .  Ana lys i s  i n d i c a t e s  t h a t  
t h e  e q u i l i b r i u m  r a d i a t i o n  t empera tu re  depends on t h e  f low regime 
i n  t h e  boundary l a y e r  and t h e  c o o r d i n a t e  o f  t h e  p o i n t  on t h e  
washed s u r f a c e ,  i n c r e a s i n g  w i t h  t h e  approach t o  t h e  t i p .  

w l  r 

T r a n s i t i o n  to a t u r b u l e n t  boundary l a y e r  a l s o  t e n d s  to i n -  
c r e a s e  w a l l  t e m p e r a t u r e ,  which may b e  s o  h i g h  t h a t  t h e  s k i n  mate- 
r i a l  i s  damaged. The e m i s s i v i t y  o f  t h e  s u r f a c e  can b e  i n c r e a s e d  
to c o o l  t h e  w a l l .  However, i t  i s  n o t  p o s s i b l e  to p r o v i d e  emis s iv -  
i t i e s  greater  t h a n  0 . 8  i n  p r a c t i c e .  It i s  t h e r e f o r e  n e c e s s a r y  to 
c o o l  t h e  i n n e r  s u r f a c e  o f  t h e  w a l l  or to p r o t e c t  t h e  s k i n  w i t h  
i n s u l a t i o n .  I f  n e c e s s a r y ,  b o t h  measures  a re  t a k e n .  

L e t  us  assume tha t  w i t h  i n t e r n a l  c o o l i n g  o f  a w a l l  a t  Twl = 

= Te = 1500°K, t h e  heat  f low t a k e n  o f f  i s  qcs = 30 kca l /m2*s ,  t h e  

h e a t - t r a n s f e r  c o e f f i c i e n t  a t  t h e  p a r t i c u l a r  p o i n t  on t h e  s u r f a c e  
= 2.56010-~ k c a l / m 2 * s * d e g ,  and t h a t  t h e  r ecove ry  t empera tu re  

a t  t h a t  p o i n t  i s  Tr = 4 4 O O O K .  

= 0 . 2 7  and a reduced  t e m p e r a t u r e  Ti = 3200OK. 

%s 
We f i n d  from t h e s e  data qas/(cxcsTr)  = 

According t o  



(VI-4-21, t h e  e q u i l i b r i u m  w a l l  t e m p e r a t u r e  Twl = Te = 1380°K, 

i . e . ,  c o o l i n g  h a s  lowered t h e  t e m p e r a t u r e  by 120O. 

From t h e  v a l u e  found f o r  Twl,  w e  d e t e r m i n e  t h e  o u t e r  and 

i n n e r  s k i n  t e m p e r a t u r e s  w i t h  Formula ( V I - 4 - 4 ) .  

SXIV-2. INFLUENCE OF VISCOSITY ON DRAG. WAKE DRAG 

I n f l u e n c e  of- .Viscogs I n t e r a c t i o n  -- ... on Flow V a r i a b l e s  

boundary l a y e r ,  i t  i s  n e c e s s a r y  t o  f i n d  t h e  l a w  of  v a r i a t i o n  of  
d i s p l a c e m e n t  t h i c k n e s s  o v e r  t h e  l e n g t h  o f  t h e  body and i n t r o d u c e  
a c o r r e c t i o n  i n t o  t h e  g e n e r a t r i x  e q u a t i o n .  For t h i s  p u r p o s e ,  w e  
can u s e  t h e  r e s u l t s  from s u p e r s o n i c  boundary- layer  t h e o r y  f o r  a 
f l a t  p l a t e  and a cone,  which i s  b a s e d  on u s e  o f  t h e  d e t e r m i n i n g  /560 
p a r a m e t e r s .  

To c a l c u l a t e  " i n v i s c i d "  p a r a m e t e r s  w i t h  c o n s i d e r a t i o n  o f  t h e  

F i g u r e  XIV-2-1. Diagram 11- 
l u s t r a t i n g  C a l c u l a t i o n  o f  
Convent iona l  Displacement  
T h i c k n e s s .  

S e t t i n g  p = p g  i n  (111-2-43) 
and s u b s t i t u t i n g  f o r  Vx/V6 i n  
accordance  w i t h  E q s .  ( V I - 1 - l ) ,  

= 36/8 f o r  t h e  d i s p l a c e m e n t  t h i c k -  

= 6/8 f o r  a t u r b u l e n t  l a y e r .  I n t r o -  
d u c i n g  t h e  a p p r o p r i a t e  formulas  
for t h e  t h i c k n e s s e s  i n t o  t h e s e  
e x p r e s s i o n s ,  w e  o b t a i n  

- we o b t a i n  t h e  e x p r e s s i o n  ~ 3 % ~ ~ ~ ~  - 

n e s s  o f  a l a m i n a r  l a y e r  and G i c e t  - - 

(XIV-2-11 

where B = 1 . 7 4 ,  n = m = 1/2 f o r  a l a m i n a r  l a y e r  and B = 0 . 0 4 6 ;  
n = 1/5; m = 4/5 f o r  a t u r b u l e n t  l a y e r .  C o n v e r t i n g  to t h e  d e t e r -  
min ing  p a r a m e t e r s ,  w e  f i n d  

(XIV-2-2) 

If w e  are  concerned  w i t h  a cone i n  s u p e r s o n i c  v i s c o u s  f l o w ,  
t h e  d i s p l a c e m e n t  t h i c k n e s s e s  c a n  b e  c a l c u l a t e d  by t h e  formula  

(XIV-2-3 ) fi* ... 1 - q *  
c - -  P I 9  
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i n  which A = 6 f o r  a l a m i n a r  boundary l a y e r  and A = 0 for a 
t u r b u l e n t  one.  

Accord ingly ,  t h e  c u r r e n t  r a d i a l  c o o r d i n a t e  of  t h e  g e n e r a t r i x  
of t h e  v i r t u a l  body rv = r + 6; cos  6,. 
n e s s  t h a t  appea r s  here  i s  

The c o n v e n t i o n a l  t h i c k -  

s: = X-nx'n, (XIV-2- 4 ) 

where 

(XIV-2-5 I 

- 
For a l amina r  l a y e r ,  A = 1 . 0 2 ,  f o r  a t u r b u l e n t  l a y e r  = 

= 0 .037 .  I n  t h i s  formula ,  t h e  x -coord ina te  i s  d i s t a n c e  from t h e  
t i p  a l o n g  the  g e n e r a t r i x  o f  t h e c o n e  t o  an  a r b i t r a r y  c r o s s  s e c -  
t i o n  of t h e  boundary l a y e r  and i s  e q u a l  to x = r / s i n  B c .  
v i r t u a l  body d i f f e r s  from t h e  cone and has a c u r v i l i n e a r  genera-  
t r i x .  To s i m p l i f y  t h e  c a l c u l a t i o n ,  however, w e  can keep t h e  s u r -  
f a c e  c o n i c a l .  Here w e  p roceed  from a c e r t a i n  ave rage  increment  
A B  of t h e  v i r t u a l - c o n e  a n g l e ,  c a l c u l a t e d  by t h e  formula A $  = 6  z / L .  

I n  t h i s  formula ,  t h e  c o n v e n t i o n a l  t h i c k n e s s  6; i s  de te rmined  from 
Expres s ion  ( X I V - 2 - 4 )  f o r  xb = L ,  i . e . ,  f o r  t h e  base s e c t i o n  of 
t h e  boundary l a y e r .  

= 8, -I- A B .  
to de te rmine  t h e  i n v i s c i d  pa rame te r s  on t h e  cone. 

The 

Thus, t h e  a n g l e  of t h e  v i r t u a l  cone i s  B: = 

It i s  f o r  t h i s  a n g l e  t h a t  a l l  c a l c u l a t i o n s  are made 

L e t  us now c o n s i d e r  a s o l i d  of r e v o l u t i o n  o f  a r b i t r a r y  shape .  
Assuming t h a t  t h e  nose of  t h e  body i s  a s h o r t  c o n i c a l  e lement  
( F i g .  X I V - 2 - 1 1 ,  w e  f i n d  t h e  d i sp lacemen t  t h i c k n e s s  a t  t h e  end of 
i t :  

( X I V - 2 - 4 ' )  

where P, i s  c a l c u l a t e d  from Expres s ion  (XIV-2-5) for t h e  param- 
e t e r s  on t h e  c o n i c a l  nose .  

We s u b s t i t u t e  a t r u n c a t e d  cone w i t h  g e n e r a t r i x  l e n g t h  x, f o r  
t h e  n e x t  s h o r t  segment of  t h e  c u r v i l i n e a r  s u r f a c e  and assume t h a t  
i t  i s  an  e x t e n s i o n  o f  t h e  v i r t u a l  c o n i c a l  body w i t h  g e n e r a t r i x  
l e n g t h  xPv .  At t h e  end of t h i s  v i r t u a l  cone,  t h e  c o n v e n t i o n a l  
t h i c k n e s s  i s  S T  and i s  c a l c u l a t e d  b y  (XIV=2-4'). Thus w e  have 
for t h e  v i r t u a l  cone t h e  e x p r e s s i o n  6 :  = AP2vyV, from which w e  
f i n d  t h e  l e n g t h  x g v  of i t s  g e n e r a t r i x .  
c a l c u l a t e d  f o r  t h e  pa rame te r s  on t h e  second s e c t i o n .  Now t h a t  w e  

/561 

Here t h e  f u n c t i o n  P,  i s  
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know t h e  g e n e r a t r i x  l e n g t h  x Z v  4- x p  o f  t h e  v i r t u a l  cone w i t h  con- 
s i d e r a t i o n  of  t h e  s e c o n d - s e c t i o n  l e n g t h ,  w e  can make a n  a p p r o x i -  
mate c a l c u l a t i o n  o f  t h e  d i s p l a c e m e n t  t h i c k n e s s  a t  p o i n t  B on t h e  
s u r f a c e  of t he  body ( F i g .  XIV-2-1): 

T h e  d i s p l a c e m e n t  t h i c k n e s s  a t  p o i n t  C can  b e  c a l c u l a t e d  
s i m i l a r l y  : 

- 
6; - =  .w; (QV ->- .T2)‘i’, 

where t h e  f u n c t i o n  P 3  i s  found f o r  t h e  p a r a m e t e r s  on t h e  t h i r d  
segment and t h e  l e n g t h  x of  t h e  v i r t u a l  cone i s  c a l c u l a t e d  w i t h  

t h e  e x p r e s s i o n  
3v 

G e n e r a l i z i n g  t h e  above r e l a t i o n s h i p s ,  w e  can  w r i t e  a re la -  
t i o n  f o r  t h e  c o n v e n t i o n a l  t h i c k n e s s  on a n  a r b i t r a r y  i t h  segment:  - 

- 
(XIV-2-6 ) 6: = .tp; (si f -  Xi)?’’, 

where t h e  l e n g t h  xi 
from t h e  c o n d i t i o n  

o f  t h e  v i r t u a l - c o n e  g e n e r a t r i x  i s  found 

(XIV-2-7) 

The same e x p r e s s i o n  must b e  used t o  o b t a i n  t h e  g e n e r a t r i x -  
p o i n t  c o o r d i n a t e  of  t h e  v i r t u a l  body. 

I n  t he  c a s e  o f  a h e a t - i n s u l a t e d  s u r f a c e ,  t h e  above method 
p r e s u p p o s e s  s i m u l t a n e o u s  s o l u t i o n  o f  two problems.  The f i r s t  
i n v o l v e s  d e t e r m i n a t i o n  of t h e  i n v i s c i d  p a r a m e t e r s  and t h e  second 
c a l c u l a t i o n  of  t h e  f r i c t i o n  and h e a t - t r a n s f e r  v a r i a b l e s .  

To  s i m p l i f y  t h e  c a l c u l a t i o n s ,  w e  may d i s r e g a r d  t h e  i n f l u -  
ence  of  heat  t r a n s f e r  and h i g h  t e m p e r a t u r e  on t h e  thermodynamic 
c h a r a c t e r i s t i c s  and k i n e t i c  c o e f f i c i e n t s  of  t h e  g a s .  Then t h e  
h i g h - v e l o c i t y  e f f e c t  w i l l  r e d u c e  to t h e  i n f l u e n c e  o f  compressi-  
b i l i t y  (Ma) on t h e  t h i c k n e s s  of t h e  boundary l a y e r  and ,  conse-  
q u e n t l y ,  on t h e  i n v i s c i d  p a r a m e t e r s .  The i n v i s c i d  p a r a m e t e r s  on 



a c u r v i l i n e a r  s u r f a c e  can be approximated by u s i n g  t h e  r e l a t i o n -  
s h i p s  f o r  t h e  c o n v e n t i o n a l  t h i c k n e s s  of  an  i n c o m p r e s s i b l e  bound- 
a r y  l a y e r .  I n  t h e  c a s e  o f - s t r o n g l y  cooled  f lows ( f o r  example,  i n  
wind t u n n e l s ) ,  t h e  data a g r e e  w e l l  w i t h  e x p e r i m e n t a l  r e s u l t s  even  
when the  c a l c u l a t i o n  i s  made by  t h e f o r m u l a s t  f o r  a f l a t  p l a t e .  

Vi scous  i n t e r a c t i o n  on a s l e n d e r  cone  a t  h y p e r s o n i c  f l o w  
v e l o c i t y .  The " i n v i s c i d "  pa rame te r s  on a s l e n d e r  cone a t  hyper-  
s o n i c  v e l o c i t i e s  can be de te rmined  by t h e  method of  " l o c a l  cones"  
and Formula (VIII-1-27] ,  i n  which K, = MmBc i s  r e p l a c e d  by K* = 

= K1 + Mm(d6*/dx) = M o o ( @ ,  + d6*/dx) .  
l a y e r ,  t h e  d e r i v a t i v e  d6*/dx i s  c a l c u l a t e d  from t h e  e x p r e s s i o n  
C591 

For  a l amina r  boundary 

( XIV-2- 8 ) 

where di,  c i ,  and R e x  
(V-6-6). M i  i s  found from t h e  t h e o r y  o f  f low around a s l e n d e r  
cone w i t h o u t  c o n s i d e r i n g  v i s c o u s  i n t e r a c t i o n .  The r e l a t i o n  
g i v e n  f o r  db*/dx p e r t a i n s  t o  an  a r b i t r a r y  w a l l  t e m p e r a t u r e  Twl. 
For  t h e  p a r t i c u l a r  c a s e s  of  h e a t - i n s u l a t e d  and c o l d  walls,  t he  
v a l u e s  of di a re  de termined  from Formulas (v-6-10) and (v-6-11), 
r e s p e c t i v e l y .  

l i t t l e  from i t s  i n i t i a l  v a l u e ,  dG*/dx < B e  ( t h e  v a l u e s  o f  K, = 

= M m B C  are a r b i t r a r y ) .  
pa rame te r  v a r i e s  up t o  about  3-3.5. Values o f  xi > 3-3.5 cor -  
respond to t h e  s t r o n g  i n t e r a c t i o n ,  f o r  which K* >> 1 and d6*/dx > 

are  g i v e n  by (V-6-9) and x b y  Formula 

For  weak i n t e r a c t i o n ,  when t h e  induced  p r e s s u r e  d i f f e r s  1 5 6 2  

I n  t h i s  c a s e ,  t h e  h y p e r s o n i c - i n t e r a c t i o n  

' B e .  

F r i c t i o n  

The f r i c t i o n - d r a g  c o e f f i c i e n t  f o r  a body can be  approximated 
by t h e  formulas  

(XIV-2-9) 

t h e  f i r s t  o f  which i s  used i n  t h e  case  o f  a f u l l y  l amina r  boundary 
l a y e r ,  and t h e  second for f u l l  t u r b u l e n c e .  The q u a n t i t i e s  c '  
and c i f  
f o r  l a m i n a r  and t u r b u l e n t  boundary layers ,  r e s p e c t i v e l y .  

x f  1 
are t h e  c o e f f i c i e n t s o f  f r i c t i o n  d r a g  o f  a f l a t  p l a t e  
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The co r re spond ing  working formula f o r  t h e  f r i c t i o n - d r a g  coe f -  
f i c i e n t  o f  a mixed boundary l a y e r  has t h e  form o f  ( V I I - 1 - 1 ) .  If 
the  c o e f f i c i e n t s  o f  t u r b u l e n t  and l amina r  f r i c t i o n  i n  ( V I I - 1 - 1 )  
are  d e f i n e d  r e s p e c t i v e l y  by (VI-1-8) and ( V I - 1 - 1 0 )  and compressi-  
b i l i t y  i s  t a k e n  i n t o  account  w i t h  ( V I - 1 - 1 8 )  and ( V I - 1 - 1 9 ) ,  w e  
o b t a i n  on s e t t i n g  t h e  c r i t i c a l  Reynolds number e q u a l  to 6 . 5 0 1 0 ~  

Wind-tunnel expe r imen t s  a t  moderate  s u p e r s o n i c  speeds  (Mm 2 
Y - 1 . 5 - 2 )  have shown that formulas  d e r i v e d  f o r  a f l a t  p l a t e  on t h e  
assumption o f  an  i n c o m p r e s s i b l e  boundary l a y e r  can be used t o  
c a l c u l a t e  f r i c t i o n  d rag .  

Improving t h e  r e s u l t s  of  t h e  f r i c t i o n - d r a g  c a l c u l a t i o n  re-  
q u i r e s  t a k i n g  account  o f  t h e  s u r f a c e  shape o f  t he  s o l i d  o f  r evo lu -  
t i o n .  Here a s i m p l i f i e d  method o f  c a l c u l a t i n g  f r i c t i o n  f o r  a 
long  s l e n d e r  body i s  to r e p l a c e  t h e  nose  s e c t i o n  by  an equiva-  
l e n t  cone and t h e  remainder  b y  a c y l i n d e r .  A s  on t h e  e q u i v a l e n t  
cone, t h e  v a r i a b l e s  of  t h e  gas  can b e  cons ide red  c o n s t a n t  on t h e  
c y l i n d e r .  T h e  v a l u e s  t a k e n  are u s u a l l y  t h o s e  o f  t h e  f r ee  stream. 

The equ iva len t - cone  a n g l e  can b e  de te rmined  by t h e  formula  

=! p d ~ .  I n  t h e  p a r t i c u l a r  c a s e  o f  a p a r a b o l i c  nose  s e c t i o n  
- 1 

0 
6c .e  

'c.e = O . 5 B 0 .  

The t o t a l  f r i c t i o n  d r a g  c o e f f i c i e n t  of  t h e  composi te  body 
( e q u i v a l e n t  cone + c y l i n d e r )  i s  

( X I V - 2  -1 1 ) 

where A i s  a c o n s t a n t  f o r  l amina r  and t u r b u l e n t  boundary l a y e r s  
and e q u a l  to 6 and e, r e s p e c t i v e l y ;  SEde i s  t h e  s i d e  area o f  
t h e  rea l  nose  s e c t i o n ;  Ssde i s  t h e  area o f  t h e  r e s t  of  t h e  body 
( t h e  c y l i n d e r ) .  

The c o e f f i c i e n t  cpl i n  t h i s  formula i s  c a l c u l a t e d  from t h e  
f l a t - p l a t e  e x p r e s s i o n s ,  b t f o r  t h e  pa rame te r s  on t h e  e q u i v a l e n t  
cone. The c o e f f i c i e n t  cPfrC must b e  c a l c u l a t e d  as fo l lows .  
f i r s t  s t e p  i s  d e t e r m i n a t i o n  o f  t h e  v i r t u a l  c y l i n d e r  l e n g t h  x on /563 
which a boundary l a y e r  o f  t he  same t h i c k n e s s  as a t  t h e  end of  t h e  
cone would form w i t h  t h e  pa rame te r s  a s s i g n e d  on t h e  c y l i n d e r .  

f c  

The 

V '  
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Equat ing t h e  corresponding expres s ions  f o r  t h e  t h i c k n e s s e s ,  
we f i n d  

(XIV-2-12) 

where x c e e  i s  t h e  g e n e r a t r i x  l e n g t h  of  t h e  e q u i v a l e n t  cone; n = 1 

and 1/4, r e s p e c t i v e l y ,  f o r  laminar  and t u r b u l e n t  l ayers .  

We can now determine t h e  c o e f f i c i e n t  of f r i c t i o n :  

PI z , - fxc  2, 
C f C  = = C f " t C  -- Cf-. =c =C 

(XIV-2-13) 

Here t h e  c o e f f i c i e n t  c ~ , ~ + ~  i s  c a l c u l a t e d  from t h e  l e n g t h  xv + xc 
and cf from t h e  v i r t u a l  l e n g t h  xv. 

d rag  of  t h e  c y l i n d r i c a l  s e c t i o n  a s  t h e  d i f f e r e n c e  between t h e  
drags  of t h e  c y l i n d e r  w i t h  t h e  v i r t u a l  segment and of t h e  v i r t u a l  
segment. 

The s i g n i f i c a n c e  of t h i s  formula i s  t o  d e f i n e  t h e  f r i c t i o n  

I n s t e a d  of c a l c u l a t i n g  b y  t h e  equivalent-cone method, we 
might use t h e  " local-cone" method and the  n o t i o n  of v i r t u a l  cone 
l eng th .  Here t h e  l e n g t h  of t h e  v i r t u a l  cone i s  determined from 
Formula (XIV-2-7). The d i s t r i b u t i o n  found f o r  t h e  l o c a l  tangen- 
t i a l  s t r e s s e s  can be used t o  c a l c u l a t e  t h e  t o t a l  f r i c t i o n a l  f o r c e  
and then  t h e  heat-flow d i s t r i b u t i o n  and t o t a l  hea t  t r a n s f e r .  

Re la t ionsh ips  t h a t  account for c o m p r e s s i b i l i t y  (and con ta in  
Mm d i r e c t l y )  or, f o r  very h igh  v e l o c i t i e s ,  r e l a t i o n s h i p s  w i t h  
determining parameters ,  can b e  used as a basis f o r  c a l c u l a t i o n  
of f r i c t i o n  c o e f f i c i e n t s .  

I n  c a l c u l a t i n g  h e a t - t r a n s f e r  parameters ,  i t  i s  necessary  t o  
conver t  t o  l o c a l  c o e f f i c i e n t s  of f r i c t i o n .  The expres s ions  f o r  
t h e s e  c o e f f i c i e n t s  on t h e  e q u i v a l e n t  cone and on t h e  c y l i n d e r  
w i l l  be ,  r e s p e c t i v e l y ,  

(XIV-2-14) Pl . Pl 
CfX = ACf c, C f X  = A'c, c. 

Here t h e  c o e f f i c i e n t  cf  i s  c a l c u l a t e d  f o r  t h e  l e n g t h  xv + x,  
where x - i s  t h e  d i s t a n c e  from t h e  beginning of t h e  c y l i n d r i c a l  p a r t .  

c i e n t  A i s  chosen as f o r  an o rd ina ry  cone, i n  accordance w i t h  
I n  t h e  f i r s t  formula of (XIV-2-14), t h e  va lue  of t h e  c o e f f i -  

774 



whether  t h e  boundary l a y e r  i s  l amina r  or t u r b u l e n t .  I n  t h e  second 
e x p r e s s i o n  o f  (XIV-2-14), A ’  can b e  s e t  e q u a l  to u n i t y  i f  t h e  
boundary- layer  t h i c k n e s s  i s  a small f r a c t i o n  o f  t h e  c y l i n d e r  
r a d i u s .  With t h i s  c o n d i t i o n ,  t h e  f r i c t i o n  and h e a t  t r a n s f e r  can 
b e  c a l c u l a t e d  b y  t h e  t h i n - p l a t e  formulas  f o r  a t u r b u l e n t  boundary 
l a y e r  on t h e  c y l i n d e r .  

Wake Drag 

S u p e r s o n i c  s p e e d s .  One o f  t h e  components o f  t o t a l  d r a g  i s  
t h e  wake .drag  t h a t  r e s u l t s  from t h e  u n d e r p r e s s u r e  behind  t h e  b l u n t  
base o f  a body. T h i s  u n d e r p r e s s u r e  r e s u l t s  from i n t e r a c t i o n  be- 
tween t h e  boundary l a y e r  s e p a r a t i n g  from t h e  body a t  its base, 
t h e  e x t e r n a l  f low,  and t h e  gas  i n  t h e  wake space  ( s t a g n a t i o n  
z o n e ) ( F i g .  XIV-2-2). The e x t e r n a l  f low a c t s  as an  e j e c t i n g  
medium and t h e  boundary l a y e r  as a k i n d  o f  b a r r i e r  to e j e c t i o n ;  
t h e  gas  i n  t h e  s t a g n a t i o n  zone a g a i n  behaves as an  e j e c t i n g  medium. 
The e j e c t i n g  e f f e c t  and, consequen t ly ,  t h e  wake p r e s s u r e  pwke de - 
pend on t h e  k i n d  of b o u n d a r y . l a y e r  i n  t h e  r e g i o n  between t h e  
s e p a r a t i o n  p o i n t  A and t h e  s t i c k i n g  p o i n t  B y  which is s i t u a t e d  /564 
on t h e  a x i s :  f u l l y  l a m i n a r ,  mixed, o r  f u l l y  t u r b u l e n t .  The wake 
p r e s s u r e  a l s o  depends on a number o f  o t h e r  f a c t o r s ,  such  as a t t a c k  
a n g l e ,  t h e  shape of  t h e  body as a whole and i t s  base c o n f i g u r a t i o n  
i n  p a r t i c u l a r ,  Mach and Reynolds numbers, and w a l l  t empera tu re .  

F i g u r e  XIV-2-2. Diagram of Gas -59 4 100 200 t “c 
0 .  5 nl i5 pk Flow Behind B a s e  o f  S o l i d  of 

Revo lu t ion .  1) r e g i o n  o f  ex- 
t e r n a l  f low;  2) boundary l a y e r ;  F i g u r e  XIV-2-3. Wake P r e s s u r e  
3 )  s t a g n a t i o n  zone; 4) expan- as a Func t ion  o f  Wall Tempera- 
s i o n  r e g i o n ;  5 )  compression t u r e  (1) and Half-Angle Bp, o f  
r e g i o n ;  6) lower  edge o f  S t e r n  ( 2  ) (Turbu len t  Boundary 
boundary l a y e r ;  7 )  upper  L a y e r ) .  
edge o f  boundary l a y e r .  I 

A s  w e  know, t h e  n a t u r e  of  t h e  f low i n  t h e  boundary l a y e r  de t e r -  
mines t h e  t h i c k n e s s  o f  t h e  l a y e r ,  which w i l l  be smaller f o r  l a m i -  
n a r  t h a n  f o r  t u r b u l e n t  f l ows .  The e j e c t i o n  e f f e c t  i s  o f  t h e  oppo- 
s i t e  n a t u r e :  w i t h  a l a m i n a r  l a y e r ,  t h i s  e f f e c t  i s  s t r o n g e r  t h a n  
w i t h  a t u r b u l e n t  one.  The wake p r e s s u r e  i s  t h e r e f o r e  smaller i n  
t h e  former  c a s e  and larger  i n  t h e  l a t t e r .  
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The c a s e  of mixed f low,  which i s  c h a r a c t e r i z e d  by l o c a t i o n  
o f  t h e  t r a n s i t i o n  p o i n t  between the  s e p a r a t i o n  and s t i c k i n g  
p o i n t s ,  i s  most complex f o r  a n a l y s i s .  It can be assumed t h a t  t h e  
i n f l u e n c e  of  such  a mixed boundary l a y e r  on t h e  wake p r e s s u r e  
w i l l  b e  i n t e r m e d i a t e  between t h e  e f f e c t s  o f  p u r e l y  l a m i n a r  and 
p u r e l y  t u r b u l e n t  boundary l a y e r s .  

A s  a f u n c t i o n  of body shape ,  wake p r e s s u r e  i s  governed by 
t h e  i n f l u e n c e  of  s u r f a c e  c o n f i g u r a t i o n  on t h e  t h i c k n e s s  o f  t h e  
boundary l a y e r  a t  t h e  s e p a r a t i o n  p o i n t  and on t h e  ave rage  p r e s -  
s u r e  (denoted  by p ' )  and M '  of  t h e  e x t e r n a l  i n v i s c i d  f low i n  t h e  
neighborhood o f  t h e  base. F i g u r e  XIV-2-3, whose data are e x p e r i -  
men ta l ,  i n d i c a t e s  t h a t  an  i n c r e a s e  bn t h e  s t e r n  t a p e r  a n g l e  re -  
s u l t s  i n  an  i n c r e a s e  i n  wake p r e s s u r e  and,  consequen t ly ,  a de- 
c r e a s e  i n  t h e  wake-drag c o e f f i c i e n t .  

A change i n  Mach number i s  r e f l e c t e d  i n  a change i n  t he  ave r -  
age  p r e s s u r e  and v e l o c i t y  p r o f i l e  i n  t h e  boundary l a y e r  a t  t h e  
s e p a r a t i o n  p o i n t  and, consequen t ly ,  i n  an  e j e c t i n g  e f f e c t .  The 
wake p r e s s u r e  a l w a y s  d rops  w i t h  i n c r e a s i n g  Mach number. 

A s  w e  have n o t e d ,  t h e  wake e f f e c t  depends on t h e  form o f  t h e  
boundary l a y e r  i n  t h e  neighborhood o f  t h e  t a i l  s e c t i o n .  Wake 
p r e s s u r e  depends weakly  on Reynolds number f o r  a g i v e n  boundary- 
l ayer  form. T h i s  i s  e v i d e n t ,  f o r  example,  from F i g .  X I V - 2 - 4 ,  /565 
which p r e s e n t s  wake p r e s s u r e s  measured i n  a c a s e  o f  t u r b u l e n t  
f low.  We observe  on ly  a minor ,  t h e o r e t i c a l l y  p r e d i c t a b l e  i n -  
c r e a s e  i n  wake p r e s s u r e  w i t h  d e c r e a s i n g  Reynolds number. 

F i g u r e  XIV-2-4.  I n f l u e n c e  of F i g u r e  XIV-2-5. I n f l u -  
Reynolds Number on Wake P r e s -  ence  - of  At t ack  Angle on 

r a t i o s  o f  0 . 8 7 6 ,  0 .756,  = 1 .5 ;  2 )  M' = 2 .  

and 0 . 9 9 2 ,  r e s p e c t i v e l y .  

s u r e  (Exper iment ) .  1) M' = Pwke' 1 ,2 ,3)  for  r/rbse 

The i n f l u e n c e  of s m a l l  a t tack a n g l e s  on wake p r e s s u r e  i s  
s l i g h t .  W e  see  from t h e  e x p e r i m e n t a l  data i n  F ig .  XIV-2-5 t ha t  
t h e  wake p r e s s u r e  g r a d u a l l y  d e c r e a s e s  w i t h  i n c r e a s i n g  a t t a c k  
a n g l e  i n  t u r b u l e n t  f low.  With r i s i n g  flow v e l o c i t i e s ,  wake p r e s -  
s u r e  w i l l  a l s o  d e c r e a s e ,  s i n c e  i t  approaches  i t s  z e r o  l i m i t i n g  
v a l u e .  
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Wake p r e s s u r e  depends on t h e  p o s i t i o n  o f  t h e  t a i l - f i n  t r a i l -  
i n g  edges .  When t h e  edges of r e c t a n g u l a r  t a i l p l a n e s  are s i t u -  
a ted a t  t h e  base, t h e  wake d r a g  r ises  ove r  t h a t  o f  t h e  i s o l a t e d  
body. S h i f t i n g  t h e  f i n s  forward by approximate ly  one chord makes 
t h e  wake d r a g  e q u a l  to t h a t  of t h e  i s o l a t e d  body. I n  a d d i t i o n  t o  
changes i n  p o s i t i o n ,  t h i s  d r a g  i s  a l s o  i n f l u e n c e d  by t h e  p r o f i l e  
t h i c k n e s s  and p lanform o f  t h e  f i n s .  

When t h e  boundary l a y e r  i s  h e a t e d ,  i t s  t h i c k n e s s  i n c r e a s e s ,  
and there  i s  a consequent  i n c r e a s e  i n  wake d r a g  (see F i g .  X I V - 2 - 3 1 .  
When t h e  boundary l a y e r  i s  coo led  by wi thdrawing  h e a t  t h rough  t h e  
s u r f a c e ,  w e  observe  t h e  o p p o s i t e  e f f e c t :  t h e  l a y e r  t h i c k n e s s  de- 
c r e a s e s  and wake p r e s s u r e  d r o p s .  T h i s  e f f e c t  i s  no ted  i n  f l i g h t  
a t  h i g h  s u p e r s o n i c  speeds  when f o r c e d  c o o l i n g  i s  a p p l i e d  to t h e  
w a l l  and t h e  boundary- layer  t empera tu re  d rops  below t h e  l e v e l  es- 
t a b l i s h e d  f o r  an  a d i a b a t i c  w a l l .  

F i g u r e  XIV-2-6  shows e x p e r i m e n t a l  r e s u l t s  from a s tudy  of 
wake p r e s s u r e  f o r  a s e r i e s  o f  s o l i d s  of r e v o l u t i o n  w i t h  v a r i o u s  
shapes  and t u r b u l e n t  l a y e r s  on t h e i r  s u r f a c e s .  The shape d i f -  
f e r e n c e s  invo lved  d i f f e r e n t  c o n f i g u r a t i o n s  of t h e  t a i l  s e c t i o n s .  
The curve  of F i g .  XIV-2-6  i s  u n i v e r s a l  by v i r t u e  of  t h e  i n t r o -  
d u c t i o n  of  pa rame te r s  such  as t h e  average  e x t e r n a l - f l o w  p r e s s u r e  
p '  and M ' ,  which i s  t h e  average  Mach number o f  t h e  e x t e r n a l  f low 
a l o n g  t h e  mixing l e n g t h  and co r re sponds  to t h e  p r e s s u r e  p ' .  M' 
can b e  r ega rded  as a s i m i l a r i t y  pa rame te r :  i r r e s p e c t i v e  o f  t h e  
t a i l - s e c t i o n  c o n f i g u r a t i o n ,  t h e  r a t i o  pWke/p' remains c o n s t a n t  
f o r  a g i v e n  M I  . 

To use  the  curve  i n  F i g .  XIV-2-6 to de te rmine  wake p r e s s u r e  
for a g i v e n  s o l i d - o f - r e v o l u t i o n  shape ,  i t  i s  f i r s t  n e c e s s a r y  to 
f i n d  t h e  ave rage  p r e s s u r e  p '  over  t h e  l e n g t h  o f  t h e  s t a g n a t i o n  
zone t h a t  cor responds  t o  t h i s  shape .  Here w e  can use  t h e  hypo- 
t h e s i s  t h a t  p '  i s  e q u a l  t o  t h e  p r e s s u r e  a t  t h e  end o f  a conven- 
t i o n a l  c y l i n d r i c a l  e x t e n s i o n  of t h e  body beyond t h e  base sec -  /566 
t i o n  whose diameter  and l e n g t h  are e q u a l  to t h e  b a s e - s e c t i o n  
diameter. T h e  v a l u e  o f  p 1  can b e  found e i t h e r  t h e o r e t i c a l l y  
( f o r  example,  by t h e  method o f  c h a r a c t e r i s t i c s )  o r  experiment-  
a l l y .  F i g u r e  XIV-2-7 shows c a l c u l a t e d  r e s u l t s  f o r  t h e  p r e s s u r e  
p '  as o b t a i n e d  by t h e  method of  c h a r a c t e r i s t i c s  f o r  a c y l i n d r i c a l  
body w i t h  a nose cone. 

t i m e s  dmid, w e  can  s e t  p '  2 p,. 

The wake p r e s s u r e  can b e  found from t h e  formula  

For  c y l i n d r i c a l  b o d i e s  w i t h  a c y l i n d e r  l e n g t h  t h ree  o r  f o u r  

(XIV-2-15) 
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F i g u r e  XIV-2-6. Varia- 
t i o n  o f  pwke as a Func- 
t i o n  of M '  ( T u r b u l e n t  
Boundary L a y e r ) .  

F i g u r e  XIV-2-7. Aver- 
a g e  P r e s s u r e  i n  S t a g -  
n a t i o n  Region. 

where t h e  r a t i o  pwke/p' i s  de termined  from F i g .  XIV-2-6 f o r  M ' .  
The r e l a t i o n  between p '  and M' i s  a l s o  s t a t e d  by 

k -- 
k-i k-1 (XIV-2-16) 

where p: i s  t h e  s t a g n a t i o n  p r e s s u r e  c o r r e s p o n d i n g  t o  t h e  p a r t  o f  
t h e  shock a t  t h e  p o i n t  of  t h e  nose  s e c t i o n .  The d a t a  o f  F i g .  
XIV-2-6 can  be p r e s e n t e d  i n  t h e  form of  t h e  dependence o f  wake 
p r e s s u r e  on a c e r t a i n  f u n c t i o n  f, ( M I ) :  

(XIV-2-17) 

which c o r r e s p o n d s  t o  n e g l i g i b l e  boundary- layer  t h i c k n e s s .  I n  a 
more g e n e r a l  c a s e ,  t h i c k n e s s  i n f l u e n c e s  wake p r e s s u r e ,  and t h i s  
can  be  t a k e n  i n t o  a c c o u n t  by i n t r o d u c i n g  a f u n c t i o n  f ( M ' ,  6b/dmid): 

where 6b i s  t h e  t h i c k n e s s  o f  t h e  boundary l a y e r  a t  t h e  base. 
t h i c k n e s s  r a t i o  o f  a t u r b u l e n t  l a y e r  o f  l e n g t h  R i s  o f  t h e  o r d e r  
o f  &,/a - Re- ' / ' ,  and t h a t  o f  a l a m i n a r  l a y e r  6,/a - R e - ' l 2 .  
a t u r b u l e n t  l a y e r ,  t h e r e f o r e ,  

The 

F o r  

778 



(XIV-2-19 ) 

and f o r  a l a m i n a r  l a y e r  /567 

(XIV-2-20) 

where f ,  and f 2  are  c e r t a i n  f u n c t i o n s  o f  t h e  p a r a m e t e r s  i n  t h e  
p a r e n t h e s e s .  

Wake p r e s s u r e  can  be de te rmined  w i t h  
a c e r t a i n  a p p r o x i m a t i o n  w i t h o u t  c o n s i d e r -  
a t i o n  o f  Reynolds number. The wake-pres- 
s u r e  c o e f f i c i e n t  f o r  t u r b u l e n t  f low i s  7 

If - 
Pwke - h'z (0.2!) -,- 0.1 \ i  1 p,?) J, ( X 1 V- 2 - 2 1 ) 

I 1 where 

( k X ) - ' ;  Zi3 - 0.3 (2 + A I ~ " ' ) .  
. 4'ol I 

(XIV-2-22) 
0 5 

Formula (XIV-2-21) i s  v a l i d  f o r  t h e  F i g u r e  XIV-2-8. In-  
f l u e n c e  o f  S t e r n  
Taper  on S t e r n  Drag: 
Laminar (1) and .Tur- 
b u l e n t  (2) Boundary 

r a n g e  1 < Ma < 5 and f o r  c o m p a r a t i v e l y  
s h o r t  b o d i e s .  According t o  (XIV-2-21), 
t h e  wake-drag c o e f f i c i e n t  i s  

L a y e r s .  
c,  wke = K~ (0.22 i- 0.13 si 11213 pp2)"3 Sbse. ( x I v- 2 - 2 3 ) 

For  a g i v e n  s t e r n - s e c t i o n  l e n g t h ,  a n  i n c r e a s e  i n  t h e  a n g l e  
p p z  r e s u l t s  i n  a smaller  Sbse and ,  c o n s e q u e n t l y ,  a lower  cx  wke. 
But t h e  d r a g  component cx t l  w i l l  t h e n  i n c r e a s e  owing to t h e  drop  
i n  p r e s s u r e  on t h e  s i d e  o f  t h e  s t e r n .  It i s  p o s s i b l e  t o  f i n d  a 

The e x p e r i m e n t a l  c u r v e s  i n  F i g .  XIV-2-8 i n d i c a t e  t h a t  

t a p e r  a n g l e  B P 2  t h a t  w i l l  p roduce  minimum t o t a l  d r a g  cx wke + 
+ t l '  
t h e  d r a g  minimum w i l l  o c c u r  a t  about  p p 2  = 7 O .  

If t h e  body h a s  a l a r g e  s l e n d e r n e s s  r a t i o  xb/dmid, it i s  

a d v i s a b l e  t o  t a k e  t h e  e f f e c t  o f  t h i s  s l e n d e r n e s s  on wske p r e s s u r e  
i n t o  c o n s i d e r a t i o n .  I n  d e r i v i n g  an  e m p i r i c a l  formula ,  w e  c a n  
s t a r t  from t h e  f a c t  t h a t  t h e  R e  i 5  t h a t  a p p e a r s  i n  t h e  g e n e r a l  
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formula (XIV-2-19)  has i n s i g n i f i c a n t  i n f l u e n c e  on wake p r e s s u r e  
i n  a comparatively broad range of Re. Experimental  s t u d i e s  t h e n  
i n d i c a t e  t h a t  t h e  c o e f f i c i e n t  

Here K, = M m / X e f ,  where t h e  e f f e c t i v e  f i n e n e s s  r a t i o  i s  

(XIV-2-25) 

I n  accordance w i t h  t h e  expres s ion  f o r  t h e  wake -drag 
wke ' 

c o e f f i c i e n t  

( XIV-2-2 6 ) 

These formulas ,  which cons-ider t h e  e f f e c t  of s t e r n  t a p e r ,  
g ive  s a t i s f a c t o r y  r e s u l t s  f o r  Sbse 2 0.4-0.5 and comparat ively 
s m a l l  average g e n e r a t r i x  i n c l i n a t i o n  angles  of t h e  t a i l  s e c t i o n  
( 8 - i o o ) .  

The parameter  K, i s  a s i m i l a r i t y  parametgr.  A t  a given /568 
va lue  of t h i s  parameter ,  PwkeM: and 
same f o r  va r ious  body shapes and M,. I n  us ing  Formulas 
( X I V - 2 - 2 4 )  and (x1v-2-26), i t  must be remembered t h a t  they a r e  
a p p l i c a b l e  f o r  K, < 1. But i f  K, > 1, t h e  c a l c u l a t i o n  must be 
made by t h e  formulas 

wkeMiiSbse remain t h e  

which correspond t o  t h e  formation of an abso lu te  vacuum behind 
t h e  base .  

Wake p r e s s u r e  w i t h  mixed boundary l a y e r  behind s g p a r a t i o n  - _  
p o i n t .  Mixed flow may appear  behind t h e  s e p a r a t i o n  p o i n t  when, 
f o r  example, as a r e s u l t  of coo l ing  of t h e  w a l l  below t h e  e q u i l i b -  
rium temperature  a laminar  boundary l a y e r  becomes longer  and may 
extend beyond t h e  s e p a r a t i o n  p o i n t .  

Wind-tunnel experiments  i n d i c a t e  t h a t  t h e  p o s i t i o n  of t h e  
t r a n s i t i o n  p o i n t  and, consequent ly ,  t h e  wake p r e s s u r e  depend on 
t h e  same v a r i a b l e s  M I  and Gb/dmid. I n  e v a l u a t i n g  wake p r e s s u r e  



f o r  a mixed boundary l a y e r ,  i t  must be remembered tha t  i t  v a r i e s  
between l i m i t s  corresponding t o  pu re ly  laminar  and pu re ly  turbu-  
l e n t  flow. For pu re ly  laminar  flow, t h e  t r a n s i t i o n  occurs  nea r  
t h e  s t i c k i n g  p o i n t ,  and f o r  a pu re ly  t u r b u l e n t  boundary l a y e r  i t  
approaches t h e  s e p a r a t i o n  p o i n t .  

S u b s o n i c  v e l o c i t i e s .  Measurements i n d i c a t e  t h a t ,  as a t  
supersonic  v e l o c i t i e s ,  t h e  wake expansion and, consequent ly ,  t h e  
wake drag  a t  Mm < 1 depend on t h e  s u r f a c e  c o n d i t i o n  of t h e  body, 
i t s  l e n g t h ,  and i t s  base t a p e r ,  i . e . ,  on t h e  same f a c t o r s  t h a t  
determine t h e  p r o p e r t i e s  of  t h e  boundary l a y e r .  Consequently, 
t h e r e  must be a r e l a t i o n  between wake p r e s s u r e ,  wake drag ,  and 
f r i c t i o n .  

A s  a parameter  c h a r a c t e r i z i n g  wake p r e s s u r e ,  we might i n t r o -  
duce t h e  c o e f f i c i e n t  cxf wke = Cfx(Ssde/Sbse) ,  where 'xf wke i s  

t h e  C o e f f i c i e n t  of f r i c t i o n  r e f e r r e d  t o  t h e  base - sec t ion  area 
and cxf i s  t h e  same c o e f f i c i e n t  c a l c u l a t e d  f o r  t h e  l a t e ra l  a r e a  
of t h e  body. 

fo l lowing  r e l a t i o n  between t h e  c o e f f i c i e n t  cxf wke and t h e  wake- 
p r e s s u r e  c o e f f i c i e n t :  

Experimental  data have made i t  p o s s i b l e  t o  e s t a b l i s h  t h e  

(XIV-2-28) 0.029 - 
P w k e  =- -- ' I / c G Z e  ' 

- 
In t roduc ing  t h e  c o e f f i c i e n t  of f r i c t i o n  cxf = cxf(Ssde/Smid), 

which i s  r e f e r r e d  to t h e  midships s e c t i o n ,  we 
s i o n  for t h e  wake-drag c o e f f i c i e n t  c a l c u l a t e d  

Avai lab le  exper imenta l  data i n d i c a t e  t h e  

can f i n d  an expres-  
for t h e  area Smid: 

(XIV-2-29) 

p o s s i b i l i t y  of  us ing  
(XIV-2-28) and (XIV-2-29) f o r  approximate c a l c u l a t i o n s  of wake 
p r e s s u r e  and d rag  even i n  t h e  t ransonic- f low reg ion ,  i . e . ,  f o r  
MD3 of t h e  o r d e r  of u n i t y .  

Wake p r e s s u r e  i n  t h e  p r e s e n c e  o f  a g a s  j e t .  Experimental  
s t u d i e s  of t h e  wake p r e s s u r e  of s o l i d s  of  r e v o l u t i o n  wi th  a work- 
i n g  nozz le ,  i . e . ,  under cond i t ions  corresponding to a running 
r e a c t i o n  engine ,  have shown t h a t  a t  a g iven  Ma t h e  p r e s s u r e  on 
t h e  base  r i n g  of t h e  body depends e s s e n t i a l l y  on t h e  p r e s s u r e  a t  
t h e  nozz le  e x i t  s e c t i o n .  Here, t h e  h i g h e r  the  p r e s s u r e  a t  t h i s  
s e c t i o n ,  t h e  h i g h e r  w i l l  be t h e  p r e s s u r e  on the r i n g .  
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Wake p r e s s u r e  a l s o  depends on t h e  oncoming-flow parameters :  
v e l o c i t y  and s t a t i c  p r e s s u r e .  The fo l lowing  c h a r a c t e r i s t i c  e f -  
f e c t s  were observed du r ing  an i n v e s t i g a t i o n  of t h i s  r e l a t i o n s h i p :  
1) a t  a nozz le - sec t ion  p r e s s u r e  of 1 kg/cm2 (9.807*104 N / m 2 ) ,  a 
s t a t i c  t u n n e l  flow p r e s s u r e  of  0 . 4  kg/cm2 (3.921*104 N / m 2 ) ,  and 
M, = 1 .87 ,  an underpressure  appeared on t h e  r i n g ;  2 )  w i t h  t h e  
nozz le-sec t ion  p r e s s u r e  h e l d  a t  1 kg/cm2 and t h e  s t a t i c  p r e s s u r e  
i n  t h e  t u n n e l  lowered t o  0 .16  kg/cm 
creased  t o  2 . 5 ) ,  there  was ze ro  excess  p r e s s u r e  on t h e  r i n g ;  3 )  
when t h e  t u n n e l  s t a t i c  p r e s s u r e  was lowered even f u r t h e r  t o  0 . 1  
kg/cm2 (f low i n  t u n n e l  a c c e l e r a t e d  t o  M, = 3 ) ,  t h e  r i n g  showed 
an overpressure  i n s t e a d  of an underpressure .  A t  t h i s  p o i n t ,  t h e  
flow v e l o c i t y  i n  t h e  t u n n e l  was equa l  t o  o r  g r e a t e r  t han  t h e  
v e l o c i t y  i n  t h e  j e t  of gases  i s s u i n g  from t h e  nozz le .  The re- 
s u l t i n g  d i f f e r e n c e  between t h e  s t a t i c  p r e s s u r e  a t  t h e  nozz le  sec-  
t i o n  and i n  t h e  t u n n e l  r e s u l t s  i n  vigorous mixing of t h e  gas be- 
h ind  t h e  base and f i l l i n g  of t h e  vacuum. A p ropu l s ive  f o r c e  may 
ar ise  as a r e s u l t .  

( t h e  M, o f  t h e  flow then  i n -  

The f i r s t  of t h e  phenomena desc r ibed  a r i s e s  when t h e  nozz le  
i s  working a t  c l o s e  t o  des ign  cond i t ions  ( p r e s s u r e  on s e c t i o n  
approximately equa l  t o  flow s t a t i c  p r e s s u r e ) .  I f  t h e  s t a t i c  p re s -  
s u r e  on t h e  nozzle  s e c t i o n  i s  much lower than  t h e  p r e s s u r e  i n  t h e  
flow, t h e  r e s u l t i n g  vacuum may be even g r e a t e r  t han  t h a t  which 
appears  w i t h  t h e  engine s h u t  down. For near-design ope ra t ion  of  
t h e  nozz le ,  t he  wake-drag c o e f f i c i e n t  can be eva lua ted  approxi-  
mately w i t h  Formula ( X I V - 2 - 2 6 )  by  s u b s t i t u t i n g  sr = Sr/Smid f o r  
t h e  t a p e r  sbse; h e r e ,  S i s  t h e  area of  t h e  base - sec t ion  r i n g  o r ,  
i n  t h e  g e n e r a l  ca se ,  o f  t h a t  p a r t  of t h e  base not  occupied by t h e  
nozz le  systems.  

The drop i n  wake p r e s s u r e  observed on d e f l e c t i o n  of t h e  body 
i s  i n s i g n i f i c a n t  f o r  s m a l l  a t t a c k  ang le s  and has l i t t l e  i n f l u e n c e  
on wake drag. 

r 

SXIV-3. DETERMINATION OF DEGREE OF BLUNTNESS FOR MAXIMUM REDUC- 
T I O N  OF HEAT FLOWS 

T h i c k n e s s  o f  " i n v i s c i d "  low-veloci ty l a y e r .  The method used 
t o  c a l c u l a t e  t h e  t h i c k n e s s  of t h e  " i n v i s c i d "  low-veloci ty  l a y e r  
f o r  a b l u n t  cone i s  i n  p r i n c i p l e  t h e  same as f o r  a blunt-wedge 
( s e e  §VI-5). 

Assuming t h a t  we can t ake  as t h e  upper boundary of t h e  high- 
en t ropy  " i n v i s c i d "  l a y e r  t h e  s t r e a m l i n e  pas s ing  through t h e  
"sonic"  p o i n t  a t  coord ina te  rs on t h e  detached shock wave i n  
f r o n t  of a b lun ted  cone (F ig .  I V - 1 0 - 1 1 ,  t h e  gas f l o w r a t e  a c r o s s  
a c r o s s  s e c t i o n  of a r e a  mZs  w i l l  be p,V,.rrr;. 



The same q u a n t i t y  c r o s s e s  a so -ca l l ed  "low-Re" l a y e r  of a 
c e r t a i n  th i ckness  A t h a t  corresponds to an a r b i t r a r y  c r o s s  sec-  
t i o n  of t h e  body wi th  r a d i u s  E, and, consequent ly ,  

hence t h e  t h i c k n e s s  of  t h e  " i n v i s c i d "  l a y e r  

( X I V -  3-2 ) 

where p ,  and V a r e  t h e  d e n s i t y  and v e l o c i t y ,  r e s p e c t i v e l y ,  i n  
t h i s  s e c t i o n  as c a l c u l a t e d  f o r  i n v i s c i d  flow on t h e  s u r f a c e  with 
c o n s i d e r a t i o n  of  the. b lun tness  e f f e c t .  

0 8 i6 M, 

Figure  XIV-3-1 .  M on 
Surface  of Blunt Cone 
i n  I n v i s c i d  Flow. 

The de te rmina t ion  of t h e s e  
parameters  can be s i m p l i f i e d  i n  
p r a c t i c a l  ca ses  by  assuming wi th  
some approximation t h a t  t h e  p re s -  
s u r e  e s t a b l i s h e d  a t  a c e r t a i n  
d i s t a n c e  from t h e  b lun tness  i s  t h e  
same as t h a t  on t h e  unblunted 
body. For example, t h i s  w a s  
ev iden t  i n  t h e  example of flow 
p a s t  a b lun ted  cone. 

Ca lcu la t ion  of  t h e  d e n s i t y  p and v e l o c i t y  V f o r  t h i s  con- 
d i t i o n ,  wi th  d i s s o c i a t i o n  taken  i n t o  account on a b l u n t  s u r f a c e ,  
w a s  s e t  f o r t h  i n  §VI-5. Formulas ( V I - 5 - 2 )  and ( V I - 5 - 4 1  are used 
to determine t h e s e  parameters  f o r  K = cons t .  The l o c a l  Mach 
numbers M b ,  c a l c u l a t e d  by Formula ( V I - 5 - 4 )  f o r  a b l u n t  cone and 
t h e  cond i t ion  t h a t  t h e  p r e s s u r e  on i t  i s  t h e  same as on a sha rp  

Figure XIV-3-21. Ra t io  
of  Cross-Sect ional  Area 
F = 2m-A of Low-Velo- 
c i t y  Layer on Cone to 
Area Fsb = n r i b ;  S o l i d  
Curves Represent Exact 
Ca lcu la t ions  by  ( X I V - 3 - 3 )  
and Dashed Curves Ap- 
proximate Values f o r  t h e  
Ra t io  ':/rib = 0 . 2 5 .  
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c o n i c a l  s u r f a c e ,  a r e  p re sen ted  i n  F ig .  XIV-3-1. 

In t roduc ing  the va lues  of t h e  v e l o c i t y  and d e n s i t y  i n t o  
(XIV-3-2), we can determine t h e  t h i c k n e s s  of  t h e  "1ow-Re" l a y e r  
and i t s  c r o s s - s e c t i o n a l  a r e a  2 r r A  = Fs from t h e  known "sonic"-  
p o i n t  coord ina te  on the  shock wave. 

The diagram of F ig .  XIV-3-2 shows curves f o r  t h e  a r e a  r a t i o  

Here rsb i s  t h e  coord ina te  of  t h e  "sonic"  p o i n t  on t h e  s p h e r i c a l  
nose.  

can be c a l c u l a t e d  approximately w i t h  the  cond i t ion  Fs/Fsb 
tha t  t h e  coord ina te  of p o i n t  rsb i s  twice  t h e  coord ina te  of  t h e  
"sonic"  p o i n t  on t h e  shock wave, i . e . ,  t h e  r a t i o  ':/rib = 0.25. 

We s e e  from Fig .  XIV-3-2 t h a t  w i t h  t h e  above assumptions,  
t h e  area r a t i o  Fs/Fsb i s  of t h e  o r d e r  o f  u n i t y  for s p h e r i c a l l y  
b lun ted  cones w i t h  s m a l l  B c  a n g l e s .  
low-veloci ty  l a y e r  w i l l  b e  somewhat t h i c k e r .  If w e  assume t h a t  
the  coord ina te s  of t h e  "sonic"  p o i n t s  on t h e  f l a t  f a c e  and t h e  

rs = r shock wave are about t h e  same, i . e . ,  
i n g  t o  Formula (XIV-3-3), t h e  a r e a  r a t i o  Fs/Fsb w i l l  be f o u r  
t imes  tha t  for t h e  cone w i t h  t h e  sphere .  We can use Formula 
(XIV-3-2) t o  c a l c u l a t e  t h e  t h i c k n e s s  of t h e  low-veloci ty  l a y e r  
i f  t h e  r e l a t i o n  f o r  t h e  a r e a  r a t i o  Fs/Fsb i s  given by  t h e  expres-  
s i  on 

For f l a t - b l u n t e d  cones,  t h e  

= R b ,  t hen  accord- s b  

(XIV- 3- 4 ) 

The t h i c k n e s s  of t h e  low-veloci ty  l a y e r  can be c a l c u l a t e d  
approximately f o r  a spher ica l -nosed  cone f o r  t h e  c o n d i t i o n  

= 0.25, and w i t h  Fs/Fsb = 1 f o r  a f l a t  f a c e .  Fs/Fsb 
responding working r e l a t i o n s h i p s  t a k e  t h e  form 

The cor-  

Calculation o f  required bluntness .  I n  de te rmining  t h e  re- 
q u i r e d  b l u n t n e s s ( r s b ) ,  w e  can take as a c o n d i t i o n  t ha t  t h e  



laminar-layer thickness 61 be equal to the thickness of the low- 
velocity layer. Consequently, the conditions from which rsb can 
be determined will be 

/571 

(XIv-3-6 ) 

where rt is the cross-section radius of the blunt cone at the 
expected transition point. 

that if Fs/Fsb 

the diameter of the body and the boundary-layer thickness at the 
transition point. 

For example, it follows from the second formula of ( X I V - 3 - 6 )  

which is, as we see, equal to the geometric mean between 
1, the coordinate rsb must be of the order of 

To determine the thickness of the laminar layer at the tran- 
sition qoint on the surface of a blunt cone, we can use (XIV-1-6) 
with 6 y  calculated for the critical value Re:! by the thin-plate 
formula 

6 1"' 
- - 5.8 (ReEr)-li2, 

Z t  

in which xt is the distance to the transition point. 

The critical Reynolds number Re:, = Vgxtp*/u* can be calcu- 
lated in a general case from the determining parameters for a 
blunt cone. 

To simplify the calculations, we can use the parameters of 
inviscid flow around a blunt cone, as obtained without considera- 
tion of determining temperature, instead of the determining 
parameters p* and p * .  

Since the critical Reynolds number is usually considered to 
be known, we can determine the laminar-segment length x = 

= p*ReEr/(Vgp*), and then the boundary-layer thickness at the 
transition point: 

t 
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I f  w e  are concerned w i t h  t h e  c a s e  of  c o n s t a n t  heat capac i -  
t i e s ,  t h e  formula f o r  t h e  r e q u i r e d  b l u n t n e s s  becomes 

I n  t h i s  formula ,  as w e  have no ted ,  Re:, i s  u s u a l l y  a s s i g n e d ;  

t h e  r a t i o s  p;/p, a n d r i b / r :  and M are  de termined  on t h e  b l u n t  
cone from t h e  known MQ7. I n  rough c a l c u l a t i o n s ,  t h e  v a l u e s  o f  
rsb/rs f o r  a s p h e r i c a l  nose and a f l a t  f a c e  can b e  se t  e q u a l  t o  
2 and 1, r e s p e c t i v e l y .  

t h e  r i g h t  member of (XIV-3-8). Knowing t h e  r a d i u s  
We can f i n d  t h e  f u n c t i o n  II by t h e  n e c e s s a r y  c a l c u l a t i o n s  i n  

and t h e  c o o r d i n a t e  x w e  can use  t h e  formula t '  

nXtRb 

t o  compute t h e  r e q u i r e d  b l u n t i n g  r o r ,  more p r e c i s e l y ,  t h e  

c o o r d i n a t e  of t h e  " son ic"  p o i n t  on t h e  nose .  For  f l a t  b l u n t i n g ,  
t h i s  c o o r d i n a t e  w i l l  g i v e  t h e  f a c e  r a d i u s , ,  s i n c e  Rb = r sb' and f o r  
a s p h e r i c a l  nose i t s  r a d i u s  w i l l  b e  found by t h e  formula  Rb = 

= r / s i n  r l ,  w i t h  t h e  a n g l e  rl a t  which t h e  " son ic"  p o i n t  i s  lo- 
c a t e d  on t h e  s p h e r e  found from F i g .  XI I -2 -6 .  

s b  

s b  

C e r t a i n  d a t a  on t h e  c r i t i c a l  Reynolds number. Determina- 
t i o n  of t h e  c r i t i c a l  Reynolds number r e q u i r e s  i n v e s t i g a t i o n  o f  
boundary-layer  s t a b i l i t y .  It has been  e s t a b l i s h e d  t h a t  w i t h  
c o o l i n g  of t h e  w a l l ,  t h e  s t a b i l i t y  of a l amina r  boundary l a y e r  
i n c r e a s e s .  P h y s i c a l l y ,  t h i s  i s  e x p l a i n e d  by t h e  f a c t  t h a t  w i t h  
d i m i n i s h i n g  gas  t empera tu re  n e a r  t h e  s u r f a c e ,  d e n s i t y  r i s e s ,  and 
hence s o  does t h e  k i n e t i c  energy of  t h e  gas  i n  a g i v e n  volume. 
Unders tandably ,  p a r t i c l e s  w i t h  h i g h  e n e r g i e s  are less  s u b j e c t  t o  
t h e  i n f l u e n c e  of d i s t u r b i n g  p u l s a t i o n s .  It i s  n o t e d  here t h a t  
a t  very  h i g h  v e l o c i t i e s ,  t h e  Reynolds number, r e g a r d e d  as a sta- 
b i l i t y  c r i t e r i o n ,  i s  l e s s  i m p o r t a n t  t h a n  such  pa rame te r s  as t h e  
wa l l - t empera tu re  r a t i o  Twl/Ts (Twl/T, o r  Twl/Tr) and t h e  Mach 



(7 4 8 C? M6 

F i g u r e  X I V - 3 - 3 .  R e -  
g i o n  o f  S t a b l e  L a m i -  
n a r  Boundary L a y e r  on 
B l u n t  Cone (Region  I n -  
t e r i o r  to S o l i d  C u r v e ) .  
0 )  s h a r p  cone;  0) 
b l u n t  cone .  

. 14. Z 2 - a  M8 

F i g u r e  X I V - 3 - 4 .  V a r i a -  
t i o n  o f  C r i t i c a l  Rey- 
n o l d s  Number on Cone. 
Va lues  of Twl/Tr:  1) 
0 . 7 ;  2 )  0 . 8 ;  3)  0 . 9 ;  
4 )  1 . 0 .  

number M6 on t h e  o u t e r  boundary  o f  t h e  boundary l a y e r  (or Moo f o r  
g i v e n  f low c o n d i t i o n s  ) . 

T h e o r e t i c a l  s t u d i e s  have  e s t a b l i s h e d  t h e  w a l l - t e m p e r a t u r e  
r a t i o  r e q u i r e d  f o r  comple t e  s t a b i l i z a t i o n  o f  a l a m i n a r  boundary 
l a y e r  as a f u n c t i o n  o f  t h e  l o c a l  M6 ( F i g .  X I V - 3 - 3 ) .  We see from 
t h i s  f i g u r e  t h a t  w i t h  M6 > 8 ,  t h e  boundary  l a y e r  c a n n o t  be s t a b l e  
r e g a r d l e s s  o f  i n t e n s i t y  of  c o o l i n g .  It can  a l s o  b e  n o t e d  t h a t  
t h e  s t a b i l i t y  b o u n d a r i e s  b r o a d e n  w i t h  d i m i n i s h i n g  r a t i o  Twl/T6. 
It  f o l l o w s  from t h i s  t h a t  s t a g n a t i o n  o f  t h e  e x t e r n a l  f l ow,  which 
i s  accompanied by  a d e c r e a s e  i n  M6 and  a r i s e  i n  t h e  t e m p e r a t u r e  
T g ,  w i l l  have  a s t a b i l i z i n g  e f f e c t  ( i f  a c o n s t a n t  w a l l  t e m p e r a t u r e  
i s  m a i n t a i n e d  by a p p r o p r i a t e  c o o l i n g ) .  

We n o t e d  above t h a t  such  s t a g n a t i o n  can  be  b r o u g h t  a b o u t  b y  
u s i n g  a b l u n t  ra ther  t h a n  a s h a r p  body. Thus,  b l u n t i n g  i s  a n  
i m p o r t a n t  means o f  s t a b i l i z i n g  a l a m i n a r  boundary l a y e r .  I n  f a c t ,  
t h e  t e m p e r a t u r e  a t  t h e  o u t e r  boundary  o f  t h e  l a y e r  i s  h i g h e r  on 
a b l u n t  body t h a n  on a s h a r p  one a n d ,  c o n s e q u e n t l y ,  i f  c o n s t a n t  
w a l l  t e m p e r a t u r e  i s  m a i n t a i n e d ,  t h e  r a t i o  Twl/T6 w i l l  b e  smaller.  
The  l o c a l  M 6  a l s o  d e c r e a s e .  
t h e  c o n d i t i o n s  a t  t h e  o u t e r  edge  of t h e  boundary l a y e r  from 

T h i s  e x p l a i n s  why b l u n t n e s s  s h i f t s  

t h e  i n s t a b i l i t y  r e g i o n  i n t o  t h e  s t a b l e  zone ,  as w e  see  f rom F i g .  
XIV-3-3 .  

The i n s t a b i l i t y  r e g i o n  o u t s i d e  t h e  c u r v e  i n  F i g .  X I V - 3 - 3  i s  
n e c e s s a r i l y  a zone o f  f u l l  t u r b u l i z a t i o n .  I n  t h i s  r e g i o n ,  t h e  
l a y e r  i s  c h a r a c t e r i z e d  by t u r b u l e n t  i n c l u s i o n s  whose a p p e a r a n c e  
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i s  r e l a t e d  t o  t h e  p o i n t  a t  which t h e  laminar  flow becomes turbu-  
l e n t .  T h i s  t r a n s i t i o n  culminates  a t  t h e  c r i t i c a l  Reynolds number. 

F igure  XIV-3-4 shows wind-tunnel r e s u l t s  ob ta ined  f o r  t h i s  
number by  van Drees t .  An exper imenta l  model of  a shock cone was 

The t e s t s  were run  a t  va r ious  .Mm.  

numbers i n c r e a s e  w i t h  dec reas ing  w a l l  t empera ture  and t h a t  t h e  
manner i n  which these numbers vary depends t o  a major degree a l s o  
on Ms. For M6 > (3 .8-4) ,  t h e  c r i t i c a l  Reynolds numbers remain 
p r a c t i c a l l y  cons t an t .  

i n t e r n a l l y  cooled,  s o  t h a t  t h e  r a t i o  Twl/Ts could be v a r i e d .  1573 

Analysis  of t h e  curves i n d i c a t e s  t h a t  t h e  c r i t i c a l  Reynolds 

I f  t h e  s u r f a c e  i s  cooled (Twl/Tr < l), t h e  Recr i n c r e a s e ,  
and i n  e s t i m a t i n g  t h e  change i n  Recr w e  can proceed on t h e  basis 

t h a t  i t s  va lue  i s  approximately i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  
w a l l  t empera ture  r a t i o  Twl/Tr de f ined  by t h e  expres s ion  

The p r e s s u r e  g r a d i e n t  a t  t h e  w a l l  e x e r t s  some i n f l u e n c e  on 
Here a nega t ive  g r a d i e n t  f avor s  i n c r e a s e d  s t a b i l i t y  and, Recr. 

consequent ly ,  an i n c r e a s e  i n  t h e  c r i t i c a l  Reynolds number. On 
t h e  o t h e r  hand, when t h e  p r e s s u r e  i n c r e a s e s  downstream, i . e . ,  
t h e  g r a d i e n t  i s  p o s i t i v e ,  cond i t ions  are s e t  up f o r  premature 
t u r b u l i z a t i o n  and Recr dec reases .  

f i n d  r eg ions  on i t s  s u r f a c e  w i t h  va r ious  types  of p r e s s u r e  v a r i a -  
t i o n .  Immediately behind t h e  t o t a l - s t a g n a t i o n  p o i n t ,  t h e  pres -  
s u r e  decreases  over  a c e r t a i n  l e n g t h  of t h e  body, s e t t i n g  up a 
nega t ive  s t a t i c - p r e s s u r e  g r a d i e n t  t h a t  f avor s  s t a b i l i z a t i o n  of 
t h e  laminar  boundary ' l ayer .  F a r t h e r  downstream, s t a g n a t i o n  be- 
g i n s  a t  a c e r t a i n  d i s t a n c e  from t h e  nose,  w i t h  t h e  r e s u l t  t h a t  a 
p o s i t i v e  g r a d i e n t  appears .  T h i s  lowers s t a b i l i t y .  However, t h i s  
unfavorable  e f f e c t  of t h e  p o s i t i v e  g r a d i e n t  i s  not  s i g n i f i c a n t  
f o r  p r a c t i c e .  Never the less ,  i t  i s  a d v i s a b l e  t o  take t h e  nega- 
t i v e  g r a d i e n t  i n t o  account i n  f i n a l  s p e c i f i c a t i o n  of t h e  b l u n t i n g  
dimension by i n c r e a s i n g  i t  s l i g h t l y  over  t h e  c a l c u l a t e d  va lue .  

I f  we cons ide r  flow around a b lun ted  body, e . g . ,  a cone, w e  

By way of example, l e t  us c a l c u l a t e  t h e  t r a n s i t i o n - p o i n t  
s h i f t  f o r  Mm = 1 0  on t h e  smooth s u r f a c e  of a b l u n t  cone w i t h  
an ang le  B e  = loo. 
c a l c u l a t e  t h e  coord ina te  of t h e  "sonic"  p o i n t  rs. 
g e n e r a t r i x  equat ion  x = a r 2  = r 2 / ( 2 R  ) we f i n d  t h e  r a t i o  

We s h a l l  cons ide r  a s p h e r i c a l  nose and f i r s t  
From t h e  wave- 

so 



where t h e  dimensionless  wave r a d i u s  of cu rva tu re  Rso /Rb  i s  d e t e r -  
mined as a func t ion  of t h e  densi t 'y  r a t i o  ps/p, behind and i n  f r o n t  
of t h e  normal p a r t  of t h e  wave. 

Taking d i s s o c i a t i o n  i n t o  account f o r  f l i g h t  cond i t ions  nea r  
t h e  ground a t  M, = 1 0 ,  we c a l c u l a t e  t h e  r a t i o  ps/p, = 7.4, and 
t h e n  r e f e r  to t h e  diagram of F ig .  XII-2-12 to f i n d  R s o / R b  = 1.2. 
Using t h e  o t h e r  diagram i n  F ig .  XII-2-6, w e  determine t h e  angu la r  
coord ina te  of t h e  "sonic"  p o i n t  on t h e  wave a t  w = 22'30', and 
then  f i n d  t h e  shock i n c l i n a t i o n  angle  O S s  = 67'30' and t a n  e S s  = 

from F ig .  XII-2-6, we f i n d  t h e  angu la r  coord ina te  of t h e  "sonic"  
p o i n t  on t h e  sphe re ,  n s b  = 24'301 which determines t h e  r e l a t i v e  
l i n e a r  coord ina te  r sb/Rb = 0.676. 
p o i n t  coord ina te s  rsb/rs = 0.676/0.5 = 1.35. 

mean between t h e i r  va lues  a t  t h e  apex and t h e  "sonic"  p o i n t  of  
t h e  shock wave. Applying (111-4-33), w e  c a l c u l a t e  t h e  r a t i o  of 
t h e  s t a g n a t i o n  p r e s s u r e s  a f t e r  and be fo re  t h e  shock f o r  t h e  va lues  
Ma3 = 1 0  and M, s i n  O s s  = 1 0  s i n  67'301 = 9.24, and then  determine 
t h e  mean p r e s s u r e  r a t i o  

-, 
= ( d r / d x I s  = 2.41. Consequently,  r s / R b  = 1.2/2.41 - 0.5. Also 

Thus, t h e  r a t i o  of t h e  "sonic"-  

We then  f i n d  t h e  r a t i o  of s t a g n a t i o n  p r e s s u r e s  p:/po as t h e  

/574 

We then  r e f e r  to Fig .  XIV-3-1 to determine t h e  Mach number M 
on t h e  b l u n t  cone (Mb = 2.8) and Fig .  XIV-3-4 f o r  t h e  c r i t i c a l  
Reynolds number Recr = 8.7010~; i n  de te rmining  t h e  l a t t e r ,  we as- 
s i g n  t h e  r e l a t i v e  w a l l  temperature  Twl/Tr = 0 . 7 ,  which corresponds 
to t h e  r a t i o  

Af t e r  s u b s t i t u t i n g  a l l  of t h e  values '  t h a t  w e  have found i n t o  
(XIV-3-8), we o b t a i n  t h e  f u n c t i o n  
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I 

The transition-point coordinate on a sharp cone is 

For the cone selected, the local Mc = 7.6. Assuming further 
that the flight altitude is about 22 km, so that the kinematic 
viscosity coefficient VmH = 20Vm0, we obtain the value xt = 

= 0.438 m from Formula (XIV-3-11). 

To determine the corresponding coordinate for the blunt 
cone, we refer to Fig. IV-10-2 to evaluate the Reynolds number 
for this cone, i.e., we find the ratio Reb/Rec = 0.07L. 
ingly, the transition-point coordinate with the bluntness taken 
into account will be 

Accord- 

From this, we can calculate the coordinate of the "sonic" 
point on the sphere: 

and then the spherical-blunting radius Rb = r 
ratio s of the blunted-nose area to the cross-sectional area of 
the cone at the transition point. If this point is on the base 
section, the entire surface of the cone is covered by a laminar 
boundary layer. 

/sin r) sb sb and the 

SP 

The solution can be simplified by presenting the segment of 
the shock-wave generatrix as an arc of a circle of radius Rso. 
In this case, 

Consequently, 



Thebluntness  parameters  a r e  c a l c u l a t e d  from t h e s e  data. 

E f f e c t  o f  boundary l a y e r .  The r e q u i r e d b l u n t n e s s  c a l c u l a t e d  
i n  t h i s  way can be improved by cons ide r ing  t h e  i n f l u e n c e  of t h e  
c o n d i t i o n a l  boundary-layer displacement  th i ckness .  I n  f a c t ,  i t  
fo l lows  from p h y s i c a l  c o n s i d e r a t i o n s  t h a t  t h e  e f f e c t  of v i s c o s i t y  

v i s c i d  flow around a convent iona l  body whose t r a n s v e r s e  dimensions 
have been i n c r e a s e d  by  t h e  displacement  t h i c k n e s s  6*1. 
quen t ly ,  we f i n d  tha t  t h e  low-veloci ty  l a y e r  has been s h i f t e d  by  

6 : .  
ness ,wemus t  s t a r t  w i t h  t h e  e q u a l i t y  A = 61 - ". The cone f o r -  
mula can be used to determine & ? :  

on t h e  flow can indeed be taken  i n t o  account i f  we cons ide r  i n -  /575 

Conse- 

It i s  c l e a r  from t h i s  t h a t  i n  c a l c u l a t i n g  t h e  r e q u i r e d  b lun t -  

The convent iona l  t h i c k n e s s  6yp1 c a l c u l a t e d  from t h e  d e t e r -  
mining parameters  can,  i n  t u r n ,  b e  found from t h e  formula f o r  an 
incompress ib le  medium: 

Thus, f o r  a b l u n t  cone w i t h  t h e  displacement  th i ckness  taken  
i n t o  account 

6 P' 
b=6,1 -6: =0.36rct (%). (XIV-3-12 ) 

Comparing t h i s  formula wi th  (XIV-3-7), we may conclude t h a t  
the  r equ i r ed  b l u n t i n g  i s  smaller i n  our  case .  

The method s e t  f o r t h  above f o r  c a l c u l a t i n g  t h e  r e q u i r e d  de- 
g ree  o f b l u n t n e s s  i s  based on t h e  assumption tha t  t h e  shape of t h e  
low-M l a y e r  p r o f i l e  does not  change. However, deformation of t h i s  
p r o f i l e  does occur  downstream owing to d i s s i p a t i o n  of t h e  " i n v i s -  
c id"  low-veloci ty  l a y e r  as i t  t a k e s  i n  i n c r e a s i n g  q u a n t i t i e s  of 
low-entropy a i r .  T h i s  breakdown of t h e  high-entropy flow i s  equiv- 
a l e n t  t o  a s m a l l e r  b l u n t n e s s .  

Ce r t a in  s t u d i e s  have shown tha t  i n  f l i g h t  a t  moderate a l t i -  
t ude ,  d i s s i p a t i o n  of t h e  low-veloci ty  l a y e r  p r o f i l e  can be d i s -  
regarded on a laminar-boundary-layer l e n g t h  of up to x z 1000A. 
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I f  t h e  washed s u r f a c e  i s  longe r ,  i t  i s  adv i sab le  to a l low f o r  t h e  
d i s s i p a t i o n  e f f e c t ;  t h i s  can be done by  a s l i g h t  i n c r e a s e  i n  t h e  
o r i g i n a l l y  c a l c u l a t e d  b l u n t i n g .  

SXIV-4.  HEAT TRANSFER ON THE BODY 

C u r v i l i n e a r  Surface  

Re la t ionsh ips  ( IV-8-47)  and ( I V - 8 - 4 8 )  should be used t o  c a l -  
c u l a t e  t h e  s p e c i f i c  hea t  flow from a laminar  boundary l a y e r  t o  a 
s t r o n g l y  cooled curved w a l l  i n  t h e  case  of equ i l ib r ium gas d i s so -  
c i a t i o n  and pp = cons t  a c r o s s  t h e  l a y e r .  Assuming E = 1, w e  ob- 
t a i n  

where t h e  f u n c t i o n  

(XIV-4-2 ) 

I n  ( X I V - 4 - 1 ) ,  t h e  en tha lpy  ir i n c l u d e s  t h e  a c c e l e r a t i o n  of  
g r a v i t y  g = 9 . 8 1  m/s. ' ,  s o  t h a t  t h e  dimensions of ir w i l l  b e  
kca l*m/kg*s2 .  

Sharp Body 

Cone. For a c o n i c a l  c u r f a c e ,  we must s e t  p = p:, V6 = Vc,  

P;V; = Pepc i n  ( X I V - 4 - 1 )  and ( X I V - 4 - 2 ) .  Consequently,  

(XIV-4-3  ) 

where t h e  s u b s c r i p t  s i g n i f i e s  parameters  on t h e  cone; t h e  x- 
coord ina te  i s  measured from t h e  nose a long  t h e  s u r f a c e  g e n e r g t r i x .  

The t o t a l  hea t  flow on t h e  cone 

( X I V - 4 - 4 )  

On s u b s t i t u t i n g  qc from ( X I V - 4 - 3 ) ,  we o b t a i n  



(XIV-4-5  ) 

where S c = v x 2  s i n  B c  i s  t h e  l a t e r a l  a r e a  of a cone w i t h  a genera- 
t r i x  l e n g t h  xc and a semiapex 

flows by  Formula (XIV-L-l), we can s e t  p = p* s i n 2  @ / s i n 2  Bo f o r  
h igh  v e l o c i t i e s ;  he re  p* i s  t h e  p r e s s u r e  c o e f f i c i e n t  on a t a p e r e d  
c o n i c a l  nose.  Consequently,  

C 
angle  B c .  

Sharp nose s e c t i o n  o f  arbi trary  shape.-  I n  c a l c u l a t i n g  hea t  

(XIV- 4- 6 ) 

Using t h e  r e l a t i o n  between p r e s s u r e  and v e l o c i t y  f o r  i s e n -  
t r o p i c  flow, w e  can f i n d  t h e  v e l o c i t y  V6 on t h e  s u r f a c e  of t h e  
l a y e r .  
f u n c t i o n  F and t h e n  t h e  s p e c i f i c  h e a t  flow from (XIV-4-11. 

In t roduc ing  E and V6 i n t o  ( X I V - 4 - 2 ) ,  w e  can c a l c u l a t e  the 

I n  approximate.calcu1ations f o r l a r g e M w ,  t h e  l o c a l  v e l o c i t y  on 
t h e  nose s e c t i o n  can be determined by  t h e  Newton formula Vd = 

= vw cos B c ,  s o  t ha t  a s imple r  r e l a t i o n  can be obta ined  for F and 
hence f o r  g. 

be used t o  approximate t h e  local-f low d i s t r i b u t i o n .  The s p e c i f i c  
hea t  flow a t  p o i n t  A (F ig .  IV-7-3) given  by  t h i s  formula co r re -  
sponds t o  a l o c a l  c o n i c a l  s u r f a c e  w i t h  a semiapex ang le  B and a 
d i s t a n c e  O ' A  = xc along i t s  g e n e r a t r i x .  
d i n a t e  s y s t e m  t aken  i s  p laced  a t  t h e  nose and t h e  l o n g i t u d i n a l  
a x i s  i s  d i r e c t e d  a long  t h e  body's a x i s ,  t h e  r ad ia l  coord ina te  of 
p o i n t  A a t  which t h e  s p e c i f i c  h e a t  flow i s  determined i s  r = 
= x s i n  B .  Accordingly,  t h e  s p e c i f i c  heat flow a t  A i s  

A t  t h e  same t i m e ,  t h e  "local-cone" method and (XIV-4-31  can 

If t h e  o r i g i n  of t h e  coor- 

C 

where p g ,  1.1 , and Vg a r e  t h e  inv i sc id - f low parameters  on t h e  l o c a l  
c o n i c a l  sur$ace .  The o v e r - a l l  heat flow on a body segment of 
l eng th  x ( r )  i s  

(XIV-4-8) 
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I f  t h e  s p e c i f i c  heat f low on t h e  l o c a l  c o n i c a l  s u r f a c e  i s  1577 
c a l c u l a t e d  from t h e  S t a n t o n  number St3A1/3's13 found from t h e  
de te rmin ing  pa rame te r s  [ q  =- St.?:),>V6 (i7- i w l ) ] ,  t h e n  

where - x i s  the a x i a l  l e n g t h  o f  t h e  body. 

SXIV-5. TOTAL STAGNATION POINT ON BLUNT NOSE 

Equilibrium dissociation. S e t t i n g  E = 1 i n  (IV-8-49), w e  
o b t a i n  f o r  t h e  heat  f low a t  the  c r i t i c a l  p o i n t  on a b l u n t e d  s o l i d  
of  r e v o l u t i o n  

qo = 0.664 Pr-213 (Xp&J1/2ir. (XIV-5-1) 

T h i s  e x p r e s s i o n  has been d e r i v e d  f o r  an  ove rcoo led  s u r f a c e  
on which t h e  t empera tu re  Twl and t h e r e f o r e  t he  e n t h a l p y  iwl are 
n e g l i g i b l y  small by comparison w i t h  t h e  co r re spond ing  Tr and ir. 

When c o o l i n g  does n o t  produce a low enough w a l l  t e m p e r a t u r e ,  e .g . ,  
when heat  i s  d i s s i p a t e d  only  by r a d i a t i o n  and a compara t ive ly  h igh  
e q u i l i b r i u m  r a d i a t i o n  t empera tu re  i s  e s t a b l i s h e d ,  i t  i s  n e c e s s a r y  
to t ake  iwl i n t o  c o n s i d e r a t i o n .  

Exper imenta l  s t u d i e s  have shown t h a t  f o r  a n  ove rhea ted  w a l l ,  
t h e  formula  f o r  q,, r e t a i n s  t h e  same b a s i c  form as (XIV-5-1). The 
d i f f e r e n c e  i s  t h a t  i n s t e a d  o f  ir, t h e  new formula  c o n t a i n s  ir - 
- i and a n  a d d i t i o n a l  f a c t o r  t o  take account  of  t h e  change i n  
t h e  p roduc t  p p  a c r o s s  t h e  boundary l a y e r  i n  t h e  neighborhood of 
t h e  c r i t i c a l  p o i n t .  The working r e l a t i o n s h i p  i s  

w l  

- 
qo = 0.763 Pr-0.6 (G&&)1'2 (i, - iwl) (pwl~wl)l~lo, 

where 

I n  accordance  w i t h  (XIV-5-2) and t h e  e x p r e s s i o n s  

(XIV-5-2 ) 
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t h e  d imens ion le s s  h e a t - t r a n s f e r  number i s  

(XIV-5-2' ) 

S t u d i e s  have shown t h a t  pwlpwl/p;p; > 1, s o  t h a t  t h e  heat 
f low i n c r e a s e s  ove r  i t s  va lue  f o r  a s t r o n g l y  cooled  s u r f a c e .  For- 
mula (XIV-5-2) i s  v a l i d  f o r  s u r f a c e  t empera tu res  n o t  i n  excess  of 
t h e  s t a g n a t i o n  p o i n t .  It i m p l i e s  t h a t  a t  h i g h  speeds ,  when d i s -  
s o c i a t i o n  becomes s u b s t a n t i a l ,  heat t r a n s f e r  i s  de termined  by t h e  
e n t h a l p y  g r a d i e n t  ra ther  t h a n  the  t empera tu re  g r a d i e n t .  A t  these 
v e l o c i t i e s ,  t h e  r ecove ry  e n t h a l p y  ir can b e  c a l c u l a t e d  as t h e  s t a g -  
n a t i o n  e n t h a l p y  b y  t h e  formula  ir = 0.5V:. 

from t h e  e n t h a l p y  d i f f e r e n c e  t o  t h e  t empera tu re  d i f f e r e n c e  b y  
u s i n g  t h e  s u b s t i t u t i o n  

I n  t h e  absence  o f  d i s s o c i a t i o n ,  w e  can conve r t  i n  (XIV-5-2) 

- 
i, - i,, = cp.  ,I (T, - TWd, 

i s  c a l c u l a t e d  as the mean between /578 p . w l  where t h e  s p e c i f i c  heat c 
t h e  v a l u e s  on cooled  and i n s u l a t e d  walls w i t h  t h e  r e s p e c t i v e  t e m -  
p e r a t u r e s  T 

heat brought  t o  t h e  w a l l  depends on the  pa rame te r s  a t  t h e  o u t e r  
edge o f  I t h e  boundary l a y e r .  These pa rame te r s  are  i n  t u r n  de- 
t e rmined  from t h e  c o n d i t i o n s  of  f low around t h e  b l u n t  nose  a t  t h e  
t o t a l - s t a g n a t i o n  p o i n t .  

and Tr .  It f o l l o w s  from these formulas  t h a t  t h e  w l  

Reduct ion o f  c a l c u l a t e d  numer i ca l  r e s u l t s  f o r  very  h i g h  
s u p e r s o n i c  v e l o c i t i e s  has made i t  p o s s i b l e  t o  o b t a i n  an  approx i -  
mate formula  f o r  t h e  s p e c i f i c  heat  flow a t  t h e  t o t a l - s t a g n a t i o n  
p o i n t :  

(XIV-5-4) 

where Vs i s  t h e  e a r t h - o r b i t a l  v e l o c i t y  o f  7 . 9 3  km/s; p, and p 
are t h e  d e n s i t i e s  o f  t he  atmosphere a t  a c e r t a i n  a l t i t u d e  H and 
a t  t h e  ground,  r e s p e c t i v e l y ;  Rb i s  t h e  r a d i u s  of t he  s p h e r e  i n  
meters. 

" g  

The r ecove ry  e n t h a l p y  can b e  s e t  e q u a l  t o  t h e  s t a g n a t i o n  
e n t h a l p y .  
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Formula (XIV-5-4) g i v e s  t h e  heat flow de termined  n o t  on ly  by 
heat  conduc t ion ,  b u t  a l s o  by  d i f f u s i v e  heat t r a n s f e r  t h rough  re -  
combinat ion o f  atoms a t  a c a t a l y t i c  w a l l .  I f ,  on t h e  o t h e r  hand,  
t he  s u r f a c e  of  t he  s p h e r e  i s  n o t  c a t a l y t i c  ( f o r  example,  t h e  s u r -  
f a c e  of a n o n m e t a l l i c  s k i n ) ,  Formula (XIV-5-4) w i l l  g i v e  a low 
v a l u e  f o r  t h e  heat  f low.  The e r r o r  o f  t h e  formula  w i l l  i n c r e a s e  
w i t h  a l t i t u d e ,  as t h e  s t a t e  of  t h e  gas  d e v i a t e s  fa r ther  from equ i -  
l i b r i u m .  From t h e  p r a c t i c a l  s t a n d p o i n t ,  u s e  o f  a n o n c a t a l y t i c  
s u r f a c e  may be h e l p f u l ,  s i n c e  t h e  low recombina t ion  r a t e s  change 
i n s i g n i f i c a n t l y  on a n o n c a t a l y t i c  s u r f a c e ,  heat  i s  t h e r e f o r e  ab- 
so rbed  by  d i s s o c i a t i o n ,  and,  as a consequence,  the  heat f low t o  
t h e  w a l l  i s  lowered.  I n  these  c a l c u l a t i o n s ,  t h e  w a l l  e n t h a l p y  can 
b e  a s s i g n e d  on t h e  basis o f  t h e  maximum p e r m i s s i b l e  s k i n  tempera- 
t u r e .  

The heat f lows  can also b e  c a l c u l a t e d  from t h e i r  e q u a l i t y  t o  
t h e  r a d i a n t  heat f lows .  Under f l i g h t  c o n d i t i o n s ,  t h i s  e q u a l i t y  
can be gua ran teed  by a p p r o p r i a t e  ad jus tmen t  of  speed  and a l t i -  
t u d e  ( a i r  d e n s i t y ) .  The s u r f a c e  e m i s s i v i t y  E and i t s  t e m p e r a t u r e ,  
which w i l l  b e  t h e  e q u i l i b r i u m  t empera tu re  i n  t h i s  c a s e ,  are as- 
s i g n e d  f o r  t h i s  purpose .  

Having found t h e  r a d i a t i v e  heat  flow acTi l  and i n t r o d u c e d  i t  
i n t o  (XIV-5-4), w e  de te rmine  t h e  r e q u i r e d  r e l a t i o n  between v e l o c i t y  
and a i r  d e n s i t y  and,  consequen t ly ,  between v e l o c i t y  and a l t i t u d e .  
Under t hese  f l i g h t  c o n d i t i o n s ,  c o o l i n g  i s  b y  r a d i a t i o n  from t h e  
heated s u r f a c e .  

A t  moderate s u p e r s o n i c  s p e e d s ,  t h e  s p e c i f i c  heat  f low at t h e  
total s t a g n a t i o n  p o i n t  on t h e  nose  can be  c a l c u l a t e d  by t h e  f o r -  
mula 

where X = (3Vg/ax),,o can b e  s e t  e q u a l  to (3/2)V,/Rb (as f o r  a n  
i n c o m p r e s s i b l e  f l u i d )  o r  c a l c u l a t e d  by  (VI-3-16). 

According to e x p e r i m e n t a l  data,  t h e  s p e c i f i c  heat f low a t  
t h e  s t a g n a t i o n  p o i n t  on a f l a t  f a c e  i s  

I n f l u e n c e  o f  v o r t i c i t y  i n  t h e  e x t e r n a l  f low.  The above heat-  
f low r e l a t i o n s h i p s  were o b t a i n e d  f o r  un i form f low i n  t h e  " i n v i s c i d "  
l a y e r  nex t  to t h e  wall and,  consequen t ly ,  z e r o  v o r t i c i t y - c o n t r o l l e d  
v e l o c i t y  g r a d i e n t s  a c r o s s  t h e  l a y e r .  A c t u a l l y ,  however, t h e  ve lo -  
c i t y  i s  n o t  c o n s t a n t ,  b u t  i n c r e a s e s  from t h e  v a l u e  at t h e  w a l l ,  1579 
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which corresponds to t h e  s t a g n a t i o n  parameters  behind a normal 
shock, to a c e r t a i n  va lue  on t h e  convent iona l  l a y e r  boundary, s o  
t h a t  ' v o r t i c i t y  appears  i n  t h e  flow. 

V o r t i c i t y  has  i t s  e f f e c t s  
a t  every p o i n t  on t h e  s u r f a c e ,  
i n c l u d i n g  t h e  t o t a l - s t a g n a t i o n  
p o i n t ;  t h e  r a t i o  of  t h e  h e a t  
flow q o v  c a l c u l a t e d  w i t h  con- 
s i d e r a t i o n  of t h i s  e f f e c t  to 
t h e  g o  found when v o r t i c i t y  i s  
d i s r ega rded  depends on a number 
o f  f a c t o r s ,  i n c l u d i n g  M, and 

40 Y 

10 a l t i t u d e .  
I 2 0 6 8 f O  2 6 6 810' 2 1168M' 

Re 117-2 
Calcu ' la t ions  have shown, 

F igure  XIV-5-1 .  I n f luence  of f o r  example, t h a t  a t  Ma = 20 ,  
V o r t i c i t y  on Heat T rans fe r  a t  has t h e  r e -  
t h e  C r i t i c a l  P o i n t .  ir = V t / 2 ;  

t h i s  r a t i o  qOv/q 
s p e c t i v e  va lues  1 . 3  and 1 . 0 4  

hemisphere a t  a l t i t u d e s  o f  9 0  
and 60  km.  The v o r t i c i t y  e f -  

0 

= 2000'K. a t  t h e  c r i t i c a l  p o i n t  on a 

f e c t  can t h e r e f o r e  be d i s r ega rded  f o r  a l l  p r a c t i c a l  purposes  i n  
t h e  dense atmosphere, bu t  i n  t h e  t h i n  l a y e r s  i t  i s  a d v i s a b l e  to 
c o r r e c t  t h e  c a l c u l a t e d  h e a t  t r a n s f e r ,  i n c r e a s i n g  i t  s l i g h t l y .  

The most important  parameter  de te rmining  t h e  i n f l u e n c e  of 
v o r t i c i t y  on h e a t  t r a n s f e r  i s  t h e  Reynolds number, c a l c u l a t e d  
from t h e  sphere  r a d i u s  and t h e  gasdynamic c h a r a c t e r i s t i c s  a t  t h e  
c r i t i c a l  p o i n t :  

It m u s t  be remembered i n  detel*mining t h i s  number t h a t  we can 
s e t  iT = 0.W: f o r  h igh  v e l o c i t i e s .  
pe r imen ta l  p l o t  of t h e  r a t i o  qov /qo  as a f u n c t i o n  of R e  f o r  two 
va lues  of M, = 8 and 20;  t h i s  diagram can be used i n  r e f i n i n g  t h e  
heat-flow va lue .  We see t h a t  t h e  v o r t i c i t y  e f f e c t  i s  cons ider -  
ab ly  sma l l e r  f o r  Mm = 8 than  f o r  M, = 20.  The data of F ig .  
XIV-5-1 were obta ined  f o r  a tempera ture  T &  = 2000OK a t  t h e  c r i t i -  
c a l  p o i n t .  The i n f l u e n c e  of v o r t i c i t y  i n c r e a s e s  w i t h  t empera ture .  
However, t h i s  i n c r e a s e  i s  s l i g h t  even f o r  a s u b s t a n t i a l  tempera- 
t u r e  r i s e .  For example, when t h e  temperature  i n c r e a s e s  b y  1000°K, 
h e a t  t r a n s f e r  from t h e  v o r t i c i t y  e f f e c t  i n c r e a s e s  by  only 3-4%. 

heat f l u x  i n  t h e  neighborhood of t h e  c r i t i c a l  p o i n t  can be ca lcu-  
l a t e d  by t h e  formula qrad = f ( ~ s , ) u ( T ; ) ~  if t h e  wave detachment 

F igure  X I V - 5 - 1  shows an ex- 

R a d i a n t  f l u x  f rom an o v e r h e a t e d  shock  l a y e r .  The r a d i a n t  
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d i s t a n c e  s o  i s  determined w i t h  c o n s i d e r a t i o n  of t h e  shape of t h e  
nose i n  t h r e e  dimensions.  At t h e  same t ime,  an exper imenta l  r e -  
l a t i o n s h i p  can be used for t h e  s p e c i f i c  h e a t  flow due to radia- 
t i o n  of t h e  gas i n  t h e  neighborhood of t h e  c r i t i c a l  p o i n t  of a 
sphere  : 

o r  

(XIV-5-6 ) 

where Rb i s  i n  meters  and V, i n  m / s .  

By de te rmining  t h e  equ iva len t  r a d i u s ,  w e  can c a l c u l a t e  the  
r a d i a n t  f l u x  a t  t h e  c r i t i c a l  p o i n t  of a nonsphe r i ca l  nose sec-  
t i o n ,  e . g . ,  f o r  a f l a t  f a c e .  

F igure  XIV-5-2 shows a t y p i c a l  /580 
d i s t r i b u t i o n  of t h e  r a d i a n t  qrad and 
aerodynamic q h e a t  f l u x e s  on t h e  
t r a j e c t o r y  for c e r t a i n  f l i g h t  condi- 
t i o n s .  It can b e  noted t h a t  t h e  radi-  
a n t  f l u x  i s  g r e a t e r  a t  low a l t i t u d e s .  
Its maximum corresponds to t h e  maximum 
of t he  aerodynamic heat flow and r e -  
p r e s e n t s  about one- th i rd  of  t h i s  maxi- 
mum va lue .  

a e r  

I n f l u e n c e  o f  d i f f u s i o n .  The i n -  
f l uence  of d i f f u s i o n  on h e a t  t r a n s f e r  

F igure  XIV-5-2. Com- was examined i n  SIV-8. The v a r i a t i o n  
p a r i s o n  of Aerodynam- of s p e c i f i c  h e a t  flow i n  t h e  presence 
i c  and Radiant Heat of d i f f u s i o n  i s  g iven  by(IV-8-57), i n  
Fluxes a t  C r i t i c a l  which t h e  c a t a l y t i c  c o e f f i c i e n t  $I t a k e s  
Po in t  of Sphere.  t account of t h e  f i n i t e  recombinat ion 
i s  f l i g h t  t i m e  in -  ra te .  The l a r g e s t  amount o f  a d d i t i o n a l  
seconds and g i s  t h e  h e a t  l i b e r a t e d  by  d i f f u s i o n  corresponds 
he a t  flow ( k c a l / s  em2 ) . to i n f i n i t e  recombinat ion ra te ,  a t  

which t h e  c o e f f i c i e n t  $I = 1 and, con- 
sequen t ly ,  

By way of example, l e t  us e s t i m a t e  t h e  maximum heat flow f o r  
i n f i n i t e l y  fas t  cz . ,a lys i s  and Mm = 15, p, = 0.1 kg/cm2 (O.981-lO4 
N / m 2 )  ( an  a l t i t u d e  H :: 1 6  k m  i n  t h e  atmosphere corresponds to 
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t h i s  p r e s s u r e ) .  From t h e  i n i t i a l  d a t a ,  w e  c a l c u l a t e  t h e  p r e s s u r e  
a t  t h e  c r i t i c a l  p o i n t :  p: = p,kM:pm/2 = 30 kg/cm2 ( 2 9 . 4 0 1 0 ~  N / m 2 ) .  
The e n t h a l p y  a t  t h i s  p o i n t  i s  

W e  f i n d  t h e  t e m p e r a t u r e  Tr = 550O0K from F i g .  111-1-3 f o r  

t h i s  v a l u e  o f  ir and t h e  p r e s s u r e  ph. 
of t h e  u n d i s s o c i a t e d  gas i s  

The c o r r e s p o n d i n g  e n t h a l p y  

Consequent ly ,  t h e  d i s s o c i a t i o n  e n t h a l p y  

iD = i, - i,O = 2430 - 1780 = 650 kcallkg (2720- l o 3  J / k d  

and t h e  r a t i o  iD/ir = 0.267.  

e f f e c t  i s  de termined  a c c o r d i n g  to ( X I V - 5 - 7 1  as qmax/q 

If w e  t a k e  L e  = 1 . 4 5 ,  t h e  d i f f u s i o n  

= 1 . 0 7 5 .  
C 

A t  very  h i g h  v e l o c i t i e s ,  t h e  r a t i o  iD/ir c l o s e l y  approaches  

u n i t y .  
= L e 2 l 3 .  F o r  L e  = 1 . 4 5 ,  w e  have qmax/qC = 1 . 2 8 ,  i . e . ,  t h e  l a r g e s t  
i n c r e a s e  i n  h e a t  f low i s  28%. According t o  e x p e r i m e n t a l  data ,  t h e  
h e a t - t r a n s f e r  p a r a m e t e r ,  which t a k e s  d i f f u s i o n  i n t o  a c c o u n t ,  i s .  

If w e  s e t  iD/ir = 1, t h e n  f o r  Cp = 1 t h e  r a t i o  qma,/qc = 

Formulas ( X I V - 5 - 3 )  must b e  used  to c a l c u l a t e  t h e  s p e c i f i c  
h e a t  f low from t h i s  p a r a m e t e r .  

SXIV-6 .  CURVILINEAR BLUNTED SURFACE /581 

Laminar Heat T r a n s f e r  

The case o f  t h e r m o d y n a m i c  equilibrium. L e t  u s  examine c e r -  
t a i n  r e l a t i o n s h i p s  t h a t  e n a b l e  u s  to c a l c u l a t e  t h e  h e a t  f low a t  
a n  a r b i t r a r y  p o i n t  on a g i v e n  c u r v i l i n e a r  s u r f a c e  f o r  thermody- 
namic e q u i l i b r i u m  c o n d i t i o n s .  F o r  t h i s  p u r p o s e ,  w e  s h a l l  use  a 
f o r m u l a  t h a t  d e t e r m i n e s  t h e  r a t i o  o f  t h e  h e a t  f low g a t  a n  
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a r b i t r a r y  p o i n t  to i t s  va lue  q o  a t  t h e  t o t a l - s t a g n a t i o n  p o i n t  [ 5 O ] :  

( XIV-6-1) 

Figure  XIV-6-1. D i s -  
t r i b u t i o n  of Heat Flow 
over Surface  of Sphere 
(Laminar Boundary 
Layer ) .  Twl = cons t ,  
Twl/T6 << 1. 

Hemisphere. S t u d i e s  i n d i c a t e  
t h a t  t h e  heat-f low d i s t r i b u t i o n  over  
a s p h e r i c a l  s u r f a c e ,  c a l c u l a t e d  on t h e  
basis of (x1vZ6-11 and :he Newtonian 
p r e s s u r e  l a w  p = p o  cos q, agrees  
s a t i s f a c t o r i l y  w i t h  exper imenta l  data 
f o r  Mm of t h e  o r d e r  of two and l a r g e r .  
To c a l c u l a t e  t h e  heat flow, we s h a l l  
b e a r  i n  mind t h a t  t h e  law of  v e l o c i t y  
v a r i a t i o n  w i t h  c e n t r a l  angle  on t h i s  
s u r f a c e  i s  very c l o s e  to l i n e a r  up to 
q = 7 5 - 8 0 ° .  We s h a l l  t h e r e f o r e  as- 
sume hence fo r th  t h a t  t h e  v e l o c i t y  on 
t h e  o u t e r  _edgse . of t h e  boundary 
l a y e r  V6 = XRbq. Remembering t h a t  

dx = R, dq; r = Rb sin q, 

and tha t  accord ing  t o  t h e  Newton formula,  t h e  p r e s s u r e  r a t i o  a t  
high v e l o c i t i e s  i s  

w e  w r i t e  (XIV-6-1) i n  a more conc re t e  form: 

where t h e  f u n c t i o n  
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When (kmM:)-’ <<  1, t h e  f o l l o w i n g  s i m p l e r  e x p r e s s i o n  can  b e  
used t o  e v a l u a t e  t h e  hea t - f low d i s t r i b u t i o n :  

( X I V - 6 - 4  ) 

It i s  r e a d i l y  s e e n  t h a t  t h i s  e x p r e s s i o n  d e f i n e s  t h e  h e a t  
f low e x a c t l y  i n  t h e  extreme c a s e  o f  Mm = m. I n  r e a l  c a s e s ,  
( X I V - 6 - 4 )  can b e  used f o r  Mm > 1 0 ;  t h i s  i s  confirmed by F i g .  
XIV-6-1, which shows a f ami ly  o f  cu rves  p l o t t e d  a c c o r d i n g  t o  /582 
(XIV-6-2) and ( X I V - 6 - 4 )  on t h e  assumpt ion  t h a t  t h e  w a l l  tempera- 
t u r e  i s  c o n s t a n t  and q u i t e  low (Twl/Ts <<  1) a t  a l l  p o i n t s  on 
t h e  s u r f a c e .  These cu rves  show t h a t  h e a t  t r a n s f e r  r e a c h e s  a 
maximum a t  t h e  c r i t i c a l  p o i n t  and d e c r e a s e s  on more remote zones 
of  t h e  hemisphere as a r e s u l t  of t h e  lower d e n s i t i e s .  

P 
r.0 

3 
0 4 8 12 f 6 M -  

F i g u r e  X I V - 6 - 2 .  P r e s -  
s u r e  Parameter B as a 
Func t ion  o f  M m .  

F i g u r e  XIV-6-3. Aver- 
age Heat Flow to Hemi- 
s p h e r i c a l  S u r f a c e  ( L a m i -  
n a r  Boundary L a y e r ) .  

Improvement based on experimental data C16l. Formula 
(XIV-6-2) r e f l e c t s  t h e  r e a l  d i s t r i b u t i o n  of  h e a t  f lows  q u i t e  
s a t i s f a c t o r i l y  f o r  t h e  l a r g e  M a t  which t h e  r e l a t i o n  p / P A  = 
= (kmM2)-l a p p l i e s .  However, ?he formula  i s  n o t  accura?e enough 
f o r  mo8erate  v e l o c i t i e s ,  e s p e c i a l l y  f o r  t h e  segment of  t h e  s u r -  
f a c e  n e a r  t h e  p o i n t  w i t h  c o o r d i n a t e  $ = g o o ,  where t h e  e f f e c t i v e  
hea t - f low v a l u e s  are l a r g e r  t h a n  t h o s e  de t e rmined  t h e o r e t i c a l l y  
by (XIV-6-2). T h i s  i s  because  t h e  s t a t i c  p r e s s u r e  h e r e  i s  some- 
what h i g h e r  t h a n  a tmosphe r i c ,  which i s  o b t a i n e d  from t h e  approxi -  
mate Newtonian formula .  

To improve (XIV-6-2), l e t  us  t a k e  t h e  p r e s s u r e  d i s t r i b u t i o n  

(XIV-6-51 
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f o r  t h e  s p h e r e ,  w i t h  p '  r e p r e s e n t i n g  t h e  p r e s s u r e  a t  t h e  rl = goo 
p o i n t .  

With t h i s  e x p r e s s i o n ,  Formula (XIV-6-4) becomes 

( XIV- 6- 6 ) 

I n  t h i s  formula ,  w e  have i n t r o d u c e d  t h e  nomenclature  

The e x p e r i m e n t a l  dependence o f  t h e  f u n c t i o n  B on Mm (F ig .  
XIV-6-2) i n d i c a t e s  t h a t  B i s  p r a c t i c a l l y  c o n s t a n t  f o r  M > 6. The 
s h a r p e s t  v a r i a t i o n  of 6 i s  observed  a t  Mm < 3. At t h e  cor respond-  
i n g  v e l o c i t i e s ,  t h e r e f o r e ,  t h e  r a t i o  o f  heat f lows  q/qo a l s o  

MW > 1 0 ,  iwl < io  and e q u i l i b r i u m - d i s s o c i a t i o n  c o n d i t i o n s  (C661, 
1966, No. 2) have shown t h a t  t h e  d i s t r i b u t i o n  of  q /qo  can b e  ap- 
proximated  by t h e  formula  

v a r i e s  c o n s i d e r a b l y  w i t h  p r e s s u r e .  Heat-flow s t u d i e s  made f o r  1 5 8 3  

T h i s  formula  i s  u n i v e r s a l  
and a l s o  a p p l i e s  f o r  low ve lo -  
c i t i e s  and a r b i t r a r y  iwl i f  

s t r o n g l y  coo led  w a l l .  

2.0 yay 
/5 

7 

- these v a l u e s  cor respond to a Pd, Po > 40 _ _  . 

- 
0 0.4 9 8 .  5=z;/Rb The average  v a l u e  qav/q, 

f o r  t h e b l u n t n e s s  can b e  ca l cu -  
F l g u r e  XIV-6-4. D i s t r i b u t i o n  l a t e d  from t h e  p r e s s u r e  d i s t r i b u -  
o f  Heat Flow on F l a t  Face t i o n  around a s p h e r e .  F i g u r e  
(Laminar Boundary L a y e r ) :  XIV-6-3 shows t h e  v a r i a t i o n  of  
Values  of pm/pb: 1) 0 . 0 5 ;  t h i s  q u a n t i t y  as a f u n c t i o n  of  
2) 0.15; 3) 0.25; 4) 0.35. Ma3 

F l a t  f a c e .  C a l c u l a t i o n s  
i n d i c a t e  t h a t  t h e  heat f lows  to a f l a t  s u r f a c e  are  c o n s i d e r a b l y  
smaller t h a n  t h o s e  to a s p h e r i c a l  s u r f a c e .  T h i s  i s  e x p l a i n e d  n o t  
on ly  by the smaller area of  t h e  f l a t  f a c e ,  b u t  a l s o  by  more i n -  
t e n s i v e  d e c e l e r a t i o n  of t h e  f low on i t ,  one consequence o f  which 
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i s  a s u b s t a n t i a l  d e c r e a s e  i n  v e l o c i t y  and t h e  l o n g i t u d i n a l  grad-  
i e n t  X a t  t h e  o u t e r  edge o f  t h e  boundary l a y e r .  

If t h e  d i s t r i b u t i o n  p a t t e r n  of t h e  f low p a r a m e t e r s  i s  known, 
a n  approximate  n o t i o n  o f  t h e  v a r i a t i o n  of  q/q,  can  b e  o b t a i n e d  
w i t h  Formula ( X I V - 6 4 ,  i n  which w e  must s e t  r = x.  F i g u r e  
X I V - 6 - 4  shows t h e  r e s u l t s  of a c a l c u l a t i o n  of  t h i s  change f o r  
s e v e r a l  v a l u e s  o f  p,/p; w i t h  d i f f e r e n t  c o r r e s p o n d i n g  free-stream 
v e l o c i t i e s .  At very  h i g h  Mm ( c u r v e  1, d e n s i t y  r a t i o  f o r  t o t a l -  
s t a g n a t i o n  p o i n t  p,/p; = 0 . 0 5 ) ,  t h e  s p e c i f i c  h e a t  f lows  i n c r e a s e  
w i t h  t h e  approach  to t h e  s h a r p  edge o f  t h e  f a c e .  T h i s  i s  ex- 
p l a i n e d  by t h e  dominat ing  i n f l u e n c e  of  t h e  p r e s s u r e  ( d e n s i t y )  
r i s e  i n  i n c r e a s i n g  t h e  hea t  f lows ,  which are  to some e x t e n t  
d i m i n i s h e d  by t h e  i n c r e a s e  i n  v e l o c i t y  n e a r  t h e  s h a r p  edge.  

A s  t h e  f low v e l o c i t y  i s  lowered ,  t h e  n a t u r e  o f  t he  s p e c i f i c -  
hea t - f low d i s t r i b u t i o n  changes ( c u r v e s  2,  3, and 4 ,  which c o r r e -  
spond to d e n s i t y  r a t i o s  p,/pA = 0 . 1 5 ,  0 . 2 5 ,  0 . 3 5 ) .  

Up to a c e r t a i n  v a l u e  of  x = x/Rb < 1, t h e  r a t i o  q /q ,  i n -  
c r e a s e s ;  i t  r e a c h e s  a maximum a t  a c e r t a i n  x, which depends on 
M,, and t h e n  d e c r e a s e s .  

The d e c r e a s e  i n  s p e c i f i c  heat  f low i s  e x p l a i n e d  by  t h e  f a c t  
t h a t  t h e  p r e s s u r e  d e c r e a s e  n e a r  t he  s h a r p  edge may b e  a d e c i s i v e  
f a c t o r  a t  c o m p a r a t i v e l y  modest f low v e l o c i t i e s  and ,  d e s p i t e  t h e  
v e l o c i t y  i n c r e a s e ,  t h e  heat  f low b e g i n s  to drop  o f f  a f t e r  r e a c h -  
i n g  a c e r t a i n  maximum. 

Formula ( X I V - 6 - 1 )  can b e  used f o r  approximate  e v a l u a t i o n  of 
t h e  h e a t - f l o w  d i s t r i b u t i o n s  around a r b i t r a r y  b l u n t e d  s u r f a c e s  
w i t h  a g i v e n  g e n e r a t r i x  shape  r = f ( x ) .  

For  t h i s  p u r p o s e ,  i t  i s  f i r s t  n e c e s s a r y  to c a l c u l a t e  t h e  d i s -  
t r i b u t i o n s  of  t h e  p r e s s u r e  p and t h e  V6 of i n v i s c i d  f low o v e r  t h e  
b l u n t  s u r f a c e  f o r  g i v e n  f l i g h t  c o n d i t i o n s  ( M  , a l t i t u d e  H), r e m e m -  
b e r i n g  t h a t  t h e  s t a g n a t i o n  p r e s s u r e  ph i s  found f o r  t h e  c o n d i t i o n s  
behind  t h e  "normal" p a r t  o f  t h e  shock wave. T h e  v e l o c i t y  and /584 
p r e s s u r e  d i s t r i b u t i o n s  t h u s  found are  used to c a l c u l a t e  t h e  i n t e -  
g r a l  s' .?,-l'c,,.zcl.r. Then, h a v i n g  de termined  t h e  v e l o c i t y  g r a d i e n t  a t  

t h e  t o t a l - s t a g n a t i o n  p o i n t  from t h e  v e l o c i t y  d i s t r i b u t i o n ,  w e  
f i n d  t h e  r a t i o  o f  s p e c i f i c  heat  f lows  q/q,  a t  t h e  p a r t i c u l a r  p o i n t  
on t h e  s u r f a c e  of  t h e  b l u n t  nose  a t  t h e  t o t a l - s t a g n a t i o n  p o i n t .  
F i g u r e  XIV-6-5  shows t h e  r e s u l t s  o f  such  a c a l c u l a t i o n  f o r  a f l a t  
f a c e  w i t h  a c i r c u l a r  b e v e l  o f  r a d i u s  r = 0.25Rb. It a l s o  shows 
e x p e r i m e n t a l  data i n d i c a t i n g  t h a t  t h e  r o u n d i n g  has some e f f e c t  on 
t h e  h e a t - f l o w  d i s t r i b u t i o n  as compared w i t h  t h e  f l a t  f a c e ,  b u t  
t ha t  t h e  t r e n d  to i n c r e a s i n g  heat  t r a n s f e r  w i t h  t h e  approach  to 
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t h e  edge t ha t  i s  c h a r a c t e r i s t i c  f o r  a f l a t  f a c e  i n  f low a t  very  
h igh  Moo i s  n e v e r t h e l e s s  p r e s e r v e d .  

F i g u r e  XIV-6-5. D i s -  
t r i b u t i o n  of Heat Flow 
on F l a t  Face w i t h  
Rounded Edges ( L a m i -  
n a r  Boundary L a y e r ) .  

a cco rd ing  to (XIV-6-1). 
0 )  exper iment ;  - 1 

F i g u r e  XIV-6-6. Heat 
T r a n s f e r  on E l l i p s o i d  
of Revo lu t ion .  

Pi - Pm 
pi 

PIP; - i = ~ sin2 B 

A s i g n i f i c a n t  d e c r e a s e  i n  t h e  gas  d e n s i t y  where t h e  b l u n t e d  
nose  meets t h e  c y l i n d r i c a l  s u r f a c e  (x  = x/Rb > 1) causes  a s h a r p  
d e c r e a s e  i n  t h e  h e a t  f lows .  The s p e c i f i c  flow on t h e  c y l i n d r i c a l  
s u r f a c e  i s  l e s s  t h a n  1 0 %  o f  t h e  v a l u e  a t  t h e  t o t a l - s t a g n a t i o n  
p o i n t ,  and can b e  c a l c u l a t e d  w i t h  some approximat ion  f o r  t h e  con- 
d i t i o n s  o f  f low around a f l a t  p l a t e .  

E l l i p s o i d .  of . - r evo lu t ion .  Formula (XIV-6-1) can  b e  used t o  
c a l c u l a t e  l amina r  heat  t r a n s f e r  i n  flow around v a r i o u s l y  shaped 
s o l i d s  of r e v o l u t i o n .  T h e  r e s u l t s  of t h i s  c a l c u l a t i o n ,  which 
show t h e  v a r i a t i o n  of q/q, as a f u n c t i o n  o f  t h e  d imens ion le s s  
p r e s s u r e  on e l l i p s o i d s  w i t h  v a r i o u s  semiax i s  r a t i o s  a /b ,  are 
shown i n  F i g .  XIV-6-6. Smal l  a/b r a t i o s  co r re spond  to b l u n t  
noses  w i t h  h i g h e r  d r a g ,  wh i l e  l a r g e  a/b r e p r e s e n t  b o d i e s  w i t h  
lower d r a g .  

The heat  flow a t  t h e  c r i t i c a l  p o i n t  o f  a n  e l l i p s o i d  can  b e  
c a l c u l a t e d ,  for example,  by (XIV-5-4), i n  which 5 must be re -  
p l a c e d  by m. 
p o i n t  on t h e  s u r f a c e  from t h e  diagram of  F i g .  XIV-6-6. The d i -  
mens ion le s s  p r e s s u r e  a t  t h i s  p o i n t  i s  de termined  from t h e  N e w -  
t o n i a n  t h e o r y  o r  from e x p e r i m e n t a l  d a t a .  

Then t h e  heat  t r a n s f e r  can b e  found a t  any 

Con ica l  s u r f a c e .  L e t  us  c o n s i d e r  t h e  c a l c u l a t i o n  o f  heat  1 5 8 5  
f low on t h e - s u r f a c e  of a t r u n c a t e d  cone w i t h  a s p h e r i c a l  nose .  
We s h a l l  assume t h a t  t h e  " i n v i s c i d "  gas pa rame te r s  are  c o n s t a n t  
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on t h e  c o n i c a l  s u r f a c e  and e q u a l  to t h e i r  c o r r e s p o n d i n g  v a l u e s  a t  
t h e  end of t he  s p h e r e .  For example,  t h e  v e l o c i t y  

and the  p r e s s u r e  r a t i o  

The r ad ia l  c o o r d i n a t e  of a n  a r b i t r a r y  p o i n t  on t h e  s u r f a c e  of  t h e  
cone r = x 
measured from t h e  imaginary  apex of t h e  s h a r p  cone and d e f i n e d  by  
t h e  r e l a t i o n  

s i n  TI,, where xc i s  t h e  d i s t a n c e  a l o n g  t h e  s u r f a c e  
C 

We can now s u b s t i t u t e  t h e  above r e l a t i o n s h i p s  f o r  Vg, p/pA, 
and r i n t o  Formula (XIV-4-2). The i n t e g r a l  i n  t h e  denominator ,  
whicE i s  d e f i n i t e  i n  t h e  r a n g e  from 0 t o  xc ,  i s  e v a l u a t e d  as t h e  
sum of  two i n t e g r a l s :  one w i t h  l i m i t s  0 and x = R b n C  ( o r  f o r  
a n g l e s  from 0 t o  ' lC) and t h e  o t h e r  w i t h  t h e  l i m i t s  Rb c o t  B c  and 

of t h e  s p h e r i c a l  segment ( o r ,  which i s  t h e  same t h i n g ,  a t  t h e  be-  
g i n n i n g  o f  t h e  c o n i c a l  s u r f a c e ) .  C l e a r l y ,  t h e  hea t - f low d i s t r i b u -  
t i o n  on t h e  forward  c u r v i l i n e a r  s u r f a c e  i s  t h e  same as t h a t  ob- 
t a i n e d  e a r l i e r  f o r  a s p h e r e .  T h e  second i n t e g r a l  

The f i r s t  i n t e g r a l  c o r r e s p o n d s  to t h e  hea t  f low a t  t h e  end 
C '  

X 

where t h e  f u n c t i o n  

and t h e  a n g l e  0, = ~r/2 - 6,. 
t a i n  for t h e  heat f lows  

A f t e r  s i m p l e  m a n i p u l a t i o n ,  w e  ob- 

(XIV-6-9 ) 

where 



The f u n c t i o n  D t h a t  appea r s  i n  t h e  l a s t  e x p r e s s i o n  i s  de- 

It must b e  remembered t h a t  
te rmined  from (XIV-6-3) for TI = n c .  
x 
t h e  r e l a t i o n  i s  v a l i d  only  on t h e  cone, i . e . ,  f o r  Ec 2 c o t  B c .  

On t h e  bas i s  of  the above fo rmulas ,  w e  can c a l c u l a t e  t h e  
hea t - f low d i s t r i b u t i o n  i n  t h e  extreme c a s e  w i t h  Mm -t m. The cor -  
r e spond ing  r e l a t i o n s h i p s  f o r  t h e  f u n c t i o n s  A(Bc) and B ( B c )  become 

The d imens ion le s s  q u a n t i t y  - 
i n  (XIV-6-9) i s  e q u a l  t o  xc/Rb. 

C 

( XIV-6 - 11 ) 

These formulas  can  b e  used i n  p r a c t i c a l  c a s e s  i f  Mm s i n  B ,  >> /586 
>> 1. F i g u r e  XIV-6-7 shows cu rves  p l o t t e d  by t h e  formulas  
(XIV-6-g)-(XIV-6-ii) f o r  a s t r o n g l y  cooled  s u r f a c e  (Twl << T s ) .  
It also shows r e s u l t s  c a l c u l a t e d  by (XIV-4-3) f o r  t h e  s u r f a c e  of  
t h e  e q u i v a l e n t  sharp-cone ,  on which t h e  v e l o c i t y  i s  computed by 
the  e x p r e s s i o n  Vc = ARbnc.  

- 48 2.4 =r 
Rb  

F i g u r e  XIV-6-7. D i s t r i b u -  
t i o n  o f  Heat Flow Along Sur-  
f a c e  o f  Blunted  Cone ( L a m i -  
n a r  Boundary L a y e r ) .  Twl/Ts < 
< 1; T w l  = c o n s t ;  Ma s i n  B c  >> 
>> 1; 1) accord ing  to (XIV- 
4-3); 2 )  acco rd ing  t o  (XIV-6-9). 

F i g u r e  XIV-6-8. Lami -  
n a r  Heat T r a n s f e r  Param- 
e t e r .  
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We see from F i g .  XIV-6-7 t h a t  f o r  a n g l e s  8, = 30 and 4 0 ° ,  
t h e  heat-f low d i s t r i b u t i o n s  on t h e  b l u n t  and e q u i v a l e n t  s h a r p  
cones are p r a c t i c a l l y  t h e  same, w h i l e  t h o s e  on t h e  s u r f a c e s  o f  
s l e n d e r  b l u n t  b o d i e s  are  smaller t h a n  on t h e  s u r f a c e s  of  t h e  cor -  
r e spond ing  e q u i v a l e n t  cones.  

Ana lys i s  of (XIV-6-9) i n d i c a t e s  tha t  t h e  heat  f low on s u r -  
f a c e  areas downs ream o f  t h e  c r i t i c a l  p o i n t  i s  a p p r o x i n a t e l y  pro-  
p o r t i o n a l  t o  x --”‘. It has t h e r e f o r e  become p o s s i b l e  t o  i n t r o -  
duce as a h e a t - t r a n s f e r  pa rame te r  t h e  q u a n t i t y  ( q / q , ) J q ,  which 
depends on t h e  l o c a l  s u r f a c e  i n c l i n a t i o n  a n g l e  B and M,. Using 
the co r re spond ing  c a l c u l a t e d  cu rve  i n  F i g .  XIV-6-8 ,  w e  can q u i t e  
e a s i l y  de t e rmine  t h e  hea t  f low b o t h  on t h e  s u r f a c e  of  t h e  b l u n t  
nose  and on t h e  p e r i p h e r a l  zones .  The r e s u l t s  o b t a i n e d  from F i g .  
XIV-6-8 are b e t t e r  f o r  s u r f a c e  r e g i o n s  n e a r  t h e  nose .  

I n f l u e n c e  o f  d i s s i p a t i o n  o f  l o w - v e l o c i t y  p r o f i l e .  The re la-  
t i o n s h i p s  g i v e n  above and t h e  c o n c l u s i o n s  drawn p e r t a i n  t o  t h e  
case  i n  which d i s . s i p a t i o n  o f  t h e  low-veloc i ty  p r o f i l e  i s  n o t  t a k e n  
i n t o  accoun t .  The p resence  of d i s s o c i a t i o n  r educes  t h e  e f f e c t  
bluntness, and t h i s  i s  man i fe s t ed  i n  i n c r e a s e d  heat f lows .  
However, t h i s  e f f e c t  i s  i m p o r t a n t  f o r  d i s t a n t  areas of  t h e  s u r f a c e  
on which t h e  heat f low i n c r e a s e s  t o  t h e  v a l u e  co r re spond ing  t o  t h e  
s h a r p  cone. T h e  heat flow n e a r  t h e  nose w i l l  b e  c l o s e  t o  t h e  re -  
s u l t  of c a l c u l a t i o n .  

The d i s s i p a t i o n  e f f e c t  can be  estimated by  p l o t t i n g  t h e  heat 
f lows  c a l c u l a t e d  f o r  t h e  b l u n t  body n e a r  i t s  nose  and f o r  t h e  
s h a r p  body ‘ far  from t h e  nose and t h e n  drawing an  i n t e r p o l a t i o n  
curve  over  a c e r t a i n  a s s i g n e d  l e n g t h .  T h i s  l e n g t h  must be t a k e n  
l o n g e r  f o r  t h e  lower atmosphere t h a n  f o r  r a r e f i ed  l a y e r s .  

t e r m i n a t e s  i n  a c y l i n d r i c a l  s e c t i o n ,  t h e  hea t - f low d i s t r i b u t i o n  
can b e  c a l c u l a t e d  b$ Formulas ( X I Y - 4 - 1 )  and ( X I V - 4 - 2 )  i f  on t h i s  
s e c t i o n  p/pb = (k,M,)-’, V6 = 0 . 5 X R b r ,  i . e . ,  when t h e  pa rame te r s  
are t a k e n  t h e  same as a t  t h e  end o f  t h e  s p h e r e ,  where 17 =7r/2. 
S i n c e  r = Rb = c o n s t  on t h e  c y l i n d e r ,  Expres s ion  ( X I V - 4 - 1 1  f o r  
t h e  heat f lows  becomes 

H e a t  f l o w s  on c y l i n d r i c a l  s u r f a c e .  When a s p h e r i c a l  nose  
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where ?; = x&/Rb, and x; i s  measured from t h e  beg inn ing  of t h e  
c y l i n d r i c a l  segment.  
mula (XIV-6-3), i n  which t h e  a n g l e  17 i s  s e t  e q u a l  t o  ~ / 2 :  

The f u n c t i o n  Dn=T1/2 i s  de termined  by For- 



(xIV-6-13) 

I f  w e  s u b s t i t u t e  p/p; = p6v6/(piv;) i n  Formula ( X I V - 4 - 2 ) ,  
de t e rmine  the  heat  flow q o  a t  the c r i t i c a l  p o i n t  from Expres s ion  
( X I V - 5 = 1 ) ,  and examine remote enough p o i n t s  on t h e  c y l i n d e r ,  f o r  
which xc >>  1, w e  a r r i v e  a t  t h e  r e l a t i o n  

which, f o r  t h e  e q u i v a l e n t  v e l o c i t y  u6 = O.5:Rbr, i s  the  same as 
t h e  formula  f o r  t h e  heat  f low on a f l a t  p l a t e .  A t  s m a l l  M m ,  t h e  
v e l o c i t y  u6 makes a c l o s e  approach  t o  V 6 ,  and i n  t h i s  c a s e  For- 
mula (XIV-6-14) a g r e e s  e x a c t l y  w i t h  t h e  formula  f o r  t h e  p l a t e .  

Exper imenta l  s t u d i e s  i n d i c a t e  t h a t  heat  f lows  n e a r  t h e  
p l a t e  v a l u e s  are  r eached  on t h e  c y l i n d e r  even  somewhat e a r l i e r  
t h a n  would be i n d i c a t e d  by t h e  t h e o r y ,  p r a c t i c a l l y  a t  t h e  seam. 
If w e  assume Pr = 0.71, t h e  h e a t - t r a n s f e r  pa rame te r  - a c c o r d i n g  
t o  Formula ( X I V - 6 - 1 4 )  i n  t h e  p r e s e n t  c a s e  w i t h  u6 - V6 i s  

S t  Ifre = 0.34, (XIV-6-15) 

which a g r e e s  w i t h  the  v a l u e  for a n  i n c o m p r e s s i b l e  medium. 

C a l c u l a t i o n  o f  h e a t  f l o w  t o  w a l l  w i t h  a r b i t r a r y  t e m p e r a t u r e .  
A s  w e  have n o t e d ,  R e l a t i o n  ( X I V - 4 - 1 )  was d e r i v e d  f o r  cons tancy  o f  
t h e  p r o d u c t  pp a c r o s s  t h e  boundary l a y e r  and does n o t  take account  
o f  a p r e s s u r e  g r a d i e n t .  T h i s  assumpt ion  i s  c o r r e c t  i f  t h e  w a l l  
i s  s t r o n g l y  coo led .  Otherwise,  i t  i s  n e c e s s a r y  t o  reckon w i t h  
a v a r i a b l e  pa rame te r  p p 9  and t h e  heat t r a n s f e r  w i l l  a l s o  depend 
on the  pa rame te r  13, which i s  de termined  by t h e  p r e s s u r e  g r a d i e n t :  

(XIV-6-16 ) 

Research  has shown t h a t  t h e  r a t i o  o f  t h e  s p e c i f i c  heat f low 
a t  an  a r b i t r a r y  s u r f a c e  p o i n t  t o  i t s  v a l u e  a t  t h e  t o t a l - s t a g n a -  
t i o n  p o i n t  i s  de termined  i n  t h i s  c a s e  b y  t h e  e x p r e s s i o n  

(XIV-6-17) 
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where 

The r a t i o  

(XIV-6-18) 

The s p e c i f i c  h e a t  flow q,  a t  t h e  t o t a l  s t a g n a t i o n  p o i n t  i s  d e t e r -  
mined from Formula (XIV-5-2). 
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Figure  XIV-6-9. In f luence  
of Flow V o r t i c i t y  on Heat 
T rans fe r  a t  A r b i t r a r y  
Poin t  of S p h e r i c a l  Sur- 
f a c e :  1) H = 60 km; Mm = 
= 20; Re = p : , R b q / p A  = 

=1470; k = 1 . 4 ;  Rb = 0.6 

I n f l u e n c e  o f  v o r t i c i t y .  I n  
our  d i s c u s s i o n  of h e a t  t r a n s f e r  
at t h e  c r i t i c a l  p o i n t ,  we noted 
t h a t  the  i n f l u e n c e  of v o r t i c i t y  
i s  mani fes ted  i n  inc reased  h e a t  
t r a n s f e r .  The same phenomenon i s  
a l s o  observed a t  any o t h e r  p o i n t  
on t h e  s u r f a c e .  

F igure  XIV-6-9 shows r e s u l t s  
of  a s tudy  of t h e  v o r t i c i t y  e f f e c t  
under va r ious  c o n d i t i o n s .  With 
t h e s e  curves and va lues  o f  t h e  
h e a t  t r a n s f e r  a t  t h e  c r i t i c a l  po in t ,  
w e  can c o n s t r u c t  a t e n t a t i v e  curve 
f o r  given s p e c i f i c  cond i t ions  and 
e s t i m a t e  t h e  h e a t  flow qv w i t h  con- 

m ;  2) T; = 2900°K; Re = s i d e r a t i o n  of t h e  v o r t i c i t y  e f f e c t  
= 1 0 0 0 ,  Moo = 8; 3) T;  = a t  an a r b i t r a r y  s u r f a c e  p o i n t .  
= 2000OK; Re = 3570; 
Mm = 8. 

I n f l u e n c e  of  d i f f u s i o n .  Rela- 
t i o n s h i p s  s i m i l a r  t o  those  used i n  

a n a l y s i s  of  c r i t i c a l - p o i n t  hea t  flows can be used to improve t h e  
c a l c u l a t i o n s  w i t h  c o n s i d e r a t i o n  of t h e  d i f f u s i o n  e f f e c t .  Research 
has shown tha t  one of t h e s e  r e l a t i o n s h i p s  might be t h e  expres s ion  

q = qc L1+ (L&- 1) &] * (XIV-6-19) 
lr 

where qc,  t h e  hea t  flow without  c o n s i d e r a t i o n  o f  d i f f u s i o n  a t  an 
a r b i t r a r y  s u r f a c e  p o i n t ,  i s  c a l c u l a t e d  i n  t h e  g e n e r a l  case  by  
Formula (XIV-6-17). T h e  exponent B depends on flow cond i t ions  
i n  t h e  boundary l a y e r .  

It w a s  shown e a r l i e r  t h a t  t h i s  exponent =-2/3 a t  t h e  
c r i t i c a l  p o i n t  f o r  " f rozen"  d i s s o c i a t i o n ,  w h i l e  = 0.52 f o r  the 



equ i l ib r ium p r o c e s s .  N o  exac t  data on are a v a i l a b l e  f o r  p e r i -  
p h e r a l  r eg ions  of the-surface.  Approximate c a l c u l a t i o n s  i n d i -  
c a t e  t h a t  w e  can s e t  B = 2 / 3  i n  t h e  case  of "frozen" flow f o r  a 
s t r o n g l y  cooled f l a t  p l a t e .  Comparing the-data f o r  t h e  c r i t i c a l  
p o i n t  and t h e  p l a t e ,  w e  can t r y  t h e  va lue  B = 2/3 f o r  e v a l u a t i o n  
of t h e  d i f f u s i o n  e f f e c t  on heat t r a n s f e r  to remote s u r f a c e  a r e a s  
of a s o l i d  of r e v o l u t i o n .  Here t h e  expres s ion  i n  b r a c k e t s  i n  
(XIV-6-19) can b e  i n t e r p r e t e d  as a c o r r e c t i o n  f o r  d i f f u s i o n  ap- 
p l i e d  to t he  c o e f f i c i e n t  of f r i c t i o n .  Therefore ,  

Cf = C f O  [ 1 + (LG - I)-+] , ( X I V -  6-2 0 ) 

where c f O  i s  t h e  c o e f f i c i e n t  of f r i c t i o n  wi thout  allowance f o r  
d i f f u s i o n .  

Heat T rans fe r  Across _ . _  Turbulent  Boundary - _Lwer 

M e t h o d  o f  c a l c u l a t i o n .  I n  p r a c t i c e ,  a c e r t a i n  p a r t  of t h e  
p e r i p h e r a l  s u r f a c e  of a b l u n t  body i s  washed by  a t u r b u l e n t  bound- 
a r y  l a y e r .  On t h i s  p a r t ,  t h e r e f o r e ,  h e a t  t r a n s f e r  from t h e  gas  to 
t h e  body i n c r e a s e s  s i g n i f i c a n t l y .  By way of i l l u s t r a t i o n ,  F ig .  
X I V - 6 - 1 0  shows exper imenta l  r e s u l t s  ob ta ined  on a c y l i n d e r  w i t h  
a s p h e r i c a l  nose (C721, 1958, No. 1 2 ) .  We see t h a t  i n  t h e  R e  
range from 4*105 to 6 * 1 0 5 ,  t h e  laminar  flow ( r e g i o n  I )  changes to 
t u r b u l e n t  ( r e g i o n  I I ) ,  and t h a t  h e a t  t r a n s f e r  i n c r e a s e s  by  almost 
f i v e  t imes i n  t h i s  p r o c e s s .  

The measurements showed tha t  Formula (IV-8-38) can be used /589 
to c a l c u l a t e  t u r b u l e n t  hea t  t r a n s f e r  w i t h  t h e  P r a n d t l  number of 
t h e  laminar  boundary l a y e r ,  a l though t h i s  number w i l l  b e  d i f -  
f e r e n t  i n  a t u r b u l e n t  flow. The s u r f a c e - f r i c t i o n  c o e f f i c i e n t  
needed f o r  c a l c u l a t i o n s  by Formula (IV-8-38) i s  assumed to be 
t h e  same a s  f o r  an incompress ib le  f l u i d  i n  t h e  case  of a s t r o n g l y  
cooled s u r f a c e ,  and i s  found f o r  t h e  parameters  on t h e  o u t e r  
edge of t h e  l a y e r  on t h e  assumption t h a t  t h e  sec t ionwise  
v e l o c i t y  d i s t r i b u t i o n  i n  t h e  boundary l a y e r  i s  s u b j e c t  to t h e  
seventh- root  l a w .  

I f  t h e  w a l l  i s  cooled weakly, i t  i s  b e t t e r  to use t h e  d e t e r -  
mining parameters  i n  c a l c u l a t i n g  h e a t  t r a n s f e r  and, consequent ly ,  
f r i c t i o n .  Here t h e  e x t e r n a l  form of t h e  r e l a t i o n s h i p s  used r e -  
mains t h e  same as f o r  t h e  incompress ib le  medium. 

On a c u r v i l i n e a r  s u r f a c e  w i t h  a t u r b u l e n t  bounaary l a y e r ,  
t h e  fo l lowing  formula can be used to c a l c u l a t e  t h e  h e a t  t r a n s f e r  
a t  moderate supe r son ic  speeds i n  t h e  neighborhood of t h e  sphere  
c r i t i c a l  E o i n t ,  where t h e  v e l o c i t y  d i s t r i b u t i o n  i s  s u b j e c t  to t h e  
l a w  V6 = Ax: 
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q = 0.042 ~ r - 2 1 3  X4/5p;/5p;/5~3/5~p (T, - T~,). 
Nu 
I 

Pr ( XIV-6 - 2 1 ) 

A t  compara t ive ly  low Reynolds 
numbers, t he  boundary l a y e r  i s  
f u l l y  l amina r  and t h e  d i s t r i b u -  
t i o n  of s p e c i f i c  heat  t r a n s f e r  i s  
c h a r a c t e r i z e d  by a maximum of  g 
a t  t h e  s t a g n a t i o n  p o i n t .  At h i g h  
Reynolds numbers, when t h e  bound- 
a r y  l a y e r  i s  t u r b u l i z e d  a t  a c e r -  
t a i n  d i s t a n c e  from t h e  s t a g n a t i o n  
p o i n t ,  w e  observe  a second peak of  

F i g u r e  XIV-6-10. Heat the  h e a t - t r a n s f e r  ra te  n e a r  t h e  
T r a n s f e r  on Cy l inde r  w i t h  p o i n t  of  pas sage  th rough  t h e  speed  
S p h e r i c a l  Nose S e c t i o n  as o f  sound. Research  has shown L-781 
a Func t ion  of  Reynolds t h a t  f o r  a r e l a t i v e l y  c o l d  hemi- 
Number . s p h e r i c a l  nose s e c t i o n  i n  hyper-  

s o n i c  f low w i t h  P r  = L e  = 1, t h e  
r a t i o  of  t h e  maximum s p e c i f i c  heat 
t r a n s f e r  qmax a t  t h e  s o n i c  t r a n -  
s i t i o n  p o i n t  f o r  t h e  t u r b u l e n t  

qx . P r = O . i z  PdVdX xu 
wd Yr 

Rer= -; -= 

boundary l a y e r  to t h e  maximum s p e c i f i c  heat f low qmax 

s t a g n a t i o n  p o i n t  i s  
a t  t h e  

where Rb i s  i n  meters  and t h e  d e n s i t y  has t h e  dimensions kg-s2 /m4 
and i s  t a k e n  f o r  t h e  a p p r o p r i a t e  h e i g h t  i n  t h e  atmosphere.  The 
v a l u e  o f  qmax = q ,  i s  c a l c u l a t e d  by (XIV-5-4). 

I n f  1 uence o f  d i  f f us i o n .  W e  may expec t  t h e  h e a t - t r a n s f e r  
mechanism governed by d i f f u s i o n  to b e  s imi la r  to t h a t  observed 
i n  a f u l l y  l amina r  boundary l a y e r .  On t h i s  bas i s ,  w e  can use  
(xIV-6-19), which p roceeds  from l amina r  h e a t  t r a n s f e r  t h e o r y .  
According t o  e x p e r i m e n t a l  data ,  Le' -1 i s  p u t  a t  about  0 . 4  i n  
t h i s  r e l a t i o n s h i p .  Accord ingly ,  t h e  r e l a t i o n  f o r  c a l c u l a t i o n  o f  
heat  t r a n s f e r  on t h e  b l u n t e d  s u r f a c e  takes t h e  form 1590 

The t h e o r y  of f low around a f l a t  p l a t e  y i e l d s  u s e f u l  i n f o r -  
mat ion  on heat t r a n s f e r  at a b l u n t  s u r f a c e  w i t h  a s m a l l  l o n g i -  
t u d i n a l  p r e s s u r e  g r a d i e n t .  One of t h e  r e l a t i o n s h i p s  f o r  t h e  
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p l a t e ,  extended to a s u r f a c e  of 
r e v o l u t i o n ,  t a k e s  t h e  form P 

1 -:. a 117 = a1!p61~6 l'r- Z!! 200 
2 [Y (-T.*) - 

IUO 13 [ 1 + (LCB - I) *] (i, - iwl), 
tr  

( X I V - 6 - 2 4 )  

a4 0.2 
0 

10 .. a8 06 

( f o r  a cone A = '6; f o r  a c y l i n -  
F igure  XIV-6-11. Parameter der A 1). 
Allowing f o r  In f luence  of 
Local P res su re  Gradien t  I f  we proceed from Fogmula 
and Body Geometry on 
C r i t i c a l  Reynolds Number. ( X I V - 6 - 1 9 ) ,  w e  must set LeB - 1 

equa l  to 0 . 4  and c a l c u l a t e  qt from 
t h e  expres s ion  

(XIV-6-25) 

The d i s s o c i a t i o n  en tha lpy ,  which appears  i n  ( X I V - 6 - 2 4 ) ,  i s  
c a l c u l a t e d  f o r  an atomic-molecular mixture  of  n i t r o g e n  and oxygen 
f o r  degrees  of d i s s o c i a t i o n  awl # 0 a t  t h e  w a l l  by  t h e  formula 

The c a l c u l a t i o n s  a r e  s imple r  f o r  a s t r o n g l y  cooled s u r f a c e ,  
s i n c e  awl = cc wl = 0. Moreover, iwl << i 

t h e  en tha lpy  of t h e  gas  a t  t h e  wall  can be d i s r ega rded .  
so  t ha t  t h e  i n f l u e n c e  of 

r3 

Heat t r a n s f e r  on a blunted nose s e c t i o n .  Under c e r t a i n  con- 
d i t i o n s ,  a t u r b u l e n t  boundary l a y e r  forms on t h e  s u r f a c e  of a 
b l u n t  nose.  The p o i n t  of  t r a n s i t i o n  from laminar  to t u r b u l e n t  
flow can be determined i f  w e  know t h e  c r i t i c a l  Reynolds number. 
Under t h e s e  c o n d i t i o n s ,  i t  i s  p r e f e r a b l e  to c a l c u l a t e  t h i s  nun- 
ber f o r  t h e  momentum t h i c k n e s s  &**, i . e . ,  to assume t h a t  

Experimental  s t u d i e s  made on a se r ies  of b l u n t  s u r f a c e s  i n  
t h e  form of e l l i p s o i d s  of  r e v o l u t i o n  ( i n c l u d i n g  a hemisphere) 
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I 

gave t h e  c r i t i c a l  Reynolds numb.er as 

. .  
Recir =11.2fl  $ 3  ) 0.5; ( ~ ) " " ' $ .  (XIV-6-27) 

where t h e  dimensions of b_, t h e  l eng th  of t h e  e l l i p s e  s e m i a x i s , a r e  
i n  meters ,  and v e l o c i t y  i s  i n  m / s .  The parameter  @ depends on 
t h e  p o s i t i o n  of t h e  p o i n t  be ing  cons idered  on t h e  s u r f a c e  'of".the 
body and on t h e  shape of t h i s  s u r f a c e .  For example, JI can be 
determined from Fig .  X I V - 6 - 1 1  f o r  an e l l i p s o i d .  

number i s  determined i s  c a l c u l a t e d  by t h e  formula 
The momentum t h i c k n e s s  f o r  which t h e  c r i t i c a l  Reynolds 

(XIV-6-28) 

.. 

where t h e  f u n c t i o n  E i s  given by t h e  formula E -  p ~ V ~ p ~ r g d x ,  and t h e  

c o e f f i c i e n t  B i s  determined from t h e  expres s ion  
5 0 

Figure  XIV-6-12 .  Mo- 
mentum Thickness on 
Blunt Surf  aces  wi th  
Various Degrees of 
Cooling. 1) i,,/iwl = 

= 29 .5 ,  M = 2.5;  2 )  
= T7.5, Mm - 

i O / i W l  
- 

= 2.2 ;  3 )  i,,/iwl = 

= 9 . 5 ,  M- = 1.8 ;  4 )  

d In v b  p=2- d l n e  

Figure  XIV-6-13 .  Varia- 
t i o n  o f  C r i t i c a l  Rey- 
no lds  Number Along Sur- 
f a c e  of Cone ( t h e  Char- 
a c t e r i s t i c  Length i s  t h e  
Momentum Thickness) .  

We s e e  f r c j m  (XIV-6-28) t h a t  
t h e  momentum th i ckness  depends on 
t h e  amount of  w a l l  cool ing .  This  
i s  confirmed by  exper imenta l  re- 
s u l t s  ob ta ined  on a c y l i n d r i c a l  

ellipsoia of revolution: 
io/i = 17.5 ,  Mm = 2 . 2 .  (F ig .  XIV-6-12). 

body wi th  a hemispher ica l  nose 

w l  
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Recr Having determined R e  and 6** ,  
we can f i n d  t h e  coordinatg'of t h e  
t r a n s i t i o n  p o i n t ,  behind which the  
h e a t - t r a n s f e r  p rocesses  w i l l  be 
determined by  t he  t u r b u l e n t  flow 

Here t h e  c r i t i c a l  Reynolds number 
4 a8 16 2.4 3 = y / R b  can be found w i t h  t h e  exper imenta l  

curve i n  F ig .  XIV-6-13, which was 
Figure  XIV-6-14. C r i t i c a l  ob ta ined  f o r  a s p h e r i c a l  nose w i t h  
Reynolds Number on Cooled an a t t a c h e d  30-degree cone. The 
Surface .  1) io/iwl = 9.5; data of  t h i s  curve correspond to 

a very s t r o n g l y  cooled w a l l .  The 
Mm = 1 . 8 ;  2) io/iwl = c r i t i c a l  Reynolds'number depends 
= 17.5; Mm = 2.2; 3 )  s t r o n g l y  on t h e  degree t o  which 
io/iwl = 29.5; Mm = 2.5; w a l l  t empera ture  is reduced.  The 

i n f l u e n c e  of  degree  of coo l ing  on 
4) e l l i p s o i d  of revolu-  Recr can be eva lua ted  from Fig .  
t i o n :  io/iwl = 17.5; Mm = XIV-6-14, which shows exper imenta l  
= 2.2; Recr = p6V66**/ug. d a t a  f o r  a c y l i n d e r  w i t h  a hemi- 

s p h e r i c a l  nose.  The curves i n  t h i s  
f i g u r e  can be used not  only f o r  t h e  

c u r v i l i n e a r  s u r f a c e  of t h e  nose ,  bu t  a l s o  f o r  i t s  pe r iphe ry .  The 
corresponding r e l a t i o n s h i p  between Recr and t h e  coo l ing  parameter  
i o / i w l  i s  p re sen ted  more pa lpably  i n  g r a p h i c a l  form i n  F ig .  

600 

200 r e g i o n  i n  t h e  boundary l a y e r .  

XIV-6-15. 

The t u r b u l e n t  h e a t  t r a n s f e r  t h a t  occurs  behind t h e  t r a n s i -  /592 
t i o n a l  zone must be c a l c u l a t e d  w i t h  c o n s i d e r a t i o n  of  t h e  p r i o r  
h i s t o r y  of t h e  boundary l a y e r ,  i . e . ,  w i t h  c o n s i d e r a t i o n  of t h e  
processes  t h a t  t ake  p l a c e  upstream i n  t h e  l a y e r .  The correspond- 
i n g  working r e l a t i o n s h i p  i s  s imilar  t o  t h e  formula f o r  laminar  
hea t  t r a n s f e r  and t a k e s  t h e  form 

where t h e  Nussel t  number 

( XIV-6-29 ) 

(XIV-6-30) 

Ee i s  given by t h e  formula 
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F i g u r e  XIV-6-15. V a r i a -  
t i o n  o f  C r i t i c a l  Reynolds F i g u r e  XIV-6-16. D i s t r i -  
Number as a F u n c t i o n  of  b u t i o n  o f  T u r b u l e n t  Heat 
Degree of  Cool ing .  1) T r a n s f e r  P a r a m e t e r .  0 )  

c y l i n d e r  w i t h  s p h e r e ,  e x p e r i m e n t .  
x/Rb = 2.4-3.2; 2) c y l i n -  
de r  w i t h  e l l i p s o i d ,  x/Rb = 
2 .o-3.0. 

PrRb VG. (XIV-6- 31 ) I 

Iic = Re 1~;''; Re = 
Pr 

The d e n s i t y ,  d y n a m i c - v i s c o s i t y - c o e f f i c i e n t ,  and v e l o c i t y  
r a t i o s  are  d e f i n e d  t h u s :  

The g a r a m e t e r  t h a t  a p p e a r s  i n  (XIV-6-29) i s  

h - P P P .  r -- 
Pr'r 

(XIV-6-32) 

(XIV-6-33) 

A l l  q u a n t i t i e s  w i t h  t h e  s u b s c r i p t  r c o r r e s p o n d  t o  t h e  re-  
covery  e n t h a l p y  ( t e m p e r a t u r e )  and c a n  b e  c a l c u l a t e d  w i t h  a c e r -  
t a i n  approximat ion  f o r  s t a g n a t i o n  c o n d i t i o n s .  T h e  l i n e a r  dimen- 
s i o n l e s s  p a r a m e t e r s  i n  t h i s  f o r m u l a  are r e fe r r ed  to t h e  s p h e r e o f  
r a d i u s  R 

A s  w e  see from (XIV-6-29), i n t e g r a t i o n  b e g i n s  w i t h  t h e  con- 
b' 

d i t i o n s  a t  t h e  c r i t i c a l  p o i n t ,  where x = 0 .  Here t h e  v a l u e  
sought  f o r  t h e  h e a t - t r a n s f e r  p a r a m e t e r  w i l l  c o r r e s p o n d  t o  t h e  
s u r f a c e  zones ( o r  x - v a l u e s ) ,  t h a t  l i e  b e h i n d  t h e  p o i n t  of  t r a n s i -  
t i o n  from l a m i n a r  t o  t u r b u l e n t  f low.  F i g u r e  XIV-6-16 p r e s e n t s  
e x p e r i m e n t a l  data and (dashed  c u r v e )  t h e  r e s u l t s  of c a l c u l a t i o n  
o f  t he  t u r b u l e n t  heat t r a n s f e r  p a r a m e t e r  b y  (XIV-6-29). With t h e  

a g r e e  s a t i s f a c t o r i l y  w i t h  e x p e r i m e n t .  
e x c e p t i o n  of  t h e  t r a n s i t i o n a l  r e g i o n ,  t h e  t h e o r e t i c a l  r e s u l t s  /593 
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Figure  XIV-6-17. Param- 
e t e r  Accounting f o r  In-  
f luence  of P res su re  
Gradien t  and Body Shape 
on Heat T rans fe r  . 

Having computed t h e  heat 
f low,  we can determine t h e  
l o c a l  c o e f f i c i e n t  of t u r b u l e n t  
f r i c t i o n  by  us ing  t h e  equa t ion  
t h a t  expres ses  t h e  Reynolds 
analogy : 

S t u d i e s  i n d i c a t e  t h a t  h e a t  
t r a n s f e r  can b e  c a l c u l a t e d  on 
the  basis of r e l a t i o n s h i p s  de- 
r i v e d  f o r  a t h i n  p l a t e ,  which, 
as we know, do not  cons ide r  t h e  
l o n g i t u d i n a l  p r e s s u r e  g r a d i e n t .  
I f ,  moreover, t h e  e f f e c t  of 
d i f f u s i o n  i n - t h e  boundary l a y e r  

i s  d i s r ega rded ,  t h e  formulas f o r  t h e  heat-exchange parameter  can 
be used i n  t h e  form 

(XIv-6- 35 ) 

o r  

The r e s u l t s  o f  c a l c u l a t i o n  by  (XIV-6-35) a r e  r ep resen ted  b y  
t h e  s o l i d  l i n e  i n  F ig .  XIV-6-16. Somewhat h ighe r  accuracy i s  ob- 
t a i n e d  if t h e  c a l c u l a t i o n  i s  made f o r  t h e  de te rmining  en tha lpy .  
The l a t t e r  can be improved by  u s ing ,  i n s t e a d  of  (IV-8-7), t h e  
expres s ion  

i* =0,5iw,f0.22 Pr'/3ir+ib (0.5-0.22Pr'/3), (XIV-6-37) 

i n  which t h e  P r a n d t l  number appears  i n  e x p l i c i t  form. The d e t e r -  
mining parameters  corresponding t o  t h i s  en tha lpy  are p a r t ,  f o r  
example, of t h e  Reynolds and Nusse l t  numbers: 

(XIV-6-38) 
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F u r t h e r  ref inement  of t h e  above formulas invo lves  cons idera-  
t i o n  of t h e  l o n g i t u d i n a l  p r e s s u r e  g r a d i e n t  and d i f f u s i o n .  This  
should b e  done w i t h  t h e  semiempir ica l  r e l a t i o n  

The c o e f f i c i e n t  b ( x >  t a k e s  account  of t h e  l o c a l  p r e s s u r e  
g r a d i e n t .  A s  w e  s ee  from t h e  diagram i n  F ig .  X I V - 6 - 1 7 ,  G(x) de- 
pends on t h e  p r e s s u r e  r a t i o  a t  t h e  p a r t i c u l a r  p o i n t  of t h e  s u r -  
f a c e  and on t h e  shape of t h i s  s u r f a c e .  The expres s ion  i n  brack- 
e t s  i s  t h e  c o r r e c t i o n  f o r  d i f f u s i o n .  Experimental  data i n d i c a t e  
t h a t  Le’ - 1 can b e  s e t  equal  t o  0.58 i n  t h i s  expres s ion .  

SXIV-7.  C O M P A R I S O N  OF FRICTION AND HEAT FLOWS ON SHARP AND BLUNT /594 
CONES 

Cone a n d  s p h e r i c a l  n o s e .  By way of e v a l u a t i n g  t h e  e f f e c t  o f  
b lun tness  on t o t a l  h e a t  f low, i t  i s  i n t e r e s t i n g  t o  determine f i r s t  
t h e  d i f f e r e n c e  between t h e  h e a t  flows on a b l u n t  cone and t h e  cor- 
responding s p h e r i c a l  nose (F ig .  X I V - 7 - 1 ) .  Let us cons ide r  laminar  
h e a t  t r a n s f e r  [501 .  

The t o t a l  of t h i s  hea t  t r a n s -  
f e r  on a sha rp  cone i s  determined 
by Formula ( X I V - 4 - 5 ) .  The h e a t  

-!E Q flow on t h e  s u r f a c e  of t h e  co r re -  
Qc sponding i n s c r i b e d  s p h e r i c a l  seg- 

48 mula 

46 ‘1, 

ment can be c a l c u l a t e d  b y  t h e  f o r -  

a7 

Q5 Qsp -= 0.5Ssp Qo 5 ($) sin 11 dq, 
0 4 8 12 16 NM, 0 

Figure  XIV-7-1 .  Compari- 
son of  Heat Flows f o r  
S p h e r i c a l  and Conica l  
Noses (Laminar Boundary 

6, 

where t h e  r a t i o  q/q,  i s  t aken  from 
Formulas (XIV-6-1) o r  (XIV-6-6) and 
t h e  a r e a  of t h e  s p h e r i c a l  segment 
i s  Layer ) .  1) 6, = Z o o ;  2 )  

= 100. 
S, ,  = 4nRE = 4nx: tg2 pC. 

The i n t e g r a l  upper l i m i t  0, = 7r/2 - 6,. Assigning va r ious  
flow c o n d i t i o n s  o r ,  which i s  t h e  same t h i n g ,  t h e  system of param- 
e te rs  Moo, Twl/Ts, B c ,  and xb,  we can determine t h e  r a t i o  of t h e  
h e a t  flows on t h e  sphere  and t h e  cone, i . e . ,  Qsp/Qc . Figure  



XIV-7-1 p r e s e n t s  some of t h e  r e s u l t s  o f  these  c a l c u l a t i o n s ,  which 
were made f o r  cones w i t h  semiapex a n g l e s  8, = 1 0  and 20' f o r  a 
s u r f a c e  cooled  t o  t h e  free-stream t e m p e r a t u r e .  It f o l l o w s  from 
these r e s u l t s  t h a t  t h e  heat f lows  are smaller f o r  a s p h e r i c a l  
nose t h a n  f o r  a cone.  

C o n i c a l  body w i t h  s h a r p  and  b l u n t  n o s e s .  I f  t h e  boundary 
layers  on t h e  b l u n t e d  and s h a r p  c o n i c a l  s u r f a c e s  are o f  t h e  same 
t y p e ,  t h e  f r i c t i o n  and h e a t - t r a n s f e r  v a l u e s  on t h e  two s u r f a c e s  
w i l l  n o t  d i f f e r  s u b s t a n t i a l l y .  For  example,  c a l c u l a t i o n s  i n d i -  
c a t e  t h a t  t h e  d e c r e a s e  i n  heat t r a n s f e r  on a b l u n t  cone i s  no 
more t h a n  5 % .  

A s u b s t a n t i a l  advantage  o f  t h e  b l u n t  s u r f a c e  makes i t s  ap- 
pearance  when most of  i t  i s  covered  w i t h  a l amina r  l a y e r ,  i n  con- 
t ras t  t o  t h e  sharpened  body, on which t h e  boundary l a y e r  i s  t u r -  
b u l e n t .  

T o  s a t i s f y  o u r s e l v e s  of  t h e  above,  l e t  us  examine t h e  re la-  
t i o n s h i p s  between t h e  c o e f f i c i e n t s  o f  f r i c t i o n  and heat  t r a n s f e r  
f o r  s h a r p  and b l u n t  cones .  According t o  t h e  formulas  f o r  t h e  
l o c a l  c o e f f i c i e n t s  of  f r i c t i o n ,  t h e i r  r a t i o  i s  

where Ab = 6, A c  = '6. 
Then 

( X I V - 7 - 1 )  

( X I V - 7 - 2 )  

T o  e v a l u a t e  t h e  e f f e c t  o f  b l u n t n e s s  on t h e  average  c o e f f i -  
c i e n t  o f  f r i c t i o n ,  i t  i s  n e c e s s a r y  t o  s u b s t i t u t e  25.6 f o r  t h e  

Reynolds numbers f o r  g i v e n  p o i n t s  on t h e  b l u n t e d  and s h a r p  coni -  
c a l s u r f a c e s i n  o r d e r  t o  u s e  t h i s  formula .  

c o e f f i c i e n t  1 6  i n  (XIV-7-2). A s  w e  see, w e  must f i r s t  f i n d  t h e  1595 

To g a i n  an idea  o f  t h e  o r d e r  o f  magnitude o f  t h e  d e c r e a s e  
i n  f r i c t i o n ,  w e  can a s s i g n  c e r t a i n  expec ted  v a l u e s  t o  t hese  nwn- 
b e r s .  

and R e b  = Rec/25 on a b l u n t  cone,  t h e  l amina r  l o . ca l  and average  
f r i c t i o n  c o e f f i c i e n t s  on t h e  b l u n t  s u r f a c e  w i l l  decrease from 
t h e i r  v a l u e s  f o r  t h e  t u r b u l e n t  boundary l a y e r  by f a c t o r s  o f  1 2  
and 7.5,  r e s p e c t i v e l y .  

I f ,  f o r  example,  w e  assume t h a t  Rec = lo1' on a sha rp  cone 

818 



Formula (XIV-7-2) can a l s o  be used t o  e v a l u a t e  t h e  d e c r e a s e  
i n  heat t r a n s f e r  t o  t h e  b l u n t  s u r f a c e  i f  w e  a t t a c h  t o  i t  a re la -  
t i o n  r e f l e c t i n g  the  Reynolds ana logy .  To s i m p l i f y ,  w e  may as- 
sume here  w i t h  some approximat ion  t ha t  t h e  P r a n d t l  numbers o f  
t h e  two b o d i e s  are  t h e  same. Then i f  iwl << ir, t h e  hea t - f low 
r a t i o  i s  

Assuming t h a t  t h e  l a s t  two r a t i o s  i n  t h e  r i g h t  m e m b e r  vary 
l i t t l e ,  w e  can c a l c u l a t e  the  dynamic v i s c o s i t y  c o e f f i c i e n t  by 
(111-1-3) and R e b / R e c  by 
a s i m p l e r  r e l a t i o n  f o r  t he  r a t i o  of  l o c a l  heat  f lows  on t h e  b l u n t  
and s h a r p  cones :  

(IV-10-2), and s e t  n = 3/4 to o b t a i n  

(XIV-7-3') 

T h e  c o e f f i c i e n t  16 must b e  r e p l a c e d  by 25.6 i n  e v a l u a t i n g  
t h e  r a t i o  of average  heat f lows .  I n  accordance  w i t h  (XIV-7-3'), 
t h e  h e a t  f lows  may d e c r e a s e  s u b s t a n t i a l l y  on t h e  b l u n t  body. F o r  
example,  on a 10-degree cone w i t h  Ma = 20, Mb = 3 and R e b  = lo6, 
t h e  l o c a l  heat f low d e c r e a s e s  by a f a c t o r  of  17, and t h e  ave rage  
f low by a f a c t o r  o f  11. Exper imen ta l  i n v e s t i g a t i o n s  i n d i c a t e  
t h a t  t h e  d e c r e a s e  i s  a c t u a l l y  n o t  as g r e a t .  T h i s  i s  e x p l a i n e d  
b a s i c a l l y  by  t h e  f a c t  t h a t  t u r b u l i z a t i o n  i n t e r v e n e s  b e f o r e  t h e  
c a l c u l a t e d  c r i t i c a l  Reynolds number i s  r eached ,  and t h e  t u r b u l e n t  
boundary l a y e r  cove r s  a s u b s t a n t i a l  p a r t  o f  t h e  s u r f a c e ,  on which 
t h e  heat  f low remains p r a c t i c a l l y  t h e  same as on t h e  s h a r p  cone.  I 

Exper imenta l  s t u d i e s  i n d i c a t e  t h a t  t h e  c o e f f i c i e n t  of  t u r -  
b u l e n t  hea t  t r a n s f e r  a t  low f low v e l o c i t i e s  around a cone C461 
i s  

(XIV-7-4) 

where 6, i s  t h e  cone a n g l e  i n  r a d i a n s  and x - i s  the  d i s t a n c e  from 
t h e  nose a l o n g  t h e  g e n e r a t r i x  t o  t h e  p o i n t  a t  which t h e  hea t  
t r a n s f e r  i s  de termined;  R e x  = Vax/um. 

t empera tu re  o f  a t h i n  s k i n  a t  a g i v e n  t i m e  i n  f l i g h t .  
Applying (XIV-T-Q), w e  can use  (VI-4-6) to de te rmine  t h e  



5x1~-8. V I S C O S I T Y  EFFECT ON EXTERNAL FLOW AROUND A BLUNT BODY 

E v a l u a t i o n  o f  v i s c o u s - i n t e r a c t i o n  e f f e c t .  I n  s tudy ing  t h e  
i n f l u e n c e  of v i s c o s i t y  on t h e  parameters  of t h e  e x t e r n a l  ( i n v i s -  
c i d )  flow, and on t h e  s t a t i c  p r e s s u r e  d i s t r i b u t i o n  i n  p a r t i c u l a r ,  
i t  i s  necessary  t o  cons ide r  t h e  r o l e  o f b l u n t n e s s i n  shaping  t h e  
boundary l a y e r .  It has been e s t a b l i s h e d  t h a t  i f  t h e  Reynolds 
number c a l c u l a t e d  from t h e  nose d iameter  Db by t h e  formula R e  = 

Db 
= V p D /pm i s  l a r g e  enough, t h e  e f f e c t  of p r e s s u r e  i n  t h e  i n v i s -  
c i d  flow a t  a b l u n t  nose becomes dominant, and it i s  i t s  magni- 
t ude  and d i s t r i b u t i o n  t h a t  determine t h e  development of t h e  bound- 
a r y  l a y e r .  

i s  minor. However, t h i s  i n f l u e n c e  becomes s t r o n g e r  w i t h  i n -  
c r e a s i n g  d i s t a n c e  from t h e  nose as a r e s u l t  of the  i n c r e a s e  i n  
boundary-layer t h i c k n e s s .  For example, t h e  i n c r e a s e  i n  l a y e r  
t h i c k n e s s  may i n c r e a s e  p r e s s u r e  s u b s t a n t i a l l y ,  and t h i s ,  i n  t u r n ,  
i n f l u e n c e s  t h e  boundary-layer v a r i a b l e s .  S t u d i e s  have shown t h a t  
f o r  s o l i d s  of r e v o l u t i o n ,  t h e  d i s t a n c e  L from t h e  b l u n t  nose a t  
which t h e  a d d i t i o n a l  d rag  due t o  t h e  p r e s s u r e  i n c r e a s e  i n  v iscous  
i n t e r a c t i o n  becomes commensurate w i t h  t h e b l u n t n e s s  d rag  i s  d e t e r -  
mined by t h e  formula 

/596 

m w b  

T h e  back e f f e c t  of t h e  boundary l a y e r  on t h e  e x t e r n a l  flow 

(XIV-8-1) 

where b - i s  a c e r t a i n  c o e f f i c i e n t  t h a t  depends on flow cond i t ions .  

A s  a r e s u l t  o f  exper imenta l  wind-tunnel s t u d i e s  on a heat- 
i n s u l a t e d  c y l i n d r i c a l  s u r f a c e  (Twl = T r )  a t  Mw = 15 i t  has been 
found tha t  b_ i s  approximately two. 

V i s c o s i t y  has cons ide rab ly  weaker i n f l u e n c e  under f ree-s t ream 
c o n d i t i o n s ,  a t  which t h e  tempera ture  i s  s u b s t a n t i a l l y  lower than  
t h e  recovery  tempera ture ;  as a r e s u l t ,  t h e  boundary .., l a y e r  i s  t h i n -  
n e r  t han  on a h e a t - i n s u l a t e d  w a l l .  
= 5Tw and Mm = 15.  

thermal  regime of t h e  w a l l  and on Mm and Re . By way of example, 

l e t  us e v a l u a t e  t h i s  i n t e r a c t i o n  on t h e  s u r f a c e  of a sphere  w i t h  
Db = 1 m f o r  f l i g h t  a t  an a l t i t u d e  of t h e  o r d e r  of 82-83 k m  a t  a 
v e l o c i t y  Mw = 15.  

For a h e a t - i n s u l a t e d  w a l l  ( b  = 21, t h e r e f o r e ,  Formula (XIV-8-1) 

For example, b - 20 a t  Twl = 

Thus, t h e  e f f e c t  of t h e  v iscous  i n t e r a c t i o n  depends on t h e  

Db 

C a l c u l a t i o n s  w i t h  t h e s e  data g ive  Re = 2640.  
Db 
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g ives  L/Db = 23, whi le  i n  t h e  f r e e  stream ( b  = 2 0 )  a t  a w a l l  tem- 
p e r a t u r e  Twl = 5Tm, t h i s  f i g u r e  w i l l  b e  t e n  t i m e s  l a r g e r ,  i . e . ,  
L / D ~  = 230.  

A s  we see, t h e  v i s c o s i t y  e f f e c t  can be d i s r ega rded  a t  t h e  
s e l e c t e d  R e  f o r  s h o r t e r  r ea l  bod ies ,  i . e . ,  w i t h  l eng th  r a t i o s  

L/Db smaller than  those  found i n  t h e  example. 
Re o r  i n c r e a s i n g  Mm, however, t h e  c a l c u l a t e d  L/Db may be  

smaller t h a n  t h e  l e n g t h  r a t i o  of t h e  r ea l  body, and t h e  v iscous  
i n t e r a c t i o n  w i l l  have s u b s t a n t i a l  i n f l u e n c e .  For example, w i t h  
Re I n  t h i s  

case ,  t h e  a d d i t i o n a l  nose d rag  due t o  t h e  p r e s s u r e  i n c r e a s e  asso- 
c i a t e d  w i t h  i n c r e a s i n g  boundary l a y e r  thickness becomes commensu- 
r a t e  w i t h  t h e  drag  of t h e  nose near  t h e b l u n t n e s s  a t  a l e n g t h  L = 
= 2 D b .  These recommendations f o r  c a l c u l a t i o n  of t h e  v iscous  i n -  
t e r a c t i o n  apply only f o r  l a r g e  Re and become d o u b t f u l  f o r  s m a l l  

va lues  of t h i s  number. A t  t h e  p r e s e n t  t i m e ,  i t  i s  d i f f i c u l t  t o  
s t a t e  t h e  exac t  l i m i t  o f  a p p l i c a b i l i t y  of t h e  theo ry  of  t h i s  i n -  
t e r a c t i o n  i n  t e r m s  of a c e r t a i n  l i m i t i n g  Re . I s o l a t e d  data 

i n d i c a t e  t ha t  Re 1 10, might be used as a t e n t a t i v e  lower l i m i t .  

Db 
With dec reas ing  

Db 

= 225,  Mm = 15 and Tr = Twl, t h e  value of  L/Db = 2. 
Db 

Db 

Db 

Db 
" E f f e c t i v e "  shape  o f  body .  Allowing f o r  t h e  e f f e c t  of 

v i scous  i n t e r a c t i o n  on t h e  ex terna l - f low parameters  c o n s i s t s  i n  
c a l c u l a t i n g  t h e  i n v i s c i d \  flow about a body w i t h  an " e f f e c t i v e "  
shape obta ined  by  s h i f t i n g  t h e  contour  of t h e  g iven  body b y  an 
amount equal  t o  t h e  boundary-layer displacement  t h i c k n e s s .  If 
we cons ider  d i s t a n t  zones of  t h e  body, where the  l o n g i t u d i n a l  
p r e s s u r e  g r a d i e n t  i s  s m a l l ,  t h e  displacement  th i ckness  can be 
c a l c u l a t e d  w i t h  a c e r t a i n  approximation on t h e  basis of t h e  theory  
of boundary l a y e r  n e a r  a p l a t e ,  by use  of t he  Mangler t ransforma- 
t i o n .  

laminar  boundary l a y e r  t a k e s  t h e  form 
The g e n e r a l i z e d  formula f o r  t h e  displacement  t h i c k n e s s  of a 

a* =- Re:. (XIV-8-2 ) 

A and n a r e  given i n  Table V I - 1 - 1 .  The c o e f f i c i e n t  N ,  = 8/3 f o r  
a l a m i n a r y  boundary l a y e r  and N ,  = 8 f o r  a t u r b u l e n t  one. The 
c o e f f i c i e n t  N, = 1 f o r  a c y l i n d e r  i n  flow w i t h  e i t h e r  a laminar  
o r  a t u r b u l e n t  boundary l a y e r .  For a c o n i c a l  s u r f a c e ,  i t  t a k e s  
va r ious  va lues :  i n  t h e  case  of a laminar  boundary l a y e r  N ,  = 0, 
w h i l e  f o r  a t u r b u l e n t  one N ,  = u. 
should be c a l c u l a t e d  for t h e  e q u i v a l e n t  v e l o c i t y  computed w i t h  

I n  Formula (x1v-8-2), Rex 
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t h e b l u n t n e s s t a k e n  i n t o  account .  For s p h e r i c a l l y  b lun ted  body, 
t h i s  v e l o c i t y  i s  equal  to t h e  v e l o c i t y  a t  t h e  end of t h e  nose,  
V6 = XRbqc ,  where q c  =  IT^ - B c  f o r  a cone and 0 

c y l i n d e r .  
a r e  found f o r  a h o t ,  e . g . ,  h e a t - i n s u l a t e d ,  w a l l  from t h e  d e t e r -  
mining tempera ture ,  and f o r  a s t r o n g l y  cooled s u r f a c e  (Twl << T r ) ,  
t h e y  a r e  assumed t h e  same as a t  t h e  o u t e r  edge of t h e  boundary 
l a y e r ,  i . e . ,  a r e  c a l c u l a t e d  as inv isc id- f low parameters  w i t h  t he  
b l u n t n e s s t a k e n i n t o  account .  The l e n g t h  x can be  reckoned a long  
t h e  c u r v i l i n e a r  g e n e r a t r i x  of  t h e  nose from t h e  s t a g n a t i o n  p o i n t .  

= 7 ~ / 2  f o r  a 
C 

The v i s c o s i t y  and d e n s i t y  f o r  which Rex i s  c a l c u l a t e d  

I n  p r a c t i c a l  c a l c u l a t i o n s ,  Rex can be c a l c u l a t e d  by  

(IV-10-2) o r  found from t h e  curves i n  F ig .  IV-10-2. 

c u l a t i o n  of t h e  displacement  th5ckness  f o r  a s p h e r i c a l l y  (Rb = 

= 0.25 m )  b lun ted  cone w i t h  t h e  angle  8, = 10' and a c y l i n d e r  
1 0  m long w i t h  a s t r o n g l y  cooled w a l l .  We s h a l l  t a k e  the  same 
f l i g h t  cond i t ions  a s  i n  t h e  example given above (M, = 15, H = 
= 30 m ) .  For a sharp  cone 1 0  m long ,  Re = 9*107, and t h e  cor-  
responding Reynolds number c a l c u l a t e d  f o r  t h e  c y l i n d e r  from t h e  
undis turbed  parameters  i s  R e  = 5.28010~. T h i s  c y l i n d e r  can b e  
regarded  as a sharp  cone w i t h  z e ro  g e n e r a t r i x  i n c l i n a t i o n  ang le .  

To i l l u s t r a t e  a p p l i c a t i o n  of (x1v-8-2), l e t  us  cons ide r  c a l -  

The Reynolds numbers ob ta ined  a r e  above c r i t i c a l ,  s o  t h a t  
t h e  boundary l a y e r  w i l l  b e  t u r b u l e n t  on t h e  sha rp  s u r f a c e s .  
S i n c e b l u n t n e s s l o w e r s  t h e  Reynolds number on t h e  cone by a f ac -  
t o r  of 30 and on a c y l i n d e r  by a f a c t o r  of 48, t h e  boundary 
l a y e r  i s  laminar ized  over  p r a c t i c a l l y  t h e  e n t i r e  l e n g t h  and, con- 
sequen t ly ,  (XIV-8-2) can be used. S u b s t i t u t i n g  t h e  s m a l l e r  
Reynolds number i n t o  i t ,  we o b t a i n  6* = 7.2 mm a t  t h e  end of t h e  
cone and 6* = 20.7 mm a t  t h e  end of  t h e  c y l i n d e r .  The i n f l u -  
ence of v i s c o s i t y  w i l l  be s t r o n g e r  f o r  t u r b u l e n t  f low. Calcula-  
t i o n s  g ive  6* = 18.7 mm f o r  the  cone and 6" = 29.3 mm f o r  t he  
c y l i n d e r .  

The change i n  6* f o r  a h e a t - i n s u l a t e d  w a l l  i s  l a r g e r  t han  
f o r  a cooled w a l l .  C a l c u l a t i a n s  i n d i c a t e  t h a t  t he  de termining  
tempera ture  w i l l  b e  approximately 1 0  t i m e s  s m a l l e r  t h a n  a t  t h e  
o u t e r  boundary. Consider ing t h e  v a r i a t i o n  of p and 1.1 w i t h  
t empera ture ,  t h e r e f o r e ,  t h e  Reynolds number found f o r  t h e  d e t e r -  
mining parameters  i s  50 t imes s m a l l e r .  Accordingly,  t h e  d i s -  
placement t h i c k n e s s  i s  i n c r e a s e d  by  a f a c t o r  of about 7 f o r  a 
laminar  boundary l a y e r  and b y  a f a c t o r  of 2.2 f o r  a t u r b u l e n t  
one. A s u b s t a n t i a l  i n c r e a s e  i n  displacement  t h i c k n e s s  i s  asso- 
c i a t e d  w i t h  a decrease  i n  t h e  l o c a l  Reynolds numbers. Thus, 

c r e a s e  i n  t h e  average boundary-layer tempera ture  are a l l  f a c t o r s  
c o n t r i b u t i n g  t o  change i n  t h e  " e f f e c t i v e "  shape.  

b l u n t i n g  of t h e  body, i n c r e a s e  i n  f l i g h t  a l t i t u d e ,  and an i n -  1598 
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44 
Q2 

t i v e "  a n g l e ,  which can be found 
approximate ly  by the  formula  f3: = F i g u r e  XIV-8-1. I n f l u e n c e  

o f  Boundary Layer  on P r e s -  
s u r e  D i s t r i b u t i o n .  1) i n -  = + 6*/L, where 6 *  i s  t h e  con- 

v e n t i o n a l  t h i c k n e s s  a t  t h e  g i v e n  v i s c i d  f low;  2 )  w i t h  con- 
g e n e r a t r i x  l e n g t h  I,. I f ,  on t h e  s i d e r a t i o n  of boundary- 
o t h e r  hand, a c y l i n d e r  i s  g iven ,  l a y e r  e f f e c t ;  Moo = 18 .4 ;  
a cone whose a n g l e  i s  6*/L can be R e  = VooL/vm = 3.3*105. 

t h e  body has been de termined  by QFGi s h i f t i n g  t h e  con tour  by 6 "  i n  t h e  
d i r e c t i o n  o f  t h e  normal ,  t h e  p r e s -  
s u r e  d i s t r i b u t i o n  and o t h e r  " i n -  4 - v i s c i d "  pa rame te r s  are c a l c u l a t e d  

I l l '  f o r  t h i s  new shape .  One of  t h e  

! - 

- 
r e g a r d e d  as i t s  " e f f e c t i v e "  shape .  

D e f i n i t i o n  of  t h e  " e f f e c t i v e "  shape of a cone o r  c y l i n d e r  
as a modi f ied  s u r f a c e  of r e v o l u t i o n  w i t h  a c u r v i l i n e a r  genera-  
t r i x  i s  more a c c u r a t e .  T h e  " e f f e c t i v e "  c u r v i l i n e a r  con tour  i s  
a l s o  p r e s e r v e d  when t h e  body i n  t h e  flow has a g iven  c u r v i l i n e a r  
c o n t o u r .  

Drag coefficient 

and i t s  components __ - - - - ._ - 

CX 

C X P  
Cxf 

Crwke 

P r e s s u r e  can be c a l c u l a t e d  f o r  t h e  " e f f e c t i v e "  c u r v i l i n e a r  

+ a r c  t a n  (d6*/dx) f o r  
s u r f a c e s  - t h u s  o b t a i n e d  by use  o f  t h e  Newton formula  p = 
= p o  s i n 2  B e ,  i n  which t h e  a n g l e  Be  = B 
a cone i s  de termined  by t h e  i n c l i n a t i o n  o f  t h e  " e f f e c t i v e "  gene- 
r a t r i x  to t he  f r e e - s t r e a m  v e l o c i t y  v e c t o r .  

C 

TABLE XIV-8-1. DRAG O F  BLUNT CONE 
..- 

. Absolute 

value -. . . - - _ _  - . 
I ) .  10!1l) 
0.0427 
(J,(JI;$:I 
0. ouS1 

IOU 
32.9 
fig. 5 
4.7 

n 

ArS,,p 
.4c, j,, 
ACXfC 

For zones o f  t h e  body fa r  enough from t h e  b l u n t i n g ,  Formula 
(XIV-8-2) can be  used to c a l c u l a t e  t h e  increment  Af3 = a r c  t a n  
(d6*/dx) i n  t h e  i n c l i n a t i o n  a n g l e  o f  t h e  con tour  t h a t  r e s u l t s  
from t h e  d i sp lacemen t - th i ckness  e f f e c t .  D i f f e r e n t i a t i n g  w i t h  
r e s p e c t  to 5, 

(XIV-8-3 ) 
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Figure  XIV-8-2. 
S m a l l  S p h e r i c a l  B lun tness  (8, = 8", R b / r b s e  = 0.035). 

Aerodynamic C h a r a c t e r i s t i c s o f  a Cone w i t h  

For  a s l e n d e r  body, t h e  " e f f e c t i v e "  con tour  i n c l i n a t i o n  
a n g l e  Be = 8, -I- d6*/dx. 
t h e  boundary l a y e r  on p r e s s u r e  d i s t r i b u t i o n  i n  t he  example o f  a 
he l ium flow ove r  t h e  s u r f a c e  o f  a power-law s o l i d  of  r e v o l u t i o n .  
The s u b s t a n t i a l  i n c r e a s e  i n  p r e s s u r e  due t o  t h e  v i s c o u s  i n t e r -  
a c t i o n  i s  e x p l a i n e d  by t h e  very  large M m ,  t h e  compara t ive ly  s m a l l  
R e ,  and t h e  p resence  of a h e a t - i n s u l a t e d  s u r f a c e .  

Drag i s  i n c r e a s e d  n o t  on ly  by a n  i n c r e a s e  i n  free-stream 
p r e s s u r e ,  b u t  a l s o  by a n  i n c r e a s e  i n  t he  f r i c t i o n  governed by 
t h e  i n f l u e n c e  o f  induced  p r e s s u r e  on t h e  boundary l a y e r .  A s  a 
r e s u l t ,  t h e  o v e r - a l l  d r a g  c o e f f i c i e n t  w i l l  b e  de te rmined  by  t h e  
re  l a t  i o n  

F i g u r e  XIV-8-1 shows t h e  i n f l u e n c e  o f  

are t h e  c o e f f i c i e n t s  of  p r e s s u r e  d rag ,  xp' xf  and 'x wke where c 
f r i c t i o n  drag, and t h e  d r a g  i n  q u e s t i o n ,  r e s p e c t i v e l y ,  c a l c u l a t e d  
wi thou t  c o n s i d e r a t i o n  of v i s c o u s  i n t e r a c t i o n  and Ac 
are t h e  c o e f f i c i e n t s  o f  t h e  a d d i t i o n a l  d r a g s  caused by t h e  changes 

X f P  
and Ac 

SPP 
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i n  p r e s s u r e  and f r i c t i o n ,  r e s p e c t i v e l y ,  as a r e s u l t  o f  t h e  v i s -  
cous i n t e r a c t i o n .  

The c o e f f i c i e n t  Acxfc c h a r a c t e r i z e s  t h e  change i n  f r i c t i o n  
d r a g  due t o  t h e  t r a n s v e r s e  c u r v a t u r e  of t h e  body. 
l i s t s  c a l c u l a t e d  r e s u l t s  f o r  t h e  components o f  t h e  d r a g  c o e f f i -  

t h e  degree  o f  b l u n t i n g  Rb/ rwke  = 0.035 f o r  t h e  c o n d i t i o n s  Mm = 

= 1 5 . 3  and R e  = VmRb/vm = 8.4*104 ( [ 7 0 ] ,  1964, No. 11). 

T a b l e  XIV-8-1 

c i e n t  of  a s p h e r i c a l l y  b l u n t e d  cone w i t h  t h e  a n g l e  B C  = 8’ and /599 

The o v e r - a l l  cx g i v e n  i n  T a b l e  XIV-8-1 a g r e e s  w e l l  w i t h  t h e  

expe r imen ta l  v a l u e  cx = 0.1290. Analys i s  o f  t he  t o t a l - d r a g  com- 
ponents  i n d i c a t e  t h a t  t h e  d r a g s  c + cxf + cx wke, c a l c u l a t e d  

XP 
wi thou t  c o n s i d e r a t i o n  of t h e  v i s c o u s  i n t e r a c t i o n ,  make up most 
o f  i t  (87.1%). T h e  a d d i t i o n a l  d r a g  components due t o  t h e  v i s c o u s  
i n t e r a c t i o n  and t h e  t r a n s v e r s e  c u r v a t u r e  of  t h e  s u r f a c e  can b e  
es t imated i n  p r a c t i c a l  c a s e s  on t h e  basis of t he  data i n  T a b l e  
XIV- 8- 1. 

F i g u r e  XIV-8-2 p r e s e n t s  e x p e r i m e n t a l  data on t h e  aerody-  
namic c o e f f i c i e n t s  f o r  a cone w i t h  a s l i g h t  s p h e r i c a l b l u n t n e s s  
( B c  = 8O, R b / r w k e =  0 . 0 3 5 )  f o r  v a r i o u s  hype r son ic  M m .  
were o b t a i n e d  w i t h  c o n s i d e r a t i o n  of v i s c o u s  i n t e r a c t i o n .  The 
f r o n t a l - d r a g  c o e f f i c i e n t  v a r i e s  as a square- law f u n c t i o n  o f  a t -  
t a c k  a n g l e  and i n c r e a s e s  w i t h  Moo. The  s t a t i c  d e r i v a t i v e s  ca  m a  

can be re -  and t h e  c e n t e r  o f  p r e s s u r e  c o e f f i c i e n t  c 
garded  as independent  of a t t a c k  a n g l e  and Mach number. 

These data /600 

Y ’  = 
= x~ .p/Xb C .P  



P a r t  Four 

AERODYNAMIC CHARACTERISTICS OF THE FLIGHT VEHICLE 
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Chapter  XV 

STEADY-STATE FLOW 

SXV-1. C A L C U L A T I O N  OF AERODYNAMIC COEFFICIENTS WITH CONSIDERATION 
OF INTERFERENCE FOR A SLENDER BODY-WING C O M B I N A T I O N  

G e n e r a l  D e f i n i t i o n s  

A s o l i d  o f  r e v o l u t i o n  o r  a body w i t h  some o t h e r  g e o m e t r i c a l  
shape  used as a d e s i g n  e lement  o f  a v e h i c l e  may be f i t t e d  w i t h  
wings,  t a i l ,  and c o n t r o l  e l e m e n t s .  

The complex and s t i l l  
i n a d e q u a t e l y  deve loped  prob-  
l e m  o f  a l l o w i n g  f o r  t h e  i n t e r -  
f e r e n c e  between t h e  v a r i o u s  
e l e m e n t s  of t h e  v e h i c l e  a r i s e s  
i n  s t u d y  of  t h e  aerodynamics 
of  b o d i e s  i n  combina t ion  w i t h ‘  
l i f t i n g ,  s t a b i l i z i n g ,  and con- 
t r o l  s u r f a c e s .  

a )  

O O + d b  + #fi 
A s  a r e s u l t  o f  i n t e r f e r -  

F i g u r e  XV-1-1. Scheme o f  I n t e r -  e n c e ,  t h e  sum o f  t h e  aerody-  
f e r e n c e  Between Body and Wing namic f o r c e s  and moments t a k e n  
and T a i l p l a n e s  Mounted on i t .  s e p a r a t e l y  f o r  t h e  ( i s o l a t e d )  
a )  i s o l a t e d  e l e m e n t s ;  b )  e l e -  wing and body, t a i l  and body, 
ments combined i n t o  one con- body, wing and t a i l ,  e t c . ,  i s  
f i g u r a t i o n .  n o t  e q u a l  t o  t h e  complete  f o r c e  

i n g  e l e m e n t s  and forming  a s i n g l e  whole ( F i g .  XV-1-1). Thus, when 
t h e  i n d i v i d u a l  e l e m e n t s  - body, wings ,  t a i l ,  c o n t r o l  s u r f a c e s  - 
are  combined i n t o  a s i n g l e  v e h i c l e  d e s i g n ,  t h e y  l o s e ,  s o  t o  
s p e a k ,  t h e i r  i n d i v i d u a l  aerodynamic c h a r a c t e r i s t i c s  and a c q u i r e  
new ones as a r e s u l t  o f  i n t e r f e r e n c e .  

or moment o f  t h e  combina t ion  
c o n s i s t i n g  o f  t h e  cor respond-  

The o v e r - a l l  aerodynamic c h a r a c t e r i s t i c s  o f  a v e h i c l e  can  be 
d e f i n e d  as t h e  sum o f  t h e s e  c h a r a c t e r i s t i c s  f o r  t h e  i s o l a t e d  com- 
ponent  e l e m e n t s  p l u s  added amounts known as i n t e r f e r e n c e  c o r r e c -  
t i o n s .  I n  t h e  p a r t i c u l a r  c a s e  examined below,  t h e  c o r r e c t i o n s  
ar ise  from i n t e r f e r e n c e  between a body and a wing. Accord ingly ,  
t h e  normal f o r c e  o f  t h e  body-wing combina t ion  ( F i g .  XV-1-2) i s  
p r e s e n t e d  i n  s lender -body aerodynamic t h e o r y  [51]  i n  t h e  form 

. .. ... . .. .. . . .... . . . . . .. . .. 



where t h e  f i r s t  two terms r e p r e s e n t  t h e  normal f o r c e s  f o r  t h e  i s o -  
l a t e d  body and wing, r e s p e c t i v e l y ,  ANb i s  t h e  a d d i t i o n a l  normal 
f o r c e  of t h e  body t h a t  i s  governed by  t h e  wing, and AN i s  t h e  
a d d i t i o n a l  wing normal f o r c e  due t o ' i n t e r f e r e n c e  w i t h  t h e  body. 
Let us  i n t roduce  t h e  nomenclature ANb = and N + AN = 

- Nwg(b) 

wg 
/604 

Nb (Wg 1 wg wg 
(normal f o r c e  of wing i n  presence  of body) .  Then - 

X L-4 

For convenience i n  t h e  
c a l c u l a t i o n s ,  t h e  l as t  two 

w r i t t e n  
l?- terms i n  (XV-1-1) can be 

L\rwg(b)'- Kwg~jLg; (xv-1-2 ) 
(XV-1-3 ) 

Figure  XV-1-2. P r i n c i p a l  Par ts  
of Wing-Body Combination ( 9  = 

2) wing s e c t i o n ;  3) nose see-  
t i o n .  

i s  a wing c o n s i s t i n g  of t h e  two c a n t i l e v e r s  j o i n e d  t o g e t h e r .  

where N i s  t h e  normal f o r c e  
of t h e  i s o l a t e d  wing and Kb 

and K a r e  i n t e r f e r e n c e  coef-  
f i c i e n t s .  An i s o l a t e d  wing 

= 0, ab # 0); 1) t a i l  s e c t i o n ;  wg 

wg 

According t o  Formulas (XV-1-2) and (XV-1-3), t h e  normal 
f o r c e  of t h e  body-wing .combination i s  

I n  t h e  p r e s e n c e o f  r o l 1 , a n  a d d i t i o n a l  i n t e r f e r e n c e  e f f e c t  
a r i s e s  and changes t h e  wing normal f o r c e .  The normal-force i n -  
crement i s  

ANwg = FJYwg (XV-1-5) 

where E i s  t h e  i n t e r f e r e n c e  c o e f f i c i e n t  governed by t h e  r o l l .  
9 

The t o t a l  normal f o r c e  wi th  roll i s  

(xv-1- 6 ) 



T h e  expres s ion  f o r  t h e  moment can be p re sen ted  s i m i l a r l y .  
Thus, c a l c u l a t i o n  of t h e  r e c i p r o c a l  e f f e c t  between t h e  body and 
t h e  wing invo lves  de t e rmina t ion  of i n t e r f e r e n c e  c o e f f i c i e n t s .  
The body normal f o r c e  i s  

where Kbni  i s  a c e r t a i n  c o e f f i c i e n t  l i n k i n g  t h e  normal f o r c e s  of 
t h e  i s o l a t e d  body and wing. Thus, 

Converting to t h e  aerodynamic c o e f f i c i e n t s ,  we o b t a i n  

(xv-1-81) 

If  we t a k e  a l i n e a r  r e l a t i o n  f o r  normal f o r c e  as a f u n c t i o n  / 6 0 5  
of  a t t a c k  a n g l e ,  t h e n  cN = csa  and, consequent ly ,  

(XV-1-9) 

where t h e  c o e f f i c i e n t s  K should b e  regarded  as r a t i o s  of t h e  
ang le  d e r i v a t i v e s  of t h e  corresponding normal-force c o e f f i c i e n t s  
t o  t h e  d e r i v a t i v e  ca N wg' 
R e l a t i o n s h i p s  f o r  Aerodynamic ~ -~ Calqu la t ion  wi th  Cons idera t ion  of 
I nEe r f e r e  n C e--- 

Slender-body aerodynamic theo ry  y i e l d s  r e l a t i o n s h i p s  f o r  t h e  
aerodynamic c h a r a c t e r i s t i c s  of wing-body combinations wi th  con- 
s i d e r a t i o n  of i n t e r f e r e n c e .  The combination may be not  only 
mon'oplane, c o n s i s t i n g  of a body wi th  a p a i r  of l i f t i n g  c a n t i -  
l e v e r s ,  bu t  a l s o  c ruc i form,  wi th  two p a i r s .  I n  d e f i n i n g  t h e  
f o r c e s  and moments, w e  s h a l l  use an  x ' ,  y l ,  z l - coord ina te  system 
(Fig .  XV-1-2) whose axes co inc ide  wi th  t h e  symmetry axes of t h e  
body a t  $I = 0 and ab # 0 ,  a long  wi th  an x , ,  y,, z,-system whose 
axes are bound t o  t h e  body a t  all va lues  of  ab and 9. Here t h e  
f o r c e s  a c t i n g  on t h e  c a n t i l e v e r s  i n  a r o l l  (9 f 0) are more con- 
v e n i e n t l y  de f ined  i n  t h e  x , ,  y , ,  z,-system (F ig .  XV-1-3). 

The c a n t i l e v e r  hinge moment Mh i s  c a l c u l a t e d  about an a x i s  
d i r e c t e d  normal to t h e  body's  l o n g i t u d i n a l  a x i s ,  as t h e  product. 



of t h e  normal f o r c e s  and t h e  ten- 
t e r  of  p r e s s u r e  coord ina te  r ec -  
koned from t h e  nose of t h e  c a n t i -  
l e v e r ’ s  r o o t  s e c t i o n .  T h e  moment 
can b e  converted t o  any o t h e r  
p o i n t  by t h e  u s u a l  methods. 

I n t e r f e r e n c e  o f  c r u c i f o r m  
w i n g  w i t h  body.  L e t  us cons ide r  
t h e  most g e n e r a l  c a s e ,  i n  which 
a combination c o n s i s t i n g  of  a 
c ruc i form wing and a body i s  i n  
flow a t  a n a n g l e  o f  a t t a c k  ab and 
banked a t  an ang le  4 (F ig .  
XV-1-3). I n v e s t i g a t i o n  of t h e  F igure  XV-1-3. C o e f f i c i e n t s  
aerodynamic c h a r a c t e r i s t i c s  of of  Forces and Moments Act- 
such a combination and determina-  i n g  on Wing Halves and on 
t i o n  of t h e  i n t e r f e r e n c e  i n t e r -  E n t i r e  Wing-Body Combina- 
a c t i o n  between t h e  wings and the  t i o n .  
body a r e  based  on p r e s e n t a t i o n  of 

t h e  d is turbed-f low p o t e n t i a l  f u n c t i o n  i n  t h e  form of t h e  sum $ = 
- $a=o + r e p r e s e n t  t h e  d i s t u r b -  
ante p o t e n t i a l s  f o r  independent  flows w i t h  v e l o c i t i e s  Vma and 
VmBsl, i . e . ,  i n  t h e  d i r e c t i o n s  of t h e  r e s p e c t i v e  normals to t h e  
p l ane  of t h e  h o r i z o n t a l  c a n t i l e v e r s  w i t h  t h e i r  ha l f - span  s ( x )  and 
t h e  p l ane  of t h e  v e r t i c a l  c a n t i l e v e r s  w i t h  ha l f - span  t ( s > .  

+ $ B .  The va lues  of $, and 4 B 
- 

The p o t e n t i a l s  $a and $ a r e  determined from t h e  complex 
B 

p o t e n t i a l s  W and W which, i n  t u r n ,  a r e  found by  conformal 
mapping of  a c i r c l e  on t h e  (T = 5 + i r l  p l ane  i n t o  a c i r c l e  w i t h  
a p a i r  of p l ane  c a n t i l e v e r s  on t h e  5 = z1  + i y ,  p l ane .  T h i s  
mapping i s  accomplished by  t h e  formula given i n  Table I V - 4 - 1 .  
The p o t e n t i a l  Wa i s  obta ined  from (IV-4-33) f o r  4 = 0 b y  s u b s t i -  
t u t i n g  (T - ri/(T accord ing  t o  t h e  i n d i c a t e d  formula from Table 
I V - 4 - 1 )  and t h e  s u b s t i t u t i o n  V, = Vma = Vma cos 4 .  To f i n d  
t h e  f u l l  p o t e n t i a l  W,, i t  i s  necessary  t o  i n c o r p o r a t e  i n t o  i t  
t h e  p o t e n t i a l  f u n c t i o n  of t h e  f low p a r a l l e l  t o  t h e  y l - a x i s ,  which 
i s  iVmaS. Having performed t h e s e  o p e r a t i o n s ,  we f i n d  

a 8 ’  

b 
/606 

(XV-1-10] 

The t ransverse- f low v e l o c i t y  components a r e  computed by t h e  
formula wa - i v a  = dWol/dS. 
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The complex p o t e n t i a l  W f o r  t r a n s v e r s e  f low i n  t h e  d i r e c t i o n  
a t  v e l o c i t y  VmBsl  = Vmab s i n  9 i s  o b t a i n e d  by s u b s t i t u t i n g  BS, 

8 
Bs1 
f o r  a and t f o r  s i n  (XV-1-10). A s  f o r  t h e  v e l o c i t y  components, 
t h e y  are c a l c u l a r e d  by t h e  formula  w S e p a r a t i n g  

t h e  r ea l  p a r t s  from t h e  complex q u a n t i t i e s  Wa and W B ,  w e  f i n d  t h e  

p o t e n t i a l s  +a and $I 

sum o f  t h e s e  f u n c t i o n s ,  w e  de t e rmine  t h e  t o t a l  p o t e n t i a l  f u n c t i o n  

= i v B  = dWB/dc. B 

Adding t h e  p o t e n t i a l  @a=o ( I V - 4 - 8 )  to t h e  B '  

+ = +a=o + + 9 B .  

The f u l l  v e l o c i t y  components are  found by add ing  t h e  th ree  
t e r m s  : 

(XV-1-11)  

I n t r o d u c i n g  11, E, and w i n t o  (111-3 -12 ' ) ,  w e  f i n d  t h e  p r e s -  
s u r e  c o e f f i c i e n t s  i n  t h e  d i s t u r b e d  f low around t h e  body-wing 
combina t ion  b e i n g  c o n s i d e r e d .  I n  t h e  g e n e r a l  c a s e ,  t h e  p r e s s u r e  
c o e f f i c i e n t  i s  

where x1 i s  reckoned from t h e  beg inn ing  o f  t h e  c a n t i l e v e r  r o o t  
chord.  R e f e r r i n g  t h e  e x p r e s s i o n  f o r  to c o n d i t i o n s  on t h e  body 

on t h e  (y: = r2 - z : ) ,  w e  f i n d  t h e  p r e s s u r e  c o e f f i c i e n t  p 
body i n  t he  p resence  of t h e  wing. Denot ing t h e  p r e s s u r e  c o e f f i -  
c i e n t  a t  t h e  bot tom o f  t h e  body by t h e  s u b s c r i p t  1 and t h e  va lue  
o f  t h i s  c o e f f i c i e n t  a t  t h e  symmetr ica l  p o i n t  on t K e  t o p  of t h e  
body by t h e  s u b s c r i p t  g, w e  f i n d  t h e  excess  p r e s s u r e  c o e f f i c i e n t  

b (wg) 

- 1  -U - 
APbCwg) = pb(wg) i- P b(wg) : 

(XV- 1-13 ) 

zS = zils; zt = ql t ;  r' =- drldx,; s' = dsldx,. 
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To determine t h e  p r e s s u r e  c o e f f i c i e n t  p on t h e  c a n t i -  wg(b 
l e v e r  i n  t h e  presence  of t h e  body, we must s e t  z 1  = 0 ( f o r  t h e  
v e r t i c a l  c a n t i l e v e r s )  and y ,  = 0 ( f o r  t h e  h o r i z o n t a l  c a n t i l e v e r s )  
i n  the  gene ra l  expres s ion  (XV-1-12). For t h e  v e r t i c a l  c a n t i -  
l e v e r s ,  y1 v a r i e s  from +r t o  -+t. The 2 , -coord ina te  f o r  the  h o r i -  
z o n t a l  c a n t i l e v e r s  v a r i e s  from +r t o  2s. C a l c u l a t i o n s  i n d i c a t e  
t h a t  t h e  excess  p r e s s u r e  c o e f f i c i e n t  f o r  t h e  s t a r b o a r d  c a n t i -  
l e v e r  i n  t h e  presence  of t h e  body i s  

where w e  have in t roduced  t h e  new v a r i a b l e s  rz = r /z ,and  y = 
S 

= Y J S *  

For t h e  p o r t  c a n t i l e v e r ,  t h e  angle  4 used i n  t h e  above ex- 
p r e s s i o n  should be i n c r e a s e d  by  IT. The expres s ion  f o r  t h e  excess  
p r e s s u r e  c o e f f i c i e n t  on t h e  v e r t i c a l  c a n t i l e v e r s  w i l l  be s imi la r  
t o  (XV-1-14), except  t h a t  y ,  must be  s u b s t i t u t e d  f o r  z,. The 
ang le  4 i s  r ep laced  f o r  t h e  lower c a n t i l e v e r  by  4 + ~ / 2 ,  and f o r  
t h e  upper c a n t i l e v e r  b y  - 4  t 31~/2. T h i s  d e f i n i t i o n  of t h e  ang le s  
4 should a l s o  be a p p l i e d  t o  (XV-1-13) when it  i s  used t o  calcu-  
l a t e  p r e s s u r e  a t  t h e  p o i n t s  of a t tachment  t o  t h e  c a n t i l e v e r s .  

Analyzing Expressions (XV-1-13) and (XV-1-14), we can con- 
c lude  t h a t  t h e  f i r s t  terms on t h e  r i g h t  (we s h a l l  denote them by 
A$‘(wg) and ACo r e s p e c t i v e l y )  determine a load  d i s t r i b u t e d  
symmetr ical ly  over t h e  r i g h t  and l e f t  c a n t i l e v e r s  and dependent 
on t h e  parameters  of only t h e  h o r i z o n t a l  c a n t i l e v e r s .  For a f i x e d  

w i l l  b e  t h e  ang le  a = ab cos 4 ,  t h e  va lues  of  Ap0 
same f o r  any 4 ,  even i n  t h e  absence of r o l l ,  when 4 = 0 and, con- 
sequen t ly ,  a = 

w g ( t > ’  

b ( w g )  and ‘To wg(b) 

“b * 

The second terms i n  Formulas (XV-1-13) and (XV-1-14) (Apb(wg) -4 

and A C 4  w g ( b ) ,  r e s p e c t i v e l y )  g ive  equa l  b u t  oppos i t e  loads  on t h e  
r i g h t  and l e f t  c a n t i l e v e r s .  These loads ,  which a r e  asymmetrical  
i n  n a t u r e ,  depend on r o l l  angle  and t h e  shape of t h e  v e r t i c a l  
c a n t i l e v e r s .  Thus, t h e  p r e s s u r e  c o e f f i c i e n t s  can be regarded  as 
sums of two q u a n t i t i e s :  

(XV-1-13 ’ ) 
(XV-1-14?) 



The d e r i v a t i v e  r '  = d r / d x l ,  which c h a r a c t e r i z e s  t h e  i n f l u -  
ence of v a r i a b l e  r a d i u s  a t  t h e  j u n c t i o n  w i t h  t h e  wing, appears  
i n  (XV-1-13) and (XV-1-14). S t u d i e s  have shown tha t  i t s  i n f l u -  
ence i s  i n s i g n i f i c a n t .  We s h a l l  t h e r e f o r e  assume r '  = 0 .  

Aero3ynamic f o r c e s .  By i n t e g r a t i n g  t h e  p r e s s u r e  over t h e  
body and wing s u r f a c e s ,  w e  can f i n d  t h e  normal f o r c e  N ,  i n  t h e  
p lane  of t h e  a t t a c k  angle  ci = ab cos $ and t h e  l a t e ra l  f o r c e  Z, 

normal t o  t h i s  p l ane :  

(xv-1-15 
(xv-1-16) 

where rs = r/sm; r 
of  t h e  h o r i z o n t a l  and v e r t i c a l  c a n t i l e v e r s .  

= r/tm; sm and tm are t h e  r e s p e c t i v e  spans t 

The normal f o r c e  N ,  which l i e s  i n  t h e  p l ane  of t h e  a t t a c k  
angle  a i s  b '  

N = Ni cos 'p -Zi sin 'p. (XV- 1- 17 ) 

The l a t e r a l  f o r c e ,  which co inc ides  w i t h  t h e  d i r e c t i o n  of  t h e  
2 ' -ax is ,  i s  

2; =1 Ni sin 'p + 2, cos q: (XV-1-18) 

For a symmetrical  c ruc i form combination, tm = s s o  t ha t  m' 

It fol lows from (xv-1-18) t h a t  t h e  l a t e r a l  f o r c e  is zero.  
Thus, t h e  normal f o r c e  i n  t h e  p l ane  of t h e  a t t a c k  angle  ab r e -  
mains c o n s t a n t  r e g a r d l e s s  of r o l l  ang le .  

t h a t  t h e  derivat-Tve r '  =- 0 .  T h i s  means t h a t  w e  s h a l l  b e  examin- 
i n g  t h e  case  i n  which t h e  body i s  a c i r c u l a r  c y l i n d e r  a t  t h e  p o i n t  
of  a t tachment  o f  t h e  wing. The normal f o r c e  of t h e  p a r t  of t h e  
body i n  f r o n t  of  the wing i s  equa l ,  as we see from (XV-1-19), t o  
Nb = 2wci r 2 q m  and i s  developed by  the  nose s e c t i o n  on the l e n g t h  
i n  . f ront  of t h e  j o i n t  w i t h  t h e  c y l i n d e r ,  which does not  l i f t .  

I n t e r f e r e n c e  c o e f f i c i e n t s .  A s  we noted above, we may assume 

b 
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Since  N = a ( e a )  S q, f o r  t h e  wing, t h e  c o e f f i c i e n t  Kbmi i n  
(XV-1-7)  w i l l  be / 608  

wg b N wg wg 

Oi654 
0.658 
0.662 
0.067 

(xv- 1- 2 0 ) 

~ . ~ ~ -  

0,628 
0.641 
0.656 
0.667 

TABLE XV-1-1. INTERFERENCE COEFFICIENTS AND CENTER O F  PRES- 
SURE C O O R D I N A T E S  I N  THE PRESENCE O F  AN ANGLE OF ATTACK 

0 
0. 1 
0 .2  
0 . 3  
0.4 
0.5 
0.0 
0.5 
0.8 
0.9 
I .o 

1.W 
1.077 
1.462 
1.253 
1.349 
1.450 
1.555 
I .  663 
1,774 
I .  887 
2.000 

0 
0.133 
0.278 
0.437 
0.6i i  
0.800 
1 .005 
1.227 
1.467 
1,725 
2.000 

- x  

Figure  XV-1-4. Combination 
of  D e l t a  Wing and Body. 

-. - . . . . 

0.667 o.So0 
9.657 0.521 
0.650 0.542 
0.647 (J.563 I 

0.581 
0.647 
0.650 0.613 

0.424 

0.419 
0.418 
0.417 
0.417 
0.416 
0.418 
0.420 
0.422 
0.424 

. 0.421. 

I f  t h e  c y l i n d r i c a l  s e c t i o n  
of t h e  body between t h e  wing and 
t h e  nose s e c t i o n  i s  long ,  a compo- 
nent  genera ted  by t h i s  segment 
and governed b y  flow s e p a r a t i o n  
must be t aken  i n t o  account i n  de- 
te rmining  t h e  normal f o r c e .  

According t o  ( X V - 1 - 2 ) ,  t h e  
i n t e r f e r e n c e  c o e f f i c i e n t  f o r  t h e  
wing K = / N  . The wing 

wg Nwg( t )  wg 
wi th  cons idera-  w a ( t )  normal f o r c e  N 

U .  . 
c a l c u l a t e d  by i n t e g r a t i n g  t h e  p re s -  
s e t t i n g  t h e  d e r i v a t i v e  r '  = 0 i n  

t i o n  of  t h e  body e f f e c t  can be 
s u r e  over t h e  wing s u r f a c e  and 
( X V - 1 - 1 4 ) .  T a b l e  X V - 1 - 1  p r e s e n t s  r e s u l t s  of an i n t e r f e r e n c e  c a l -  
c u l a t i o n  f o r  a body/de l ta  wing combination (F ig .  X V - 1 - 4 )  wi th  con- 
s i d e r a t i o n  of t h e  f a c t  t h a t  f o r  t h e  i s o l a t e d  wing N = 
= 2Tab cos  @ ( S m  - P I 2 .  wg 

The i n t e r f e r e n c e  c o e f f i c i e n t  i s  a f u n c t i o n  of t h e  r a t i o  rs = 

= r/sm. The body r a d i u s  may va ry  chordwise a long  a wing o r  t a i l .  
I n  t h i s  case ,  t h e  c a l c u l a t i o n s  a r e  s i m p l i f i e d  by  t a k i n g  t h e  aver-  
age value of t h e  r a d i u s  on t h e  l e n g t h  of  t h e  chord. I n  t h e  
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extreme case ,  when r = 0 ,  t h e  combination becomes a wing and Kwl = 

= 0 .  
s m a l l ,  and it fol lows from t h e  formula 

A s  r/s, approaches u n i t y ,  t h e  wing c a n t i l e v e r s  become very 

0.681 
O.G(19 
0.597 
0.529 
0. '147 
0.382 
0.246 
0.128 
0 

(xv-1-2 1 ) 

0.677 
0.688 
0.099 
0.709 
0.719 
0.729 
0.7% 
0.744 
0, ,750 

where a i s  t h e  body ang le  of a t t a c k  and - z i s  t h e  d i s t a n c e  from 
t h e  body a x i s  t o  t h e  c a n t i l e v e r  s e c t i o n  under c o n s i d e r a t i o n ,  t ha t  
t h e l o c a l  angle  of a t t a c k o f  t h i s  v e r y s m a l l  c a n t i l e v e r  w i l l  be 2ab. 
The i n t e r f e r e n c e  c o e f f i c i e n t  K = 2 ,  s o  t h a t  t h e  e f f e c t i v e n e s s  

wg 
of  t h e  c a n t i l e v e r  has doubled. Values of  K obta ined  f o r  t h e  
d e l t a  wing may be used i n  p r a c t i c e  f o r  a l l  s l e n d e r  combinations 
i r r e s p e c t i v e  of span.  

b 

wg 

0.2'14 
u.127 
0 

The i n t e r f e r e n c e  c o e f f i c i e n t  f o r  t h e  body i s  determined from / 6 0 9  
i n  which Nb (wg)"wg' (XV-1-3 )  i n  t h e  form of t h e  r a t i o  Kb = 

t ) , i 3 i  0.612 
. 0.743 0.6'25 

0. iW  0.1337 

(XV-1-2 2 ) 

TABLE XV-1-2. INTERFERENCE COEFFICIENTS AND CENTER OF 
PRESSURE COORDINATES I N  THE PRESENCE OF ROLL (BODY AND 
DELTA WING ) * 

r 
*in 
- 

0 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 

Plane combinations 

0.637 1 O.GG7 
0.687 0.667 

'c.p.9 - 
S m  - 

-- 

0.524 
0.518 
0.531 
0.54G 
0.560 
0.575 
0.5Ss 
0.ClOl 
0.615 
0.GlG 
0.M7 

Cruciform combinations - .  

0.685 
0.700 

0.502 
-0.417 0.451 . - 0.714 

0.3T' I 0 .  "'5 

0.5.56 
0 . S 2  
0.530 
0.5110 
0.554 
0.569 o.:* 
0 * 598 

The o v e r - a l l  normal f o r c e  N i s  c a l c u l a t e d  by  Formula b .wg - - 
wg(b 1 (XV-1-15)  f o r  t h e  a t t a c k  angle  4 1 .  If we remember t h a t  N 

= N  K 
f i c i e n t  

and Nb = 2nar2qa, we o b t a i n  f o r  t h e  i n t e r f e r e n c e  coef- wg wg' 
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Kb .:: (1 -+- r,?)'- Kwg. (XV-1- 2 3) 

Values of Kb c a l c u l a t e d  by  Formula (XV-1-23) appear  i n  Table 
XV-1-1. These va lues  do no t  depend on t h e  planform of t h e  wing, 
bu t  are determined only by t h e  parameter  rs = r/sm. 

ed by 
form 
found 

L e t  us cons ide r  how t h e  wing i n t e r f e r e n c e  c o e f f i c i e n t  govern- 
roll i s  c a l c u l a t e d .  It i s  determined from (XV-1-5) i n  t h e  . The a d d i t i o n a l  wingnormal forceiAN i n r o l l  i s  = AN /Nwg 

wg wg 
wg(b)  which i s  . by i n t e g r a t i n g  t h e  p r e s s u r e  c o e f f i c i e n t  Ap9 

equal  t o  t h e  second t e r m  in(XV-l- l '4) ,  over  t h e  s u r f a c e .  Since 
t h e  r e s u l t a n t  f o r c e  ANwa f o r  t h e  two ha lves  i s  ze ro ,  one c a n t i -  

9 

v 

l e v e r ,  e . g . ,  t h e  s t a r b o a r d  one, f o r  which N 
must b e  examined t o  determine fi- I n t e g r a t i n g  over  t h e  s u r f a c e  
of t h e  c a n t i l e v e r ,  w e  f i n d  t h a t  K i s  p r o p o r t i o n a l  t o  t h e  r a t i o  

9 '  Bsl/tan & ( t a n  E = ds/dx, = c o n s t )  and t o  a c e r t a i n  f u n c t i o n  K 
which depends on t h e  parameter  rs = r/sm. T h i s  f u n c t i o n ,  which 
i s  a l s o  used as an i n t e r f e r e n c e  c o e f f i c i e n t ,  i s  

= r a ( s m  - r )2q03,  wg 
@: 

cp 

(XV-1-2 4 ) 

Values of  t h e  c o e f f i c i e n t  K are l i s t e d  i n  T a b l e  XV-1-2 as cp 
f u n c t i o n s  of t h e  r a t i o  rs = r/sm. 
a body-delta-wlng combination and w i l l  change on passage t o  
ano the r  wing form. I n  t h i s  case ,  t h e  d a t a  of T a b l e  XV-1-2 can 
b e  used f o r  o r i e n t a t i o n .  

They were c a l c u l a t e d  f o r  

The c o e f f i c i e n t  K which determines t h e  unbalanced load ,  
i s  needed f o r  c a l c u l a t i o n  of t h e  r o l l i n g  moment from t h e  f o r c e s  
a c t i n g  on t h e  wings,  C a l c u l a t i o n  of an analogous i n t e r f e r e n c e  
c o e f f i c i e n t  f o r  t he  body would be p o i n t l e s s ,  s i n c e  t h e  unbalanced 1610 
load  has p r a c t i c a l l y  no i n f l u e n c e  on t h e  f o r c e s  and moment a c t i n g  
on t h e  body. 

9' 

Center  of p r e s s u r e .  L e t  us c a l c u l a t e  t h e  c e n t e r  of p r e s s u r e  
1 c.pa w g ( b ) '  

coo rd ina te s  f o r  t h e  r i g h t  h o r i z o n t a l  c a n t i l e v e r  ( z  
1 cons ide r ing  t h e  case  i n  which roll angle-has  no pa wg (b 

i n f l u e n c e .  The coord ina te  

( XV- 1- 2 5 ) 



where dS = d x l d z l ,  and t h e  e x c e s s  p r e s s u r e  c o e f f i c i e n t  AFo 
t h e  c a n t i l e v e r  i S  e q u a l  t o  t h e  f i r s t  t e r m  i n  ( X V - 1 - 1 4 ) .  

on 
wg(b 1 

- 
The c o o r d i n a t e  

i 
k 

(xv-1-26) !I 

Here x 1  and,  consequen t ly ,  t h e  c o o r d i n a t e  ( x  1 i s  reckoned 
from t h e  f r o n t  o f  t h e  c a n t i l e v e r .  The d imens ion le s s  v a l u e s  of  

Formulas (XV-1-26)  and ( X V - l - 2 5 ) ,  a re  g i v e n  i n  Table  XV-1-1. The 
values  of ( x  
l a t e d  wing composed o f  t h e  c a n t i l e v e r s ,  i n d i c a t i n g  t h a t  t h e  i n -  
f l u e n c e  o f  i n t e r f e r e n c e  i s  weak. 

c .pa  wg(b)  

and ( z  - r )wg(b)/(sm - r ) ,  c a l c u l a t e d  w i t h  (xc.  pcr lbr t  )wg (b  ) c .pa  

d i f f e r  l i t t l e  from 2/3 f o r  t h e  i s o -  c . p a l b r t  )wg (b ) 

A s imilar  c a l c u l a t i o n  y i e l d s  t h e  c o o r d i n a t e s  ( z  1 c o p +  wg(b)  
1 of  t h e  c e n t e r  of p r e s s u r e ,  which i s  t h e  p o i n t  and ( x  

o f  a p p l i c a t i o n  of  t h e  a d d i t i o n a l  l i f t i n g  f o r c e  caused by  r o t a -  
t i o n  through t h e  r o l l  a n g l e .  The working formulas  w i l l  b e  t h e  
same e x c e p t  t h a t  i n s t e a d  of A F G g ( b )  i t  i s  necessa ry  to t a k e  
A P , ~ ( ~ ) ,  which i s  e q u a l  to t h e  second t e r m  i n  ( X V - 1 - 1 4 ) .  
of  t h e  d imens iona l  c o o r d i n a t e s ,  i t  i s  p r e f e r a b l e  to use  t h e  dimen- 

Values  o f  t h e s e  pa rame te r s  c a l c u l a t e d  by t h e  above method appea r  
i n  Table  XV-1-2. The body c e n t e r  o f  p r e s s u r e  ( x  1 w i t h  
c o n s i d e r a t i o n  of  t h e  wing i n f l u e n c e  can be de te rmined  f o r  C/I = 0 ,  
s i n c e  t h e  wing has  i n s i g n i f i c a n t  i n f l u e n c e .  The working formula  
i s  

C O P +  wg(b) 

-4 I n s t e a d  

s i o n l e s s  pa rame te r s  ( z  c . p +  - r )wg(b) / ( sm - r ) ;  (xc.pc$ 1 wg(b)’brt’ 

C . P ~  btwg) 

where dS = rdOdxl ,  and t h e  a n g l e  0 i s  reckoned a l o n g  t h e  ozl a x i s .  
c a l c u l a t e d  by (XV-1-27)  and r e f e r r e d  t o  Values  o f  (x ~ . p a ’ ~ r t ) b ( w g )  

t h e  c a n t i l e v e r  r o o t  chord brt  are g iven  i n  Table  XV-1-1. The d i s -  
t a n c e  from t h e  nose t o  t h e  c e n t e r  o f  p r e s s u r e  

(XV-1-2 8 ) 
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where xn i s  t h e  d i s t a n c e  from t h e  nose of t h e  body t o  t h e  beg inn ing  
of  t h e  c a n t i l e v e r  r o o t  chord.  

- r ) / ( S m  - r )  g i v e n  i n  T a b l e  XV-1-1 c .pa The v a l u e s  o f  ( z  

approach 4/3~r ,  which a p p l i e s  f o r  e l l i p t i c a l  d i s t r i b u t i o n  o f  t h e  
l o a d ,  and do n o t  depend on wing planform. T h i s  r e s u l t  i n d i c a t e s  
t h a t  i n t e r f e r e n c e  of t he  wing w i t h  t h e  body has no s u b s t a n t i a l  
e f f e c t  on t h e  spanwise p o s i t i o n  of t h e  wing c e n t e r  o f  p r e s s u r e .  

pends on p lanform,  and t h e  v a l u e s  of  (x 
XV-1-1 were c a l c u l a t e d  by Formula (XV-1-26) f o r  a d e l t a  wing. 

The l o n g i t u d i n a l  p o s i t i o n  o f  t h e  wing c e n t e r  o f  p r e s s u r e  de- 
i n  Table  c .pa 'br t )wg(b)  

The r e s u l t  of a p p l y i n g  s lender-body t h e o r y  t o  r e c t a n g u l a r  
wings i s  t h a t  t h e  c e n t e r  of p r e s s u r e  i s  on t h e  l e a d i n g  edge, and 
t h i s  i s  p h y s i c a l l y  i m p o s s i b l e .  To de te rmine  t h e  r ea l  c e n t e r  of  
p r e s s u r e  c o o r d i n a t e ,  w e  can assume,as  f o r  t h e  d e l t a  ,wing, t h a t  
i n t e r f e r e n c e  has l i t t l e  e f f e c t  on i t  and,  consequen t ly ,  t h a t  t h i s  
c o o r d i n a t e  can be assumed e q u a l  t o  i t s  v a l u e  for t h e  i s o l a t e d  
wing. I f  w e  u se  t h e  l i n e a r i z e d  t h e o r y ,  1611 

where 

(XV-1-29) 

(XV-1-30] 

F i g u r e  XV-1-5. Coord ina te s  of Cen te r  o f  
P r e s s u r e  f o r  I s o l a t e d  Wings as C a l c u l a t e d  
from t h e  L i n e a r i z e d  Theory for Super son ic  
Speeds ( a t  > 1). 

Research has  shown t h a t  t h e  c e n t e r  of  p r e s s u r e  c o o r d i n a t e  o f  
a t r a p e z o i d a l  wing i n  t h e  p resence  of a body can be assumed w i t h  
good approximat ion  t o  b e  e q u a l  t o  t h a t  o f  t h e  i s o l a t e d  wing. 
F i g u r e  XV-1-5 shows v a l u e s  o f  ( ~ ~ . ~ / b ~ ~ ) ~ ~  f o r  i s o l a t e d  d e l t a  

( A  = btp/brt  = O), t r a p e z o i d a l  ( A  = 1/2) and r e c t a n g u l a r  ( A  = 1) 



wings.  The cu rves  ca l cu -  
l a t ed  from s u p e r s o n i c  
l i n e a r i z e d  t h e o r y  are ex- 
t r a p o l a t e d  t o  t h e  l i m i t s  
o b t a i n e d  from slender-body 
t h e o r y  f o r  a'A = 0 .  

F i g u r e  XV-1-6 g i v e s  va lues  
o f  ( ~ ~ . ~ / b ) ~ ~  f o r  subson ic  
speeds .  

According t o  t h e  
c u r v e s ,  (xc . p a j b r t  

wg 

0 f 2' 3 4 5 6 7 d A W g  

- - F i g u r e  xv-1-6. Cente r  of  P r e s s u r e  

C a l c u l a t e d  by L i n e a r i z e d  Theory 
f o r  Subsonic  Speeds ( a '  < 1). t h e  d i s t a n c e  from t h e  nose  

and - 
(xc  .pa'brt )wg (b  ) ' C o e f f i c i e n t s  f o r  I s o l a t e d  Wings as - 

of  t h e  body t o  t h e  c e n t e r  
of  p r e s s u r e  i s  

P l a n e  b o d y - w i n g  c o m b i n a t i o n .  To o b t a i n  t h e  co r re spond ing  
e x p r e s s i o n s  f o r  t h e  aerodynamic pa rame te r s  o f  a p l a n e  body-wing 
combina t ion ,  w e  must se t  t = r. I n  p a r t i c u l a r ,  Formulas (XV-1-13) 
and (XV-1-14) f o r  the  e x c e s s  p r e s s u r e  c o e f f i c i e n t  assume t h e  /612 
f o l l o w i n g  form (p rov ided  t h a t ,  i n  a d d i t i o n  t o  t = r ,  t h e  d e r i v a -  
t i v e  r '  = dr /dx ,  = 0 ) :  

These p r e s s u r e  v a l u e s  f o r  t h e  p l a n e  combinat ion were used t o  
c a l c u l a t e  t h e  i n t e r f e r e n c e  c o e f f i c i e n t s  Kd and t h e  c e n t e r s  of  

1 and ( z  1 which are l i s t e d  i n  T a b l e  c .p@ wg(b ' c o p @  wg(b)  p r e s s u r e  ( x  
xv-1-2. 

For  t h e  c a s e  of no r o l l  ( 4  = O ) ,  t h e  formulas  f o r  t h e  p r e s -  
s u r e  c o e f f i c i e n t s  become even  s i m p l e r :  

-. 
(XV- 1-3 4 ) 
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These r e l a t i o n s h i p s  can a l s o  be a p p l i e d  t o  a c ruc i form 
combination i n  motion wi thout  r o l l .  The corresponding aero-  
dynamic c h a r a c t e r i s t i c s ,  c a l c u l a t e d  by  (XV-1-34) and (XV-1-35), 
a r e  g iven  i n  T a b l e  XV-1-1. 

Formulas f o r  c a l c u l a t i n g  the  aerodynamic c o e f f i c i e n t .  
Knowledge of t h e  i n t e r f e r e n c e  c o e f f i c i e n t s ,  c e n t e r  of p r e s s u r e  
coord ina te s ,  and t h e  aerodynamic c h a r a c t ' e r i s t i c s  of t h e  i s o l a t e d  
wing and body enables  us t o  c a l c u l a t e  t h e  aerodynamic c h a r a c t e r -  
i s t i c s  of t h e  i n d i v i d u a l  e lements  of t h e  v e h i c l e  and of  t h e  com- 
b i n a t i o n  as a whole w i t h  c o n s i d e r a t i o n  of the  i n t e r f e r e n c e  
e f f e c t s .  

Table  XV-1-3 g ives  a l l  formulas needed f o r  such c a l c u l a t i o n  
of t h e  aerodynamic c o e f f i c i e n t s  of s l e n d e r  p l ane  c ruc i form combi- 
n a t i o n s .  These formulas were de r ived  f o r  wings of zero t h i c k n e s s ,  
which do no t  d i s t u r b  l o n g i t u d i n a l  flow a t  ze ro  angle  of  a t t a c k .  

TABLE xv-1-3. FORMULAS FOR AERODYNAMIC CALCULATION 
O F  SLENDER PLANE AND CRUCIFORM C O M B I N A T I O N S  WITH CON- 
SIDERATION OF INTERFERENCE 

C o e f f i c i e n t  Working Formula 

Body-Wing (Plane  combination) 
I. Forces  and moments a c t i n g  on r i g h t  c a n t i l e v e r  

Force c o e f f i -  
c i e n t  (F ig .  
XV-1-3) 

Cant i  l e v e r  hinge 
moment coe f f i- 
c i e n t  

R o l l i n g  moment 
c o e f f i c i e n t  

(z c'p cl)wg(b) +,Sir1 rf COS q; Zb is the body length x I xb 

11. Forces  and moments induced on body by  wing 

I 
Normal f o r c e  
c o e f f i c i e n t  (F ig .  
XV-1-3) 
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TABLE XV-1-3 (Con t ’d . )  

C o e f f i c i e n t  Working Formula 
L a t e r a l  f o r c e  
c o e f f i c i e n t  

( c ~ . ) ~ ( ~ ~ ,  =Arb ( c , : ) ~ ~  *,sin ‘p COS cp I 
P i t c h i n g  moment 
c o e f f i c i e n t  

Ro l l ing  moment 
c o e f f i c i e n t  I m,, = 0 

111. T o t a l  f o r c e s  and moments of p l ane  combination 

Normal f o r c e  
c o e f f i c i e n t  

I L a t e r a l  f o r c e  
c o e f f i c i e n t  

Ro l l ing  moment 
c o e f f i c i e n t  

Body a n d  Cruciform W i  n g  ( C r u c i  form Combi n a t i o n )  
I. Forces  and moments a c t i n g  on r i g h t  c a n t i l e v e r  

Normal f o r c e  
c o e f f i c i e n t  (‘N1 c combination. I n  t h e s e  formulas ,  

Formulas same as f o r  p lane  1 
) must be de- 

C . P @  wg(b) K and (x 
termined from T a b l e  XV-1-2 f o r  
t h e  cruciform combination. 

@ C a n t i l e v e r  hinge 
moment coe f f i - h 
c i e n t  

R o l l i n g  moment 
c o e f f i c i e n t  ( m Z ) C  

- 11,Fgrces  and moments induced on body by wing 

1 
I 

Normal f o r c e  
c o e f f i c i e n t  

Lateral  f o r c e  
c o e f f i c i e n t  

P i t c h i n g  moment 
c o e f f i c i e n t  
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TABLE XV-1-3 (Cont 'd . )  

Ro l l ing  moment 
c o e f f i c i e n t  I 

111. T o t a l  f o r c e s  and moments of c ruc i fo rm -. - 

combination 

Normal f o r c e  
c o e f f i c i e n t  

L a t e r a l  f o r c e  
c o e f f i c i e n t  

I. 
I c,.=O 

I Rol l ing  moment 
c o e f f i c i e n t  mx. =O 

N1 .= 2xas:,, (1 - r i  + r:) qm I Normal f o r c e  

1 Lateral  f o r c e  

Normal f o r c e  i n t o  
x-axis d i r e c t i o n  I 

C a l c u l a t i o n  of I n t e r f e r e n c e  f o r  "Nonslender" Combinations 

I n t e r f e r e n c e  c o e f f i c i e n t s .  The r e s u l t s  of i n t e r f e rence -coe f -  
f i c i e n t  c a l c u l a t i o n s  f o r  s l e n d e r  combinations can be used as a 
basis f o r  determining t h e  l i f t  of  "nonslender" c o n f i g u r a t i o n s .  
I n  t h i s  method, t h e  aerodynamic c o e f f i c i e n t  of  t h e  c o n f i g u r a t i o n  
i s  c a l c u l a t e d  from t h e  i n t e r f e r e n c e  c o e f f i c i e n t  found from s l e n -  
der-body theory  and t h e  i so la ted-wing  aerodynamic c o e f f i c i e n t  
taken  from l i n e a r i z e d  theo ry  o r  from experiment .  For  example, 

where K i s  found from 
Table XV-1-1 and ( c  ) i s  determined w i t h  c o n s i d e r a t i o n  of  t h e  

i n f l u e n c e  of Mm a s  e s t a b l i s h e d  i n  l i n e a r i z e d  theo ry .  The o t h e r  
i n t e r f e r e n c e  c h a r a c t e r i s t i c s  a r e  a l s o  w r i t t e n  s i m i l a r l y .  

wg 
t h e  c o e f f i c i e n t  ( cN)wg(b)  = K 

(CN),,, wg 
N wg 

It i s  t h e r e f o r e  assumed tha t  t h e  i n t e r f e r e n c e  c o e f f i c i e n t s  
do no t  change a t  t r a n s i t i o n  to nonslender  combinations.  S t u d i e s  
have shown t h a t  t h i s  hypothes is  i s  f u l l y  j u s t i f i e d  f o r  t h e  coef- 
f i c i e n t  K 
theory  apply f o r  t h e  c o n d i t i o n  

A s  f o r  K b ,  t h e  va lues  corresponding to slender-body 
wg 

/614 

2 .  . . 

(XV-1-36) 6 tp i 
a'hwg (1 + z) (xe + 1) < 4. 
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I f  t h e  cond i t ion  

i s  s a t i s f i e d ,  the  r e s u l t s  from slender-body aerodynamic theo ry  
are no t  as good as i n  t h e  prev ious  case .  

l a t i n g  t h e  a c t u a l  normal f o r c e  t h a t  a r i s e s  i n  t h e  presence of t h e  
wing f o r  t h e  cross-hatched a r e a  of t h e  body (F ig .  XV-1-71 .  I n  
t h i s  scheme, t h e  body i s  assumed t o  be  p lane  and s e t  a t  ze ro  
a t t a c k  ang le .  

developed on a body w i t h  a t a i l  s e c t i o n  (F ig .  XV-1-7b) i s  

More s a t i s f a c t o r y  i n t e r f e r e n c e  d a t a  can be  obta ined  by ca lcu-  

For a wing w i t h  a supersonic  l e a d i n g  edge, t h i s  normal f o r c e  /615 

where a' t a n  E >1. 

S i m i l a r l y ,  f o r  subsonic  l ead ing  
edges 

F igure  XV-1-7. Diagram 
of  L i f t  C a l c u l a t i o n  
w i t h  Cons idera t ion  of 
I n t e r f e r e n c e  Between 
Wing and Body. a )  
p lane  model f o r  c a l -  
c u l a t i n g  t h e  e f f e c t  
of wing on body w i t h -  
ou t  t a i l  s e c t i o n ;  b )  
p lane  model f o r  c a l -  
c u l a t i n g  t h e  e f f e c t  of 
wing on body w i t h  t a i l  
s e c t i o n .  

where a' t a n  E < 1. 

The i n t e g r a l s  of (XV-1-38) and 
(XV-1-39) are expressed i n  elementary 
f u n c t i o n s .  Dividing each of t h e  va lues  
found by  t h e  normal f o r c e  of an i s o -  

w i th  t h e  a s p e c t  r a t i o  

- l a ted  wing q,Swg(cNIwg - 9,swg ( 1 wg a 

we o b t a i n  t h e  corresponding r e l a t i o n -  
s h i p s  f o r  t h e  i n t e r f e r e n c e  c o e f f i c i e n t s  K,,. Analysis  of t h e s e  
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a r e l a t i o n s h i p s  i n d i c a t e s  t h a t  Eb = K b ( l  + A)(sm/r - l ) c ~ ' ( c ~ ) ~ ~  i s  
a f u n c t i o n  of only a' t a n  E and 2 a ' r / b r t .  

i n  Fig.  XV-1-8b. The d a t a  i n  t h i s  f i g u r e  correspond t o  t h e  case  
i n  which t h e  t i p  e f f e c t  has no i n f l u e n c e  on t h e  p a r t  of t h e  body 
cross-hatched i n  F ig .  XV-1-7. With t h i s  cond i t ion ,  t h e  Mach wave 
AB o r i g i n a t i n g  a t  t h e  l e a d i n g  edge of t h e  wing r o o t  chord passes  
behind p o i n t  C on t h e  root-chord t r a i l i n g  edge. The diagram i n  
Fig.  XV-1-8b i s  used i f  t h e  d i s t a n c e  from t h e  wing t r a i l i n g  edge 
t o  t h e  base s e c t i o n  s a t i s f i e s  t h e  i n e q u a l i t y  

Values of  Kb a r e  given 

I f  t h i s  i n e q u a l i t y  i s  no t  s a t i s f i ed ,  t h e  i n t e r f e r e n c e  c o e f f i -  
c i e n t s  and t h e  c e n t e r  of p r e s s u r e  r e l a t i v e  coord ina te  can be found 
by l i n e a r  i n t e r p o l a t i o n  between t h e  va lues  determined from t h e  
diagram of F ig .  XV-1-8b. 

If t h e  body has no t a i l  s e c t i o n  behind t h e  wing, t h e  i n t e r -  
f e r e n c e  c o e f f i c i e n t  i s  aga in  t o  be c a l c u l a t e d  w i t h  Formulas 
(XV-1-38) and (XV-1-39), i n  which brt  i s  s u b s t i t u t e d  f o r  t h e  upper 
l i m i t  brt + a'ri of t h e  i n t e g r a l .  

b 
are g iven  i n  F ig .  XV-1-8a. Comparison w i t h  F i g .  XV-1-8b shows 
t h a t  f o r  l a r g e  2a ' r / b r t ,  t h e  t a i l  s e c t i o n  of t h e  body behind t h e  
wing has  a s u b s t a n t i a l  i n f l u e n c e  on t h e  normal f o r c e  governed b y  
i n t e r f e r e n c e  w i t h  t h e  wing. 

The corresponding va lues  of K 

At subsonic  speeds ,  t h e  e f f e c t  of t h e  t a i l  s e c t i o n  i s  about /616 
t h e  same, s i n c e  downstream zones of t h e  body produce much less 
l i f t  than  a t  supersonic  speeds .  

I n f l u e n c e  o f  w i n g  o n  p o s i t i o n  o f  body c e n t e r  o f  p r e s s u r e .  
The c e n t e r  of p r e s s u r e  coord ina te  of  t h e  body may be s e n s i t i v e  t o  
change i n  Ma even if t h e  body-wing combination i s  s l e n d e r .  It i s  
determined by  d i f f e r e n t  methods f o r  supersonic  and subsonic  speeds.  

Supersonic. The p lane  body model used t o  determine 
the  normal f o r c e  on t h e  body i n  t h e  presence of a wing can be 
used f o r  supersonic  v e l o c i t i e s .  The normal-force moment of a 
body-and-tail  governed b y  a wing w i t h  a supersonic  l ead ing  edge 
i s  
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F i g u r e  XV-1-8. Diagrams f o r  
C a l c u l a t i n g  t h e  E f f e c t  o f  
Wing on Body Normal Force .  
a )  wi thou t  t a i l  s e c t i o n ;  
b )  w i t h  t a i l  s e c t i o n ;  

~ = K ~ ( z ' d c ~ , . , d s l ) ~ ~  ( 1 ::) ( % - I ) ;  r 

i -  tp, b % ' = 1 f f f i ;  ?.wg= - 4 ( S ~ I  - r )  . 
.- brt  ' b,t ( l - - t p / b , t ) '  

C Z ' ~ . ~ , (  1 T b tp ? b r t  ) ( 1  /a' t K  e + 1 ) 3 4 

T h i s  r e s u l t  must be doubled 
t o  o b t a i n  t h e  body moment t h a t  
r e s u l t s  from b o t h  h a l v e s  of  t h e  
wing. S i m i l a r l y ,  f o r  a wing w i t h  
a subson ic  l e a d i n g  edge ,  

( XV- 1- 4 3 ) 

T h e  c e n t e r  of  p r e s s u r e  coef -  

de te rmined  from 
f i c i e n t  i s  o b t a i n e d  by  d i v i d i n g  
the Mb (wg) 
(XV-1-42) and (XV-1-43) b y  t h e  

(XV-1-38) and (XV-1-39), r e spec -  
t i v e l y :  

de te rmined  b y  Formulas 
Nb (wg) 

(XV-1-44) 

T h e  r e s u l t s  of  c a l c u l a t i o n  
f o r  t h e  combi- 

O f .  (xc. p a / b r t ) b  (wg) 
n a t i o n  of a body w i t h  wings having  
s u p e r s o n i c  and s u b s o n i c  l e a d i n g  
edges appea r  i n  F i g .  XV-1-9b. We /617 
n o t e  t h a t  t h e  pa rame te r  a' t a n  E 
has  l i t t l e  i n f l u e n c e  on t h e  c e n t e r  

o f  p r e s s u r e  c o o r d i n a t e .  

I n  t h e  absence  o f  a body t a i l  s e c t i o n  beh ind  t h e  wing, For- 
mulas (XV-1-42) and (XV-1-43) are  i n t e g r a t e d  w i t h  brt  as t h e  upper  
l i m i t .  F i g u r e  XV-1-9a shows c a l c u l a t e d  r e s u l t s  f o r  t h e  r e l a t i v e  
c e n t e r  of  p r e s s u r e  c o o r d i n a t e .  The cu rves  i n  F i g .  XV-1-9 app ly  
f o r  cz'kwg(i I -h) I l - t - (cz ' tg~) - ' l>  4. T h e  diagrams i n  F i g .  XV-1-10 correspond 
to t h e  r ange  of  s m a l l  a s p e c t  r a t i o s ,  f o r  which ~ ' h w g ( l - i - h ) l l - l - ~ ' t g t . ) - ' l <  4; 
t h e y  were c o n s t r u c t e d  on t h e  assumpt ion  t h a t  p a r t  of  t h e  body pro-  
j e c t s  behind  t h e  wing and t h e  e f f e c t i v e  a s p e c t  r a t i o  " ' A w g  and t h e  
r e c i p r o c a l  t a p e r  h = btp/brt  are independent  v a r i a b l e s ;  t h e  r a t i o  
o f  t h e  r a d i u s  to t h e  h a l f - s p a n  rs = r/sm w a s  t a k e n  as t h e  



p a r a m e t e r .  The v a l u e s  o f  
( x c  . p a / b r t ) b ( w g )  
= 0 were o b t a i n e d  from s l e n -  
der-body t h e o r y ,  and t h o s e  
f o r  rs = r/sm = 0 from 
l i n e a r i z e d  t h e o r y  f o r  t h e  
i s o l a t e d  wing; t h e  dashed  
c u r v e s  were c o n s t r u c t e d  b y  
e x t r a p o l a t i o n  to 

= 0 .  Comparison shows t h a t  
t h e  v a l u e s  o f  ( x  
c a l c u l a t e d  by t h e  l i n e a r i z e d  
t h e o r y  i n  t h e  p r e s e n c e  of  a 
body t a i l  s e c t i o n  f o r  a'X > 

w g  
> 0 d i f f e r  s h a r p l y  from t h e  
v a l u e s  found from s l e n d e r -  
body t h e o r y .  When t h e r e  i s  
no t a i l  s e c t i o n ,  t h e  d i f -  
f e r e n c e  becomes much smaller ,  
as w e  n o t e d  i n  p a r t i c u l a r  
f o r  wings w i t h  s u b s o n i c  
l e a d i n g  e d g e s .  I n  t h i s  c a s e ,  
w e  can  a p p l y  s lender -body 
aerodynamic t h e o r y  i n  p r a c -  
t i c e  to e v a l u a t e  t h e  e f f e c t  
o f  i n t e r f e r e n c e  on t h e  body 
c e n t e r  of  p r e s s u r e  c o o r d i -  
n a t e .  

- f o r  C l ' X w g  - 

f o r  a'X = 

c .paibrt  ) b  (wg) 

( x c  . p a / b r t ) b  ( w g )  wg 

0 Q4 48 12 16 2.0 .2+ 28 
__ & i 

b) brt 

- L r  
brt 

F i g u r e  XV-1-9. Curves f o r  Calcu- 
l a t i n g  t h e  Wing E f f e c t  on Body 
C e n t e r  o f  P r e s s u r e  P o s i t i o n .  a )  
w i t h o u t  t a i l  s e c t i o n ;  b )  w i t h  
t a i l  s e c t i o n .  

Subsonic  s p e e d s .  I n  t h e  p r e s e n c e  o f  a wing, t h e  body c e n t e r  
of  p r e s s u r e  i s  de te rmined  b y  u s e  o f  a h o r s e s h o e - v o r t e x  model t h e  
t o p  o f  which r u n s  a l o n g  t h e  q u a r t e r - c h o r d  l i n e  o f  t h e  wing (a t -  
t a c h e d  v o r t e x ) ,  w h i l e  t h e  two l a t e r a l  v o r t e x  l i n e s  f o l l o w  t h e  
stream ( f r e e  v o r t i c e s )  and one o f  them may l i e  i n s i d e  t h e  body 
t a i l  s e c t i o n  ( see  F i g .  XV-2-7). L e t  u s  c o n s i d e r  a q u a r t e r - c h o r d  
l i n e  w i t h  a n  e l l i p t i c a l  d i s t r i b u t i o n  of  c i r c u l a t i o n :  

(XV-1- 4 5 ) 

We s h a l l  assume t h a t  zi i s  t h e  c o o r d i n a t e  of  t h e  f r e e  v o r t e x  
i n s i d e  t h e  body. A s  a r e s u l t ,  t h e  l i f t  o f  a n  e l e m e n t a r y  l i f t i n g -  
l i n e  segment due to t h e  a t t a c h e d  v o r t e x  i s  1618 
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F i g u r e  XV-1-10. Diagrams f o r  De te r -  
mina t ion  o f  R e l a t i v e  Center  of  
P r e s s u r e  Coordina te  of  Body w i t h  
T a i l  S e c t i o n  Behind Wing a t  Super- 
s o n i c  Speed (Dashed Lines  O b -  
t a i n e d  by E x t r a p o l a t i o n ) .  Condi- 
t i o n  of  u s e :  

u ’ ~ . ~ ~ ( I  + h ) ( i - { - j / a ’ t g e ) < 4  

respond t o  t h e  c o n d i t i o n  ct’h = 0 f o r  
see,  t h e s e  r e s u l t s  depend on t h e  shape 
r a t i o  r/sm and are  independent  of  M m .  

wg 

The moment e lement  
about  a z-ax is  p a s s i n g  
th rough  t h e  apex o f  t h e  
qua r t e r - chord  l i n e  i s  

Consequent ly  , t h e  
d i s t a n c e  to t h e  c e n t e r  o f  
p r e s s u r e  from t h e  begin-  
n i n g  of  t h e  l i f t i n g  l i n e  

r r 
(XV-1- 46 ) 

1 i s  c .pa  b(wg) where (x 
measured from t h e  l e a d i n g  
edge o f  t h e  r o o t  ( i n b o a r d )  
chord .  

I n t r o d u c i n g  r from /619 
(XV-1-45), s u b s t i t u t i n g  
- x i n  accordance  w i t h  t h e  
e x p r e s s i o n  x = ( t a n  E)5-(z-r) 

and i n t e g r a t i n g ,  w e  o b t a i n  
t h e  d i s t a n c e  t o  t h e  c e n t e r  
of  p r e s s u r e  and t h e  rela- 
t i v e  q u a n t i t y  
( X  c .  p a l b r t  ) b  (wg ) 
c a l c u l a t e d  r e s u l t s  appea r  
i n  F ig .  XV-1-11, and c o r -  

t h e  s l e n d e r  body. A s  w e  
of t h e  l e a d i n g  edge and t h e  

The  

More e x a c t  a n a l y s e s  based on t h e  l i n e a r i z e d  t h e o r y  i n d i c a t e  
t h a t  t h e  c e n t e r  of p r e s s u r e  c o e f f i c i e n t  depends on t h e  pa rame te r s  
a’X T h i s  i s  e v i d e n t  from and r/sm and on t h e  form of t he  wing. 

wg 
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Figure  xv-1-11. Diagrams f o r  d e t e r -  
minat ion of body r e l a t i v e  c e n t e r  of 
p r e s s u r e  c o e f f i c i e n t  wi th  cons ider -  
a t i o n  of wing e f f e c t  a t  subsonic  
speed (dashed l i n e s  obta ined  by  
e x t r a p o l a t i o n ) .  

F ig .  XV-1-1, which shows 
c a l c u l a t e d  r e s u l t s  f o r  
th ree  wing forms: d e l t a ,  
t r a p e z o i d a l  ( A  = 1/2), and 
r e c t a n g u l a r .  The curves 
for a’X < 4 a r e  e x t r a -  
p o l a t e d  t o  t h e  value 
(Xc .pa /b r t )n (wg) ’  which 
corresponds t o  s l ende r -  
body theo ry .  

wg 

Example. Taking 
i n t e r f e r e n c e  i n t o  account ,  
c a l c u l a t e  t h e  f o r c e s  and 
moments a c t i n g  on a s tar-  
board c a n t i l e v e r  i n  t h e  
form o f  a d e l t a  wing on 
a body, and on t h e  e n t i r e  
c ruc i form body-wing com- 
b i n a t i o n  ( t h e  dimensions 
a r e  i n d i c a t e d  i n  F ig .  
XV-1-12). W e  t a k e  ang le s  
a = 0 . 3  (l7.2O) and 41 = 

= 22.5O and Ma = 2 and use 
t h e  formulas ,  t ab les ,  and 
diagrams g iven  above. We /620 
e n t e r  a l l  r e s u l t s  i n  Table 
XV-1-4, from which t h e  se- 
quence of t h e  computat ional  
work i s  obvious.  

b 

It i s  assumed i n  t h e  
c a l c u l a t i o n  tha t  t h e  p i t c h -  
ing-moment a x i s  passes  
through t h e  p o i n t  on t h e  
l e a d i n g  edge a t  which t h e  
wing meets t h e  body. The 

root chord brt  i s  t aken  as t h e  c h a r a c t e r i s t i c  l e n g t h  2 ,  and t h e  
area of t h e  i s o l a t e d  wing as t h e  c h a r a c t e r i s t i c  a r e a .  

I n  t h i s  example, t h e  c a l c u l a t i o n s  t a k e  i n t o  c o n s i d e r a t i o n  
t h e  f a c t  t h a t  t h e  d e r i v a t i v e  ( c a )  was determined not  from s l e n -  
der-body aerodynamic theo ry ,  bu t  from l i n e a r i z e d  theo ry .  Linear-  
i z e d  theory  was a l s o  used i n  improving (x c . p a / b r t ) b  (wg) wi th  con- 
s i d e r a t i o n  of t h e  t a i l - s e c t i o n  e f f e c t  ( s e e  F ig .  XV-1-9). T h i s  
q u a n t i t y  w a s  found t o  b e  0.85, i . e . ,  s u b s t a n t i a l l y  l a r g e r  t han  
t h e  va lue  of 0 . 5 5 6  obta ined  i n  slender-body theo ry .  

N wg 
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TABLE XV-1-4. EXAMPLE OF CALCULATION OF FORCES AND MOMENTS FOR CRUCIFORM BODY- 
WING COMBINATION WITH CONSIDERATION OF INTERFERENCE 

I 
I I 

I I I I I I 
I I- I 

(?)wg(b) 

From Tbl. 
xv-I-?. 
for (1) 

0.669 

1 I 

0.25 0 

Table Table Table 

xv-1-3 1 xv-1-3' sv-1-3 

1621 

03 
& 
W 



F i g u r e  XV-1-12. Model 
Form and Dimensions Used 
i n  Examples of I n t e r -  
f e r e n c e  C a l c u l a t i o n  f o r  
Cruciform Combination: 

- . .- . - - - - -__.___ - 

x n  1 tart j "tl 1 1. 1 S t t l  

-_..___I ____I_ - --- 

: . j o  1 ; . i \ ( t  1 z . G i  1 0.75 1 2 . 7 5  

due 
b ( w g )  body normal f o r c e  N 

The c o o r d i n a t e s  o f  the  wing and 
body c e n t e r s  of p r e s s u r e  can b e  found 
from T a b l e  XV-1-1 w i t h  c o n s i d e r a t i o n  
of i n t e r f e r e n c e .  The d i s t a n c e  from 
t h e  nose  t o  t h e  p o i n t  o f  a p p l i c a t i o n  
of  t h e  normal  f o r c e  N w g ( b )  i s  

On s u b s t i t u t i n g  t h e  da ta ,  w e  
f i n d  

The p o i n t  o f  a p p l i c a t i o n  o f  t he  
t o  t he  i n f l u e n c e  of  t h e  wing on t h e  

body i s  de termined  by t h e  c o o r d i n a t e  

(XV- 1- 4 8 ) 

which i n  ou r  example i s  e q u a l  t o  

The d i s t a n c e  to t h e  body c e n t e r  of  p r e s s u r e  i s  de termined  i n  
s lender-body t h e o r y  by t h e  formula  

(XV- 1- 49 ) 

which i s  d e r i v e d  on t h e  assumpt ion  t h a t  t h e  only  l i f t i n g  p a r t  o f  
t h e  body i s  a c u r v i l i n e a r  nose  s e c t i o n  o f  l e n g t h  xmid. 
(XV-l-Qg), Wn i s  t h e  volume o f  t h i s  nose s e c t i o n .  
t i o n  of' t h e  ( x  ) f o r  an i s o l a t e d  body t h a t  c r e a t e s  a normal 
f o r c e  N b ,  t h e  c e n t e r  of  p r e s s u r e  c o o r d i n a t e  o f  t h e  body-wing com- 
b i n a t i o n  i s  

I n  
With cons ide ra -  

c . p  b 
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I n  u s i n g  t h i s  f o r m u l a ,  w e  can  t a k e  account  o f  t h e  g e n e r a t i o n  
o f  a c e r t a i n  p a r t  o f  t h e  l i f t  by t h e  c y l i n d r i c a l  s e c t i o n  a f t  o f  
t h e  c u r v i l i n e a r  nose  a t  h i g h  Mach numbers f o r  l o n g  b o d i e s ,  s o  
t h a t  x w i l l  be  l a r g e r  t h a n  i n d i c a t e d  by  (XV-1-49). To o b t a i n  
more a c c u r a t e  data ,  t h e r e f o r e ,  i t  i s  p r e f e r a b l e  t o  u s e  t h e  r e s u l t s  
o f  l i n e a r  t h e o r y  o r  e x p e r i m e n t a l  data .  When t h e  wings c r e a t e  t h e  
l a r g e s t  p a r t  o f  t h e  t o t a l  l i f t  and t h e  c o n t r i b u t i o n  o f  t h e  body i s  
s m a l l ,  the  l i n e a r  t h e o r y  and Formula (XV-1-49) c a n  be  a p p l i e d .  

COP 

SXV-2. CHANGE I N  T A I L  AERODYNAMIC PROPERTIES UNDER THE INFLUENCE /622 
O F  THE W I N G  

G e n e r a l  ExDression f o r  Normal Force  

If t h e r e  are no o t h e r  l i f t i n g  or c o n t r o l  s u r f a c e s  forward  of  
a t a i l p l a n e  a t t a c h e d  t o  a body, t h e  i n t e r f e r e n c e  c a l c u l a t i o n  f o r  
t h e  t a i l  and body i s  made i n  e x a c t l y  t h e  same way as f o r  a wing 
and body. But i f  there  i s  a wing on t h e  body forward  of  t h e  t a i l ,  
t h e  a d d i t i o n a l  e f f e c t  o f  t h e  wing must b e  t a k e n  i n t o  a c c o u n t  i n  
d e t e r m i n i n g  t h e  aerodynamic c h a r a c t e r i s t i c s  of  t h e  t a i l .  

L e t  us  c o n s i d e r  t h e  c a s e  i n  which t h e  v e h i c l e ' s  wing and 
t a i l  are mounted r i g i d l y  on t h e  body and have z e r o  s e t t i n g  a n g l e s  
r e l a t i v e  to t h e  v e h i c l e ' s  l o n g i t u d i n a l  a x i s .  We s h a l l  assume 
t h a t  t h e r e  i s  no s l i p  and t h a t  t h e  normal f o r c e  i s  a l i n e a r  func-  
t i o n  o f  a t t a c k  a n g l e .  Then t h e  normal - force  c o e f f i c i e n t  w i t h  
c o n s i d e r a t i o n  of  i n t e r f e r e n c e  w i l l  b e  

i s  t h e  d e r i v a t i v e  o f  t h e  normal - force  
c o e f f i c i e n t  cN o f  t h e  i s o l a t e d  h o r i z o n t a l  t a i l p l a n e  w i t h  r e s p e c t  
t o  t h e  a t t a c k  a n g l e  a ;  (Kwg + K b l w g  i s  t h e  t o t a l  i n t e r f e r e n c e  
c o e f f i c i e n t  f o r  t he  body-wing combina t ion;  ( K b  + K wg ) h . t  i s  t h e  

same c o e f f i c i e n t  f o r  t h e  b o d y - t a i l  combina t ion;  S and S h a t  a r e  
t h e  areas o f  t h e  isola-ced wing and h o r i z o n t a l  t a i l  w i t h o u t  con- 
s i d e r a t i o n  of  t h e  p a r t s  occupied  by t h e  body; S i s  t h e  wing p l a n  
area c o u n t i n g  t h e  p a r t  o c c u p i e d  by  t h e  body; E i s  t h e  downwash 

e . h . t  a n g l e  behind  t h e  wing a t  t h e  a n g l e  o f  a t t a c k  a ;  a - E = a 
t h e  e f f e c t i v e  a t t a c k  a n g l e  o f  t h e  t a i l p l a n e  as a r e s u l t  o f  t h e  
downwash b e h i n d  t h e  wing. 

a Here ( C N ) h . t  = ( a C N / a " ) h . t  

wg 
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Formula (XV-2-1) can a l s o  b e  used to determine normal f o r c e  
when t h e r e  i s  a s l i p  ( o r  roll) ang le .  For t h i s  purpose,  i t  i s  
necessary  to add a c o e f f i c i e n t  to t h e  sum of t h e  c o e f f i c i e n t s  
K + K to take account of  i n t e r f e r e n c e  on t h e  appearance of  t h e  
r o l l  ang le  @ and t o  s u b s t i t u t e  a = ab cos Cp f o r  t h e  angle  a .  The 

f o r c e  c a l c u l a t e d  w i t h  (XV-2-1) w i l l  be equa l  i n  a b s o l u t e  magnitude 
to t h e  l e n g t h  of a v e c t o r  i n  the  p l ane  of t h e  a t t a c k  ang le  a .  

@ 
wg b 

I n  t h e  range i n  which cN v a r i e s  l i n e a r l y  w i t h  a t t a c k  ang le ,  

(xv-2-2) 

a The cN i n  (XV-2-2) i s  determined by  d i f f e r e n t i a t i n g  (XV-2-1) / 6 2 3  
w i t h  r e s p e c t  t n  m.: 

(XV-2- 3 ) 

I n  many c u r r e n t  v e h i c l e  c o n f i g u r a t i o n s ,  S h e t  << S and 
Shet/S << 1. 
u n i t y .  Formula (XV-2-3) can t h e r e f o r e  be r ep laced  b y  t h e  approxi-  
mate expres s ion  

Moreover, 1 - de/da i s  o f t e n  much sma l l e r  t han  

The above r e l a t i o n s h i p s  a r e  no t  a p p l i c a b l e  f o r  l a r g e  d i s -  
t u rbances ,  when t h e  aerodynamic f o r c e  does not  vary l i n e a r l y  and 
i t  i s  necessary  t o  cons ide r  n o n l i n e a r  e f f e c t s .  T h i s  makes t h e  
problem cons iderably  more complex. I n  many cases  t h a t  a r e  of  
p r a c t i c a l  i n t e r e s t ,  t h e  i n f l u e n c e  of l a r g e  a t t a c k  ang le s  can be 
determined only by experiment .  A s  a r u l e ,  t h e  " l i m i t i n g "  a t t a c k  
ang le  a t  which t h e  l i n e a r  r e l a t i o n s h i p s  s t i l l  apply i s  a l s o  de- 
termined exper imenta l ly .  Study has shown t h a t  t h e  " l i m i t i n g "  
a t t a c k  angle  becomes sma l l e r  w i t h  i n c r e a s i n g  Ma. 

Downwash Angle Behind Wing 

wing a t  a d i s t a n c e  of LhBt  from t h e  c e n t e r  of p r e s s u r e  (aerody- 
namic c e n t e r )  can be determined by  t h e  formula C61: 

S u b s o n i c  f l o w .  The downwash angle  a t  a p o i n t  behind t h e  



(XV-2-5) 

where R i s  t h e  s p a n  and X 
i s  t h e  wing a s p e c t  r a t i o .  

= R/bmn 
wg 

The p a r a m e t e r  

Lh.t 
~ ~ ~ b r t  

C d J m n  * k=- (xv-2-6) 

-$L-j-+.t- ~ 

F i g u r e  XV-2-1. V e r t i c a l  
S h i f t  o f  T a i l  from Wing 
P l a n e .  1) Aerodynamic where c N o  i s  t h e  r o o t - s e c t i o n  
c e n t e r .  normal - force  c o e f f i c i e n t .  

The downwash a n g l e  c a n  b e  assumed c o n s t a n t  o v e r  t h e  s p a n  of 
t h e  t a i l  and e q u a l  to i t s  v a l u e  a t  a p o i n t  t h a t  c o i n c i d e s  w i t h  
t h e  c e n t e r  o f  p r e s s u r e  (aerodynamic c e n t e r )  o f  t h e  t a i l ,  t h e  d i s -  
t a n c e  to which i s  L h a t .  Formula (XV-2-5)  can be used  w i t h  a c e r -  
t a i n  a p p r o x i m a t i o n  f o r  wings and t a i l s  of any p lanform i f  t h e y  
l i e  i n  t h e  same p l a n e .  

I f  t h e  wing and t a i l  l i e  i n  d i f f e r e n t  h o r i z o n t a l  p l a n e s  and 
t h e  d i s t a n c e  between them i s  y h S t  ( F i g .  X V - 2 - l ) ,  t h e  c a l c u l a t i o n  
w i l l  b e  more complex. An approximate  r e l a t i o n s h i p  t h a t  i s  a l s o  
s u i t a b l e  f o r  such  c a s e s  can b e  i n d i c a t e d :  

(XV-2-7 ) 

The c o e f f i c i e n t s  k t h a t  a p p e a r  i n  t h i s  formula  c o r r e c t  t h e  
P 

downwash a n g l e  f o r  t h e  i n f l u e n c e  of  t h e  d i s t a n c e  L h a t ( k l ) ,  t h e  
v e r t i c a l  p o s i t i o n  o f  t h e  t a i l  w i t h  r e s p e c t  to t h e  wing chord  
p l a n e  (k2), and wing t a p e r  ( k 3 ) .  Values  of  t h e s e  c o e f f i c i e n t s  
are g i v e n  i n  F i g s .  XV-2-2-XV-2-4. 

t i o n e d  b e h i n d  a wing can  b e  de te rmined  a p p r o x i m a t e l y  from t h e  
f low downwash a n g l e  b e h i n d  t h e  i s o l a t e d  wing. I n  t h i s  c a s e ,  
t h e r e f o r e ,  t h e  e f f e c t  of i n t e r f e r e n c e  between t h e  wing and 
body on downwash a n g l e  i s  n o t  t a k e n  i n t o  a c c o u n t .  

h i n d  i s o l a t e d  r e c t a n g u l a r - p l a n f o r m  wings w i t h  two d i f f e r e n t  
a s p e c t  r a t i o s  as a f u n c t i o n  o f  t h e  d i s t a n c e  L from t h e  l e a d i n g  
edge r e f e r r e d  to t h e  chord  b_. The c u r v e s  shown i n  F i g .  XV-2-6 
e n a b l e  us  to d e t e r m i n e  t h e  downwash a n g l e  a t  any p o i n t  b e h i n d  

/ 6 2 4  

Superson i  c f 1 ow. The c h a r a c t e r i s t i c s  of a t a i l p l a n e  POST- 

F i g u r e  XV-2-5 [ 6 ]  p r e s e n t s  v a l u e s  of  t h e  downwash a n g l e s  be- 
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Figure  XV-2-2. Curve 
f o r  C a l c u l a t i o n  of  
C o e f f i c i e n t  
(xv-2-71. 

1. G 

as ::m I 2 3 

F i g u r e  XV-2-4. 
C a l c u l a t i o n  of  
k ,  i n  (XV-2-7 ) .  

k ,  i n  

Curve f o r  
C o e f f i c i e n t  

F i g u r e  XV-2-3. Curve 
f o r  C a l c u l a t i o n  of 
C o e f f i c i e n t  k, i n  
(XV-2-7 ) .  

I 18 25 3.4 . L/b 

F i g u r e  XV-2-5. Downwash 
behind  Rec tangu la r  Wing. 

d e l t a  wings as a f u n c t i o n  o f  t h e  r e l a t i v e  l o n g i t u d i n a l  c o o r d i n a t e  
o f  t h e  p o i n t  E = L/b_, and i t s  d imens ion le s s  d i s t a n c e  from t h e  

The c a l c u l a t i o n  f o r  t h e  t a i l  must b e  made f o r  t h e  e f f e c t i v e  
a t t a c k  a n g l e  w i t h  c o n s i d e r a t i o n  o f  t a i l - b o d y  i n t e r f e r e n c e .  
I n  rough e v a l u a t i o n s  of  t a i l  aerodynamic c h a r a c t e r i s t i c s ,  w e  can 
l i m i t  o u r s e l v e s  t o  t h e  i n f l u e n c e  o f  t h e  e f f e c t i v e  a t t a c k  a n g l e  
on ly .  

L i f t i n g  Capac i ty  o f  Veh ic l e  - - .  w i t h  - .  . Fixed  - Wings and T a i l  a t  Super- ~~ 

s o n i c  SDeeds 

C o e f f i c i e n t s  o f  i n t e r f e r e n c e  o f  t a i l  w i t h  w i n g .  The r e a l  
c h a r a c t e r i s t i c s  o f  t h e  t a i l  can b e  c o n s i d e r e d  t o  depend on t h e  

only  i n  rough approx ima t ion .  They can b e  improved 

w i l l  a l s o  be de te rmined  by t h e  i n t e r f e r e n c e  between 

Cle.h. t  
by assuming t h a t  t h e  average  downwash a n g l e  and,  consequen t ly ,  /625 

" e . h . t  
t h e  wing and t h e  body. 



I" 

F i g u r e  xv-2-6. Down- 
wash Behind D e l t a  
Wing. 

The c o n c l u s i o n s  o f  
v o r t e x  t h e o r y  from s l e n d e r -  
body aerodynamics,  which en- 
able  us  to c a l c u l a t e  d i r e c t -  
l y  tha t  p a r t  o f  t h e  a e r o -  
dynamic c oe f f i c i e  n t  t h a t  i s  
c r e a t e d  b y  t h e  t a i l  under  
t h e  i n f l u e n c e  of i n t e r f e r -  
ence  w i t h  t h e  wing, can a l s o  
b e  used .  I n  t h i s  t h e o r y ,  
which i s  e q u a l l y  a p p l i c a b l e  

F i g u r e  XV-2-7. Vor tex  Scheme 
Used i n  C a l c u l a t i n g  I n t e r f e r e n c e  
o f  Wing and T a i l .  1) o u t b o a r d  
v o r t e x ;  2 )  i n b o a r d  v o r t e x .  

f o r  s u b s o n i c  and s u p e r s o n i c  s p e e d s ,  a v o r t e x  diagram such  as t h a t  
shown i n  F i g .  XV-2-7 i s  used  f o r  a wing j o i n e d  to a body. At 
p o s i t i v e  a t t a c k  a n g l e s ,  t h e  v o r t i c e s  l i e  above t h e  p l a n e  of  t h e  
t a i l ,  and t h e i r  d i r e c t i o n  c o i n c i d e s  w i t h  t h e  oncoming-flow v e l o -  
c i t y .  

Thus,  t h e  problem o f  i n t e r f e r e n c e  of t h e  t a i l  w i t h  t h e  wing 
i s  reduced  t o  one o f  i n t e r f e r e n c e  of  t h e  t a i l  w i t h  a v o r t e x .  The 
e f f e c t  o f  t h e  i n t e r f e r e n c e  i s  d e t e r m i n e d  by  t h e  i n t e n s i t y  and 
p o s i t i o n  o f  t h e  o u t b o a r d  v o r t e x  r e l a t i v e  to t h e  t a i l .  A s  one o f  
t h e  c h a r a c t e r i s t i c s  of  t a i l  i n t e r f e r e n c e  tha t  depend n o t  on i n -  
t e n s i t y ,  b u t  o n l y  on t h e  p o s i t i o n  of t h e  v o r t e x ,  w e  i n t r o d u c e  t h e  
d i m e n s i o n l e s s  p a r a m e t e r  it., which i s  d e t e r m i n e d  from the e x p r e s -  
s i o n  C511: 



( XV- 2 - 8 ) 

t h e  p a r a m e t e r  itl i s  known as an  i n t e r f e r e n c e  coef -  
wg' 

L i k e  K 

however, t h e  c o e f f i c i e n t  itl takes a c c o u n t  f i c i e n t .  U n l i k e  K 
o f  t h e  change i n  t h e  l i f t  of  t h e  t a i l - b o d y  combina t ion  under  t h e  
i n f l u e n c e  o f  t h e  wing ( v o r t e x ) .  

/626 wg ' 

I n  (Xv-2-81, N ( b , t l ) v  i s  t h e  normal f o r c e  o f  t h e  t a i l p l a n e  
t h a t  i s  governed by  t h e  wing ( v o r t e x )  i n  t h e  p r e s e n c e  of t h e  body; 
T o  i s  t h e  v o r t i c i t y ;  N t l / a  i s  t h e  normal  f o r c e  o f  t h e  i s o l a t e d  
t a i l p l a n e  p e r  degree of a t t a c k  a n g l e ;  (sm - P)~. i s  t h e  d i f f e r -  

ence  between t h e  s p a n  o f  t he  t a i l  and t h e  r a d i u s  o f  t h e  body a t  
t h e  p o i n t  a t  which i t  meets t h e  t r a i l i n g  edge of  t h e  t a i l .  

must be  added to t h e  v a l u e  d e t e r m i n e d  w i t h  (XV-2-1) N ( b . t l ) v  
i f  t h e  c a l c u l a t i o n  i s  b e i n g  made n o t  f o r  t h e  e f f e c t i v e  a t t a c k  
a n g l e  b u t  f o r  t h e  body a t t a c k  a n g l e  ( a ) .  U s u a l l y ,  N ( b . t l ) v  i s  
n e g a t i v e ,  s i n c e  t h e  normal  f o r c e  i s  lowered b y  t h e  p r e s e n c e  o f  
v o r t i c e s  t r a i l i n g  o f f  t h e  wing. 

I f  i n t e r f e r e n c e  of t h e  wing w i t h  t h e  t a i l  does  n o t  lower  t h e  
l i f t  of t h e  t a i l ,  t h e n  N ( b , t l ) v  = 0 and itl = 0 .  We can  take t h e  

o t h e r  ex t reme c a s e  i n  which,  as a r e s u l t  o f  i n t e r f e r e n c e  w i t h  t h e  
wing, t h e  t a i l p l a n e  l i f t  v a n i s h e s  a l t o g e t h e r .  I n  t h i s  c a s e ,  i < 

< 0 and takes t h e  smallest of a l l  of  i t s  p o s s i b l e  v a l u e s .  
t l  

C a l c u l a t i o n  o f  t a i l p l a n e  normal f o r c e  d u e  t o  i n t e r f e r e n c e  
w i t h  t h e  wing T h i s  c a l c u l a t i o n  can  b e  made b y  For- 
mula (XV-2-8), which a p p l i e s  f o r  a p l a n e  body-wing- ta i l  combina- 
t i o n  ( o r  f o r  a c r u c i f o r m  combina t ion  a t  z e r o a n g l e  {of roll). The 
v o r t i c i t y  r 0  i n  t h i s  formula  can be  d e t e r m i n e d  as f o l l o w s .  
r be  t h e  v o r t i c i t y  b e h i n d  t h e  ha l f -wing  (see F i g .  XV-2-7) on seg-  
ment (sm - rlWgJ i . e . ,  between t h e  o u t b o a r d  edge o f  t h e  wing and 

t h e  body. Then t h e  wing normal  f o r c e  = = 2 p m v m S  rds. If w e  as- 

sume t h a t  t h e  v o r t e x  shee t  i s  r e p l a c e d  by a v o r t e x  o f  i n t e n s i t y  
r o  e q u a l  t o  t h e  c i r c u l a t i o n  i n  t h e  wing-half  r o o t  s e c t i o n ,  t h e n  
( S m )  wg S I ' d z = r o ( z n - - r ) w , ~  where zv i s  t h e  l a t e r a l  c o o r d i n a t e  of  t h e  vor-  

( N ( b . t l ) v ) .  

L e t  

(%Jwg 

*WE 

rwg 

t e x .  Remembering t h a t  t h e  a d d i t i o n a l  normal f o r c e  of  t h e  f i x e d  



w e  can f i n d  t h e  c i r c u l a t i o n  r0. 
w e  o b t a i n  

In t roduc ing  it i n t o  (xv-2-81, 

(xv-2-81] 

, (z)tl a r e  t h e  d e r i v a t i v e s  f o r  t h e  i s o l a t e d  wing and 

t a i l ,  r e s p e c t i v e l y ;  S and Stl  a r e  t h e  a r e a s  of t h e  two c a n t i -  
l e v e r s  of t h e  i s o l a t e d  wing and t a i l ;  (smItl i s  t h e  span of the  

t a i l ,  i n c l u d i n g  t h e  body; r 
t h e  body a t  t h e  p o s i t i o n s  of t h e  wing and t a i l .  

w g  

and rtl a r e  t h e  r e s p e c t i v e  r a d i i  of  
wg 

Taking a c e r t a i n  f i g u r e  S as t h e  c h a r a c t e r i s t i c  area,  w e  ob- 
t a i n  t h e  normal-force c o e f f i c i e n t  

where t h e  a s p e c t  r a t i o  of t h e  i s o l a t e d  t a i l  i s  

TABLE XV-2-1. HORIZONTAL COORDINATE OF TRAILING VORTEX 
(TRANSVERSE POSITION OF VORTEX-SHEET CENTER OF GRAVITY) 

- 
~ 

r =' 1 0 1 0 . 1  1 0 . 2  10.3 1 0 . 4  1 0 . 5  1 0 . 6  1 0 . 7  1 0 . 8  1 0 . 9  1 1 . 0  
- __ .- - 'm 

(XV-2-11] 

To use  (XV-2-10), i t  i s  necessary  t o  know t h e  vo r t ex  coord i -  
n a t e s  x and y i n  t h e t a i l  s e c t i o n o f  t h e  v e h i c l e .  It may be as- 
sumed t o  s i m p l i f y  t h e  c a l c u l a t i o n s  t h a t  t h e  v o r t i c e s  t r a i l i n g  o f f  
t h e  wing t r a i l i n g  edge co inc ide  with t h e  flow d i r e c t i o n  and do 
not  s h i f t  t r a n s v e r s e l y .  I f  we a l s o  assume tha t  t h e  coord ina te  
l i e s  over  t h e  c e n t e r  of g r a v i t y  of t h e  t a i l  a r e a  i n c l u d i n g  tha t  

V V 
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p a r t  o f  t h e  area which i s  o c c u p i e d  by t h e  body, t h e n  t h e  c o o r d i -  
n a t e  

yo :-- .z;l,z - bh bwg, (xv-2-12) 

where x '  i s  t h e  d i s t a n c e  from t h e  wing t r a i l i n g  edge t o  t h e  cen- 
t e r  o f  g r a v i t y  o f  t h i s  area and bh i s  t h e  d i s t a n c e  from t h e  

t r a i l i n g  edge t o  t h e  h i n g e  l i n e  of t h e  wing ( F i g .  XV-2-7). The 
v a l u e s  of t h e  c o o r d i n a t e  z which can b e  d e t e r m i n e d  from T a b l e  
XV-2-1, do n o t  depend on t h e  p lanform of t h e  wing o r  t h e  shape  o f  
t h e  body forward  o f  t h e  maximum-wingspan l i n e ,  s i n c e  p o t e n t i a l  
and ,  c o n s e q u e n t l y ,  c i r c u l a t i o n  are d e t e r m i n e d  i n  s lender -body 
t h e o r y  o n l y  by  t h e  t r a n s v e r s e  f low i n  t h e  p l a n e  under  c o n s i d e r a -  
t i o n .  

wg 

V'  

The maximum d e v i a t i o n  between t h e  v a l u e s  of t h e  r a t i o  (ss)wg 
from T a b l e  XV-2-1 and t h e  c o r r e s p o n d i n g  v a l u e s  f o r  t h e  i s o l a t e d  
wing (IT/'.+ = 0.786) i s  a b o u t  3%. T h i s  s m a l l  d i f f e r e n c e  p e r m i t s  
d e t e r m i n a t i o n  of t h e  z o f  t h e  body-wing combina t ion  from t h e  
data f o r  t h e  i s o l a t e d  wing, even  i n  a n a l y s i s  o f  n o n s l e n d e r  com- 
b i n a t i o n s .  

V 

For  t h e  i s o l a t e d  wing, t h e  l i n e a r i z e d  t h e o r y  g i v e s  

(XV- 2- 13 ) 

where ( ~ ~ ) ~ ~ b ~ ~  i s  t h e  p r o d u c t  o f  t h e  p r o f i l e  normal f o r c e  coef -  
f i c i e n t  i n  t h e  mean s e c t i o n  b y  t h e  mean chord .  

Formula (XV-2-13) was d e r i v e d  on t h e  assumpt ion  t h a t  maxi- 
mum c i r c u l a t i o n  c o r r e s p o n d s  t o  t h e  mean-sec t ion  p o s i t i o n .  The 
r e s u l t s  of c a l c u l a t i o n  o f  t h e  r a t i o  ( z v  - r ) / ( s m  - r )  w i t h  

= l), t r a p e z o i d a l  ( A  = 1/2), and d e l t a  (A = 0 )  wings.  The 
dashed c u r v e s  were found by e x t r a p o l a t i n g  data from t h e  l i n e a r -  
i z e d  t h e o r y  t o  t h e  v a l u e   IT/^ o b t a i n e d  f r o m  s lender -body t h e o r y  
f o r  z e r o  a s p e c t  r a t i o .  

(XV-2-13) are  g i v e n  i n  F i g .  XV-2-8 f o r  r e c t a n g u l a r  (A = btp/brt - - 

The e x p r e s s i o n s  found f o r  z d e t e r m i n e  t h e  l a t e r a l  p o s i t i o n  
of t h e  v o r t e x  on t h e  wing. 
z V  
t h e  a b s e n c e  o f  more a c c u r a t e  data,  t h e  zv f o r  t h e  t a i l  w a s  

Resexrch has shown t h a t  t h i s  v a l u e  o f  
d i f f e r s  from t h e  l a t e r a l  c o o r d i n a t e  of  t h e  t a i l  v o r t e x .  I n  

/628 



I 

assumed t o  be the  same as on t h e  wing. 

Q4 . .. 2 3 4 5 6 

F i g u r e  XV-2-8. R e l a t i v e  Coordina te  Determining 
Transve r se  P o s i t i o n  of Vor tex  F i l amen t .  

According t o  (XV-2-8), t h e  i n t e r f e r e n c e  c o e f f i c i e n t  can be  
r e g a r d e d  as t h e  r a t i o  o f  two  d imens ion le s s  q u a n t i t i e s :  t h e  normal 
f o r c e  and t h e  d imens ion le s s  v o r t i c i t y .  If t h e  normal f o r c e s  are  
c a l c u l a t e d  by  t h e  l i n e a r i z e d  t h e o r y  ra ther  t h a n  by s l e n d e r  body 
t h e o r y ,  t h e  i n t e r f e r e n c e  c o e f f i c i e n t  remains p r a c t i c a l l y  c o n s t a n t .  
Thus, hav ing  c a l c u l a t e d  t h e  c o e f f i c i e n t  itl by s lender-body 
t h e o r y ,  w e  can u s e  . tha t  v a l u e  t o  c a l c u l a t e  t h e  i n t e r f e r e n c e  f o r  
nons l ende r  c o n f i g u r a t i o n s  t ha t  fit  i n t o  t h e  framework of l i n e a r -  
i z e d  t h e o r y .  T h i s  i s  t h e  p o i n t  of  i n t r o d u c i n g  t h e  t a i l  i n t e r -  
f e r e n c e  c o e f f i c i e n t .  I n  t h e  g e n e r a l  c a s e ,  it depends on t h e  
pa rame te r s  X = (b tp /b r t I t l ;  (r/smItl; (brt/alsm)tl ;  (zv/smItl and 

!Yv/sm)tl* 
itl prov ided  t h a t  a p l a n e  model i s  c o n s i d e r e d .  C a l c u l a t i o n s  by 
t h i s  method i n d i c a t e  t h a t  itl i s  p r a c t i c a l l y  independent  of  t h e  

r a t i o  (br t /a l sm) t l .  The r e s u l t s  of  these c a l c u l a t i o n s  are shown 
i n  F i g s .  XV-2-9, XV-2-10, and XV-2-11  f o r  combina t ions  o f  a body 
w i t h  d e l t a  ( X  = 01, t r a p e z o i d a l  ( A  = 1 / 2 ) ,  and r e c t a n g u l a r  ( X  = 1) 
t a i l s .  
(r/smItl as f u n c t i o n s  o f  (zv/sm),-- and (yv/sm)tl appea r  i n  these 
f i g u r e s .  For  t h e  d e l t a  wing, t h e  maximum v a l u e  co r re sponds  t o  a 
v o r t e x  i n  t h e  p l a n e  of  t h e  t a i l  n e a r  t h e  i n b o a r d  end. Fo r  t h e  
o t h e r  wings,  an  i n f i n i t e  maximum appea r s  when t h e  v o r t e x  i s  l o -  
c a t e d  a t  the  end.  Thus, w i t h  t h e  e x c e p t i o n  of  d e l t a  wings w i t h  
s u p e r s o n i c  l e a d i n g  edges ,  s t r i p  t h e o r y  i s  u n s u i t a b l e  f o r  v o r t e x  
p o s i t i o n s  n e a r  t h e  end.  

l i e s  o u t s i d e  the  t a i l  and l e s s  a c c u r a t e  r e s u l t s  f o r  i n b o a r d  p o s i -  - i /i 1 100% c a l c u l a t e d  t i o n s  . F i g u r e  XV-2-12 shows [ (it 

T h e  method o f  s t r i p s  i s  e f f e c t i v e  f o r  c a l c u l a t i o n  of  

Curves o f  itl = c o n s t  p l o t t e d  f o r  t h e  pa rame te r s  X and 

The s t r i p  method g i v e s  more s a t i s f a c t o r y  'data when t h e  v o r t e x  

t l  tl.1 
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from t h e  va lue  of itlal found from l i n e a r i z e d  theo ry  w i t h  

(r/sm)tl = 0.2, (br t /a tsm)t l  = 0.5 f o r  a combination w i t h  a r ec -  
t a n g u l a r  t a i l  ( A  = l), as f u n c t i o n s  of t h e  r a t i o  ( Z ~ / S ~ ) ~ ~ .  The 
curves i n  t h i s  f i g u r e  can be used to improve t h e  va lues  of i 
determined by  t h e  s t r i p  method us ing  t h e  diagrams i n  F i g s .  XV-2-9, 
XV-2-10 and XV-2-11. T h i s  re f inement  i s  a d v i s a b l e  when t h e  i n t e r -  
f e r e n c e  c o e f f i c i e n t  i s  determined f o r  an inboard  vo r t ex  p o s i t i o n .  

t l  

A s  w e  s e e  from F i g s .  XV-2-9, XV-2-10, and XV-2-11, t h e  i n -  
t e r f e r e n c e  c o e f f i c i e n t  i s  f o r  f i x e d  va lues  of A ,  a func- 
t i o n  of only t h e  vo r t ex  dimensionless  coord ina te s  ( z  /s ) 

(yv/smltl and does no t  depend on v o r t i c i t y .  P r a c t i c a l  i n t e r e s t  /632 
a t t a c h e s  to an i n t e r f e r e n c e  parameter  t h a t  depends on v o r t i c i t y .  
One such parameter ,  which c h a r a c t e r i z e s  degree of i n t e r f e r e n c e ,  
i s  t h e  t a i l  e f f e c t i v e n e s s  c o e f f i c i e n t  

v m t l '  

(XV- 2- 14 ) 

which i s  equal  to t h e  r a t i o  of t h e  normal-force increment when 
pount ing  t h e  empennage on them body-wing combination to t h e  
normal-force increment when i t  i s  mounted on t h e  i s o l a t e d  body. 
The t a i l  e f f e c t i v e n e s s  i n d i c a t e s  t h e  f a c t o r  b y  which t h e  bea r ing  
capac i ty  of  t h e  t a i l  i s  lowered as a r e s u l t  of i n t e r f e r e n c e  w i t h  
t h e  wings. Another expres s ion  f o r  Q t l  is 

The f o r c e  d i f f e r e n c e  AN = NbBtl - Nb can be p re sen ted  i n  t h e  
form AN = a i ,  where t h e  c o e f f i c i e n t  i i s  determined from a r e l a -  
t i o n s h i p  t h a t  t a k e s  account of i n t e r f e r e n c e  between t h e  body and 
t a i l .  By analogy w i t h  t h e  r e l a t i o n  f o r  AN, w e  can w r i t e  a re la -  
t i o n  N 
normal f o r c e  as a r e s u l t  of downwash a t  an angle  E due to i n t e r -  
f e r e n c e  from t h e  wing. We can thus  e s t a b l i s h  a r e l a t i o n  between 
t h e  e f f e c t i v e n e s s  c o e f f i c i e n t  and t h e  wing downwash ang le :  

- -  - s i ,  which t akes  account  of t h e  change i n  t a i l  
( b . t l ) v  

(XV- 2- 16 ) e qtl = 1 -a. 
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F i g u r e  XV-2-9. V a r i a t i o n  of  I n t e r f e r e n c e  Coef f i -  
c i e n t  f o r  Body-Delta-Tail Combination. 

8 6 1  



F i g u r e  XV-2-10. V a r i a t i o n  of I n t e r f e r e n c e  
C o e f f i c i e n t  f o r  Body-Trapezoidal-Wing Com- 
b i n a t  i o n .  

862 



0.8 12 16 2.9 . (2rhm)tl 2.8 

0.4 

Figure  XV-2-11. V a r i a t i o n  o f  I n t e r f e r e n c e  

~ 2.8 

C o g f f i c i e n t  f o r  Body-Rectangular-Wing Com- 
b i n a t i o n .  
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Figure  XV-2-12. E r r o r  i n  
C a l c u l a t i o n  of I n t e r f e r -  
ence C o e f f i c i e n t  by 
Method of  S t r i p s  f o r  
Body-Rectangular-Wing 
Combination [r/sm = 0.2; 

t h e  t a i l  c e n t e r  of p r e s s u r e  

Remembering t h a t  E and ct a r e  
s m a l l ,  w e  can r e p l a c e  €/a by t h e  
d e r i v a t i v e  (dE/da)a=o.  

Expression (xv-2-16) i s  used 
f o r  approximate e v a l u a t i o n  of t h e  
sidewash angle  u i n  t h e  presence of 
s l i p .  I n t h i s  c a s e ,  t h e  e f f e c t i v e -  
nes s  should be r e f e r r e d  t o  t h e  
v e r t i c a l  t a i l  and t h e  r a t i o  re- 
p laced  by  u/Bs, - du/dBsl. 

T a i l  c e n t e r  o f  p r e s s u r e .  Like 
t h e  normal f o r c e ,  t h e  c e n t e r  of  pres -  
s u r e  coord ina te  of the t a i l  v a r i e s  
under t h e  i n f l u e n c e  of wing v o r t i c e s .  
It can be assumed w i t h  s u f f i c i e n t  
approximation t h a t  the  p o i n t  of ap- 
p l i c a t i o n  of t h e  normal f o r c e  due 
t o  t h e  wing v o r t i c e s  co inc ides  w i t h  

f o r  a body- t a i l  combination, i . e . ,  

.., 

A p p r o x i m a t e  e v a l u a t i o n  o f  t a i l  i n t e r f e r e n c e .  Let us con- 
s i d e r  two methods of e s t i m a t i n g  t h e  i n t e r f e r e n c e .  One i s  based 
on a s i m p l i f i e d  model of  t h e  flow i n  which a p lane  vo r t ex  s h e e t  
forms behind the  wing i n  t h e  p lane  of t h e  t a i l .  It i s  assumed 
tha t  t h e  t a i l  i s  i n  t h e  p l ane  of t h e  wing. Thus, t hose  a r e a s  of  
t h e  t a i l  t ha t  a r e  "coated" by  t h e  vo r t ex  sheet w i l l  no t  produce a 
normal f o r c e .  
t o  t h e  wing span ( s ~ ) ~ ~ ,  t h e  t a i l  e f f e c t i v e n e s s  i s  zero.  

I f  t h e  t a i l  span ( s ~ ) ~ ~  i s  sma l l e r  t h a n  o r  equa l  
T h i s  

- fol lows d i r e c t l y  from TXV-2-14), i n  which we must s e t  Nbewgmtl  - 
- 
- Nb.wg' 

When (smItl > (smIwgJ t h e  t o t a l  normal f o r c e  NbawgBt l  of  
t h e  body-wing-tail combination ( i n c l u d i n g  the  nose s e c t i o n )  i s  
c a l c u l a t e d  b y  Formula (XV-l-l5), i n  which (s ) must be r ep laced  
by  ( s ~ ) ~ ~  and t h e  body r a d i u s  r - assumed cons t an t  behind t h e  wing. 
Obviously,  t h i s  va lue  of Nb ,wg . t l  w i l l  be e x a c t l y  equa l  t o  t h e  

normal f o r c e  N b , t l  of t h e  body- t a i l  combination i n  t h e  absence 

of t h e  wing. In t roduc ing  t h e  expres s ions  f o r  N b e w g a t l  and N b . t l  
i n t o  (XV-2-14) and apply ing  (XV-1-15) f o r  N b n w g  and t h e  r e l a t i o n  
N,, = 27rr2qO3ct, we f i n d  the empennage e f f e c t i v e n e s s :  

/633 

m wg 
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( x v - 2 - 1 8 )  

where r = r(smlwg, r t l  = r ( S m ) t l '  w g  
Formula ( x v - 2 - 1 8 )  can be used f o r  (smItl L (smlwg. 

L e t  us  pass t o  t h e  second method of e v a l u a t i n g  t h e  i n t e r -  
f e rence .  Unlike t h e  f i r s t ,  i t  i s  based on a flow scheme i n  
which t h e  vo r t ex  s h e e t  i s  r ep laced  by  two horseshoe v o r t i c e s  i n  
t h e  p lane  of t h e  t a i l  wing. I n  f a c t ,  t h e  d i r e c t i o n  of t h e  vor- 
t i c e s  i s  n e a r e r  t o  t ha t  of  the  f ree- f low than  t o  t h a t  of  t h e  
t a i l p l a n e  c a n t i l e v e r s .  For  t h i s  model, t h e  t a i l  e f f e c t i v e n e s s  
can be c a l c u l a t e d  by  (XV-2-18)  o r  from t h e  expres s ion  

(XV-2-19 ) 

where r 
i n g  vo r t ex .  

= r / z v  and zv i s  t h e  t r a n s v e r s e  coord ina te  of t h e  t r a i l -  
V 

Formulas (XV-2-18)  and (XV-2-19)  a r e  used f o r  cases  i n  which 
< (SmItl. I n  c a l c u l a t i n g  r t l ,  t h e  body r a d i u s  may be assumed 

wg 

v -  
equa l  t o  rtl ,  which d i f f e r s  from the  r 

c a l c u l a t i o n  of  i n t e r f e r e n c e  f o r  a p lane  body-wing-tail combina- 
t i o n  can be a p p l i e d  t o  c a l c u l a t i o n  of i n t e r f e r e n c e  f o r  a c r u c i -  
form combination a t  any angle  of r o l l  and f o r  a r b i t r a r y  spans of  t h e  
v e r t i c a l  and h o r i z o n t a l  t a i l p l a n e s .  

a t  t h e  wing. 

Cruciform combination. The methods s e t  f o r t h  above f o r  

The metnod i s  basea  on t h e  assumption tha t  t h e  cruciform 
combination i s  p resen ted  as an a d d i t i v e  combination of  two p lane  
combinations,  one of which i s  formed by  t h e  body and t h e  horizon-  
t a l  wing and t a i l  c a n t i l e v e r s ,  whi le  t h e  o t h e r  i s  formed b y  t h e  
body and t h e  v e r t i c a l  c a n t i l e v e r s .  It i s  assumed tha t  the  h o r i -  
z o n t a l  c a n t i l e v e r s  a r e  washed by t h e  t r a n s v e r s e  v e l o c i t y  compo- 
nent  aVm = Vmab cos $, and t h e  v e r t i c a l  c a n t i l e v e r s  by t h e  compo- 
nent  f3BlVoo = V,ab sin 'p. 

I n t e r f e r e n c e  i s  c a l c u l a t e d  independent ly  f o r  t h e  h o r i z o n t a l  
and v e r t i c a l  t a i l s  i n  y ,  and zl body axes.  Then t h e  aerodynamic 
c h a r a c t e r i s t i c s  of t h e  combination a r e  converted t o  t h e  y '  and z '  
body axes .  For a p lane  combination w i t h  r o l l ,  t h e  v e r t i c a l - t a i l  
span must b e  s e t  equa l  t o  t h e  body r a d i u s  i n  t h e  r e s u l t i n g  ex- 
p r e s s i o n s .  



TABLE XV-2-2. 
I - . -. . . 

3 
- . - -. . . 

(;c)wg 

-. - - . .- - 
From Fig. 

.YV--2-13 
ccording to ( :  

EXAMPLE OF CALCULATION 

A s  an example, l e t  
us c a l c u l a t e  t h e  normal- 
f o r c e  c o e f f i c i e n t  due t o  
t h e  v o r t i c e s  formed be- 
h ind  t h e  wing (F ig .  
xv-2-13), f o r  a t a i l -  
body c o n f i g u r a t i o n  on 
t h e  assumption t h a t  Moo = 

( t h e r e  i s  no s l i p ) .  The 
r e s u l t s  and procedure of  
t h e  c a l c u l a t i o n  are pre-  
s e n t e d  i n  T a b l e  XV-2-2. 

= 2, c1 = 50, B,, = 0 

Figure  XV-2-13. I l l u s t r a t i n g  Ex- To determine t h e  
ample Ca lcu la t ion  of Tail-Wing 
I n t e r f e r e n c e  : 

coord ina te  y we f i r s t  
f i n d  t h e  coord ina te  of  
t h e  t a i l  c e n t e r  of grav- 
i t y  ( t r i a n g l e  OBC i n  F ig .  
XV-2-13) and then  t h e  
d i s t a n c e  x = 3.99. 
Formula (XV-2-12) i s  
used t o  c a l c u l a t e  yv .  

V '  

*n 1 (brt)wg 1 xc 1 (brt ) t l  I xe I tsm)wg 1 (6m)ti I 2r la0 1 eo 

3.751 2.25 l i f~ l  1.25 110.51 2.81 I 1.81 11.1251-5 145  wg 

The d e r i v a t i v e s  (acN/acx)wg and (acN/3a)tl a r e  determined by For- 
mula (V-10-51) of t h e  l i n e a r i z e d  theo ry .  Here i t  i s  remembered 
t h a t  t h e  l e a d i n g  edges of t h e  wing and t a i l  c a n t i l e v e r s  a r e  super-  
son ic  f o r  M = 2. I n  c a l c u l a t i n g  ( c ~ ) ( ~ . ~ ~ ) ~  b y  (XV-2-20), t h e  
a r e a  S of t h e  i s o l a t e d  wing ( t h e  p a i r  of c a n t i l e v e r s )  i s  taken  
as t h e  c h a r a c t e r i s t i c  a r e a .  The t a i l  e f f e c t i v e n e s s  c o e f f i c i e n t  
can b e  c a l c u l a t e d  from t h e  d a t a  of  Table XV-2-2. For t h i s  pur- 
pose,  we use (XV-2-l5), which can be p re sen ted  w i t h  t h e  normal- 
f o r c e  c o e f f i c i e n t s  i n  t h e  form 

wg 
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O F  TAIL-WITH-BODY INTERFERENCE 

. .~ 

I From Fig. 1 From Fig. 

.-  ...... , ..... -. . . .  . . . .  -. ....... 
! 

From Table !From Eq.. 
(V- 10-51) 

and M, = 2 
. . . . .  .. -. .. ._ - .- . 

1.16 1 2.31 2.21 

- - . - __.- 

1 ' 1  

. .- - 

('.V)(b,tl)v 

........ - 
From Eq. 
(S  v-2- 1 0 )  

at s = Scr 

- ~ . l . l j 3  

/6 35 Any area S ,  such as t h e  wing area S = S can b e  t a k e n  as 
wg , 

c h a r a c t e r i s t i c  i n  t h i s  formula .  Then t h e  normal-force c o e f f i -  
c i e n t  of t h e  wing-body combina t ion ,  c a l c u l a t e d  w i t h  cons ide ra -  

t h e  normal-force c o e f f i c i e n t  of t h e  i s o l a t e d  body i s  = 

= 2aSmid/Swg = 0 .396a .  
e f f e c t i v e n e s s  i s  

t i o n  of i n t e r f e r e n c e ,  i s  ( c ~ ) ~ . ~ ~  - - (Kwg + Kb)(cNlwg = 1 . 6 2 ~ ~  and 

According to t h e  data o b t a i n e d ,  t h e  t a i l  

= .i - 0.27 = 0.73. - 0.029 
'It1 * (i.6:!--O.3%) (5/57.3) 

Thus, t h e  t a i l  e f f e c t i v e n e s s  has been lowered to 73%. T h i s  
d e c r e a s e  i n  t a i l  b e a r i n g  c a p a c i t y  does n o t  cause  any s u b s t a n t i a l  
d e c r e a s e  i n  t h e  t o t a l  l i f t  of t h e  combina t ion ,  s i n c e  t h e  wing 
area i s  s u b s t a n t i a l l y  l a r g e r  t h a n  t h a t  of t h e  t a i l .  However, t h e  
i n f l u e n c e  of i n t e r f e r e n c e  on t h e  moment c h a r a c t e r i s t i c s  and,  con- 
s e q u e n t l y ,  on s t a t i c  s t a b i l i t y  may prove  to b e  more s u b s t a n t i a l  
owing to t h e  long  a r m  of t h e  t a i l .  I n  t h e  example c o n s i d e r e d  
here ,  t h e  s t a t i c  s t a b i l i t y  margin d e c r e a s e s  by approximate ly  3% 
as a -f 0 .  

The a d v e r s e  e f f e c t  of i n t e r f e r e n c e  d i m i n i s h e s  w i t h  i n c r e a s -  
i n g  a t t a c k  a n g l e .  T h i s  i s  because  t h e  v o r t e x  c o n t i n u e s  to move 
i n  t h e  d i r e c t i o n  of t h e  f low,  and t h e  t a i l  drops  down w i t h  i n -  
c r e a s i n g  a ,  w i t h  t h e  r e s u l t  that  the c o o r d i n a t e s  zv and y i n -  
c r e a s e  and hence ( i  I d e c r e a s e s .  If t h e  p o s i t i o n  of t h e  v o r t e x  
w i t h  r e s p e c t  t o  t h e  t a i l  d i d  n o t  change,  t h e  un favorab le  e f f e c t  
of i n t e r f e r e n c e  would be l i n e a r ,  s i n c e  v o r t i c i t y  i s  p r o p o r t i o n a l  
t o  a t tack  a n g l e .  It f o l l o w s  from t h i s  t h a t  i n  r e a l i t y ,  the  moment 

V 
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Figure  XV-2-14. Coef f i -  
c i e n t s  of Moment and Nor- 
m a l  Force f o r  Body-Wing- 

wi thout  i n t e r f e r e n c e ;  
----- ) w i t h  c o n s i d e r a t i o n  
of  i n t e r f e r e n c e .  

T a i l  Combination. - ) 

a c t i o n  t h a t  a r i s e s  a t  high 
compression shocks form on 

c h a r a c t e r i s t i c  w i l l  be non l inea r  
(F ig .  XV-2-14) ,  and t h a t  s t a t i c  
s t a b i l i t y  w i l l  i n c r e a s e  w i t h  i n -  
c r e a s i n g  a t t a c k  ang le .  

i n t e r f e r e n c e  on s t a b i l i t y  can be 
reduced b y  p l a c i n g  t h e  t a i l  h i g h e r  
t han  t h e  wing (F ig .  XV-2-15) .  Then 
t h e  c h a r a c t e r i s t i c s  of t h e  t a i l ,  
which w i l l  b e  c ruc i form,  improve 
a t  small a t t a c k  a n g l e s ,  when t h e  
v o r t i c e s  a r e  q u i t e  f a r  from i t .  
With i n c r e a s i n g  a t t a c k  ang le ,  t h e  
upper c a n t i l e v e r s  of t h e  t a i l  come 
s t e a d i l y  c l o s e r  t o  t h e  v o r t i c e s ,  
and t h e  d e t r i m e n t a l  e f f e c t  of i n -  
t e r f e r e n c e  becomes s t r o n g e r .  A f t e r  
t h e  t a i l  has passed through t h e  vor- 
t e x  and moved away from i t  a g a i n ,  
t h e  unfavorable  e f f e c t  d iminishes .  

The unfavorable  i n f l u e n c e  of  /636 

Tail-wing i n t e r f e r e n c e  
due t o  presence o f  compression 
shocks.  I n  a d d i t i o n  t o  t h e  i n t e r -  
fe rence  re la ted  t o  vo r t ex  format ion ,  
t h e r e  i s  ano the r  i n t e r f e r e n c e  i n t e r -  

supersonic  speeds .  A t  these speeds ,  
t he  wing (F ig .  xv-2-16) and i n t e r a c t  

w i t h  t h e  
F ig .  XV-2 
t a l  t a i l  

t a i l  t o  change i t s  c h a r a c t e r i s t i c s  f u r t h e r .  We see from 
-16 t h a t  at a small a t t a c k  ang le  (CY. = 5 O ) ,  t h e  hor izon-  
l i e s  i n  a zone between a t a i l  shock and an expansion f an .  

A s  a r e s u l t ,  i t  i s  a t  z e r o  angle  of a t t a c k  f o r  t h e  flow p a s s i n g  
through t h e  expansion f an  and w i l l  not  c r e a t e  l i f t .  For  p r a c t i -  
c a l  purposes ,  t h e  t a i l  e f f e c t i v e n e s s  i s  nea r  zero  ( n t l  = 0 ) .  With 

i n c r e a s i n g  a t t a c k  angle  (by  way of example, F ig .  xv-2-16 shows 
= 2 0 ° ) ,  t h e  shock angle  t o  t h e  p l ane  of t h e  wing i n c r e a s e s  and 

i t s  p l ane  may pas s  forward of t h e  t a i l .  Since t h e  s t r e a m l i n e  be- 
h ind  t h e  shock n e a r l y  co inc ides  wi th  t h e  d i r e c t i o n  of t h e  oncom- 
i n g  flow, t h e  t a i l  r ecove r s  much o f  i t s  e f f e c t i v e n e s s .  Some de- 
c r e a s e  i n  l i f t  r e s u l t s  from t h e  lower M and v e l o c i t y  head behind 
t h e  shock. A curve i n d i c a t i n g  t h e  manner i n  which t h e  t a i l  moment 
changes as a r e s u l t  of compression and expansion shocks appears  i n  
Fig. .xv-2-16.  It passes  between t h e  l i n e s  corresponding on t h e  
one hand t o  t o t a l  l o s s  o f  e f f e c t i v e n e s s  ( q t l  = 0 )  and, on t h e  
o t h e r ,  t o  f u l l  recovery ( n t l  = 1). 
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F i g u r e  XV-2-15. E f f e c t  o f  
H o r i z o n t a l  T a i l  on Moment 
C h a r a c t e r i s t i c s  of  Body-Wing- 
T a i l  Combination. 1) wi thou t  
i n t e r f e r e n c e ;  2) w i t h  i n t e r -  
f e r e n c e  cons ide red  f o r  con- 
v e n t i o n a l  t a i l ;  3) w i t h  i n -  
t e r f e r e n c e  c o n s i d e r e d  f o r  
nontandem c r u c i f o r m  t a i l ;  
4 )  wing; 5 )  v o r t e x ;  6 )  ve r -  
t i c a l  t a i l p l a n e ;  7 )  h o r i -  
z o n t a l  t a i l p l a n e .  

SXV-3. EFFECT OF INTERFERENCE ON /637 
AERODYNAMIC CHARACTERIS- 
TICS OF CONTROLS 

A-11-Moving . ~. P lan-e Con t r 01s 

Def lec t ion  ang le s .  L e t  
t h e s e  a n g l e s  f o r  t h e  h o r i z o n t a l  
c a n t i l e v e r s  b e  6 ,  f o r  t h e  p o r t  
and 6, f o r  t h e  s t a r b o a r d  c a n t i -  
l e v e r .  We s h a l l  assume t h a t  t h e  
a n g l e  w i l l  b e  p o s i t i v e  i f  t h e  
wing i s  d e f l e c t e d  downward ( F i g .  
XV-3-1). The l o n g i t u d i n a l  B e  
and l a t e r a l  d e f l e c t i o n  a n g l e s  
can b e  c a l c u l a t e d  from 6 ,  and 6, 

6 ,  -- 62 61-1-62 . 6 _ _  
2 * (XV-3-1) 6,- - 

I a -  

F i g u r e  XV-2-16. E f f e c t  of Wing-Tail I n t e r f e r e n c e  a t  
Appearance o f  Compression Shocks.  1) e f f e c t i v e n e s s  
c o e f f i c i e n t  q t l  = 0; 2) q t l  = 1; 3) r e a l  cu rve ;  

4) wing; 5) expans ion  f a n ;  6 )  t a i l  compression shock.  

I f  6 ,  and 6 ,  are e q u a l  and of t h e  same s i g n ,  i . e . ,  6 ,  = 6 , ,  
T h i s  v a l u e  of  t h e  d e f l e c t i o n  a n g l e  6 e  c o r r e -  t h e n  6, = 6 ,  = 6 , .  

sponds t o  l o n g i t u d i n a l  [ p i t c h ]  c o n t r o l .  I f ,  on t h e  o t h e r  hand, 
t h e  d e f l e c t i o n  a n g l e s  a re  e q u a l  b u t  o p p o s i t e ,  
The a n g l e  6, w i l l  co r r e spond  to t r a n s v e r s e  c o n t r o l  w i t h  t h e  a i d  

of h o r i z o n t a l  wings.  

= 6, = -62. 



L e t  t h e  a n g l e s  6 ,  and 6 ,  c h a r a c t e r i z e  
t h e  d e f l e c t i a n s  o f  t h e  upper  and lower 
c a n t i l e v e r s ,  r e s p e c t i v e l y ,  and l e t  t h e  
d e f l e c t i o n  a n g l e  t o  t h e  r i g h t  be  p o s i t i v e  
( F i g .  XV-3-1). The d i r e c t i o n a l  6 r  and 
t r a n s v e r s e  6 d e f l e c t i o n  a n g l e s  can b e  a’ 
de te rmined  from these a n g l e s :  

(XV-3-2) w - 6 4  ; a,.- 63-64 . 6, - - 1 2  2 

F i g u r e  XV-3-1. Cru- If 6,= 6 ,  ( a n g l e s  6 ,  and 6 ,  e q u a l  
c i fo rm Configura-  and of t h e  same s i g n ) ,  t h e n  t h e  a n g l e  
t i o n  o f  All-Moving 6 r ,  which i s  e q u a l  6 ,  = 6,, c h a r a c t e r -  
C o n t r o l s .  i z e s  d i r e c t i o n a l  c o n t r o l ;  i n  t h i s  c a s e ,  

when 6 ,  = -6 ,  ( a n g l e s  6 3  and 6 ,  e q u a l  and 
o p p o s i t e ) ,  t h e  a n g l e  tia, = 6 ,  = - 6 ,  and 

d e f i n e s  t h e  d e f l e c t i o n  s e t  up f o r  t r a n s v e r s e  c o n t r o l .  

Change i n  n o r m a l  f o r c e .  L e t  us c o n s i d e r  how t h e  normal 
f o r c e  i s  de te rmined  f o r  a l l -moving c o n t r o l s  l o c a t e d  on t h e  body 
i n  a p l a n e  c o n f i g u r a t i o n .  When t h e  d e f l e c t i o n  a n g l e  of  t h e  

h o r i z o n t a l  c a n t i l e v e r s  i s  n o t  z e r o  and t h e  body i s  i n c l i n e d  a t  a 
c e r t a i n  a n g l e  o f  a t t a c k . a ,  t h e  normal f o r c e  o f  t h e  wing-body combina- 
t i o n  can be  r e p r e s e n t e d  as t h e  sum 

i s  t h e  normal f o r c e  a t  ze ro  c o n t r o l  d e f l e c t i o n  a t  (b.wg)a where N 

a c e r t a i n  a n g l e  o f  a t tack  (6,  = 0 ,  ct # 0 ) ;  N ( b  .wg> 

f o r c e  of  t h e  combinat ion w i t h  t h e  c o n t r o l s  d e f l e c t e d  a t  z e r o  body 
a n g l e  of a t t a c k  ( 6 ;  # O . ,  ct = 0 ) .  

N ( b  .wg)a 
component N , w e  can use  r e s u l t s  f r o m  s lender -body ae ro -  

dynamic t h e o r y ,  e x t e n d i n g  them w i t h  t h e  a i d  of  l i n e a r i z e d  s o l u t i o n s  
t o  nons l ende r  bod ie s  and t h u s  f i n d i n g  t h e  dependence o f  l i f t  on 
Mm. 

i s  t h e  normal 

F igu re  XV-3-2 p r e s e n t s  a diagram o f  the a c t i o n  o f  t h e  f o r c e s .  /638 
has already been  de termined .  To  de t e rmine  t h e  second 

( b  .wg)6, 

According t o  s lender-body t h e o r y ,  N(b.wg)6e can be  p r e s e n t e d  

as t h e  sum 



where t h e  f i r s t  t e r m  i s  t h e  nor -  
m a l  f o r c e  of t h e  wing d e f l e c t e d  
t h r o u g h  a n g l e  6e i n  t h e  p r e s e n c e  
of t h e  body e f f e c t  and t h e  second 
i s  t h e  body normal  f o r c e  due to 
i t s  i n t e r f e r e n c e  w i t h  t h e  wing. 
Each of these components can  be  
e x p r e s s e d  i n  t h e  form 

- .x 

where k and kb are t h e  i n t e r -  
f e r e n c e  c o e f f i c i e n t s  due t o  de- 
f l e c t i o n  of t h e  c o n t r o l s  t h r o u g h  
a n g l e  6 e  a t  01 = 0 ;  N 

normal  f o r c e  of t h e  i s o l a t e d  

wg - ,@[ 
i s  t h e  

3 
Y b f l  wg 

F i g u r e  XV-3-2. Diagram of Ac- wing. Thus,  
t i o n  o f  Normal F o r c e s  for 
Moving C o n t r o l .  

nr(b.wg)be = (kwg + kb) N w g  * (XV- 3-6 ) 

We can a l s o  w r i t e  

from which t h e  normal f o r c e  c o e f f i c i e n t  of t h e  combina t ion ,  re-  
f e r r ed  to a c e r t a i n  a r b i t r a r y  a r e a  s ,  i s  

I n  t h e  p r e s e n c e  of a body a t t a c k  a n g l e  and s i m u l t a n e o u s  de- 

t h e  components of t h e  c o e f f i c i e n t  of t h e  nor -  
f l e c t i o n  of t h e  wings and t a i l  t h r o u g h  t h e  r e s p e c t i v e  a n g l e s  
(“ Iwg and 

m a l  f o r c e  a c t i n g  on t h e  body-wing-tai l  combina t ion  w i l l  b e  as 
f o l l o w s :  

1. Normal f o r c e  c o e f f i c i e n t  of body nose  s e c t i o n  

E 



2 .  Normal f o r c e  c o e f f i c i e n t  of wing i n  t h e  presence  of  body 

3. Normal f o r c e  c o e f f i c i e n t  of body i n  t h e  presence of wing 

4. Normal f o r c e  c o e f f i c i e n t  of t a i l  i n  t h e  presence  of body /639 
(wi thout  c o n s i d e r a t i o n  of  wing-vortex e f f e c t )  

where K t l  and k t l  a r e  determined f o r  t h e  t a i l  i n  t h e  same way as 
f o r  t h e  wing. 

5. Normal f o r c e  c o e f f i c i e n t  of body i n  t h e  presence  of body 
[ s i c ]  (without  c o n s i d e r a t i o n  of wing-vortex e f f e c t )  

where ( K b ) t l  and (kbJ t l  a r e  found from t h e  parameters  f o r  t h e  

t a i l  i n  t h e  same way as t h e  c o e f f i c i e n t s  Kb and kb a r e  found from 
t h e  wing parameters .  

6 .  Normal f o r c e  c o e f f i c i e n t  f o r  t a i l  s e c t i o n  due t o  wing vor- 
t i c e s  

( XV- 3-14 ) 

T h i s  formula was de r ived  from (XV-2-10), i n  which Kwga + 
was s u b s t i t u t e d  f o r  K a, and S was t aken  as t h e  

+ kwg(6e ) w g  w g  w g  
c h a r a c t e r i s t i c  a r e a .  

Together w i t h  t h i s  component, a f o r c e  d u e  t o  t h e  i n f l u e n c e  
of wing v o r t i c e s  on t h e  p a r t  of t h e  body between t h e  t a i l  and 
t h e  wing a l s o  makes i t s  appearance.  T h i s  f o r c e  i s  



and depends on t h e  p o s i t i o n s  of  
l i n e  v o r t i c e s  o f  v o r t i c i t y  r 0  on 
t h e  wing and t a i l .  S i n c e  t h i s  

on t h e  wing as on t h e  t a i l ,  
p o s i t i o n  i s  assumed to be  t h e  same - - 

Nb ( v )  
0 .  

I n  s lender-body aerodynamic 
t h e o r y ,  the  c o e f f i c i e n t  k i s  de- 

te rmined  as a f u n c t i o n  of  t h e  
pa rame te r  r = r/sm. The c o r r e -  

wg 

S 
F i g u r e  XV-3-3. Values  of  sponding v a l u e s  of t h i s  c o e f f i -  
k f o r  Body-Rectangular- c i e n t  are l i s t e d  i n  T a b l e  XV-3-1 .  

wg We see from t h e  t a b u l a t e d  data ,  
which apply  f o r  s l e n d e r  body-wing Wing Combination. 
combina t ions ,  t h a t  t h e  c o e f f i c i e n t  
k d i f f e r s  i n s i g n i f i c a n t l y  from 

one.  T h i s  means t h a t  t h e  b e a r i n g  c a p a c i t y  o f  a l l -moving t h i n  
wings or t a i l s  i n  t h e  p r e s e n c e  of a body undergoes p r a c t i c a l l y  
no change b y  comparison w i t h  t h e  i s o l a t e d  wings.  

wg 

wg 
I n  a p p l i c a t i o n  to nons lende r  combina t ions ,  t h e  v a l u e s  o f  k 

d i f f e r  under  c e r t a i n  c o n d i t i o n s  from t h e  l i n e a r i z e d - t h e o r y  data ,  
as f o l l o w s  from F i g .  XV-3-3, where t h e s e  data a re  shown f o r  a 
body-rectangular-wing combina t ion .  I f  a'XW < 2 ,  w e  can  use  t h e  

v a l u e s  of  k from slender-body t h e o r y  f o r  r e c t a n g u l a r  wings i n  
combinat ion w i t h  a body. When t h e  e f f e c t i v e  a s p e c t  r a t i o  a ' A  > 

wg 
> 2 and Mm > 1, t h e n  t h e  r e s u l t s  o b t a i n e d  a r e  b e t t e r  i f  t h e  data 
a v a i l a b l e  from t h e  l i n e a r i z e d  t h e o r y  f o r  k a r e  used .  

wg 

wg 
The method o f  c a l c u l a t i o n  of  k from slender-body t h e o r y  

wg 
can a l s o  be a p p l i e d  a t  s u b s o n i c  speeds ;  to some e x t e n t ,  this i s  
e x p l a i n e d  b y  t h e  independence of t h e  i n t e r f e r e n c e  c o e f f i c i e n t  of 
Mcu * 

To de te rmine  t h e  c o e f f i c i e n t  kb,  w e  have only  t h e  data of  
s lender-body t h e o r y ,  which i n d i c a t e  t ha t  

T a b l e  XV-3-1 g i v e s  v a l u e s  of  kb as fLcIictions of  t h e  r a t i o  

T h e  c o e f f i c i e n t  kb can d i f f e r  s h a r p l y  from u n i t y ,  i n d i c a t i n g  
s u b s t a n t i a l  i n f l u e n c e  o f  t h e  wing on t h e  l i f t i n g  p r o p e r t i e s  of  t h e  

/640 
r/sm. 
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TABLE xv-3-1. INTERFERENCE COEFFICIENTS AND CENTER 
OF PRESSURE C O O R D I N A T E  FOR ALL-MOVING CANTILEVER AT 
B e  # 0 and c1 = 0 

*Delta wing. 

. . . _. I_ . . 

kwg 
- .. . - . - . 

1 . OD0 
-0.903 
0.944 
0.93 i 
0.93.5 
0. !l4tb 
11.9:s 
0.933 
0 .  !Ill 
0.955 
1.000 

__ .- . -._ . -_ . - 

"b 1 
0 
0.114 
0.218 
0.317 
0. .'( 1.5 
0.510 
0 .  GO7 
0.705 
0. SO3 
1). 902 
.l .ow 

-. .- . . . - . . 

kb - 
~ kw.. .-:- 
0 
0.115 
0 .  "3 1 o.:m 
0.442 
0.542 
0.641 
0.536 
0.8'7 
0.916 
1.000 

~ -_ 
K b  

G . .  

0 
0 . 1 3  
0.239 
0.3i9 
0. $<5.i 
0.551 
0.646 
0.737 
0.827 
0.915 
1 . 0 0  

. _ "  .- - __ 
._ (3) - i g ( b )  

0.667 
0.669 
O.f iG8 
0.fX6 
0. G65 
0. G64 
0.663 
0.664 
0.666 
0. 667 
0.667 

body. An approximate  r e l a t i o n  f o r  t h e  i n t e r f e r e n c e  c o e f f i c i e n t  
f o l l o w s  from T a b l e  XV-3-1:  

I f  w e  assume t h a t  t h e  wing " t r a n s m i t s "  p a r t  of i t s  l i f t  to 
t h e  body i r r e s p e c t i v e  o f  whether  t h i s  f o r c e  i s  c r e a t e d  under  t h e  
i n f l u e n c e  of  an  a t t a c k  a n g l e  c1 or a s e t t i n g  a n g l e  B e ,  w e  can 

w r i t e  t h e  e q u a l i t y  k /k 
mate r e l a t i o n  f o l l o w s  : 

= Kb/Kwg,  from which a n o t h e r  approx i -  
b wg 

(XV- 3- 18 ) 

t h e  v a l u e s  o f  kb are  a p p l i c a b l e  
f o r  s l e n d e r  c o n f i g u r a t i o n s .  However, t h e y  are  a l s o  used f o r  non- 
s l e n d e r  c o n f i g u r a t i o n s  i n  approximate  c a l c u l a t i o n s .  The v a l u e s  
of kb can b e  improved by a p p l y i n g  Formula (XV-3-18)  and ava i lab le  

w g  ' Like  t h e  c o e f f i c i e n t s  k 

data f o r  k and Kb from l i n e a r i z e d  
wg 

t h e o r y .  

The c a l c u l a t i o n  method p r e s e n t e d  above i s  a p p l i c a b l e  when 
t h e r e  are no l i f t i n g  s u r f a c e s  forward of  t h e  c o n t r o l .  Otherwise 
i t  i s  n e c e s s a r y  t o  t a k e  account  of  a d e c r e a s e  i n  l i f t  due to t h e  
i n f l u e n c e  of  t h e  wing by a p p l y i n g  t h e  i n t e r f e r e n c e - c a l c u l a t i n g  
methods se t  f o r t h  above. 



Center o f  pressure.  The c e n t e r  of p r e s s u r e  p o s i t i o n  w i l l  
change as a r e s u l t  o f  p i v o t i n g  of  t h e  c o n t r o l s .  The c e n t e r  o f  
p r e s s u r e  c o o r d i n a t e  f o r  a = 0 and # 0 can b e  de te rmined  from 
t h e  e x p r e s s i o n  

Th i s  c o o r d i n a t e  i s  measured from t h e  nose  o f  t h e  body. The 
q u a n t i t y  x i s  t h e  d i s t a n c e  from t h e  nose t o  t h e  forward end of 
t h e  r o o t  chord ,  and t h e  second t e r m  i n  (XV-3-19) de te rmines  t h e  
r e l a t i v e  d i s t a n c e  from t h i s  p o i n t  t o  t h e  c e n t e r  o f  p r e s s u r e  of 
t h e  c o n t r o l  when i t s  r o t a t i o n  a n g l e  6e # 0 .  

( x c  .p6'brt )wg(b ) 
e f f e c t  o f  i n t e r f e r e n c e  on t h e  c e n t e r  o f  p r e s s u r e  c o o r d i n a t e  i s  
s m a l l  f o r  d e l t a  c a n t i l e v e r s .  Th i s  g i v e s  r e a s o n  t o  assume tha t  
t h e  c e n t e r  of  p r e s s u r e  f o r  a wing o f  any p lanform may w i t h  good 
approximat ion  be  assumed t h e  same as f o r  t h e  i s o l a t e d  wing, i . .e . ,  

wg 

The v a l u e s  o f  
f o r  a d e l t a  wing a re  g i v e n  i n  T a b l e  XV-3-1. The /641 

1 - - 
(xc  .p6 1 wg ( b  ) (xc.p6 wg' 

T h e  i s o l a t e d - w i n g  

b y  l i n e a r i z e d  t h e o r y  i n s t e a d  
of  s lender-body t h e o r y .  For 
compara t ive ly  s imp l e  comb i n a -  
t i o n s  o f  a body and a r ec t angu-  
l a r -p l an fo rm p i v o t i n g  wing, 
t h i s  t h e o r y  a l s o  p e r m i t s  more 
a c c u r a t e  c a l c u l a t i o n  o f  t h e  
c e n t e r  o f  p r e s s u r e  s h i f t  due 
to t h e  body f o r  c1 = 0 and 
'e 

0.2 44 46 0.8 r-L If t h e  body i s  d e f l e c t e d  
t o  an  a t t a c k  a n g l e  a and t h e  

) can  b e  c a l c u l a t e d  ( x c  .p6 wg (y) wdb)  

I # 0 ( F i g .  XV-3-4). 

4 0  
$0 

F i g u r e  XV-3-4. Curves for Cal- wing i s  a l s o  d e f l e c t e d  th rough  
c u l a t i o n  of S h i f t  of  Wing a n  a n g l e  6 -  w i t h  r e s p e c t  to 

t: 

t h e  body a x i s ,  t h e  wing cen- 
t e r  o f  p r e s s u r e  

Center  of  P r e s s u r e  under  t h e  
I n f l u e n c e  of t h e  Body f o r  a = 
= 0 and 6e # 0 .  

(XV-3-2 0 ) 

where 

875 

t 



A s imilar  e x p r e s s i o n  w i l l  a l s o  a p p l y  f o r  a b o d y - t a i l  combina- 
t i o n .  

When r o t a t i o n  o f  t h e  c o n t r o l  i s  accompanied by a change i n  
t h e  wing c e n t e r  o f  p r e s s u r e  p o s i t i o n  because  o f  i n t e r f e r e n c e  w i t h  
t h e  body, t h e  c o o r d i n a t e  o f  t h e  p o i n t  of  a p p l i c a t i o n  of  t h e  addi- 
t i o n a l  body normal f o r c e  due t o  t h e  wing e f f e c t  a l s o  changes.  It 
can be  assumed i n  a p p r o x i m a t i o n  t h a t  t h e  change w i l l  be  t h e  same 
as i n  t h e  c a s e  o f  f o r m a t i o n  of t h e  normal  f o r c e  under  t h e  i n f l u -  
e n c e  of  a body a t t a c k  a n g l e ,  i . e . ,  

The c e n t e r  o f  p r e s s u r e  c o o r d i n a t e  can  a l s o  b e  reckoned from 
t h e  c e n t e r  of g r a v i t y .  I f  t h e  d i s t a n c e  t o  i t  from t h e  f o r w a r d  
p o i n t  o f  t h e  r o o t  chord  i s  ( x  ) t h e  c e n t e r  o f  p r e s s u r e  coor-  
d i n a t e  i s  

c . g  w g ’  

I n  c a l c u l a t i n g  t h e  c e n t e r  o f  p r e s s u r e  p o s i t i o n  on t h e  body 
w i t h  c o n s i d e r a t i o n  o f  t h e  wing e f f e c t ,  i t  i s  assumed t h a t  t h e  
c e n t e r  o f  p r e s s u r e  i s  i n s e n s i t i v e  t o  whether  t h e  l i f t  i s  developed  
from a n  a t t a c k  a n g l e  o r  from a wing ( t a i 1 ) r o t a t i o n  a n g l e .  Accord- 
ingly’ ( X c . p a  ) b(wg)  

p r e s s u r e  i s  de termined  by t h e  formula  

) - - 
(‘c.pG b ( w g ) ’  

For  t h e  complete  body-wing-tai l  combina t ion ,  t h e  c e n t e r  o f  

a re  t h e  normal - force  c o e f f i c i e n t  /642 where ( C N ) t l ( v )  and ( X c . p ) t l ( v )  
and c e n t e r  o f  p r e s s u r e  governed by  wing v o r t i c e s .  

i s  assumed e q u a l  t o  ( x  ) c . p  t l ( b ) ’  The q u a n t i t y  (x  c . p  t l ( v )  
The v a l u e s  o f  x and c N ,  which a p p e a r  i n  (XV-3-24), are d e t e r -  

C O P  
mined i n  t h e  g e n e r a l  c a s e  w i t h  c o n s i d e r a t i o n  o f  t h e  a t t a c k  a n g l e  



and t h e  wing and t a i l  r o t a t i o n  ang le s .  I n  p a r t i c u l a r ,  
(Xc .p)wg(b)  
(xc .p'brt )wg(b) 
c o o r d i n a t e . f o r  a body i n  t h e  wing i s  

i s  found from Formula (XV-3-20) i n  which 
i s  determined from (XV-3-21). The corresponding 

where 

A q u a n t i t y  t h a t  d e f i n e s  t h e  normal-force c o e f f i c i e n t  of t h e  
body i n  accordance w i t h  t h e  formula 

appears  i n  t h e  denominator of t h i s  expres s ion .  The r e l a t i o n s h i p s  
f o r  t h e  t a i l  s e c t i o n  can b e  w r i t t e n  s i m i l a r l y .  

L o n g i  t u d i  n a l  e f f e c t i v e n e s s .  T h e  l o n g i t u d i n a l  e f f e c t i v e n e s s  
of t h e  c o n t r o l s  i s  determined b y  t h e  change i n  t h e  pitching-moment 
c o e f f i c i e n t  m Z  as a f u n c t i o n  of a change i n  t h e  angle  6 e  on a 
symmetrical  d e f l e c t i o n  of t h e  h o r i z o n t a l  c a n t i l e v e r s ,  and i s  equa l  
t o  t h e  d e r i v a t i v e  a m z / a 6 , .  
f o r  t a i l p l a n e s  and p o s i t i v e  f o r  c o n t r o l s  of t h e  "canard" conf igura-  
t i o n .  If t h e  l o n g i t u d i n a l  moment i s  determined w i t h  r e s p e c t  t o  t h e  
c e n t e r  of g r a v i t y ,  t h e  l o n g i t u d i n a l  e f f e c t i v e n e s s  i s  

T h i s  d e r i v a t i v e  i s  usua l ly  nega t ive  

(xV- 3- 2 8 ) 

where R i s  a c h a r a c t e r i s t i c  l e n g t h .  

I f  some l i f t i n g  element i s  l o c a t e d  forward of t h e  c o n t r o l ,  
i t  i s  necessary  t o  t a k e  account of t h e  e f f e c t  o f  i n t e r f e r e n c e  
w i t h  t h i s  element on p i t c h i n g  moment. 

L a t e r a l  e f f e c t i v e n e s s  . L a t e r a l  e f f e c t i v e n e s s  i s  determined 
by t h e  d e r i v a t i v e  of t h e  r o l l i n g  moment mx w i t h  r e s p e c t  t o  t h e  
angle  6a  on a d i f f e r e n t i a l  d e f l e c t i o n  of t h e  h o r i z o n t a l  c o n t r o l s .  
The d e r i v a t i v e  amx/a6a ,  which i s  u s u a l l y  nega t ive ,  i s  equa l  t o  
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Here h 

t a i n  f u n c t i o n  of t h e  r a t i o  rs = r/sm, and f o r  a l i n e a r  r e l a t i o n -  
s h i p  i s  d e f i n e d  by t h e  e q u a l i t y  

= 4(sm - r) '/SWg i s  t h e  wing a s p e c t  r a t i o ;  - f i s  a c e r -  
wg 

The v a l u e s  o f  t h e  f u n c t i o n  f c o r r e s p o n d  to a very  s l e n d e r  
body. By a p p l y i n g  t h e  t h e o r y  o f l i n e a r i z e d  f low,  w e  can  improve 
these  v a l u e s  f o r  a r e a l  s l e n d e r  body and t h e r e b y  t ake  account  o f  
Ma : 

where f sb  i s  c a l c u l a t e d  by Formula (XV-3-30), which i s  d e r i v e d  
from slender-body t h e o r y .  

The f r a c t i o n  i n  Formula (XV-3-31) i s  t h e  r a t i o  o f  t h e  s l o p e s  /643 
o f  t h e  c N ( a )  c u r v e s  f o r  t h e  i s o l a t e d  wing, as c a l c u l a t e d  by t h e  

l i n e a r i z e d  and s lender -body t h e o r i e s .  For d e l t a  wings ,  t h i s  
r a t i o  takes t h e  form 

where E ( k )  i s  a complete  e l l i p t i c  i n t e g r a l  o f  t h e  second k i n d  
w i t h  modulus k = E1 -(0.25a1X i s  t h e  wing a s p e c t  
r a t i o .  

)2]1/2* 
wg ' Awg 

The f o l l o w i n g  c i r u u m s t a n c e  must b e  k e p t  i n  mind i n  l o c a t i n g  
c o n t r o l s  t h a t  are  to s e t  up a l a t e r a l  moment. If t h e r e  are any 
l i f t i n g  s u r f a c e s  a f t  o f  t h e  c o n t r o l s ,  t h o s e  s u r f a c e s  w i l l  s e t  up 
a r o l l i n g  moment opposed to t h e  moment from t h e  c o n t r o l s  when t h e  
l a t t e r  a r e  g i v e n  a d i f f e r e n t i a l  d e f l e c t i o n ,  as a r e s u l t  o f  i n t e r -  
f e r e n c e  between them. For  t h i s  r e a s o n ,  c o n t r o l s  p o s i t i o n e d  for- 
ward of  t he  l i f t i n g  s u r f a c e s ,  s u c h  as "canard"- type c o n t r o l s ,  are 
n o t  e f f e c t i v e  enough f o r  l a t e r a l  c o n t r o l .  
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Example. Determine t h e  l o n g i t u d i n a l  and l a t e r a l  e f f e c t i v e -  
n e s s  o f  a l l -moving t a i l  c a n t i l e v e r s  a t  Ma = 2 for t h e  body-wing- 
t a i l  combinat ion whose dimensions and shape are i n d i c a t e d  i n  F i g .  
XV-2-13. L e t  t h e  c e n t e r  o f  g r a v i t y  of t h e  combinat ion b e  s i t u -  
a ted a t  a d i s t a n c e  ( x ~ . ~ ) ~ ~  = 3.95 from t h e  forward  end o f  t h e  

t a i l  r o o t  chord ( w e  s u b s t i t u t e  t h e  s u b s c r i p t  f o r  w x ) .  

We use  Formula (XV-3-28) to c a l c u l a t e  a m z / a 6 , .  The c o e f f i -  
c i e n t s  k 
f o r  t h e  v a l u e  ( P / S ~ ) ~ ~  = 0.562/1.81 = 0.310; ktl  = 0.936, kb = 

= 0.327. 

and kb t h a t  appea r  i n  i t  are found from T a b l e  XV-3-1 t l  

T h e  r e l a t i v e  c e n t e r  of  p r e s s u r e  c o o r d i n a t e  ( ~ ~ . ~ ~ / b ~ ~ ) ~ ~ ( ~ )  
i s  assumed e q u a l  to ( ~ ~ . ~ ~ / b ~ ~ ) ~ ~ ( ~ )  and i s  de termined  from T a b l e  
XV-1-1. For  a d e l t a  c a n t i l e v e r  w e  f i n d  (x c . p 6 / b t l ) t l ( b )  = 2/3. 
We determine  the  c e n t e r  of p r e s s u r e  on t h e  body i n  accordance  
w i t h  Formula (XV-3-25) w i t h  t h e  a i d  of T a b l e  XV-1-1, b e a r i n g  i n  
mind t h a t  t h e r e  i s  no t a i l  s e c t i o n  a f t  o f  t h e  empennage. The 

= 0.556. 

- r e l a t i v e  c e n t e r  of  p r e s s u r e  c o o r d i n a t e  i s  ( ~ ~ . ~ ~ / b ~ ~ ) ~ ( ~ ~ )  - 

Taking t h e  wing mean aerodynamic chord  bMAC = 1 . 5  p a s s i n g  
through t h e  c a n t i l e v e r ' s  c e n t e r  of g r a v i t y  as t h e  c h a r a c t e r i s t i c  
l e n g t h  R and remembering t h a t  ( ~ 2 ) ~ ~  = 2.31 f o r  t h e  i s o l a t e d  
t a i l ,  w e  o b t a i n  a f t e r  s u b s t i t u t i n g  a l l  q u a n t i t i e s  i n t o  Formula 
(xv-3-28 ) 

____-  am * 1'25 [O.Y36 (0.667 2.31 = -9.24. a b  1.5 

We t h e n  c a l c u l a t e  t h e  l a t e r a l  e f f e c t i v e n e s s .  From Formula 
(XV-3-30) and rs = r/sm - - 0.310 w e  f i n d  fsb = 0.359. 

S i n c e  t h e  a s p e c t  r a t i o  o f  t h e  i s o l a t e d  t a i l  i s  

- 1 = 1.73, w e  have a'Xtl = 6.92. and a '  = @ I z  

w i t h  t h e  second formula  o f  (XV-3-32), t h e r e f o r e ,  
I n  accordance  

03 
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Applying (XV-3-8) and t a k i n g  S = Stl  as t h e  c h a r a c t e r i s t i c  
area,  w e  d e t e r m i n e  t h e  s l o p e  of  t h e  cN(") c u r v e  f o r  t h e  t a i l :  

2.X (0.936 :- 0.327) = 2.9. 

All-Moving Cruc i form C o n t r o l s  

L o n g i t u d i n a l  e f f e c t i v e n e s s .  For  a c r u c i f o r m  c o n f i g u r a t i o n  
of a l l -moving  c o n t r o l  s u r f a c e s ,  t h e  l o n g i t u d i n a l  e f f e c t i v e n e s s  
i n  t h e  p l a n e  o f  t h e  a n g l e  a = ab cos  $ can  b e  found i n  t h e  p r e -  
s e n c e  o f  r o l l  from Formula (XV-3-28), l e a v i n g  out o f  a c c o u n t  t h e  
e f f e c t  o f  s l i p  r a t e ,  i . e . ,  assuming t h a t  t he re  i s  no i n t e r a c t i o n  
between t h e  c a n t i l e v e r s .  It f o l l o w s  from (XV-1-17) t h a t  l o n g i -  
t u d i n a l  e f f e c t i v e n e s s  i n c r e a s e s  i n  t h e  p r e s e n c e  of  a r o l l  a n g l e .  
While t h e  normal  f o r c e  N o f  t h e  e n t i r e  combina t ion  i s  c r e a t e d  a t  
$ = 0 only  by t h e  h o r i z o n t a l  c a n t i l e v e r s ,  which are  d e f l e c t e d  
t h r o u g h  a n  a n g l e  6 ,  a l l  f o u r  c a n t i l e v e r s  p a r t i c i p a t e  i n  g e n e r a -  
t i o n  of  normal  f o r c e  when t h e  s y s t e m  i s  r o t a t e d  t h r o u g h  a c e r t a i n  
a n g l e  $. The t o t a l  normal  f o r c e  i n  t h e  v e r t i c a l  p l a n e  w i l l  b e  
N(cos $ + s i n  $ ) ,  which, f o r  example a t  $ = 45", g i v e s  N 0. 

D i r e c t i o n a l  e f f e c t i v e n e s s .  T h i s  c h a r a c t e r i s t i c ,  which i s  
d e t e r m i n e d  by t h e  d e r i v a t i v e  a m  /a&,, depends on t h e  change i n  

Y 
d i r e c t i o n a l  moment a t  a s y m m e t r i c a l  d e f l e c t i o n  o f  t h e  v e r t i c a l  
c o n t r o l  s u r f a c e s .  Formula (XV-3-28) can b e  used to c a l c u l a t e  
a m z / a 6 r  i n  t h e  p l a n e  of  t h e  a n g l e  Bs, = ab s i n  $ w i t h o u t  c o n s i d e r -  
i n g  t h e  i n f l u e n c e  of  t h e  a n g l e  a .  

L a t e r a l  e f f e c t i v e n e s s .  L o n g i t u d i n a l  and d i r e c t i o n a l  e f f e c -  
t i v e n e s s  i s  a n a l y z e d  f o r  c r u c i f o r m  s u r f a c e s  i n  t he  same way as 
f o r  p l a n e  c o n t r o l s ,  and  w i t h o u t  c o n s i d e r i n g  i n t e r f e r e n c e  between 
t h e  c a n t i l e v e r s .  However, t h e s e  methods do n o t  g i v e  s a t i s f a c t o r y  
r e s u l t s  f o r  l a t e ra l  e f f e c t i v e n e s s ,  s i n c e  p r e s s u r e  i s  r e d i s t r i b u t e d  
on t h e  v e r t i c a l  c a n t i l e v e r s  under  t h e  i n f l u e n c e  o f  t h e  h o r i z o n t a l  
c o n t r o l s  when t h e y  are g i v e n  a d i f f e r e n t i a l  d e f l e c t i o n ,  w i t h  a 
p o s i t i v e  p r e s s u r e  s e t  up on one o f  t h e  h a l v e s  and a n e g a t i v e  p r e s -  
s u r e  on t h e  o t h e r .  T h e  r e s u l t  i s  a r e v e r s e  l a t e r a l  moment t h a t  
opposes  t h e  moment from t h e  c o n t r o l  d e f l e c t i o n .  A s  a r e s u l t ,  
t h e  r e s u l t a n t  l a t e r a l  moment and t h e  c o r r e s p o n d i n g  l a t e ra l  e f -  
f e c t i v e n e s s  w i l l  b e  smaller.  T h e  change i n  l a t e r a l  e f f e c t i v e n e s s  
can be c a l c u l a t e d  from t h e  approximate  r e l a t i o n s h i p  

/644 
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(XV-3-33) 

D e s p i t e  t h e  lower l a t e r a l  e f f e c t i v e n e s s  of  t h e  h o r i z o n t a l  
c o n t r o l s ,  t h e  r e s u l t a n t  l a t e r a l  e f f e c t i v e n e s s  o f  t h e  c ruc i fo rm 
combinat ion w i l l  n e v e r t h e l e s s  b e  g r e a t e r  t h a n  t h a t  of  t h e  p l a n e  
c o n f i g u r a t i o n  owing to t h e  i n f l u e n c e  of  t h e  v e r t i c a l  s u r f a c e s .  

I n  c a l c u l a t i o n s  f o r  n o n s l e n d e r  b o d i e s ,  t h e  v a l u e s  o b t a i n e d  
from slender-body t h e o r y  must be improved w i t h  t h e  a id  of  
(XV-3-31). 

I n t e r a c t i o n  ~~~~ Between C o n t r o l s  

To o b t a i n  a complete  p i c t u r e  of  t h e  aerodynamic p r o p e r t i e s  
of  a v e h i c l e ,  i t  i s  n e c e s s a r y  t o  know, i n  a d d i t i o n  to t h e  cha r -  
a c t e r i s t i c s  r e l a t e d  to t h e  d i r e c t  i n f l u e n c e  of a t t a c k ,  s l i p ,  and 
c o n t r o l - d e f l e c t i o n  a n g l e s ,  t h e  e f f e c t s  t h a t  appea r  as a r e s u l t  
o f  i n t e r a c t i o n  between c o n t r o l s .  One of t h e s e  e f f e c t s  i s  a 
l a t e r a l  moment from t h e  v e r t i c a l  wings t h a t  appea r s  on a d i f -  
f e r e n t i a l  d e f l e c t i o n  of  t h e  h o r i z o n t a l  c o n t r o l  s u r f a c e s .  Le t  us 
examine t h e  q u a l i t a t i v e  a s p e c t s  of  t h e  p o s s i b l e  forms o f  i n t e r -  
a c t i o n  between c o n t r o l s .  

..- . 

I n t e r a c t i o n  n o t  r e l a t e d  t o  d e f l e c t i o n  of c o n t r o l s .  L e t  us  
assume tha t  a body-wing combina t ion  i s  i n  f l i g h t  a t  a c e r t a i n a n -  /645 
g l e  o f  a t t a c k  w i t h  s imu l t aneous  r o l l ,  and a n a l y z e  t h e  e f f e c t s  o f  
i n t e r a c t i o n  f o r  t h e  c a s e  i n  which t h e  wings,  which a c t  as con- 
trols, are  n o t  d e f l e c t e d .  

1. Owing to t h e  i n t e r a c t i o n  of t h e  p r e s s u r e  f i e l d s  from t h e  
f i n i t e - t h i c k n e s s  body and wings i n  t h e  p r e s e n c e  of a t t a c k  and 
s l i p  (roll) a n g l e s ,  a d d i t i o n a l  l i f t i n g  f o r c e s  a r i s e  from t h e  
h o r i z o n t a l  and v e r t i c a l  c a n t i l e v e r s .  I n  t h e  p re sence  of  on ly  
t h e  a t t a c k  a n g l e ,  t h e  i n t e r a c t i o n  governed by body t h i c k n e s s  can 
b e  d e f i n e d  b y  conven t ion  as an  i n t e r a c t i o n  o f  t h e  " a t t a c k  ang le -  
v s .  - t h i c k n e s s "  t y p e  t ha t  r e s u l t s  i n  t h e  c r e a t i o n  of a u n i d i r e c -  
t i o .na1  l i f t i n g  f o r c e  on t h e  h o r i z o n t a l  c a n t i l e v e r s .  On t h e  ap- 
pea rance  of  a s l i p  a n g l e ,  an  a d d i t i o n a l  i n t e r a c t i o n  of t h e  " s l i p  
angle-vs .  - t h i c k n e s s "  t y p e  appea r s  and produces  l i f t ,  a g a i n  uni -  
d i r e c t i o n a l ,  on t h e  v e r t i c a l  c a n t i l e v e r s .  T h e  f o r c e s  t h a t  a r i s e  
as a r e s u l t  of  t h e  two i n t e r a c t i o n  t y p e s  a c t  i n  t h e  p l a n e s  o f  
t h e  a n g l e s  a and B,,, r e s p e c t i v e l y .  

c a l  e f f e c t s  between t h e  p r e s s u r e  f i e l d s  from t h e  body and wings 
i n  t h e  p r e s e n c e  of  a t t a c k  and s l i p  a n g l e s  ( " a t t a c k  angle-vs . -  
s l i p  ang le"  t y p e  o f  i n t e r a c t i o n ) .  For a p l a n e  combina t ion ,  t h i s  
r e s u l t s  i n  t h e  appearance  of a d d i t i o n a l  l i f t i n g  f o r c e s  o f  o p p o s i t e  
d i r e c t i o n s  on t h e  s t a r b o a r d  and p o r t  c a n t i l e v e r s  and ,  as a conse- 
quence,  t h e  fo rma t ion  o f  a l a t e r a l  moment t ha t  t e n d s  to r educe  
t h e  roll. 

2 .  A second t y p e  of  i n t e r a c t i o n  i s  governed by t h e  r e c i p r o -  
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I n  t h e  case  o f  a c r u c i f o r m  combina t ion ,  t h e  " a t t a c k  ang le -  
v s . - s l i p  a n g l e "  i n t e r a c t i o n  a l s o  r e s u l t s  i n  t h e  fo rma t ion  on t h e  
v e r t i c a l  c a n t i l e v e r s  o f  a moment e q u a l  i n  magnitude b u t  o p p o s i t e  
i n  s i g n  to t h e  moment on t h e  h o r i z o n t a l  c a n t i l e v e r s .  The r e s u l t -  
a n t  r o l l i n g  moment i s  t h e r e f o r e  z e r o .  

I n t e r a c t i o n  g o v e r n e d  by d e f l e c t i o n  o f  h o r i z o n t a l  c o n t r o l s .  
An i n t e r a c t i o n  of  t h i s  t y p e  ar ises  on d e f l e c t i o n  of t h e  ho r i zon-  
tal c o n t r o l  s u r f a c e s  t o  se t  up a p i t c h i n g  moment o r  produce a 
c e r t a i n  d e s i r e d  l a t e r a l  moment. The most g e n e r a l  c a s e  o f  t h e  
i n t e r a c t i o n  i s  c h a r a c t e r i z e d  by t h e  p r e s e n c e  o f  a t t a c k  and s l i p  
a n g l e s  . 

1. L e t  us  c o n s i d e r  t h e  i n t e r a c t i o n  e f f e c t s  when t h e  c o n t r o l s  
aye d e f l e c t e d  symmet r i ca l ly  th rough  an  a n g l e  to s u p p o r t  l o n g i -  
t u d i n a l  c o n t r o l .  

a .  L e t  us assume f o r  t h e  t i m e  b e i n g  t h a t  there  i s  no s l i p  
(Bsl = 0 ) .  I n  t h e  c a s e  o f  a p l a n e  combina t ion ,  symmet r i ca l  de- 

f l e c t i o n  o f  t h e  c a n t i l e v e r s  t h rough  a n g l e  6 e  r e s u l t s  i n  t h e  ap- 
pea rance  o f  an  a d d i t i o n a l  l i f t  o f  t h e  same magnitude and s i g n  on 
t h e  s t a r b o a r d  and p o r t  c a n t i l e v e r s .  T h i s  i s  a l s o  observed  i n  t h e  
c a s e  of  t h e  c r u c i f o r m  c o n f i g u r a t i o n ,  s i n c e  t h e r e  i s  no i n t e r a c -  
t i o n  w i t h  t h e  v e r t i c a l  c a n t i l e v e r s .  

T h i s  i n t e r a c t i o n  i s  o f  t h e  "ang le  6e-vs . - t h i ckness f '  t y p e  and 
i s  q u a l i t a t i v e l y  t h e  same as t h e  " a t t a c k  a n g l e  v s .  - t h i c k n e s s "  
i n t e r a c t  i o n .  

b .  If d e f l e c t i o n  o f  t h e  c o n t r o l s  t h rough  a n g l e  B e  i s  ac-  
companied by s l i p ,  an i n t e r a c t i o n  of  t h e  "ang le  be-vs.-angle Bsl ' l  

t y p e  a p p e a r s .  For a p l a n e  combinat, ion,  i t  i s  q u a l i t a t i v e l y  t h e  
same as i n t e r a c t i o n  of  t h e  "ang le  Bsl-vs . - a t t a c k  a n g l e "  t y p e ,  
which r e s u l t s  i n  a l a t e r a l  moment t h a t  t e n d s  to r educe  r o l l  a n g l e .  
For  a c r u c i f o r m  combina t ion ,  t h e  i n t e r a c t i o n  e f f e c t  i s  s imilar :  
a d d i t i o n a l  l i f t i n g  f o r c e s  appea r  on t h e  v e r t i c a l  c a n t i l e v e r s  and 
s e t  up a l a t e r a l  moment o f  t h e  same s i g n  as t h a t  on t h e  h o r i z o n t a l  
c a n t i l e v e r s .  

2 .  L e t  us  c o n s i d e r  t h e i n t e r a c t i o n  e f f e c t s  t h a t  appea r  when 
t h e  h o r i z o n t a l  c o n t r o l s  are  used to c r e a t e  l a t e r a l  moments, i . e . ,  
when t h e y  a c t  as a i l e r o n s .  

a. Assume t h a t  t h e r e  are no s l i p  o r  a t t a c k  a n g l e s .  Second- 
a r y  l a t e r a l  moments appea r  as a r e s u l t  of  i n t e r a c t i o n  o f  t h e  body 
w i t h  t h e  h o r i z o n t a l  c o n t r o l s  when t h e y  are g i v e n  a d i f f e r e n t i a l  
d e f l e c t i o n  th rough  a n g l e  6a ( i n t e r a c t i o n  o f  t h e  "ang le  tia-vs.- 
t h i c k n e s s "  t y p e ) .  A l a t e r a l  moment t h a t  r e d u c e s  t h e  r o l l  a n g l e  
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t h e n  appea r s  on t h e  h o r i z o n t a l  and v e r t i c a l  c a n t i l e v e r s .  

If t h e  a t t a c k  a n g l e  i s  n o t  z e r o ,  an  i n t e r a c t i o n  o f  t h e  " a n g l e a  
-vs . -angle  6 '' t y p e  appea r s  i n  t h e  case  of a c ruc i fo rm combina- a 

t i o n  and c r e a t e s  a l a t e r a l  f o r c e  of one s i g n  ( n e g a t i v e )  on t h e  
v e r t i c a l  c a n t i l e v e r s .  No a d d i t i o n a l  f o r c e s  a r i s e  on t h e  h o r i z o n t a l  
c a n t i l e v e r s .  Thus, t h i s  i n t e r a c t i o n  does n o t  occur  f o r  t h e  p l a n e  
combinat ion.  The  phenomenon i s  s i m i l a r  to t h e  "ang le  BS1-vs.- 
t h i c k n e s s "  i n t e r a c t i o n  d i s c u s s e d  above and ,  as w e  s e e ,  leads to 
t h e  fo rma t ion  of  a d i r e c t i o n a l  moment f o r  a c r u c i f o r m  combina t ion .  

b .  I n  t h e  p resence  of s l i p ,  d i f f e r e n t i a l  d e f l e c t i o n  of  t h e  
h o r i z o n t a l  c a n t i l e v e r s  th rough a n g l e  6a  r e s u l t s  i n  t h e  appearance  
of  an  a d d i t i o n a l  p o s i t i v e  l i f t  f o r  a p l a n e  combinat ion.  I n  t h e  
c a s e  of  a c ruc i fo rm c o n f i g u r a t i o n ,  no i n t e r a c t i o n  appea r s  on t h e  
v e r t i c a l  c a n t i l e v e r s .  Thus, when t h e  h o r i z o n t a l  c a n t i l e v e r s  are  
used as a i l e r o n s ,  a p i t c h i n g  moment i s  c r e a t e d  f o r  e i t h e r  a p l a n e  
o r  a c r u c i f o r m  c o n f i g u r a t i o n .  

3. F i n a l l y ,  we might examine t h e  i n t e r a c t i o n  due to use  of  
t h e  h o r i z o n t a l  c o n t r o l s  f o r  l o n g i t u d i n a l  and l a t e r a l  c o n t r o l  
s i m u l t a n e o u s l y .  The d e f l e c t i o n  of t h e  c o n t r o l s ,  which i s  char -  
a c t e r i z e d  by t h e  a n g l e s  6e and 6 a ,  s e t s  up an  a d d i t i o n a l  l i f t i n g  
f o r c e  on the  v e r t i c a l  c a n t i l e v e r s ,  b u t  no a d d i t i o n a l  f o r c e  ar ises  
on t h e  h o r i z o n t a l  c o n t r o l s .  The g e n e r a l  c o n c l u s i o n  drawn from 
a n a l y s i s  of  t h e  i n t e r a c t i o n  i n  t h e s e  c a s e s  i s  t h a t  t h e  l a t e r a l  
e f f e c t i v e n e s s  changes and a p i t c h i n g  moment appea r s  f o r  a p l a n e  
c o n f i g u r a t i o n  when t h e  l a t e r a l  c o n t r o l s  are d e f l e c t e d .  A d i r e c -  
t i o n a l  moment a l s o  appea r s  i n  t h e  c a s e  of  a c ruc i fo rm c o n f i g u r a -  
t i o n .  

These i n t e r a c t i o n  e f f e c t s  are governed by  d e f l e c t i o n  o f  t h e  
h o r i z o n t a l  c a n t i l e v e r s .  N e w  i n t e r f e r e n c e  e f f e c t s  appea r  when t h e  
v e r t i c a l  c o n t r o l s  are  d e f l e c t e d .  They  can be  ana lyzed  i n  t h e  same 
way as i n  t h e  case  of  t h e  h o r i z o n t a l  c a n t i l e v e r s .  I t  must a l s o  
be  borne i n  mind t h a t  t h e s e  c o n c l u s i o n s  p e r t a i n  to s l e n d e r  b o d i e s  
and s m a l l - a s p e c t - r a t i o  wings.  

C o n t r o l s  Along T r a i l i n g  Ed= - of  L i f t i n g  S u r f a c e s  

C o n t r o l s  l o c a t e d  a l o n g  t h e  t r a i l i n g  edges of l i f t i n g  s u r f a c e s  
may occupy a l l  or par t  o f  t h e  c a n t i l e v e r  t r a i l i n g  edge. I f  t h e y  
occupy t h e  e n t i r e  t r a i l i n g  edge ,  t h e y  may be regarded as a l l -  
moving c o n t r o l s  and t h e  aerodynamic c a l c u l a t i o n  methods s e t  f o r t h  
above can b e  a p p l i e d  to them. Cases i n  which t h e  c o n t r o l s  occupy 
p a r t  o f  t h e  edge ,  and t h e n  n o t  a very  l a r g e  p a r t ,  are f r e q u e n t l y  
encoun te red .  If the  i n t e r f e r e n c e  of t h e  body w i t h  t h e  l i f t i n g  
s u r f a c e  has i n s i g n i f i c a n t  i n f l u e n c e  on t h e  aerodynamic c h a r a c t e r -  
i s t i c s  o f  t h e  c o n t r o l ,  such as ,  f o r  example,  i t s  c e n t e r  o f  p r e s -  
s u r e  c o o r d i n a t e ,  these c h a r a c t e r i s t i c s  can be  c a l c u l a t e d  by 



apply ing  t h e  r e s u l t s  o f  r e g u l a r  supe r son ic  theo ry  as t h e y  apply 
to t h e  i s o l a t e d  s u r f a c e s .  

Aerodynamic a n a l y s i s  of  t h e  c o n t r o l s  becomes more complicated 
when i n t e r f e r e n c e  between t h e  body and wing e x e r t s  s u b s t a n t i a l  
i n f l u e n c e  o n . t h e  c o n t r o l  s u r f a c e s .  If  a t r a i l i n g - e d g e  c o n t r o l  
has a l a r g e  a s p e c t  r a t i o ,  i t s  aerodynamics can be i n v e s t i g a t e d  
by .  e lementary swept-wing theo ry .  

Appl ica t ion  o f  ordinary  superson ic  theory .  A t t e n t i o n  must / 647  
be drawn t o  t h e  fo l lowing  f a c t o r s  when t h i s  theory  i s  a p p l i e d :  

F igu re  XV-3-5. R e f l e c t i o n  
Diagram f o r  Cont ro ls  w i t h  
Subsonic Leading Edge. a )  
t r a i l i n g  edge supe r son ic ;  
b )  t r a i l i n g  edge subsonic ;  

r o t a t i o n  a x i s  of  c o n t r o l  
s u r f a c e .  

) Mach l i n e ;  - . - e -  1 ----- 

1) whether t h e  l e a d i n g  and 

Figure  XV-3-6. E f f e c t i v e -  
nes s  of Con t ro l s .  1) out-  
board c o n t r o l s ;  2 )  i n -  
board c o n t r o l s ;  3) s, = 

I 

m wg' - s  = s  'm c '  m 
t r a i l i n g  edges of  t h e  c o n t r o l s  are 
supe r son ic  or subsonic ;  

2 )  whether t h e  t i p  chords of t h e  c o n t r o l  co inc ide  w i t h  t h e  

3) how t h e  c o n t r o l  i s  l o c a t e d :  does i t  extend t o  t h e  t i p  
chord of  t h e  wing or i s  i t  a t  a c e r t a i n  d i s t a n c e  from t h i s  chord; 
i n  t h e  l a t t e r  ca se ,  i t  i s  impor tan t  t o  know whether t h e  outboard 
Mach cone of t h e  c o n t r o l  i n t e r s e c t s  t h e  wing t i p  chord; 

s t ream d i r e c t i o n ;  

4 )  f i n a l l y ,  whether t h e  inboard  Mach cone of t h e  c o n t r o l  
c r o s s e s  t h e  wing root chord. 

A c e r t a i n  amount of d i f f i c u l t y  i s  encountered i n  i n v e s t i g a -  
t i o n  o f  c o n t r o l s  w i t h  subsonic  l e a d i n g  and t r a i l i n g  edges owing 
to m u l t i p l e  r e f l e c t i o n  of  d i s t u r b a n c e  waves on t h e  c o n t r o l  sur-, 
f a c e  (F ig .  XV-3-5). 
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C o n s i d e r a t i o n  o f  i n t e r f e r e n c e  b e t w e e n  w i n g  a n d  b o d y .  Such 
cons ide ra t ion  i s  necessary  when t h e  c o n t r o l s  are mounted on s h o r t  
wings. I n  combination wi th  slender-body theo ry ,  t h e  r e v e r s i b i l i t y  
p r i n c i p l e  can be used to c a l c u l a t e  t h e  e f f e c t i v e n e s s  of wingt ip  
c o n t r o l s  w i t h  r e s p e c t  to l i f t .  

Let us cons ide r  a body-wing-control combination (F ig .  xV-3-61 

m c '  
w i t h  a f i x e d  wing and a moving wingt ip  c o n t r o l  whose t r a n s v e r s e  

- s  Let us  f i n d  t h e  e f f e c t i v e -  dimension i s  de f ined  b y  s 
ness  o f  t h e  c o n t r o l s f o r  ze ro  ang le s  of at-tack of t h e  body and hence 
of t h e  wing (ab = a = 0 )  and a con t ro l - su r face  d e f l e c t i o n  ang le  

m wg 

wg 
6 ( a c  = 6 ) .  

To f i n d  t h e  normal f o r c e  Nc  of the combination tha t  r e s u l t s  
from c o n t r o l  d e f l e c t i o n ,  w e  s h a l l  examine t h e  r eve r sed  motion and 
assume t h a t  i n  t h i s  motion ( s e e  F ig .  IV-5-2), t h e  combination i s  
s e t  at1 a common angle  of a t t a c k  a p  = 6 .  Then we f i n d  from (IV-5-2) 

Here t h e  l e f t  member d e f i n e s  t h e  unknown normal f o r c e  N c  of  one 
c a n t i l e v e r  r e f e r r e d  to t h e  v e l o c i t y  head qw. To c a l c u l a t e  t h e  
rLght member, w e  i n t r o d u c e  i n t o  t h e  i n t e g r a n d  t h e  q u a n t i t y  

$I = 0, a = 6 ,  r '  = 0 ,  s = x t an '  E ,  s '  = t a n  E = cons t .  Assuming 
tha t  dS = dxdz and i n t e g r a t i n g  over & w i t h  z / t an  E and sm/ t an  E 

a s  l i m i t s  and over y- from si to sm (F ig .  XV-3-6), w e  o b t a i n  an 
expres s ion  f o r  N . R e f e r r i n g  i t  to t h e  f o r c e  N = 

Ap2 - - Apwg(b), expressed  by Formula (XV-l-lQ), i n  which w e  t a k e  

b 
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C wg 
2 - sm ,)I of  t h e  i s o l a t e d  wing formed b y  combining 2 = 2qw674(sm wg 

t h e  two wingt ip  c o n t r o l s ,  w e  o b t a i n  t h e  r a t i o  

- - 
where rs = r/sm, sc  - sm c / ( ~ m ) w g .  

which r e f e r s  to c o n d i t i o n s  on a d e l t a  wing, r e s e a r c h  has never- 
t h e l e s s  shown t h a t  i t  can b e  used f o r  wings of a r b i t r a r y  form. 

Although t h i s  r a t i o  was obta ined  w i t h  Formula (XV-1-14), 



The q u a n t i t y  Nc/Nwg depends only  on 
t h e  geometry a t  t h e  t r a i l i n g  edge. 
F i g u r e  XV-3-6 shows a curve  char -  
a c t e r i z i n g  t h e  v a r i a t i o n  of  Nc/N 

w g '  
Having c a l c u l a t e d  N f o r  t h e  

wg 
i s o l a t e d  wing w i t h  c o n s i d e r a t i o n  of 
i t s  shape  and t a k i n g  the  r a t i o  Nc /N 
as i n  s lender -body t h e o r y ,  w e  can  

F i g u r e  XV-3.7. Swept take account  o f  t h e  i n f l u e n c e  of  M m  
Large-Aspect-Ratio Con- on t h e  e f f e c t i v e n e s s  o f  w i n g t i p  con- 
t r o l .  1) wing; 2 )  a x i s  t r o l s .  For  example,  an i s o l a t e d  wing 
of  r o t a t i o n ;  3) con- ( c o n t r o l  s u r f a c e )  may b e  t r i a n g u l a r  
t r o l  s u r f a c e .  w i t h  r o o t  chords  go ing  w i t h  t h e  

wg 

stream as shown i n  F i g .  XV-3-6. T h e  
d a t a  o f  F i g .  XV-3-6 can a l s o  b e  used 

to c a l c u l a t e  t h e  e f f e c t i v e n e s s  of i n b o a r d  c o n t r o l s .  The f i g u r e  
i s  used to f i n d  t h e  e f f e c t i v e n e s s  ( N c / N  
ex t end  from t h e  body to t h e  w i n g t i p  (sm 

) of  c o n t r o l s  t ha t  

= r ) ;  t h e n  t h e  v a l u e  
wg r 

o f  ( N c / N w g ) o b  i s  de te rmined  f o r  t h e  ou tboa rd  c o n t r o l  (sm > r ) .  
The f o r c e s  and are  found from these  v a l u e s .  Now, 
r e g a r d i n g  t h e  i n b o a r d  c o n t r o l  s u r f a c e  as t h e  d i f f e r e n c e  o f  two 
ou tboa rd  c o n t r o l s  e x t e n d i n g  to t h e  w i n g t i p ,  Ne  = 

i s  found f o r  t h e  i n b o a r d  c o n t r o l .  If t h e  normal f o r c e  f o r  t h e  
j o i n e d  i n b o a r d  c o n t r o l  s u r f a c e s  i s  N t h e  e f f e c t i v e n e s s  w i l l  

- 

Elementary theo ry  o f  sweep. If a t r a i l i n g - e d g e  c o n t r o l  s u r -  
f a c e  has a l a r g e  enough a s p e c t  r a t i o ,  i t s  e f f e c t i v e n e s s  can b e  
c a l c u l a t e d  by e lementary  sweep t h e o r y .  L e t  us  assume t h a t  t h e  
a x i s  of  r o t a t i o n  o f  t h e  c o n t r o l  s u r f a c e  ( F i g .  XV-3-7), which 
c o i n c i d e s  w i t h  i t s  swept l e a d i n g  edge ,  i s  s u p e r s o n i c .  Then t h e  
normal f o r c e  developed by t h e  c o n t r o l  on d e f l e c t i o n  through 
an  a n g l e  6, measured i n  t h e  d i r e c t i o n  o f  t h e  normal to t h e  r o t a -  
t i o n  a x i s  w i l l  b e  d e t e r m i n e d i n  accordance  w i t h  the . two-dimens iona l  
sweep t h e o r y  by t h e  e x p r e s s i o n  

Here N o  i s  t h e  normal f o r c e  a t  z e r o  sweep, c a l c u l a t e d  from t h e  
c o n t r o l - s u r f a c e  area Sc by t h e  e x p r e s s i o n  
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where q, i s  t h e  v e l o c i t y  head c a l c u l a t e d  from M m ;  6 ,  i s  t h e  con- 
t r o l  d e f l e c t i o n  a n g l e  i n  t h e  d i r e c t i o n  of  t h e  oncoming f low ( 6 ,  = 
= b n  cos  x); (e;), i s  t h e  d e r i v a t i v e  o f  t h e  normal-force c o e f f i -  
c i e n t  w i t h  res  e c t  to a t t a c k  a n g l e  and i s  e q u a l  to = 

/649  

= 4(M: - 1)-’/?. 
A s  w e  see from Formula (XV-3-36) ,  which i s  a p p l i c a b l e  for 

M, cos  x > 1, sweep r e s u l t s  i n  a n  i n c r e a s e  i n  normal-force e f f e c -  
t i v e n e s s  of t h e  c o n t r o l .  A s  M, cos  x -f 1, t h e  formula becomes 
i n v a l i d .  The shock s e p a r a t e s  from t h e  c o n t r o l s ;  t h i s  can be 
avoided  by making c e r t a i n  t h a t  t h e  p i v o t - a x i s  p o s i t i o n  i s  supe r -  
s o n i c .  

Nonl inear  E f f e c t s  

I n f l u e n c e  o f  s l o t s .  One f a c t o r  d i s t u r b i n g  l i n e a r i t y  of  con- 
trol aerodynamic c h a r a c t e r i s t i c s  as f u n c t i o n s  of d e f l e c t i o n  a n g l e  

F i g u r e  XV-3-8. In -  
f l u e n c e  of Slots on 
D i s t r i b u t i o n  of Nor- 
m a l  Force  (Without 
C o n s i d e r a t i o n  of V i s  
c o s i t y ) .  1) no slots 

dimension g/sm = 0 . 0  

(g/sm = 0); 2 )  s l o t  

- 

02 5 .  

- 
Vm 
-3- 

F i g u r e  XV-3-9. I n f l u e n c e  
of  Slots a t  Large C o n t r o l  
D e f l e c t i o n .  

i s  fo rma t ion  o f  slots between t h e  
c o n t r o l s  and t h e  body or around 
t h e  p i v o t  a x i s .  These slots t e n d  
to r educe  t h e  p r e s s u r e  drop  a t  t h e  
r o o t  chord ( F i g .  XV-3-8) and ,  con- 
s e q u e n t l y ,  normal f o r c e .  Under 
r e a l  v iscous- f low c o n d i t i o n s ,  t h e  
boundary l a y e r  may b e  though t  of 
as c o v e r i n g  s m a l l  slots, s o  t h a t  
t h e i r  d e t r i m e n t a l  e f f e c t s  are n o t  
m a n i f e s t e d  i n  p r a c t i c e  and l i n e a r -  
i t y  i s  n o t  d i s t u r b e d .  

E f f e c t i v e n e s s  drops  off and n o n l i n e a r i t y  appea r s  when t h e  
slots are  l o n g e r  and t h e i r  shape changes when the  moving c o n t r o l s  
are  g i v e n  l a r g e  d e f l e c t i o n s  ( F i g .  XV-3-9) .  I n  t h i s  c a s e ,  t h e  

887 



change i n  aerodynamic c h a r a c t e r i s t i c s  and d e p a r t u r e  from l i n e a r i t y  
are e x p l a i n e d  by r e d i s t r i b u t i o n  o f  p r e s s u r e  on t h e  body owing to 
t h e  i n f l u e n c e  of  t h e  wing. Compression o f  t h e  f low on t h e  lower 
s u r f a c e  of t h e  c a n t i l e v e r  i n c r e a s e s  t h e  p r e s s u r e  on t h e  body and,  
as a r e s u l t ,  g i v e s  r i s e  to a f o r c e  coup le .  

In f luence  of l a r g e  c o n t r o l - s u r f a c e  d e f l e c t i o n  angles  a n d  
p r o f i l e  t h i c k n e s s .  These f a c t o r s  may change aerodynamic char -  
a c t e r i s t i c s  from t h o s e  o f  t h e  l i n e a r  t h e o r y .  U n f o r t u n a t e l y ,  no 
n o n l i n e a r  t h e o r y  has been  developed  f o r  wings of  s m a l l  and medium 
a s p e c t  r a t i o .  

I f  t h e  c o n t r o l s  have l a r g e  enough a s p e c t  r a t i o s ,  shock-and- 
expansion-f low t h e o r y  can be used t o  e v a l u a t e  t h e  h ighe r -o rde r  
e f f e c t s  o f  a t t a c k  a n g l e  on aerodynamic c h a r a c t e r i s t i c s .  The non- 
l i n e a r  e f f e c t  can a l s o  be t a k e n  i n t o  accoun t  compara t ive ly  s imply  1 6 5 0  
w i t h  t h e  Busemann second-order -approximat ion  t h e o r y ,  which i s  
u s e f u l ,  f o r  example,  i n  e v a l u a t i n g  t h e  i n f l u e n c e  o f  t h e  t h i c k n e s s  
o f  w ing- t r a i l i ng -edge  c o n t r o l  s u r f a c e s  ( F i g .  XV-3-10). I n  t h i s  
t h e o r y ,  t h e  p r e s s u r e  c o e f f i c i e n t s  on t h e  p r o f i l e  s u r f a c e  are  ex- 
p r e s s e d  by  Formulas (V-2-16) and (V-2-17). The normal - force  coef-  
f i c i e n t  o f  t h e  c o n t r o l  can  b e  c a l c u l a t e d  by i n t e g r a t i o n  w i t h  t h e s e  
fo rmulas .  For  a symmet r i ca l  c o n t r o l - s u r f a c e  p r o f i l e  form, t h e  
normal-force c o e f f i c i e n t  r e f e r r e d  t o  t h e  chord  i s  

where x i s  t h e  d i s t a n c e  from t h e  forward  end of  t h e  r o o t  chord 
to t h e  a x i s  of  r o t a t i o n  o f  t h e  c o n t r o l .  

r o  

F i g u r e  XV-3-10. C o n t r o l  w i t h  Symmetr ical  
P r o f i l e  (xro i s  t h e  d i s t a n c e  t o  t h e  a x i s  

and A r  a re  t h e  maximum of  r o t a t i o n ;  
t h i c k n e s s e s  o f  t h e  wing and c o n t r o l ,  re-  
s p e c t i v e l y ) .  

'max 
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The nomencla ture  
o f  t h e  o t h e r  g e o m e t r i c a l  
p a r a m e t e r s  i s  g i v e n  i n  
F i g .  XV-3-10. The coef -  
f i c i e n t s  c 1  and c g  a re  
found from Formula (V-2-7). 
The f i r s t  t e r m  i n  (XV-3-38) 
d e f i n e s  t h e  normal  f o r c e  

o f  a z e r o - t h i c k -  
n e s s  l i f t i n g  s u r f a c e ,  
w h i l e  t h e  second g i v e s  
t h e  c o r r e c t i o n  for t h e  

M”7 
---L 

( C N  s= 0 

F i g u r e  XV-3-11. Boundary-Layer Sep- 
a r a t i o n  on Tra i l ing-Edge  C o n t r o l .  
I >  c o n t r o l ;  11) boundary l a y e r ;  1) 
t r a n s i t i o n  p o i n t ;  2) s e p a r a t i o n  
p o i n t ;  3) s t i c k i n g  p o i n t ;  a )  
p r e s s u r e  w i t h o u t  c o n s i d e r a t i o n  
of  v i s c o s i t y ;  b )  p r e s s u r e  w i t h  
c o n s i d e r a t i o n  o f  s e p a r a t i o n .  

t h i c k n e s s  e f f e c t .  Thus,  
a l t h o u g h  t h e  l i n e a r  e f -  
f e c t  i s  p r e s e r v e d  w i t h  re-  
s p e c t  to c o n t r o l  r o t a t i o n  
a n g l e ,  t h e r e  i s  s t i l l  a 
d e v i a t i o n  from l i n e a r  
t h e o r y  owing t o  t h e  i n f l u -  
ence  of t h i c k n e s s .  The 
d e c r e a s e  i n  c o n t r o l  n o r -  
m a l  f o r c e  i s  d e t e r m i n e d  

by t h e  e x p r e s s i o n  

(XV-3-39 1 

I f  the t r a i l i n g  edge i s  n o t  b l u n t e d ,  sbse = 0 i n  t h i s  f o r -  / 651  
mula. 

E f f e c t  o f  f l o w  s e p a r a t i o n .  
Boundary-layer  s e p a r a t i o n ,  which u s u a l l y  
b e g i n s  n e a r  t h e  r o t a t i o n  a x i s  of  t h e  
c o n t r o l  s u r f a c e ,  r e s u l t s  i n  r e d i s t r i b u -  
t i o n  o f  p r e s s u r e  ( F i g .  XV-3-11) and,  as 
a consequence,  a c e r t a i n  change i n  t h e  
aerodynamic c h a r a c t e r i s t i c s .  

Maximum l i f t .  Around t h e  a t t a c k  
a n g l e  a t  which cy  max i s  r e a c h e d ,  l i f t  

shows a s u b s t a n t i a l  d e v i a t i o n  from 
l i n e a r i t y  as a f u n c t i o n  of  a t t a c k  a n g l e .  
I n  most p r a c t i c a l  c a s e s ,  t he  n o n l i n e a r  
r e l a t i o n  f o r  l i f t  i s  o b t a i n e d  e x p e r i -  
m e n t a l l y .  F i g u r e  XV-3-12 shows t y p i c a l  
c u r v e s  o f  t h e  aerodynamic c o e f f i c i e n t s  
f o r  a n  i s o l a t e d  d e l t a  wing a t  large an- 
a les  o f - a t t a c k ,  i n c l u d i n g  a l i f t - c o e f -  
f i c i e n t  c u r v e .  

20 40 C i o  

F i g u r e  XV-3-12. L i f t  
and Drag of De l t a  
Wing. 
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I f  such  a wing were mounted on a body as an  al l -moving con- 
t r o l ,  i t s  maximum l i f t  would be  de te rmined  by t h e  sum of t h e  con- 
t r o l  d e f l e c t i o n  a n g l e  and t h e  body a t t a c k  a n g l e ,  which would b e  
smaller t h a n  t h e  c r i t i c a l  a t t a c k  a n g l e  i n  F ig .  XV-3-12. T h i s  i s  
e x p l a i n e d  by the  secondary  i n f l u e n c e  o f  t h e  body on t h e  wing. 
Slots cou ld  a l s o  i n f l u e n c e  t h e  c r i t i c a l  a t t a c k  a n g l e .  S t u d i e s  
made f o r  i s o l a t e d  wings i n  t h e  MW r ange  from 1 . 6  t o  2.3 r e s u l t e d  
i n  t h e  o b s e r v a t i o n  t h a t  f o r  wings w i t h  a s p e c t  r a t i o s  g r e a t e r  t h a n  
1 . 4  and v a r i o u s  p lanforms - d e l t a ,  r e c t a n g u l a r ,  swept ,  t r a p e z o i d a l  
- t h e  maximum v a l u e s  of  t h e  l i f t  c o e f f i c i e n t  are approx ima te ly  t h e  
same a t  1 .05  * 0 . 0 5 .  Here t h e  c r i t i c a l  a t t a c k  a n g l e s  were n e a r  
40° i n  a l l  c a s e s .  T h i s  r e s u l t  may p rove  u s e f u l  i n  s t u d y  of  t h e  
l a r g e - a t t a c k - a n g l e  aerodynamic c h a r a c t e r i s t i c s  on v a r i o u s  combi- 
n a t i o n s  t h a t  i n c l u d e  l i f t i n g  e l emen t s  o f  t h e  shape i n d i c a t e d  
above. 

Hinge Moment o f  All-Moving Wings - . .. 

a x i s  i s  c a l c u l a t e d  by t h e  f o l l o w i n g  p rocedure .  
The h inge  moment o f  a c o n t r o l  w i t h  r e s p e c t  to i t s  r o t a t i o n  

1. The c o n t r o l ' s  normal - force  c o e f f i c i e n t s  (cNIa  ( f o r  a t tack  
a n g l e )  and ( c N I 6  ( f o r  d e f l e c t i o n  a n g l e )  a re  de termined  w i t h  con- 
s i d e r a t i o n  o f  i n t e r f e r e n c e  w i t h  t h e  body. 

i s  found f o r  
c1 # 0 and z e r o  c o n t r o l  d e f l e c t i o n .  To do s o ,  t h e  c e n t e r  o f  p r e s -  
s u r e  c o o r d i n a t e  o f  t h e  i s o l a t e d  wing i s  de termined  f i r s t  and t h e n  
c o r r e c t e d  f o r  i n t e r f e r e n c e  and t h i c k n e s s  e f f e c t s .  I n t e r f e r e n c e  
has l i t t l e  i n f l u e n c e  on c e n t e r  o f  p r e s s u r e  p o s i t i o n .  C a l c u l a t i o n s  
i n d i c a t e  t h a t  f o r  d e l t a  wings,  t h e  maximum' c e n t e r  o f  p r e s s u r e  
s h i f t  i s  2% of r o o t  chord .  The change i n  t h e  c e n t e r  o f  p r e s s u r e  
c o o r d i n a t e  due to t he  t h i c k n e s s  e f f e c t  i s  a l s o  small and can b e  
t a k e n  i n t o  account  w i t h  Busemann's second-approximation t h e o r y .  
Fo r  a p r o f i l e  t h a t  i s  symmet r i ca l  about  t he  v e r t i c a l  a x i s ,  t he  
c e n t e r  o f  p r e s s u r e  s h i f t  i s  de termined  from t h e  formula 

c .pa  2. The wing c e n t e r  o f  p r e s s u r e  c o o r d i n a t e  x 

(XV- 3- 4.0 ) 

where Ax C.P = A X  c . p / b ~ ~ ~  

The c o e f f i c i e n t s  m Z  and c f o r  t h e  p r o f i l e  are de termined  by 1652 N 
the  formulas  

(XV-3-41) 



(XV-3-42 ) 

where gl and gu are t h e  maximum t h i c k n e s s e s  of  t h e  bot tom and 
t o p  of  t h e  p r o f i l e ,  r e s p e c t i v e l y ,  r e f e r r ed  to t h e  chord bMAC. 

The d i s t a n c e  to t h e  c e n t e r  of p r e s s u r e  from t h e  forward  
p o i n t  of  t h e  r o o t  chord ,  c a l c u l a t e d  w i t h  c o n s i d e r a t i o n  o f  t h i c k -  
n e s s  and r e fe r r ed  to b r t ,  w i l l  be  

where (xc  .p/brt  lwg i s  t h e  r e l a t i v e  c e n t e r  of p r e s s u r e  c o o r d i n a t e  
of  t h e  i s o l a t e d  t h i n  wing. 

For  a d e l t a  wing, t h i s  q u a n t i t y  may b e  assumed e q u a l  to 2/3. 
Research i n d i c a t e s  t h a t  t h e  t h i c k n e s s  c o r r e c t i o n  i s  no more t h a n  
3-4% of  r o o t  chord .  

3. The c o r r e c t i o n  to t h e  c e n t e r  o f  p r e s s u r e  c o o r d i n a t e  o f  
t h e  i s o l a t e d  t h i n  wing to a l l o w  f o r  t h e  t h i c k n e s s  o f  t h e  c o n t r o l  
and i n t e r f e r e n c e  when i t  i s  d e f l e c t e d  i s  c a l c u l a t e d ,  and t h e  d i s -  
t a n c e  to t h e  c e n t e r  o f  p r e s s u r e ,  xc .pG,  i s  found f o r  c1 = 0 .  The 

i n t e r f e r e n c e  c o e f f i c i e n t  i s  s m a l l ;  f o r  example,  i t  i s  no more t h a n  
1% of r o o t  chord f o r  t r i a n g u l a r  c o n t r o l  s u r f a c e s .  

4. T h e  h inge  moment i s  found as t h e  sum of t h e  moments pro-  
duced by t h e  a t t a c k  and c o n t r o l - d e f l e c t i o n  a n g l e s  : 

where xro i s  t h e  d i s t a n c e  from t h e  forward p o i n t  of  t h e  r o o t  
chord to t h e  c o n t r o l - s u r f a c e  a x l e .  The h inge  moment c o e f f i c i e n t  
i n  Formula (XV-3-44) i s  r e f e r r e d  to mean aerodynamic chord .  

The method s e t  f o r t h  above i s  a p p l i c a b l e  f o r  c o n t r o l s  o f  any 
planform, b u t  t h e  i n t e r f e r e n c e  data used i n  i t ,  which are t a k e n  
from slender-body aerodynamic t h e o r y ,  g i v e  more s a t i s f a c t o r y  r e -  
s u l t s  f o r  t h e  d e l t a  form and are less  a c c u r a t e  f o r  r e c t a n g u l a r  
wings.  I n  de t e rmin ing  t h e  r e c i p r o c a l  i n f l u e n c e  of  a body and a 
d e f l e c t e d  r e c t a n g u l a r  c o n t r o l  on l i f t  and c e n t e r  o f  p r e s s u r e  
p o s i t i o n ,  i t  i s  b e t t e r  to use  data from t h e  l i n e a r i z e d  t h e o r y ,  ac- 
co rd ing  to which t h e  c o r r e c t i o n  f o r  t he  c e n t e r  o f  p r e s s u r e  s h i f t ,  
a t  t h e  d e f l e c t i o n  of t he  c o n t r o l ,  i s  approximate ly  t w i c e  t h a t  
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accord ing  t o  slender-body t h e o r y .  

Example. C a l c u l a t e  t h e  hinge-moment c o e f f i c i e n t  f o r  Ma = 
= 2 ,  a = 0.1, 6 = 0.2 f o r  a f u l l y  d e f l e c t e d  t r i a n g u l a r  c o n t r o l  
s u r f a c e  wi th  t h e  dimensions i n d i c a t e d  i n  F ig .  XV-3-13. T h e  con- 
t r o l  p r o f i l e  - i s  symmetrical  and biconvex w i t h  t h e  th i ckness  
r a t i o  smax = s  maxlb r t = 0.05. 

of  t h e  ang le s  a and 6 :  
F i r s t  w e  f i n d  t h e  normal-force c o e f f i c i e n t s  f o r  t h e  va lues  

S ince  t h e  wing has  a supe r son ic  l e a d i n g  edge, 

For t h e  value rs = r/sm = 0.25, we f i n d  t h e  i n t e r f e r e n c e  
c o e f f i c i e n t s  K = 1 . 2 1  and k = 0.94 i n  Table XV-3-1. Now w e  
use Formula (XV-3-43) t o  determine t h e  c e n t e r  of p r e s s u r e  coord i -  
n a t e  w i t h  c o n s i d e r a t i o n  of t h i c k n e s s ,  remembering t h a t  i n  t h i s  
formula 

wg wg 

Assuming t h a t  bMAC/brt  = 2/3 and s e t t i n g  xcSp/brt = 2/3, we /653 
f i n d  a f t e r  s u b s t i t u t i o n  i n t o  (XV-3-43) 

T h i s  f i g u r e  must be improved w i t h  a view t o  t h e  i n f l u e n c e  of 
a t t a c k  a n g l e ,  us ing  t h e  formula 

c.p 'cp a 

.G c-p a= (*) wg- (+) wg(b) 9 

(XV-3-45 ) 

i n  which t h e  f i r s t  term d e f i n e s  t h e  c e n t e r  of p r e s s u r e  coord ina te  
of t h e  i s o l a t e d  wing and t h e  second r e p r e s e n t s  t h e  combination 
w i t h  t h e  body. 

From T a b l e  XV-1-1, we f i n d  f o r  rs = 0 and rs = 0.25 t h e  



to o u r  data t h e  r e l a t i v e  

- r e s p e c t i v e  v a l u e s  ( ~ ~ , ~ ~ / b ~ ~ ) ~ ~  - 
- - - 
- = 0.667 and ( x  c .  paibrt-)wg(b ) 

= 0.648. Consequently,Axc.pa - 
= 0.019 and t h e  r e l a t i v e .  c e n t e r  o f  
p r e s s u r e  c o o r d i n a t e  w i t h  c o n s i d e r a -  
t i o n  of t h i c k n e s s  i s  ( x  
= 0.639 - 0.019 = 0.620. The c e n t e r  
o f  p r e s s u r e  s h i f t  on d e f l e c t i o n  o f  
t h e  c o n t r o l  i s  

- - 
c . p a / b r t  )wg 

where t h e  f i r s t  t e r m  d e f i n e s  t h e  
c e n t e r  of  p r e s s u r e  c o o r d i n a t e  of  t h e  
i s o l a t e d  wing and t h e  second t h a t  of  
t h e  wing i n  combina t ion  w i t h  t h e  
body. 

From Table  XV-3-1, w e  f i n d  
(xc . p 6 j b r t  )wg = 0.667 and 
( X c . p 6 / b r t ) w g ( b )  = 0.667 f o r  rs = 0 
and rs = 0.25, r e s p e c t i v e l y .  

= 0 and a c c o r d i n g  s e q u e n t l y ,  Ax 
c o n t r o l - d e  f l e  c t e d  c e n t e r  o f  D r e s  s u r e  

Con- 

c.p6 

c o o r d i n a t e  i s  ( ~ ~ . ~ / b ~ ~ ) ~  = 0.639 - 0 = 0.639. A f t e r  s u b s t i t u t i o n  
i n t o  (XV-3-44), w e  f i n d  t h e  hinge-moment c o e f f i c i e n t  

Example of  a e r o d y n a m i c - c h a r a c t e r i s t i c  c a l c u l a t i o n  f o r  a body- 
w i n g - t a i  1 c o m b i n a t i o n .  E x p e r i m e n t a l  d a t a .  

By way of  example,  T a b l e  XV-3-2 shows t h e  r e s u l t s  o f  a c a l -  
c u l a t i o n  of t h e  o v e r - a l l  Mm = 2 aerodynamic c h a r a c t e r i s t i c s  of  
t h e  p l a n e  body-wing- ta i l  combina t ion  diagrammed i n  F i g .  XV-2-13. 
The c h a r a c t e r i s t i c  g e o m e t r i c a l  d imens ions  used were t h e  l e n g t h  
xb o f  t h e  combina t ion  and t h e  area of  t h e  two wing c a n t i l e v e r s  
n o t  c o u n t i n g  t h e  area o c c u p i e d  by t h e  body. A l l  l i n e a r  geometr i -  
c a l  p a r a m e t e r s  are d i m e n s i o n l e s s  and are re fer red  t o  t h e  r a d i u s  
of t h e  body c y l i n d r i c a l  s e c t i o n ,  which i s  t a k e n  as t h e  u n i t  (r = 
= r  = 1). The d i s t a n c e  from t h e  nose to t h e  c e n t e r  o f  r o t a -  
t i o n  i s ,  a c c o r d i n g  t o  F i g .  XV-2-13, 

m i d  
= 9.35. x r o  

89 3 



T A B L E  X V - 3 - 2 .  E X A M P L E  O F  C A L C U L A T I O N  OF AERODYNAMIC CHAR- /654 
. ,_ ............ - . .  - . ._ ........ -- - - ................ - . . . . . . . .  

Body- 
. . .  

I 1  
- . 

a‘ l g i  

( 2 )  ( a ;  
.- .. 

1.73  

By hypothesis 

0 1 0 . 2  

Body- 

1 . 5 6  j 10.9 

Interference of body- 

(xc.p 6)wg I xro - (*c.p a)wg 
. - ...... 

- 

0 . 0 1  
-. 

-. . -  

I 
9.34 I 0 . 0 9  

I . 

Interference of body+ 
. . .  

60 
. . . .  

~ .. ~- 

57 I 58 

1 
............... - .. - . . . . . . .  

5 6  

(F) tl(b) (xc.p a’t1 

-. ..... - . .  

I 
( 1 7 )  - ( 6 8 )  

17.8 

. . .  

- 8 . 4 0  0 . 0 5 7  



Table 
S\’-3-1 
‘ rom( l0 )  

~~ 

Table  
XV-3-1 

from(l0) 

A C T E R I S T I C S  F O R  BODY-WING-TAIL  C O M B I N A T I O N  (Fig. XV-2-13). 
. . ~ _ _  . . .  . .  . .... . . -  

1 Body-tail 

. -. . . . - _- - 

wing 

Interference of body-wing combination I I Body tail 
. .- 

33  I 34 I 35  I 36  I 37 I 3 8  I 38‘ 4 1  

Table  x v- 1 - 1 
from ( 1  0 )  

Table  Fig. 3V-1-8 
By hypothesis S V - 3 - 1  S V - 1 - 1  f r o m l j j . ( l  1 )  

= 4 from (10) from (10) and I I I 
0 . 6 5  0 . 3 0 8  0 . 9 4  0 . 2 2  

I Interference of body-tail combination wing combination 

54 

k t l  

55 

kb 

Table  
XV-3-1 

from(25) 

Table 
XV-3-1  

from(25) 

Fig. S Y - 2 - 8 .  
from ( 1 4 )  
and A = 0 

0 .678  

. ~~ 

0 . 0 4 0 4  I 1 . 2 E  1 0 . 1 3 0  0 . 9 4 0  0 . 3 3 0  

t a i l  combination 
- 

6 3  . I 64 65 

d 
( 3 2 )  ~ 5 7 . 3  (2) 

0 . 0 1 2 4  

895 



.. .. _.__. - . , _ _ _  .- - - . ... . . .._.. , . ... __ 
Aerodynamic characteristics of isolated body (curvilinear 

- .  . 

- -  
@ . l i t  I 0.035 0 . 4 9 5  

__ - " -  

Complete combination (body-wing-tail) without consideration'of 

. -  . 

8 2  
. -. . .. - - - - . 

(C?.)b.wg.tl a 
. 

(72 )  ( i 9 )  . 
... 

0 

. 
~ 

0 . 4 0 2  

__ . . __ 

0 , 8 0 4  
.- - -- 

1 . 2 0  
-__ ~~ 

6C 81 
__ 

( 7 4 )  ( 8 1 )  
~~ . 

0 
._ - 

0 

~ .. 

0 

ao 
- 

0 4 . 9  0 . 2 2 9  
. .  

0 . 6 3 1  

. -. 

1 . 0 3  

5 4.9 
- 

4 . 9  

0 

10 

- 
15 

0 

4 . 9  

- 
0 

__ 
' 0  

. .- 
Normal force of complete combination with wing+ 
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nose section) 
. .. ,. 

I 7 0 :  

(xc.p )b  I 
1 2 . 8 7  

wing vortices 

76 I 
("!)wg. b 

. .  

- 0 . 0 0 0 4 8  

. . _  

-0 .00i1 i .: .. . 1.152 
_- 

Moment and C.P of complete combination without consideration of wing Vortices 

86 

(m?) b. wg. ti OL 

.- . . 

(75) (79) 

0 

-0 .0287 
__- 

- 0 . 0 5 7 3  
. . 

-0 .0862 

vortex effect  

87 89 

0.00235 

-0 .  c o q 5  

-0. GO235 

-0 .00235 

0 I -0 .00235 [ -0.0105 
I 

-0.0492 i _- 
-0.031 0 I 0 

I - .  
. _ . .  

-0.0577 . . . . . . . 

- .  . 

-0 .0596 1.-  . ~ .. . 

0 

- 0 . O t i P 1 -  I .  . .  
-0.0886 

. - 
Q 

- 

Moment andV2.P of complete combination 
with consideratlon of wing vortices 

. .- __ - _-_ ___ 
100 1 101 102 

- -~ 

98 

897 



_.- ".--- . .___ ---- " . . ~  _-___.__-_ 

.Jomal force of cpmplete combhallon With consideration of 

body 

body-wing 

body-tail without body n o s e  

body-wing-tail 

remark 

Note. The column numbers 

I o  -2.16 I 1. 60 

5 . 5 0  1 .  1 . 6 0  I - 2 . 0 2  

-1.7'1 1 11.6 I 4 . 6 0  

- 1 . 6 4  11.k 4 .60  

Resultant values +stat ic_  stab? 

103 

(68) (51)= 0.0069 

[(37) + (35') 4- (68)] ( S i )  = 0 . 0 6 3 1  

[(52) i- (53)] ( 6 5 ) =  0.0112 

from Fig. XV-2-9 for f lu=  O , Z , / S , , , ~  1.152 and r s = 0 . 3 1  
w e  find i t l =  -2.2. 

from which t he  working data are t a k e n  

Wherever p o s s i b l e ,  e x p e r i m e n t a l  data o r  t h e  r e s u l t s  o f  
s u p e r s o n i c  l i n e a r i z e d  t h e o r y  g i v e n  i n  C h a p t e r s  I1 and I11 were 
used i n  d e t e r m i n i n g  t h e  c o e f f i c i e n t s  
s o  t h a t  t h e  c a l c u l a t i o n s  were more a c c u r a t e  t h a n  i n  t h e  c a s e  of 
s lender-body t h e o r y .  

( c ! ) ~ ~  and 

I n  T a b l e  XV-3-2, columns 1-36 c o n t a i n  t h e  i n i t i a l  geometry 
of  t h e  combinat ion and t h e  a u x i l i a r y  p a r a m e t e r s  c a l c u l a t e d  wi th  
c o n s i d e r a t i o n  o f  t h e  g i v e n  M,. Columns 37-51 and 52-65 p r e s e n t  



I 

-0.0810 

1 2 2 . 0  I - 0 . 0 9 6 5  
. .~ 

derivatives and their components - .  

.~ 
1 0 4  

( 7 5 ) + [ ( 1 0 3 )  - (72) ]  (60)~ - 0 . 0 0 2 2 3  
( 1 7  ) 

. .  I - - -  - - . 

a r e  i n d i c a t e d  i n  t h e  pa ren theses .  

0.9460 0 . 0 3 7 8  - 0 . 0 2 1 8  -1?.(1230 I I. -... . .I. . i 

(73)  = 0 . 0 4 6 1  (76)  - - n . o i ~ o c s  

I 

(76) + [ ( 1 0 4 )  - ( 7 5 ) ] ' " 9 ' =  

= 0.00236 
(37) 

. ~- 

the  r e s u l t s  of c a l c u l a t i o n  of t h e  i n t e r f e r e n c e  c h a r a c t e r i s t i c s  
f o r  t h e  body-wing and body- t a i l  combinations,  r e s p e c t i v e l y .  
Here, columns 38 and 38' g ive  t h e  c o e f f i c i e n t s  kb a s  c a l c u l a t e d  
by  slender-body aerodynamic theory  and t h e  l i n e a r i z e d  theo ry ,  re- 
s p e c t i v e l y .  
t a i n e d  from l i n e a r i z e d  theo ry .  

The subsequent c a l c u l a t i o n s  use t h e  kb = 0.23 ob- 

Columns 66-71 p r e s e n t  d a t a  on the flow around t h e  i s o l a t e d  
c u r v i l i n e a r  nose s e c t i o n ,  w h i l e  columns 72-102 con ta in  t h e  over- 

8 9 9  



v3 
0 
0 

TABLE XV-3-3. THEORETICAL AND EXPERIMENTAL VALUES OF AERODYNAMIC CHARACTERISTICS 
FOR PLANE WING-BODY COMBINATIONS. GEOMETRICAL PARAMETERS OF COMBINATION; VALUES 
OF Moo, Re =Voo(bMAC)wg/~m * 

- 

0.20 

0.70 

0.90 

- 
1.50 

2.00 

1.20 

1.70 

1.86 

1.86 

1.86 

1.0 

1 .O 

0.59 

0.59 

1--a 
I__ 

22.5 

22.5 

22.5 

id. 7 

14.7 

31.8 

31.8 

0.483 

0.483 

0.483 

- 

- 
__I 

- 

- 

0.440 

0.440 

0.440 

0.450 

0.450 

0.912 

0.912 

3.43 

2.49 

1.52 

4.47 

6.93 

2.66 

5.50 

.__ 

9.45 

9.45 

9.45 

15.0 

6.0 

15.0 

.5.0 

- 
0.546 

O.Ty'rfi 

0.546 

.o.ooo 

0.000 

0.000 

0.000 

__I_ 

0, i79 

0,159 

o.i7!l 

- 
0.201 

0.201 

0.254 

0.25i 



Table  XV-3-3 (Cont'd.) /661 

-- -- - - __ 
0.60 

0.10 

5 ei e _ _ _  ~ __ ___ 6 

- 

0.50 

0 , W  

1.45 

1.99 

3.67 

0.57 

-- 

4.25 

6.58 

2.76 

2.34 

16.7 

i 

0.521 ~ 0.386 2.19 35.0 , 0.352 1.000 ' 0;tNI 
1 . I  I 

0.62 

0.260 

I I  
I I 

I - 

5.62 j 0.0 ~ 0.88 1.000 0.115 
! i 1 

I !  

I i  

Ha 

- 
b 

0.223 10.10 

0.10 

5.52 ; 9.3 : 0 . 3 s  I I.UU0 0.115 

! 

0.62  

0 .02  

19.6 1 1.000 0.380 1.73 ' 26.5 0.000 1.000 0.263 

19.6 

19.6 

1.000 0.380 0.87 26.5 0.000 i.000 I 0.X3 

1.000 1 0.380 , 2-10 26.5 0.000 1.000 0.243 

I I 1 i I ! I 
! 

I 

11.7 0.322,  

11.7 

11.7 

11.7 

0.322 

0.322 

0.322 11.1 I:, 



T a b l e  XV-3-3 (Cont'd.) /662 

9a 0.75 1.27 24.0 O.GU6 1,4!J 0.388 1 I ___.  

b 1.07 1.25 24.0 0.606 0.388 0.83 -+ I 

I 
~ 0.75 1.31 24.0 0.637 0.499 1.60 

I 
1.07 1.29 24.0 0.637 0.499 , 0.90 

I I 
2-a 

1.62 0.40 19.5 i i a  - 0.501 1.M 0.0 1.000 1 1.000 I 0.332 

b 1.93 0.40 19.5 - 0.501 2,1/i 0.0 1 . m  1.000 , 0.3.5CJ 

2.40 0.40 - 0.501 2.84 0.0 1.000 I 1.000 1 0.350 19.5 

I 
i 

7 

I n I I I I 1 I I I I 

I I .  I I I I I I I I I 

13 1.50 0.26 22.9 0.148 2.98 

! 

0.500 0.98G / 0.486 

i 
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17 

IU 

No. I Diagram of combination 

- 
I 

- ' 0.920 1 5.13 0.0 I 1.0 1.0 ' 0.2% .___-.- -. <-# ! 
I I 1 i i 1  I I 

, 1.92, 0.20 25.0 'I 

0 , 2  t t i  0.412 2.27 , 0.0 0.0 j 1.0 

l i  I I 

1.50 

2.00 
- 

1.G2 

1.93 

1.50 

2.00 

0.70 

0.70 

0,31 

0.28 

1.00 

i . r)o 

1 - 0.63:2 3.30 14.0 ' 0.461 1.000 0.23 1 22.9 

22.0 - 0.632 5.11 1 14.0 1 0.461 1 1.000 i 0,250 
I 

i 

21.8 - 0.870 1.57 60.0 ; 0.305 1.1100 ' 0.465 

21.8 - 0.870 2.03 60.0 I 0.305 j 1.01~ ~ o . 4 ~  

v3 
0 
w 
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I 

Diagram of combination No. I 
19a 1.10 

1 .!IO b 

I - 
Experiment 

.--- ; I I I  I Theory 

1 center of 

! .pressure center of pressure i normal force 

I - ! 
norma1 force 



Tab le  XV-3-3 (Cont 'd . )  / 6 6 5  

a Note. Values of a l c N  a r e  g iven  i n  r a d i a n s .  ( ) Experimental  v a l u e s  used i n  theo- 
r e t i c a l  c a l c u l a t i o n s .  



TABLE XV-3-3 (Cont'd.) /666 

'b 

3 - b  (afo, 6 = 0) 

1 Experiment Thrnrv 

'wp 

17 1 0.29 I 0.07 I 1.19 

0.24 

0.24 

18 I 0.10 1 0.31 1 1.18 

190 0.06 0.31 1.18 

71 0.08 1 0.31 1 1.18 

- 

0.94 

0 . 9  

NO. 

- 
17 

18 

19a - 
b 

0.24 0.94 

11 normal force I center of pressure I center of pressure I nonnal force 

3.61 1 1.06 I 5.61 I 0.19 I 0.954 1 0.954 I 0.78 I 5-61 I 0.75 

2.83 I 0.27 1 4.48 I 0.21 1 0.548 1 0.457 1 0.45 4 .BO 0.45 

2.23 0.13 3.48 0.21 0.525 0,460 0.43 3.59 0.45 

' 2,93 1 0,22 I 4-58. 1 0.21 1 0.545 I 0.475 1 0.45 . I ' 4.54 1 ' 0.47 

3 - c  (a=O, b f  0) 
~ 

Experiment I 1-1 
Theory 

2.10 2.63 0.525 0.457 0.44 2.25 

2.76 I 3.46 I 0.545 1 0.475 1 0.46 I 2.96 

2.75 

3.52 

0. (158 

0,467 0.48 



TABLE XV-3-4. THEORETICAL AND EXPERIMENTAL VALUES OF AERODYNAMIC CHARACTERISTICS /66 7 
FOR PLANE BODY-WING-TAIL COMBINATIONS. 1-a. GEOMETRICAL PARAMETERS OF COMBINA- 
TION; VALUES OF Moo AND Re* 

I 
~ 

1 

I 1.90 0.81 18.6 

2a 

- 
2 b  

c_ 

2 C  

n 0 . 2 0 .  1.86 I 22.5 

' I  

0.70 1.86 

0.w 1.86 

0,500 

- 

22.5 

22.5 

0.309 w i a  

tail 

-- 
0.483 0.252 wing 

tail 

0.483 

0.487 

0.357 0.08 

0.872 ~ 0 . 0 8  

6.58 

6.88 

0,440 0.042 3.43 
0.895 0.042 3.43 

0.440 
0.895 

0.440 
0,895 

1.52 
I .5;1 



- No. 

I 
I 

I 

Mm ~ 0 . 1 0 -  Diagram of combhation 

32.6 0.525 

~ 

I i 

1.90 0.392 '1.51 

1.93' 0.33 

" t 

21.9 0.522 0.839 ~1 

T a b l e  XV-3-4 (Cont'd.) / 6 6 8  

wing 
tail 

0.389 o.am 

wing ' 0.486 
tail ' , 0.869 

0.03 
0.02 

- 

- 
-0.049 

- 

1.87 
0.78 

0.00, I l.On0 
0.W ' 1.m 

1.69 i60.00 
2.03 ,60.00 

I 

0.323 i 
0.305, 

I 

i 

. 000 
,001) 

- 

0.4iiS 
0.465 
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1.01 

N O .  Diagram of combination 

wing ' 0.507 
tail 0.893 

i --- 

7 

c 

8 

1 

i 
1 

I I 

1.93 

- 

1.9: 

- 

I ,93 

0.33 

0.33 

- 

0.83 

22.8 

22.8 

- 

0.54: 

0.54, 

- 

22.8 ! 0 .54 ,  

~ wing tail 

5.74 wing 
, tail 
I 

i 
I 
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0.83 

t 

No. j Diagram of combination 

22.8 

U 

0.486 

'I /-1 

1.000 

11 

- 

12 

1.93 

1.93 

- 

.( .62 

- 
1c. 10- 

0.83 

- 

0.83 

xe - 
'mid 

22.8 

- 

22'8 

- 

0.23 

- 

25.7 

I I 

0.541 5.79 wing 
tai l  

wing 
tai l  

0.355 
0.880 



Table XV-3-4 ( C o n t ' d . )  /671 -- 
I-b. Aerodynamic C h a r a c t e r i s t i c s  

Experiment i , I '  1 ,  Theory 
, I  

normal force 

18 

! 

i 
I 2 z j c  

1 I 0.17 10.23 

2nj 1).u8 0.24 
- b ,  0.07 IJ.24 

c !  0.06 , 0.24 

c 

12 I (0.48) 10.53 

i 

1.lG 10.12 
.I. 14 10.24 
-. -- 

1.lt 0.24 
1. I 4  1 0.24 

1.27 14.00 - 1  
1 .1X IO.G2)  1.3G 12.93 
1./11(0.2G 1 1.41 I 2.94 

1.41 1 o . l q  1.29 I 2.94 -_--I- 

- 
I .41 ~ 0.14 1 1.34 1 2.94 

[ , 4 f j i ~ i . 541  1.31 I 2 . ~  

. . ~ . $ I ( J . S ~  j 1.31 I 3.01 - 

.43 10.54 I 1.31 I 3.01 

1.3610.541 1.31 13.91 
.30 10.53 I 1.30 1 3.02 

! 1 'i ! 
center of pressure 

I 

0.951 

0.918 
- 

normal force j center of 
pressure 

*Values w i t h o u t  c o n s i d e r a t i o n  of  wing v o r t i c e s .  
( ) Exper imen ta l  v a l u e s  used  i n  c a l c u l a t i o n .  
[: 1 Exper imen ta l  v a l u e s  n o n l i n e a r  a round a = 0 .  
The s u b s c r i p t  em p e r t a i n s  t o  t h e  combina t ion  as a whole.  
The c o o r d i n a t e ~ ~ ~ ~ ~ / x ~ ) ~ ~  i s  measured from t h e  nose  of  t h e  body. 



a l l  aerodynamic c h a r a c t e r i s t i c s  o f  t h e  body-wing-tai l  combina- 
t i o n .  Some o f  t h e s e  c h a r a c t e r i s t i c s  are g i v e n  wi thou t  cons ide ra -  
t i o n  o f  wing v o r t i c e s ,  b u t  t h e  f i n a l  r e s u l t s  (columns 78-102) i n -  
c o r p o r a t e  t h e  i n t e r f e r e n c e  c o r r e c t i o n  governed by w i n g - t a i l  i n t e r -  
a c t i o n .  L a s t l y ,  t h e  o v e r - a l l  v a l u e s  of  t h e  s t a t i c  d e r i v a t i v e s  
(c2')a=(6~)wg=a* 

f o r  t h e  i s o l a t e d  body ( c u r v i l i n e a r  nose  s e c t i o n )  and the  body- 
wing and b o d y - t a i l  combina t ions  (wi thou t  t he  body nose s e c t i o n )  
are c a l c u l a t e d .  W e  see from t h e  r e s u l t s  t h a t  t h e  wing s e c t i o n  i s  
t h e  dominant f a c t o r  i n  g e n e r a t i n g  normal f o r c e  f o r  t h e  combina- 
t i o n ,  w h i l e  t h e  t a i l  s e c t i o n  dominates  i n  t h e  g e n e r a t i o n  o f  mo- 
ment. 

(mT)a= (belwg = 0 (',V)CC=( 6 be& =O and (m4r,=(6e)wge0 and t h e i r  components 

C a l c u l a t i o n s  s i m i l a r  t o  t h o s e  i n  T a b l e  XV-3-2 were c a r r i e d  
ou t  f o r  o t h e r  combina t ions .  T a b l e  XV-3-3 p r e s e n t s  t h e  r e s u l t s  
of  t hese  c a l c u l a t i o n s  f o r  body-wing combina t ions  and T a b l e  XV-3-4 

i n d i c a t e  t h e  e x p e r i m e n t a l  c h a r a c t e r i s t i c s  o b t a i n e d  f o r  v a r i o u s  
Moo and R e  = VcobMAC 

i s o l a t e d  wing)  (C751, 1 3 0 7 ) .  For  some combina t ions ,  the  body 
r a d i u s  was v a r i a b l e  a t  t h e  wing o r  t a i l  a t t a c h m e n t .  I n  these 
t a b l e s ,  smax/b i s  t h e  maximum p r o f i l e  t h i c k n e s s  r e fe r r ed  t o  t h e  

chord.  

f o r  body-wing-tai l  combina t ions .  For  comparison, these tables  / 6  59 

i s  t h e  mean aerodynamic chord  o f  t h e  ( b ~ ~ ~  

The t h e o r e t i c a l  and e x p e r i m e n t a l  f i g u r e s  are compared f o r  
t h e  a - d e r i v a t i v e s  o f  t h e  normal-force c o e f f i c i e n t s  ( a t  a = 0) 
and f o r  t h e  c e n t e r  of  p r e s s u r e  c o e f f i c i e n t s  (xc  . P / ~ b  )b .wg o f  t h e  
combina t ions ,  s i n c e  comparisons f o r  t h e  i n d i v i d u a l  components of  
t h e  combinat ions were i m p o s s i b l e  owing t o  t h e  s h o r t a g e  o f  appro-  
p r i a t e  e x p e r i m e n t a l  data .  The s a t i s f a c t o r y  agreement o f  t h e  
o v e r - a l l  t h e o r e t i c a l  and expe r imen ta l  r e s u l t s  conf i rms  i n d i r e c t l y  /672  
t h a t  t h e  d i s t r i b u t i o n  o f  t h e  i n t e r f e r e n c e  components of  normal 
f o r c e  between the  body and t h e  wing has been c a l c u l a t e d  c o r r e c t l y .  
However, t h i s  problem r e q u i r e s  f u r t h e r  i n v e s t i g a t i o n .  

t h e  moment cu rves  d u r i n g  r e d u c t i o n  o f  t h e  e x p e r i m e n t a l  data ( [75] ,  
1307) ,  s i n c e  a n o n l i n e a r i t y ,  a l though  a small  one,  was observed  
around a = 0 .  It w a s  assumed t h a t  l i n e a r i t y  e x i s t s  f o r  a = + 2 O  
and t h e  average  s l o p e  on t h i s  segment was t a k e n .  

Some d i f f i c u l t y  was encoun te red  i n  de t e rmin ing  t h e  s l o p e s  o f  

The moment c h a r a c t e r i s t i c s  were found t o  b e  s o  n o n l i n e a r  f o r  
c e r t a i n  wing-body-tai l  combina t ions  t h a t  i t  was i m p o s s i b l e  t o  de- 
t e rmine  the  c e n t e r  o f  p r e s s u r e  p o s i t i o n  a c c u r a t e l y  a t  a = 0; t h e  
co r re spond ing  c e n t e r  o f  p r e s s u r e  c o o r d i n a t e s  are  n o t  shown i n  
T a b l e s  XV-3-3 and XV-3-4 f o r  these c a s e s .  

It w a s  a l s o  d i f f i c u l t  t o  de t e rmine  t h e  i n c l i n a t i o n  a n g l e s  
of t h e  normal-force cu rves  f o r  t h e  i s o l a t e d  bod ies  i n  some c a s e s  
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F i g u r e  XV-3-14. V a r i a t i o n  o f  D e -  
r i v a t i v e  e; (a 
Wing Combination as a F u n c t i o n  
O f  M,: - : c a l c u l a t e d ;  
C(O; ov); a(3): o ( o -  e x p e r i m e n t a l .  
da ta .  

= 0) o f  Body- 

/ 

\ 

owing t o  t h e  very  s m a l l  
s i z e s  o f  t hese  a n g l e s  and 
the  u n r e l i a b i l i t y  o f  a v a i l -  
ab l e  e x p e r i m e n t a l  data. T h e  
e r r o r  i n  d e t e r m i n a t i o n  of 
t h e  i n c l i n a t i o n s  does n o t  
exceed  1 0 % .  

Body-wing combination. 
Comparison w i t h  t h e  e x p e r i -  
m e n t a l  data i n d i c a t e s  t h a t  
t h e  c a l c u l a t e d  s l o p e s  of  t h e  
normal - force  c u r v e s  f o r  t h e  
body -wing comb i n a t  i o n s  d i f  - 
fe red  from t h e  e x p e r i m e n t a l  
v a l u e s  (C751, 1307)  by as 
much as lo%, and t h a t  t h e y  
a v e r a g e d  l a r g e r  t h a n  t h e  ex- 
p e r i m e n t a l  s l o p e s  f o r  t h e  
combina t ion  w i t h  t h e  p a r t  o f  
t h e  body behind  t h e  wing. 

The most r e l i a b l e  data 
are  t h o s e  c a l c u l a t e d  f o r  t h e  

normal f o r c e s  o f  b o d i e s  w i t h  d e l t a  wings.  F i g u r e  XV-3-14 i n d i c a t e s  
t h e a c c u r a c y  o f t h e  method o f . d e t e r m i n i n g t h e  s l o p e s  of t h e  body-wing 
normal - force  c u r v e s  as f u n c t i o n s  o f  M,. Although t h e  t r e n d  o f  
v a r i a t i o n  of  t h e  c a l c u l a t e d  p a r a m e t e r s  w a s  p r e d i c t e d  c o r r e c t l y ,  
t h e r e  are  d i f f e r e n c e s  i n  magnitude;  f o r  example,  t h e  c a l c u l a t e d  
v a l u e s  are  smaller  t h a n  t h e  e x p e r i m e n t a l  ones i n  t h e  t r a n s o n i c  
r a n g e .  

T h e  i n c l i n a t i o n s  o f  t h e  normal - force  c u r v e s  f o r  i s o l a t e d  
wings were c a l c u l a t e d  by  t h e  l i n e a r  t h e o r y ,  which,  f o r  example,  
f o r  r e c t a n g u l a r  wings ,  g i v e s  b e t t e r  agreement  w i t h  exper iment  i n  
t h e  neighborhood of  M, = 1 i f  a c e r t a i n  c o n v e n t i o n a l  p a r a m e t e r  
AWg ( ~ ~ , ~ ~ / b ) l / ~  1. However, t h e  t h e o r e t i c a l  and  e x p e r i m e n t a l  s l o p e s  
o f  t h e  normal - force  c u r v e s  do n o t  a g r e e  w e l l  f o r  a l l  f o u r  com- 
b i n a t i o n  forms r e p r e s e n t e d  i n  F i g .  XV-3-14. A n a l y s i s  of  t h e  data 
i n  t h i s  f i g u r e  i n d i c a t e s  t h a t  t h e  b e h a v i o r  o f  t h e  normal - force  
c u r v e  w i t h  M, i n  t h e  neighborhood o f  M, = 1 i s  q u a l i t a t i v e l y  t h e  
same f o r  t h e  combina t ion  as a whole as f o r  a n  i s o l a t e d  s m a l l -  
a s p e  e t - r a t  i o  wing. 

Study o f  t h e  e f f e c t  of wing s e t t i n g  a n g l e  on normal f o r c e  
i n d i c a t e s  t h a t  t h e  t h e o r ' e t i c a l  and e x p e r i m e n t a l  a' v a l u e s  of 
t h e  body-wing combina t ion  agree w e l l  when t h e  c: are de termined  
e x p e r i m e n t a l l y  f o r  t h e  i s o l a t e d  wings .  

For  comparison,  T a b l e  XV-3-2 p r e s e n t s  e x p e r i m e n t a l  data on 
t h e  c e n t e r s  o f  p r e s s u r e ,  whose d i m e n s i o n l e s s  c o o r d i n a t e s  are 
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F i g u r e  XV-3-15. Change i n  
Center  o f  P r e s s u r e  Coordi-  
n a t e  of Body-Wing Combina- 
t i o n  as a F u n c t i o n  o f  Mm 
f o r  M. + 0 .  - ) c a l c u -  
l a t ed ;  A ( I ) :  ~ ( 2 ) ) ;  I?(;): 2.- ( I F  
e x p e r i m e n t a l  data.  

de te rmined  by t h e  formula  

I3 where ma and cN are  t h e  e x p e r i -  
m e n t a l  moment and normal - force  
c o e f f i c i e n t s ;  xro i s  t h e  d i s t a n c e  
from t h e  nose  t o  t h e  c e n t e r  of  
r o t a t i o n ;  and xb i s  t h e  l e n g t h  
o f  t h e  combina t ion .  

Z 

The comparison shows t h a t  
when a t h e o r y  t h a t  does n o t  con- 
s i d e r  t h e  e f f e c t  o f  t h e  body 
b e h i n d  t h e  wing i s  u s e d ,  t h e  
t h e o r e t i c a l  and e x p e r i m e n t a l  data 
show b e t t e r  agreement .  A s  i n  t h e  
c a s e  of l i f t ,  t h e  i n f l u e n c e  of  
t h e  p a r t  o f  t h e  body b e h i n d  t h e  
wing on t h e  c e n t e r  of  p r e s s u r e  
c o o r d i n a t e  may b e  s t r o n g .  

A n a l y s i s  of  t h e  p r e s s u r e  c e n t e r s  i n d i c a t e s  t ha t  t h e i r  c a l -  
c u l a t e d  c o o r d i n a t e s ,  reckoned  from t h e  n o s e ,  w i l l  be  l a r g e r  t h a n  
t h e  e x p e r i m e n t a l  c o o r d i n a t e s .  Here t h e  c e n t e r  o f  p r e s s u r e  l i e s  
c l o s e r  to t h e  s t e r n  f o r  r e c t a n g u l a r  wings t h a n  f o r  d e l t a  wings.  
For  t h e  t r a p e z o i d a l  wing form, t h e  e r r o r  of c a l c u l a t i o n  of  t h e  
c e n t e r  o f  p r e s s u r e  c o o r d i n a t e  w i l l  b e  of  i n t e r m e d i a t e  magnitude.  
According to e x p e r i m e n t a l  data ([75], 1307), t h e  e r r o r  i n  deter-  
m i n a t i o n  of  t h e  c e n t e r  o f  p r e s s u r e  c o o r d i n a t e  i s  0 . 0 2 6 ~ ~  i n  t h e  

p r e s e n c e  of  a r e c t a n g u l a r  wing, 0 . 0 0 9 ~ ~  i n  t h e  p r e s e n c e  o f  a d e l t a  
wing, and 0 . 0 1 7 ~ ~  f o r  a t r a p e z o i d a l  wing. 
t h e o r e t i c a l  and e x p e r i m e n t a l  c e n t e r s  of p r e s s u r e  f o r  s u b s o n i c  and 
s u p e r s o n i c  v e l o c i t i e s  i s  made i n  F i g .  XV-3-15, which p r e s e n t s  
data f o r  f o u r  body-wing combina t ions .  Our a t t e n t i o n  i s  drawn t o  
t h e  small change i n  t h e  c e n t e r  of  p r e s s u r e  c o o r d i n a t e  w i t h  Ma un- 
t i l  t r a n s o n i c  s p e e d s  a re  r e a c h e d .  The e x p e r i m e n t a l  and t h e o r e t i -  
c a l  v a l u e s  found f o r  ( A x ~ . ~ / x ~ ) ~  w i t h  6e  # 0 ,  a = 0 a p p e a r  i n  
T a b l e  XV-3-2. 

A comparison o f  t h e  

Body-wing-tail combination. It has been e s t a b l i s h e d  t h a t  
t h e  i n t e r a c t i o n  between t h e  t a i l  and t h e  wing may a f f e c t  t h e  over-  
a l l  aerodynamic c h a r a c t e r i s t i c s  by r o u g h l y  30-40%. C o r r e c t i o n  f o r  /674 



t h e  t y p e  of  i n t e r f e r e n c e  
o v e r - a l l  c h a r a c t e r i s t i c s  

by  t h e  method se t  f o r t h  above y i e l d s  t h e  
a c c u r a t e  to w i t h i n  +lo%. 

F i g u r e  XV-3-16. V a r i a t i o n  of  D e -  
r i v a t i v e  c; as a + 0 as a Func- 
t i o n  o f  Mm f o r  Body-Wing-Tail 
Combination. ~ ) c a l c u l a t i o n ;  
;:(I); o(2) e x p e r i m e n t .  

F i g u r e  XV-3-17. V a r i a t i o n  o f  Cen- 
t e r  of  P r e s s u r e  P o s i t i o n  as Func- 
t i o n  of  Mm as a + 0 f o r  Body- 
T a i l  Combination. - ) t h e o r y ;  
o ( 1 ) ;  o w  exper iment  . 

I 

d i c a t e s  t h a t  n o n l i n e a r  e f f e c t s  are 
combina t ion .  

F i g u r e  xv-3-16 shows 
t h e  v a r i a t i o n  of  t h e  d e r i v a -  
t i v e  c i  as a + o f o r  two 
body-wing- ta i l  combina t ions  
as a f u n c t i o n  of  Mw. W e  see 
t h a t  a t h e o r y  t ha t  t a k e s  
account  o f  i n t e r f e r e n c e  be-  
tween t h e  t a i l  and t h e  wing 
a g r e e s  w i t h  exper iment  f o r  
p r a c t i c a l l y  t h e  e n t i r e  r a n g e  
of  M w  from s u b s o n i c  to s u p e r -  
s o n i c ,  i n c l u d i n g  t h e  t r a n -  
s o n i c  r e g i o n .  

According to t h e o r y  and 
exper iment  (C751, 1 3 0 7 ) ,  t h e  
i n f l u e n c e  of i n t e r f e r e n c e  be-  
tween t h e  t a i l  and wing on 
t h e  c o m b i n a t i o n ' s  c e n t e r  of  
p r e s s u r e  p o s i t i o n  i s  u s u a l l y  
s t r o n g e r  a t  s u p e r s o n i c  t h a n  
a t  s u b s o n i c  s p e e d s .  The e r r o r s  
i n  t h e  t h e o r e t i c a l  c a l c u l a -  

b '  t i o n s  amount to a b o u t  0 . 0 2 ~  
T h e  i n f l u e n c e  o f  Mach number 
and a t t a c k  a n g l e  on t h e  re la -  
t i v e  c e n t e r  o f  p r e s s u r e  coor-  
d i n a t e  as a + 0 i s  shown i n  
F i g .  XV-3-17 f o r  two body- 
w i n g - t a i l  combina t ions  a t  
sub- and s u p e r s o n i c  s p e e d s .  
For  t h e  combina t ion  w i t h  t h e  
t r a p e z o i d a l  wing, t h e  t h e o -  
r e t i c a l  data do n o t  a g r e e  as 
w e l l  w i t h  e x p e r i m e n t a l  r e s u l t s  
as t h e y  do f o r  a combina t ion  
w i t h  a d e l t a  wing. T h i s  i n -  /675 

s u b s t a n t i a l  f o r  t h e  t r a p e z o i d a l  

When t h e  wing i s  r o t a t e d  t h r o u g h  a p o s i t i v e  a n g l e  an  
a d d i t i o n a l  upward normal  f o r c e  i s  c r e a t e d ,  b u t  t h e  r e s u l t a n t  wing 
v o r t i c e s  g i v e  r i s e  to an  opposed t a i l  normal f o r c e .  The r e s u l t  
i s  a s u b s t a n t i a l  p i t c h i n g  moment t h a t  t e n d s  to s h i f t  t h e  c e n t e r  
o f  p r e s s u r e  forward .  T h i s  i s  confirmed b y  t h e o r e t i c a l  and ex- 
p e r i m e n t a l  data ( [ 7 5 ] ,  1307)  i n  T a b l e  XV-3-2. F i g u r e  XV-3-18 p r e -  
s e n t s  s i m i l a r  data f o r  two combina t ions  w i t h  d i f f e r e n t  wing forms.  
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Figure  xv-3-18. In f luence  of Wing 
Ro ta t ion  Angle of Body-Wing-Tail 
Combination on Center  of  P res su re  
P o s i t i o n .  - ) c a l c u l a t i o n ;  ex- 
periment : 

n r , = i , ~ ; c - ( a ~ ) ~ ~ = o o ;  L . - ( ~ ~ ) ~ ~ = P ;  Y,=~.O; o-(a,),,==o~; / 

/ 
- (8g)wg=4.90 

I n  - t h e  a t tack-angle  range 
s t u d i e d ,  w e  observe good 
agreement between theory  
and experiment f o r  t h e  
rectangular-wing combina- 
t i o n  and less  s a t i s f a c t o r y  
agreement f o r  the model 
w i t h  t h e  d e l t a  wing; t h i s  
i s  expla ined  by t h e  inade-  
quacy of  t h e  single-wing- 
v o r t e x  scheme adopted f o r  
t h i s  model. 

SXV-4. D A M P I N G  MOMENT O F  
VEHICLE DUE TO MO- 
T I O N  OF FUEL AND 
COMBUSTION PRODUCTS 

A s  a r e s u l t  of r o t a -  
t i o n  of  t h e  v e h i c l e  about 
i t s  c e n t e r  of  mass, t h e  
moving f u e l  (or fuel-com- 
b u s t i o n  p r o d u c t s )  c r e a t e  
c e n t r i f u g a l  and C o r i o l i s  
f o r c e s ,  and t h i s  g ives  
r i s e  t o  a damping moment. 
Research has shown tha t  

c e n t r i f u g a l  f o r c e s  a r e  n e g l i g i b l y  sma l l  b y  comparison w i t h  t h e  
C o r i o l i s  f o r c e s .  For t h e  v e h i c l e  whose scheme i s  shown i n  F ig .  
XV-4-1, t h e  l a t e r a l  f o r c e  R Z  and t h e  damping moment M 
by  r o t a t i o n  about t h e  c e n t e r  of  mass (oy-axis )  can be determined 
by t he  r e s p e c t i v e  formulas /676 

produced 
Y d  

where f i . i s  t h e  mass of f u e l  consumed by  t h e  powerplant p e r  second; 
xa, x l ,  x o ,  za, z l ,  z,, a r e  t h e  coord ina te s  i d e n t i f i e d  i n  F ig .  
XV-4-1. 

Formulas (XV-4-1) and (XV-4-2) should b e  a p p l i e d  for uniform 
r o t a t i o n  ( Q  = c o n s t ) .  These formulas were de r ived  on t h e  assump- 
t i o n  tha t  r o t a t i o n  of  t h e  v e h i c l e  about t h e  ox- and oz-axes has 

and t h a t  t h e  f u e l  or f u e l -  no e f f e c t  on t h e  damping moment M 
combustion products  move i n  t h e  d i r e c t i o n  o f  t h e  powerplant t h r u s t  

Y 

Y d  
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F i g u r e  XV-4-1. Diagram I l l u s t r a t i n g  Calcu- 
l a t i o n  of Damping Moment Due to Motion of  
F u e l  or Combustion P roduc t s  R e l a t i v e  t o  
V e h i c l e .  

v e c t o r .  The combustion p r o c e s s  f o r  which t h e  c a l c u l a t i o n  i s  made 
cor responds  to t h a t  of s o l i d - f u e l  g r a i n s  hav ing  c e n t r a l  channe l s  
and b u r n i n g  from bo th  ends .  

SXV-5. DESIGN OF ROLLERONS 

T h e  d e s i g n  of r o l l e r o n s  ( F i g .  11-3-4') c o n s i s t s  i n  de te rmin-  
i n g  t h e  c o n t r o l - s u r f a c e  geometry, d i s k  dimensions and i t s  a n g u l a r  
v e l o c i t y  t h a t  w i l l  e n s u r e  t h e  r e q u i r e d  l o n g i t u d i n a l  a n g u l a r  V e l O -  
c i t y  o f  t h e  v e h i c l e ,  SIx,, a t  an  a c c e p t a b l e  r o l l e r o n  d e f l e c t i o n  
a n g l e  6 r ,  which must b e  l ess  t h a n  c r i t i c a l .  The c a l c u l a t i o n  may 
i n v o l v e  s o l u t i o n  of t h e  i n v e r s e  problem, i . e . ,  c a l c u l a t i o n  o f  6r 
and a X x l  f o r  s p e c i f i e d  r o l l e r o n  pa rame te r s  and v e h i c l e  aerodynamic 
c h a r a c t e r i s t i c s .  These  c a l c u l a t i o n s  can be accomplished b y  s o l v -  
i n g  t h e  f o l l o w i n g  e q u a t i o n  sys tem,  which d e s c r i b e s  t h e  d i s t u r b e d  
r o l l i n g  motion o f  a v e h i c l e  f i t t e d  w i t h  r o l l e r o n s :  

(XV-5-1)  
(XV-5-2 ) 

where Jxl and J rz l  are  t h e  r e s p e c t i v e  moments o f  i n e r t i a  of  t h e  
v e h i c l e  abou t  t h e  x , - ax i s  and t h e  r o l l e r o n  abou t  t h e  z , - a x i s ;  
y and 6, are t h e  r o l l  and r o l l e r o n - r o t a t i o n  a n g l e s ,  r e s p e c t i v e l y ;  

r o l l  damping moment; Md i s  t h e  d i s t u r b i n g  r o l l i n g  moment; M 

t h e  gy roscop ic  moment; Mh i s  t h e  r o l l e r o n  h inge  moment. 

h i c l e  about  t h e  x , - a x i s ,  and (XV-5-2)  t h e  r o t a t i o n  of t h e  r o l l e r o n  
about  i t s  a x i s  w i t h o u t  c o n s i d e r a t i o n  o f  i t s  weight  and b e a r i n g  
f r i c t i o n .  I n  these e q u a t i o n s ,  t h e  moments are  r e p l a c e d  by t h e  

M x l  i s  t h e  r o l l i n g  moment c r e a t e d  by t h e  r o l l e r o n s ;  Mx i s  t h e  

i s  
g 

/ 6 7 7  

Equa t ion  (XV-5-1)  d e s c r i b e s  t h e  r o t a r y  motion o f  t h e  ve- 
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e x p r e  s s i o n s  

(XV-5-4 ) 
(XV-5-51 
(XV- 5-6 ) 

where n - i s  t h e  number o f  r o l l e r o n s ;  Sr i s  t h e  p l a n  area of  a r o l l -  
e r o n ;  r i s  t h e  d i s t a n c e  from t h e  x , - a x i s  t o  t h e  r o l l e r o n  c e n t e r  
o f  p r e s s u r e ;  c 6  i s  t h e  s t a t i c  d e r i v a t i v e  o f  t h e  r o l l e r o n  l i f t  

c o e f f i c i e n t  w i t h  r e s p e c t  t o  i t s  r o t a t i o n  a n g l e ;  mx i s  t h e  r o t a -  
t i o n a l  d e r i v a t i v e  of t h e  r o l l  damping moment c o e f f i c i e n t  w i t h  r e -  
s p e c t  to t h e  d i m e n s i o n l e s s  r o l l  a n g u l a r  v e l o c i t y  

Y WX 

i s  t h e  moment of  i n e r t i a  o f  t h e  r o l l e r o n  d i s k ,  i n  r o t a t i o n  Jr y1 

b~~~ r 

a t  a n g u l a r  v e l o c i t y  G! w i t h  r e s p e c t  t o  t h e  y , - a x i s  ( F i g .  11-3-4'); 
Y l '  6 i s  t h e  mean aerodynamic chord  of  t h e  r o l l e r o n ;  mh i s  t h e  

s t a t i c  d e r i v a t i v e  o f  t h e  r o l l e r o n  h i n g e  moment c o e f f i c i e n t  w i t h  
r e s p e c t  t o  i t s  t u r n  a n g l e .  

The v e l o c i t y  heads g and q, are  c a l c u l a t e d  f o r  t h e  d i s t u r b e d  
f low i n  f r o n t  o f  t he  r o l l e r o n s  and f o r  t h e  f r ee  s t r e a m ,  r e s p e c -  
t i v e l y .  The d i s t u r b i n g  moment Md i s  a s s i g n e d  as a t i m e  f u n c t i o n  
M d ( t ) '  

Af t e r  t h i s  s u b s t i t u t i o n ,  o u r  e q u a t i o n  s y s t e m  becomes 

where 

(xv-5-7 

(xv-5-8 ) 



I n  f i r s t  a p p r o x i m a t i o n ,  t h e  v a l u e s  of  A ,  B, E ,  and D c a n  b e  
found from c a l c u l a t e d  data on t h e  t r a n s l a t i o n a l  t r a j e c t o r y  o f  
t h e  v e h i c l e  c e n t e r  of mass w i t h o u t  c o n s i d e r i n g  r o l l .  S o l u t i o n  
of  Eqs. (XV-5-7) and (xv-5-8) i s  s i m p l i f i e d  s u b s t a n t i a l l y  i f  w e  
assume ;i = 0 ,  which i s  p o s s i b l e  f o r  many v e h i c l e  c l a s s e s .  For  
t h i s  c a s e ,  

(XV-5- 11 ) 

We assume t h e  p a r a m e t e r s  A ,  B, E ,  and D t o  be independent  /678 
of t i m e  and e q u a l  t o  t h e i r  a v e r a g e  v a l u e s  on a c e r t a i n  l e n g t h  
of t h e  t r a j e c t o r y ,  and t h a t  t h e  moment Md = c o n s t .  
w e  o b t a i n  t h e  s o l u t i o n  o f  (XV-5-10) i n  t h e  f o l l o w i n g  form 

I n  t h i s  c a s e ,  

where 

The c o n s t a n t s  o f  i n t e g r a t i o n  C and + are  de termined  from t h e  

For  s t e a d y  r o t a t i o n  of  t h e  r o l l e r o n  (ir = 0) 

i n i t i a l  data  f o r  6 r  and 1 3 ~ .  

The roll a n g u l a r  v e l o c i t y  = Qxxl i s  c a l c u l a t e d  d i r e c t l y  

E x a m p l e .  

from (XV-5-11). 

C a l c u l a t e  6 r  and 7 = Qxx l  from t h e  f o l l o w i n g  data:  
Ma = 1.8(V, = 540 m / s ) ;  q, = 1.3010~ kg/m2; 

Four  r e c t a n g u l a r  r o l l e r o n s  ( n  = 4) are  p l a c e d  on t h e  t r a i l i n g  
edges  o f  a c r u c i f o r m  t a i l  behind  a wing, and have t h e  d imens ions  
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L e t  us  assume t h a t  t h e  v e l o c i t y  head f o r w a r d  o f  t h e  r o l l e r o n  
q = 0 . 8 5 ~ ~  and,  c o n s e q u e n t l y ,  M 2  = 
t i o n  of t h e  r o l l e r o n  t i p  e f f e c t ,  t h e  d e r i v a t i v e  

0 .85 Mi. Without c o n s i d e r a -  

From t h e  formula 

where h i s  t h e  d i s t a n c e  from t h e  r o l l e r o n  c e n t e r  o f  p r e s s u r e  t o  
t h e  a x r s  of r o t a t i o n  and i s  e q u a l  t o  b,/2, w e  d e t e r m i n e  

We t h e n  c a l c u l a t e  

From Formula (XV-5-13), we d e t e r m i n e  

and f i n d  from (XV-5-11) 
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Sxv-6. FRONTAL DRAG 

Drag a t  Zero L i f t  

d rags  of i t s  i n d i v i d u a l  e lements ,  c a l c u l a t e d  w i t h  c o n s i d e r a t i o n  
of i n t e r f e r e n c e .  A t  subsonic  and moderate supe r son ic  speeds 
(M, < 5 ) ,  t h e  t o t a l  d rag  can be r e so lved  i n t o  a d rag  t h a t  does 
not  depend on l i f t  and i s  equal  t o  the  d rag  of t h e  v e h i c l e  a t  
c = 0 and an induced d rag  t h a t  does depend on l i f t .  The d rag  
a t  c = 0 can be w r i t t e n  

T h e  t o t a l  d rag  of a v e h i c l e  i s  determined by t h e  sum of t h e  

Y 
Y 

where t h e  f i r s t  t h r e e  terms r e p r e s e n t  t h e  drags  of t h e  i s o l a t e d  
body, wings, and t a i l ,  while  the sum o f  t h e  remaining terms y i e l d s  
a c o r r e c t i o n  f o r  i n t e r f e r e n c e .  I n  each term,  t h e  s u b s c r i p t  i n  
parentheses  i n d i c a t e s  t h e  des ign  element as a r e s u l t  o f  i n t e r f e r -  
ence w i t h  which t h e  a d d i t i o n a l  body, wing, o r  t a i l  d rag  appea r s .  
For example, 

" b ( t 1 )  i n t e r f e r e n c e  wi th  t h e  wing, 
f e rence  w i t h  t h e  t a i l ,  and s o  f o r t h .  

c o n s i d e r a t i n g  i n t e r f e r e n c e ,  as t h e  sum of t h e  drags  of t h e  body, 
wing, and t a i l  i n  i s o l a t i o n :  

r e p r e s e n t s  t h e  a d d i t i o n a l  body d rag  due t o  
t h e  body d rag  due t o  i n t e r -  

*'b (wg) 

Drag can be determined i n  t h e  f i r s t  approximation without  

x, = Xb -1- sw, -+ s tl . (xv-6-2 ) 

I s o l a t i n g  from each component t h e  d rag  due t o  vacuum i n  t h e  
wake of t h e  body, we w r i t e  

where t h e  f i r s t  t h r e e  q u a n t i t i e s  r e p r e s e n t  t h e  drags  due t o  p re s -  
s u r e  and f r i c t i o n  f o r  t h e  body, wing, and t a i l ,  and t h e  second 
t h r e e  t h e  corresponding wake-drag components. 

Body. The t o t a l  d r a g  of t h e  body i s  determined w i t h  con- 
s i d e r a t i o n  of i t s  shape,  which may d i f f e r  i n  t h e  g e n e r a l  case  
from tha t  of a s o l i d  of r e v o l u t i o n .  If t h i s  d i f f e r e n c e  i s  s m a l l ,  
t h e  body i s  regarded  as a s o l i d  of r e v o l u t i o n  whose r a d i u s  i s  
d i s t r i b u t e d  a long  t h e  l o n g i t u d i n a l  x-axis - i n  accordance w i t h  t h e  
law 
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where S ( x )  i s  t h e  c r o s s - s e c t i o n a l  area o f  t h e  a s s i g n e d  body shape .  

Study shows t h a t  t h e  l i f t  and moment c h a r a c t e r i s t i c s  o f  such  
a s o l i d  o f  r e v o l u t i o n  remain t h e  same as f o r  t h e  a s s i g n e d  body 
shape .  The d r a g  d i f f e r e n c e  i s  found to b e  more s u b s t a n t i a l  and 
must b e  t a k e n  i n t o  a c c o u n t .  The shape  of  t h e  body may d e v i a t e  
from t h e  s o l i d  o f  r e v o l u t i o n  owing t o  v a r i o u s  t y p e s  of  "super -  
s t r u c t u r e s " ,  e . g . ,  f a i r i n g s ,  an tenna  i n s t a l l a t i o n s ,  e t c .  

The aerodynamic d r a g  o f  t h e  body depends on t h e  p o s i t i o n s  
of superstructures. Research  has shown t h a t  d r a g  i s  lowes t  
when t h e  s u p e r s t r u c t u r e s  are c e n t e r e d  on t h e  body. I f  t h e y  are 
s h i f t e d  forward, d r a g  r i ses  owing t o  t h e  i n c r e a s e d  p r e s s u r e  on 
t h e  nose  s e c t i o n ,  and when t h e y  a re  s h i f t e d  a f t  i t  i n c r e a s e s  
because  of  f low detachment  and i n c r e a s e d  vacuum behind  t h e  base. 

Wings  a n d  t a i l .  To c a l c u l a t e  t h e  d r a g  o f  t h e  i s o l a t e d  
wings and t a i l ,  t h e y  can b e  r ega rded  i n  t h e i r  s i m p l e s t  form as 
t h e  combined c a n t i l e v e r s .  The co r re spond ing  wing ( t a i l )  has 
t h e  same area b u t  a s h o r t e r  span .  A t  t h e  same t i m e ,  t h e  i s o -  
l a t e d  wing can be formed from c a n t i l e v e r s  t h a t  p r o j e c t  o u t s i d e  
t h e  body and f i c t i t i o u s  s e c t i o n s  i n s i d e  the  body. The span  o f  
t h i s  wing remains t h e  same, b u t  i t s  area i s  i n c r e a s e d .  The 
va lue  o f  X ( o r  X t l )  t a k e n  i n t o  account  by Formula (xv-6-2) i s  
e q u a l  t o  t h e  wing ( t a i l )  d r a g  less  t h e  d r a g  on t h e  f i c t i t i o u s  
c e n t r a l  p a r t  o f  t h e  area occupied  by t h e  body. I n  e i t h e r  c a s e ,  
d e t e r m i n a t i o n  o f  t h e  d r a g  i s  approximate .  It must be improved 
e x p e r i m e n t a l l y  or b y  a more r i g o r o u s  t h e o r e t i c a l  c a l c u l a t i o n .  
Remembering t h a t  t h e  v e r t i c a l  and h o r i z o n t a l  c a n t i l e v e r s  o f  t h e  
t a i l  need n o t  b e  t h e  same, i t  i s  a d v i s a b l e  to make s e p a r a t e  d r a g  
c a l c u l a t i o n s ,  d e t e r m i n i n g  t h e  components X v a t  and X h S t .  Accord- 
i n g l y ,  (XV-6-2) can b e  w r i t t e n  

wg 

Denoting t h e  c h a r a c t e r i s t i c  area o f  t h e  e n t i r e  v e h i c l e  by 
S ,  w e  o b t a i n  an  e x p r e s s i o n  f o r  t h e  o v e r - a l l  f r o n t a l - d r a g  c o e f f i -  
c i e n t :  

(XV-6-6) 
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a r e  the r e s p e c t i v e  a r e a s  where Smid, ’wg’ ‘v. tY and ’h.t 
body midships s e c t i o n ,  t h e  wing p l a n  a r e a ,  and t h e  a r e a s  
v e r t i c a l  and h o r i z o n t a l  t a i l  c a n t i l e v e r s .  

T h e  va lues  of SwB, S v , t ,  and Shmt are found without  

of t h e  
of t h e  

cons ider -  

a t i o n  of t h e  in-body areas of  t h e  wing and t a i l ,  and cx b ,  cx wg,  

and v e r t i c a l  and h o r i z o n t a l  t a i l  c a n t i l e v e r s ,  c a l c u l a t e d  from t h c  
r e  spe c t  i ve char  a c  t e r  i s t i c p a r  ame t e r  s Smid 

wing drag  c o e f f i c i e n t  i s  

are t h e  d rag  c o e f f i c i e n t s  of  t h e  body, wing, 

, ‘wg’ ’v.t’  and ‘h , t .  

x v . t ’  and ‘x h . t  C 

Without c o n s i d e r a t i o n  o f  i n t e r f e r e n c e  w i t h  t h e  body, t h e  

(XV-6-7 ) 

where S ’  i s  t h e  wing a r e a  count ing t h e  p a r t  i n s i d e  t h e  body; AS 
i s  t h e  wing a r e a  i n s i d e  t h e  body; 
c i e n t  o f  t h e  i s o l a t e d  wing w i t h  cons ide ra t ion  of t h e  a r e a  i n s i d e  
t h e  body. 

wg 
) i s  t h e  drag  c o e f f i -  (‘x wg i s  

The e f f e c t  of i n t e r f e r e n c e  on d rag  can be taken  i n t o  account 
by i n t roduc ing  a c o r r e c t i o n  i n t o  (XV-6-7) i n  t h e  form 

where kint i s  an i n t e r f e r e n c e  c o e f f i c i e n t  t h a t  v a r i e s  over a broad 
range depending o n ‘ t h e  p o s i t i o n  of t h e  wing on t h e  body and t h e  
way i n  which they a r e  j o i n e d ,  a s  w e l l  as on wing shape and a s p e c t  
r a t i o .  When wings w i t h  s m a l l  sweep and a spec t  r a t i o  ( A  > 2) a r e  
p rope r ly  a t t a c h e d  t o  t h e  body ,  kint d i f f e r s  l i t t l e  from one. 

wg 
I n  

t h e  presence  of p o s i t i v e  i n t e r f e r e n c e ,  which reduces d rag ,  kint > 1. 

T h e  drags  of t h e  h o r i z o n t a l  and v e r t i c a l  t a i l s  a t  c = 0 a r e  
Y 

c a l c u l a t e d  i n  t h e  same way as wing d rag .  

T o t a l  d r a g .  Experimental  s t u d i e s  i n d i c a t e  t ha t  t h e  e f f e c t  
of i n t e r f e r e n c e  on t o t a l  v e h i c l e  d rag  i s  u s u a l l y  s m a l l  and can b e  
taken  i n t o  account by  apply ing  a r e s u l t a n t  c o r r e c t i n g  i n t e r f e r -  
ence c o e f f i c i e n t  kr t o  t h e  d rag  X , .  Accordingly,  t h e  t o t a l  d rag  /681 

Xt  = X , k r .  (XV-6-9) 
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Depending on c o n d i t i o n s  ( f l i g h t  speed,  v e h i c l e  d e s i g n ,  e t c . ) ,  
t h e  c o e f f i c i e n t  kr may be l a r g e r  or smaller t h a n  u n i t y ;  i n  most 
of t he  c a s e s  t h a t  are  o f  p r a c t i c a l  i n t e r e s t ,  i t  d i f f e r s  l i t t l e  
from one.  

Approximate c a l c u l a t i o n  of  t o t a l  drag a t  c = 0 .  I n  p r a c -  
Y _. -. . 

t i c a l  c a s e s ,  i t  may b e  assumed f o r  c a l c u l a t i o n  of  t o t a l  d r a g  t h a t  
f r i c t i o n  drag i s  i n d e p e n d e n t  o f  i n t e r f e r e n c e .  Then i t  i s  n e c e s -  
s a r y  to c o n s i d e r  o n l y  t h e  change i n  p r e s s u r e  d r a g  t h a t  r e s u l t s  
from r e c i p r o c a l  e f f e c t s  between t h e  wings and body. T h i s  change 
i s  n e g l i g i b l y  small i f  t h e  wings a r e  mounted on a c y l i n d r i c a l  
body s u r f a c e .  

When t h e  wings are on a t a p e r i n g  or expanding  s e c t i o n  o f  t h e  
body, i t  i s  a d v i s a b l e  to take i n t e r f e r e n c e  d r a g  i n t o  a c c o u n t .  
X 

l e v e r s  are s i t u a t e d  i n  t h e  p r e s s u r e  f i e l d  o f  t h e  i s o l a t e d  body, 
can  b e  de te rmined  on t h e  assumpt ion  t h a t  t h e  body i s  and X 

i n  t h e  p r e s s u r e  f i e l d  o f  t h e  i s o l a t e d  wing, which i s  c a l c u l a t e d  
by s u p e r s o n i c  wing t h e o r y .  

P r a c t i c a l  i n t e r e s t  a l s o  a t t a c h e s  to c a l c u l a t i o n  o f  d r a g  w i t h  
c o n s i d e r a t i o n  o f  i n t e r f e r e n c e  by t h e  equiva len t -body method [5l]. 
T h i s  method i s  based on t h e  f o l l o w i n g  r u l e :  t h e  Zrag of- a- b-ody- 
wing combina t ion  i s  e q u a l  to t he  d r a g  of  an  i s o l a t e d  body w i t h  
t h e  same c r o s s - s e c t i o n a l - a r e a  d i s t r i b u t i o n  as t h e  body-wing com- 
b i n a t i o n .  T h i s  i s o l a t e d  body i s  known as t h e  e q u i v a l e n t  body. 
The  above r u l e  i s  known i n  aerodynamics as t h e  r u l e  of-areas. 

can b e  found i n  a p p r o x i m a t i o n  by  assuming t h a t  t h e  c a n t i -  wg(b)  

b (wg) 

C o n s t r u c t i o n  o f  t h e  e q u i v a l e n t  body i s  t h e  c r u c i a l  p o i n t  i n  
t h i s  method. For  t h i s  p u r p o s e ,  t h e  body-wing combina t ion  i s  c u t  
by t r a n s v e r s e  p l a n e s  p e r p e n d i c u l a r  t o  t h e  l o n g i t u d i n a l  a x i s  and 
t h e  area i s  measured i n  a chosen s e c t i o n  t h r o u g h  t h e  combina t ion .  
T h i s  area i s  r e g a r d e d  as t h a t  o f  t h e  e q u i v a l e n t  body, whose ex- 
t e r n a l  form d i f f e r s  from t h a t  o f  t h e  o r i g i n a l  body i n  t h a t ,  i t  be-  
comes convex b e g i n n i n g  a t  t h e  s e c t i o n  p a s s i n g  t h r o u g h  t h e  wing 
l e a d i n g  e d g e s .  If t h e  wing t r a i l i n g  edges  l i e  forward  of  t h e  
body ' s  base s e c t i o n ,  t h e  e q u i v a l e n t  body w i l l  b e  t he  same as t h e  
o r i g i n a l  on t h e  s t e r n  s e c t i o n  behind  t h e  wings.  

If t h e  e q u i v a l e n t  body i s  known, t h e  d r a g  of  t h e  body-wing 
combina t ion  can be de te rmined  by  two methods.  F i r s t ,  we can  use  
Formula (IV-4-30). The e x p r e s s i o n s  for t h e  second d e r i v a t i v e s  
S " ( x )  and S " ( E )  i n  t h e  i n t e g r a n d s  o f  t h e s e  formulas  are  d e t e r -  
mined f o r  t h e  e q u i v a l e n t  body. Secondly ,  i f  t h e  e x p e r i m e n t a l l y  
d e t e r m i n e d  d r a g  o f  t h e  e q u i v a l e n t  body i s  known, i t  can be used 
to d e t e r m i n e  the  drag of  t h e  g i v e n  body-wing combina t ion .  I n  
t h i s  c a s e ,  i t  i s  n e c e s s a r y  to p r o c e e d  as f o l l o w s .  A curve  of 
bex = f ( M W ) ,  where Acx = c e e e e - c 

X XO 
i s  e q u a l  to t h e  d i f f e r e n c e  



between t h e  d rag  c: a t  a g iven  Ma and t h e  cons t an t  drag  cZ0 a t  
subsonic  speed,  i s  cons t ruc t ed  from t h e  exper imenta l  data. A s -  

suming f u r t h e r  t h a t  t h e  d rag  c i 0  i s  known f o r  t h e  g iven  body- 
wing combinatian,  we can c a l c u l a t e  i t s  t o t a l  d rag  wi th  considera-  
t i o n  of i n t e r f e r e n c e :  c: = c z o  = Ac;. 

only f o r  very  s l e n d e r  c o n f i g u r a t i o n s  t h a t  l i e  nea r  t h e  a x i s  of 
t h e  Mach cone and, consequent ly ,  have swept sma l l - a spec t - r a t io  
wings. The method can a l s o  be used f o r  unswept wings i f  Mm 5 1. 

T h e  above method i s  a p p l i c a b l e  i n  t h e  supersonic  speed range /682  

J '  0 5  

Figure  XV-6-1. Construc- 2G8 
t i o n  of Optimum Shape o f  

---; . - -l.;fl -- - - 

. -  -. 

~~ 
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The equiva len t -body method can  produce  s a t i s f a c t o r y  r e s u l t s  
f o r  t h e  t r a n s o n i c  Mw r a n g e  a n d , , c o n s e q u e n t l y ,  i s  l i m i t e d  f o r  a 
g i v e n  combina t ion  t o  a c e r t a i n  maximum Mw > 1. 

S u p e r s o n i c  area r u l e  [Sll. I f  Moo exceeds  t h e  l i m i t i n g  Mw 
and t h e  equiva len t -body method cannot  b e  u s e d ,  t h e  s u p e r s o n i c  
area r u l e  can b e  a p p l i e d  f o r  t h e  d r a g  c a l c u l a t i o n .  When t h i s  
r u l e  i s  used ,  w e  d e t e r m i n e  t h e  areas o f  c r o s s  s e c t i o n s  c u t  
t h r o u g h  t h e  g i v e n  combina t ion  by p l a n e s  t h a t  are n o t  perpendicu-  
l a r  to t h e  l o n g i t u d i n a l  a x i s  (as i n  t h e  equiva len t -body method) ,  

' b u t  are  i n c l i n e d  and t a n g e n t  t o  t h e  Mach cone ( F i g .  XV-6-3) w i t h  
t h e  e q u a t i o n  

IC -I- a' ( z  sin y -E y cos y )  = zo. (xv-6-10) 

The area S ( X , , Y )  t h a t  t h i s  p l a n e  c u t s  o f f  t he  body-wing com- 
b i n a t i o n  i s  a f u n c t i o n  of  t h e  m e r i d i o n a l  a n g l e  y and t h e  c o o r d i -  
n a t e  x o  o f  t h e  o r i g i n  o f  t h e  Mach c o n e . ( F i g .  XV-6-3). The pro-  
j e c t i o n  o f  t h i s  area o n t o  the  p l a n e  normal to t h e  - x-axis  c a n  b e  
c a l c u l a t e d  from S ( x , , y ) :  

where s i n  p = l / M w .  

F i g u r e  xv-6-3. S u p e r s o n i c  "Area 
Rule":  1) body; 2 )  wings;  3) 
Mach cone w i t h  a n g l e  LI = a r c  
s i n  (If loo); 4 )  s e c a n t  p l a n e  i n -  
c l i n e d  a t  a n g l e  y ; 5 )  s e c -  
t i o n a l  area de termined  by 
s u p e r s o n i c  "area r u l e .  I' 

Formula (IV-4-30) can  /683 
b e  used to c a l c u l a t e  d r a g  
a f t e r  s u b s t i t u t i n g  S " ( x , y ) .  
For  ? ":.xed a n g l e  y ,  t hese  
formu' i s  w i l l  y i e l d  c: = 

= dcx/dy f o r  t h e  g i v e n  com- 
b i n a t i o n ,  which i s  e q u a l  to 
t h e  equiva len t -body d r a g  
c o e f f i c i e n t .  To  o b t a i n  t h e  
d r a g  c o e f f i c i e n t  cx  o f  t h e  

e n t i r e  combina t ion ,  t h e  d r a g s  
of  t h e  e q u i v a l e n t  b o d i e s  are  
averaged  o v e r  t h e  a n g l e  y :  



Drag a t  c # 0 
-Y - - .  

The t o t a l  drag X of t h e  v e h i c l e  f o r  c # 0 can be  r e p r e -  
Y 

s e n t e d  as t h e  sum of t h e  d r a g  X ,  a t  z e r o  l i f t ,  t h e  induced  d r a g  
Xi o f  t h e  wings and t a i l ,  and t h e  d r a g  AXa,  which i n c l u d e s  c e r -  
t a i n  unaccounted d r a g s  ( i n c r e a s e  i n  d r a g  due to p r e s s u r e  on t h e  
body a t  a # 0 ,  d r a g  i n c r e a s e  due t o  f low s e p a r a t i o n  on t h e  wing, 
t a i l ,  and body, e t c . ) .  Thus, 

(XV-6 -1 3 ) 

According to t h i s  formula ,  t h e  e x p r e s s i o n  f o r  t h e  t o t a l  d r a g  
c o e f f i c i e n t  w i l l  b e  w r i t t e n  

c, -= c,o + c,i -1- ACxor ( X V - 6 - 1 3 ' )  

where t h e  induced  d r a g  c o e f f i c i e n t  cxi can b e  r ega rded  as t h e  sum 
of  t h e  induced  d r a g s  of t h e  wing (cxilwg and t a i l  ( c x i l h a t ,  which 
are r e s p e c t i v e l y  e q u a l  to 

(XV-6-14)  

Here, S 

i n c l u d i n g  t h e  areas occupied  by t h e  body. 
i n  ( X V - 6 - 1 3 ' )  i s  c a l c u l a t e d  b y  t h e  formula  nexcl = AXa/qmSmid, and 

t h e  f o r c e  AXcl can  b e  r ega rded  as t h e  sum of  t h r e e  te rms .  T h e  

f i r s t  i s  t h e  added body drag a t  t h e  appearance  o f  an a n g l e  of 
a t t a c k ,  and t h e  second and t h i r d  t e r m s  are r e s p e c t i v e l y  e q u a l  t o  
t h e  unaccounted wing o r  t a i l  drag. Thus, t h e  o v e r - a l l  d r a g  
c o e f f i c i e n t  i s  

and Sh.t are t h e  areas o f  t h e  i s o l a t e d  wing and t a i l ,  
The c o e f f i c i e n t  Acxa 

wg 

(XV- 6- 15 ) 

A t  s u b s o n i c  s p e e d s ,  t h e  induced  d r a g  c o e f f i c i e n t s  o f  t h e  
wing and t a i l  can b e  c a l c u l a t e d  by t h e  r e s p e c t i v e  formulas  

(XV-6 -16 ) 
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where t h e  l i f t  c o e f f i c i e n t s  a r e  found f o r  t h e  i s o l a t e d  wings and /684 
t a i l  from the  a c t u a l  s.pans o f  the c a n t i l e v e r s .  I n t e r f e r e n c e  has 
been taken  i n t o  account  by i n t r o d u c i n g  t h e  e m p i r i c a l  c o e f f i c i e n t s  
('ef'wg 
by t h e  formulas 

and ( A e f l h a t ,  which a r e  e f f e c t i v e  a s p e c t  r a t i o s  c a l c u l a t e d  

where X 
t a i l  and ( S . )  and are t h e  wing and t a i l  a r e a s  i n s i d e  

and A h a t  are t h e  a s p e c t  r a t i o s  o f  t h e  i s o l a t e d  wings and 
wg 

1 w g  
body. 

T a i l  induced drag  i s  no t  c a l c u l a t e d  
i n  p r a c t i c e ,  and i t s  va lue  f o r  t h e  en- 
t i r e  v e h i c l e  i s  s e t  equa l  t o  c = x i  

) . The l i f t  c o e f f i c i e n t  from - - 
11,:1 

('xi wg - - __ . . __ 
which cxi i s  c a l c u l a t e d  may be t h a t  of 
t h e  v e h i c l e  as a whole, i . e . ,  i t  may be 
assumed t h a t  ( c  ) = c . Then t h e  over- 

i i  Y wg Y 
r as 3.7 49 c a l l  d rag  c o e f f i c i e n t  w i l l  b e  gmz 

(XV- 6-1 8 ) c? 
c, -!L . I _  1 Figure  XV-6-4. Drag . .  ").ef I cxc4* 

Cor rec t ion  f o r  Large 
Angles of  Attack.  

( A e  f 'wg where A e f  = 

The c o r r e c t i o n  Acxa can be determined expe r imen ta l ly .  Figure 
XV-6-4 shows exper imenta l  data C231 f o r  AcXa as a f u n c t i o n  of t h e  
r a t i o  c /c It may be assumed i n  us ing  t h e  diagram tha t  

'y"y max 
y y max' 

i s  p r a c t i c a l l y  t h e  same f o r  t h e  v e h i c l e  a s  f o r  t h e  wing. 

Formula (XV-6-18) g i v e s  t h e  f r o n t a l  d rag  c o e f f i c i e n t  as a 
f u n c t i o n  of  l i f t  c o e f f i c i e n t .  I n  g r a p h i c a l  form, t h i s  dependence 
i s  a p o l a r  of  t h e  v e h i c l e ;  a f a m i l y  o f  these curves can be con- 
s t r u c t e d  by  a s s i g n i n g  va r ious  Moo. 

s u c t i o n  f o r c e s ,  t h e  c o e f f i c i e n t s  of t h e  wing and t a i l  drags  t h a t  
depend on l i f t  w i l l  be 

I n  those  cases  of supe r son ic  speed i n  which t h e r e  a r e  no 

I. I I I.. . ..I I 



o r  

(XV-6-19') 

Suct ion  f o r c e s  t h a t  appear  on subsonic  l e a d i n g  edges lower 
induced drag .  I n  p r a c t i c e ,  however, i t  i s  not  p o s s i b l e  t o  pro- 
duce s u c t i o n  f o r c e s  on t h i n  wings. Accordingly,  Formulas 
(XV-6-19) can a l s o  be  used f o r  subsonic  l e a d i n g  edges on swept 
wings. 

The a t t a c k  ang le s  a and a h a t  i nc lude  t h e  body a t t a c k  
wg 

angle  a and t h e  wing 'and t a i l  s e t t i n g  ang le s  6 

values  of ( c  and are determined w i t h  c o n s i d e r a t i o n  
of i n t e r f e r e n c e  w i t h  t h e  body; i n  a d d i t i o n ,  t h e  c o e f f i c i e n t  
('y )h . t 
f e c t .  

and 6 h . t .  The 
wg 

Y wg 

must b e  c a l c u l a t e d  w i t h  c o n s i d e r a t i o n  of t h e  wing ef-  

The q u a n t i t y  Ac can be assumed equa l  t o  t h e  added body 
X c 1  

drag  on t h e  appearance of an a t t a c k  ang le .  A t  s m a l l  angles  of 
a t t a c k ,  i t  i s  c a l c u l a t e d  by t h e  formula 

(XV-6-20 ) 

i n  which t h e  l i f t  ( o r  normal-force) c o e c f i c i e n t  can be c a l c u l a t e d  
cons ide r ing  t h e  i n t e r f e r e n c e  w i t h  t h e  wing and t a i l .  The fol low- 
i n g  method of  c a l c u l a t i n g  t o t a l  d rag  can be used as an a l t e r n a -  /685 
t i v e .  The a t t ack -ang le  component of t h e  d rag  c o e f f i c i e n t  f o r  t h e  
e n t i r e  v e h i c l e  i s  assumed equa l  t o  

(XV- 6- 2 1 ) 

The s u b j e c t  he re  i s  an unsymmetrical v e h i c l e  layout  i n  which l i f t  
i s  zero  a t  a c e r t a i n  body angle  of a t t a c k  a = ao. For s m a l l  a ,  t h e  
l i f t  c o e f f i c i e n t  c can be assumed equa l  t o  i t s  value f o r  t h e  
wing w i t h  a c e r t a i n  approximation. T o  improve t h e  accuracy of 
t h e  c a l c u l a t i o n s ,  i t  i s  adv i sab le  t o  c a l c u l a t e  t h e  c o e f f i c i e n t  
c w i t h  c o n s i d e r a t i o n  of t h e  body and t a i l  e f f e c t s .  Applying 
(XV-6-21), w e  can w r i t e  t h e  equa t ion  f o r  t h e  p o l a r  curve i n  t h e  
form 

Y 

Y 

( XV- 6 -2 2 ) 
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where c; corresponds t o  ze ro  l i f t .  

A family of  p o l a r  curves  i s  shown 
i n  F ig .  xv-6-5 by way of i l l u s t r a t i o n .  
Use of sma l l - a spec t - r a t io  swept wings 
makes i t  p o s s i b l e  t o  lower i n  t h e  
range of Mw = 1-3. However, t h i s  i s  
d e t r i m e n t a l  t o  t h e  l i f t i n g  p r o p e r t i e s  
o f  t h e  v e h i c l e ,  i . e . ,  ea becomes smaller 
and t h e  t o t a l  d rag  of  t h e  v e h i c l e  i n -  
c r e a s e s  as a r e s u l t .  For l a r g e  c 
t h e  cxi of a v e h i c l e  w i t h  smal l -aspect-  
r a t i o  swept wings i n c r e a s e s  to such a 

Y 

Y ’  

F igu re  XV-6-5. P o l a r s  
of  Veh ic l e .  

degree t h a t  t h e i r  advantage - t h e  
s m a l l e r  e; - i s  lost, s i n c e  t o t a l  drag 

i n c r e a s e s .  

T h i s  recommendation f o r  c a l c u l a t i o n  of p o l a r  curves  f o r  t h e  
v e h i c l e  a p p l i e s  when t h e  t o t a l  d rag  can be r e s o l v e d i n t o e l  and t h e  
l i f t -dependen t  drag .  Such r e s o l u t i o n  i s  imposs ib le  f o r  l a r g e  Mw > ’ 5, and i t  i s  necessary  t o  f i n d  t h e  d rag  c o e f f i c i e n t  s e p a r a t e l y  
f o r  each a t t a c k  ang le ,  us ing  t h e  recommendations given above f o r  
wings and bodies .  

L i f t / D r a g  R a t i o  

The l i f t / d r a g  r a t i o  i s  

S u b s t i t u t i n g  Expiess ion  (XV-6-13’) f o r  c i n  t h i s  formula 
X 

and d i s r e g a r d i n g  bexa, w e  o b t a i n  

( xv-6-2 3 ) 

where A = l/(rXef) f o r  sbbsonic  and A = l / ca  f o r  supersonic  speeds.  

d rag  r a t i o .  A t  subson ic ’ speeds ,  i t  i s  

Y 
An important  c h a r a c t e r i s t i c  sf a v e h i c l e  i s  i t s  maximum l i f t /  

”-- 
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I 

The oDtimum l i f t  c o e f f i c i e n t ,  which cor responds  to t h i s  
v a l u e ,  i s  

A t  s u p e r s o n i c  s p e e d s ,  

I 

F i g u r e  XV-6-6. P o l a r  
Curves o f  V e h i c l e s .  

F i g u r e  xv-6-7. V a r i a t i o n  
o f  Drag f o r  Two A i r c r a f t  
Types.  1) s u b s o n i c  a i r -  
p l a n e ;  2 )  s u p e r s o n i c  a i r -  
p l a n e .  

(XV-6 -2 5 ) 

(xv-6-2 6 ) 

(XV-6 -2 7 ) 

U s  e 
of s m a l l  
e i n c e  c o  X 

of  swept wings and wings 
a s p e c t  r a t i o  lowers  cy optx 
and ca d imin i sh  w i t h  d i -  

Y 
min i sh ing  a s p e c t  r a t i o  and i n c r e a s -  
ifig sweep a n g l e .  F igu re  XV-6-6 
s::ows t h e  manner i n  which c 
v a r i e s  w i t h  wing sweep. 

Y otpm 

T h e  aerodynamic l a y o u t  o f  a 
v e h i c l e  must p r o v i d e  f o r  i n c r e a s e d  
l i f t / d r a g  r a t i o s .  The f i r s t  s t e p  
toward t h i s  o b j e c t i v e  i s  to choose 
t h i n  enough p r o f i l e s  w i t h  s m a l l  
c u r v a t u r e s ,  s o  t h a t  d r a g  w i l l  b e  
low. A s  r e g a r d s  p lanform,  t h e  
d e l t a  wing i s  o p t i m a l  from t h e  
s t a n d p o i n t  o f  i n c r e a s i n g  li f t / d r a g  
r a t i o .  Secondly ,  w e  can vary t h e  
sweep a n g l e  and a s p e c t  r a t i o  of 
t h e  wing. A lower c! can be  ob- 

t a i n e d  by i n c r e a s i n g  t h e  a n g l e  x 
i n  t h e  Mol r ange  co r re spond ing  to 
a s u b s o n i c  l e a d i n g  edge and by re- 
duc ing  t h e  a s p e c t  r a t i o .  The x 
of modern a i r c r a f t  range  up t o  70' 
C231, and t h e i r  a s p e c t  r a t i o s  X 
r ange  downward from 2 .  It must b e  
remembered, however, t h a t  i n c r e a s -  
i n g  sweep and r e d u c i n g  a s p e c t  r a t i o  
are  d e t r i m e n t a l  to t h e  l i f t i n g  
p r o p e r t i e s  o f  t h e  wing, i . e . ,  t h e y  
lower ca.  I n  aerodynamic d e s i g n  

wg 

Y 
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work, i t  i s  n e c e s s a r y  t o  de t e rmine  
t h e  optimum a s p e c t  r a t i o  and sweep 
a t  which t h e  l a r g e s t  l i f t / d r a g  
r a t i o  w i l l  be  o b t a i n e d .  T h i s  con- 
c l u s i o n  p e r t a i n s  b a s i c a l l y  t o  t r a n -  
s o n i c  Moo. For  l a r g e r  Ma > 3 t h e  
wing p lanform has p r a c t i c a l l y  no 
i n f l u e n c e  on l i f t / d r a g  r a t i o ,  and 
p r o f i l e  t h i c k n e s s  i s  t h e  d e c i d i n g  
f a c t o r .  

r.5 'L 
T h i r d l y  and l a s t l y ,  t h e  shape F i g u r e  XV-6- 8. Maximum 

V e h i c l e  L i f t /Drag  R a t i o s .  of t h e  body must b e  chosen p r o p e r l y  
and matched t o  t h e  wing and t a i l  i n  
o r d e r  t o  o b t a i n  maximum l i f t / d r a g  

r a t i o .  The body shape chosen i s  t h a t  of t h e  i s o l a t e d  body w i t h  
minimum d r a g  a t  t h e  g i v e n  Moo or, a t  l ea s t ,  o n e l t h a t  approaches  
t h i s  optimum. 

I n  l a y i n g  o u t  a l l  e l emen t s  o f  t h e  v e h i c l e ,  and t h e  wing and 
body i n  p a r t i c u l a r ,  a n  e f f o r t  must be made t o  o b t a i n  p o s i t i v e  

aerodynamic l a y o u t  o f  t h e  modern s u p e r s o n i c  a i r p l a n e  ( q u i t e  t h i n  
swept  wing of  small a s p e c t  r a t i o )  can  lower d r a g  s u b s t a n t i a l l y ,  
e s p e c i a l l y  under  t h e  c o n d i t i o n s  o f  t r a n s o n i c  f l i g h t s ,  and t h i s  
a l s o  ra ises  t h e  l i f t / d r a g  r a t i o .  I r r e s p e c t i v e  o f  l a y o u t ,  however, 
t h e  maximum l i f t / d r a g  r a t i o  Kmax i s  always c o n s i d e r a b l y  smaller 
a t  s u p e r s o n i c  speeds  t h a n  i n  t h e  s u b s o n i c  range  ( F i g .  XV-6-8). 

i n t e r f e r e n c e ,  which lowers  d r a g .  F i g u r e  XV-6-7 shows t h a t  t h e  /687 

V e h i c l e s  whose wings have s m a l l  sweep a n g l e s  and l a r g e  
a s p e c t  r a t i o s  have t h e  l a r g e s t  l i f t / d r a g  r a t i o s  a t  s u b s o n i c  
speeds .  A s  f l i g h t  speed  approaches  t h a t  of  sound, t h e i r  l i f t / d r a g  
r a t i o s  drop  o f f  s h a r p l y .  Those of v e h i c l e s  w i t h  t r a p e z o i d a l  and 
de l t a  wings vary  much l e s s  as f u n c t i o n s  of  Ma.  Here t h e  d e l t a  
wing w i t h  s m a l l  t h i c k n e s s  r a t i o  on a " t a i l l e s s "  v e h i c l e  o f f e r s  a 
c e r t a i n  i n c r e a s e  i n  l i f t / d r a g  r a t i o  owing to i t s  s t r o n g  sweep and 
s m a l l  a s p e c t  r a t i o .  

9 32 



Chapter  X V I  /688 

A E R O D Y N A M I C S  O F  C O N T R O L S  

SXVI-1. FORCES CREATED BY AERODYNAMIC CONTROLS 

S p o i l e r s  

s p o i l e r s  mounted on t h e  end of a f l a t  p l a t e  ( [ 7 6 ] ,  1 9 6 2 ,  Nos. 
L e t  us examine c e r t a i n  r e s u l t s  of wind-tunnel  t e s t s  on 

4-51. 

F i g u r e  X V I - 1 - 1 .  C o e f f i c i e n t  
ACN of Normal Force C r e a t e d  
by Terminal  S p o i l e r  as a 
Func t ion  of M, and S p o i l e r  
Dimensions : 

1s. " 

} i f lo  + with side plates 

} 50 

F i g u r e  X V I - 1 - 1  p r e s e n t s  
d a t a  for t h e  d imens ion le s s  coef -  
f i c i e n t  AcN, which i s  e q u a l  to 
t h e  r a t i o  of  t h e  normal f o r c e  
AN c r e a t e d  b y  t h e  s p o i l e r  t o  qh 
( g i s  t h e  v e l o c i t y  head and h - is 
t h e  h e i g h t  o f  t h e  s p o i l e r ) .  
F i g u r e  X V I - 1 - 2  g i v e s  e x p e r i -  
men ta l  d a t a  f o r  AcN/AcR, where 

c r e a t e d  by t h e  s p o i l e r ) .  The 
c o e f f i c i e n t s  AcN and AcR were 
c a l c u l a t e d  for a s p o i l e r  1 cm 
wide  and t h e r e f o r e  having  an 
area e q u a l  to h.  - 

These d a t a  i n d i c a t e  t h a t  t h e  
f o r c e  e x e r t e d  by a s p o i l e r  de- 
pends on i t s  l e n g t h  R s  and h e i g h t  
h .- and t h e  M, forward of  t h e  
s p o i l e r .  

= AR/qh (AR i s  t h e  a x i a l  f o r c e  A C R  

Experiments  have shown ( [ 7 6 ] ,  
1 9 6 2 ,  No. 4-5) t h a t  AcN and AcR i n -  
c r e a s e  w i t h  i n c r e a s i n g  p o s i t i v e  
a t t a c k  a n g l e s  and ,  c o n v e r s e l y ,  
t h a t  AoN d e c r e a s e s  to some degree  

w i t h  i n c r e a s i n g  n e g a t i v e  a t t a c k  
a n g l e s .  High-speed motion p i c -  
t u r e s  made d u r i n g  t h e s e  e x p e r i -  
ments as t h e  s p o i l e r  was de loyed  
a t  a speed  o f  7 mm i n  5*lO-' s a t  
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M ,  = 2.21 made i t  p o s s i b l e  t o  e s t a b l i s h  t h a t  t h e  flow p a t t e r n  
around t h e  s p o i l e r  corresponds t o  t h e  flow p a t t e r n  i n  s t eady  
flow tt any p o i n t  i n  t ime.  The compression shocks vanished i n  
2-10- s a f t e r  t h e  s p o i l e r  was r e t r a c t e d  i n t o  t h e  p l a t e .  T h i s  
p rov ides  a basis f o r  use of  the s t e a d y - s t a t e  hypothes is  i n  c a l -  
c u l a t i o n s  f o r  v i b r a t i n g  s p o i l e r s .  For  such s p o i l e r s ,  normal 
f o r c e  i s  determined b y  t h e  formula 

/6 89 

(XVI-1-1) 

where k = ( t l  - t , ) / ( t l  + t 2 )  i s  t h e  so -ca l l ed  c o e f f i c i e n t  of 
command; t ,  i s  t h e  t ime f o r  which t h e  s p o i l e r  i s  i n  t h e  up pos i -  
t i o n ;  t ,  i s  t h e  t ime f o r  which t h e  s p o i l e r  i s  i n  t h e  down pos i -  - 
t i o n .  

A C , ,  

M l  

Figure XVI-1-2. Rat io  of  
C o e f f i c i e n t s  of Normal and 
Longi tudina l  Forces Created 
by  Terminal S p o i l e r  as a 
Funct ion of  M ,  and S p o i l e r  
Dimensions : 

Remarks 

Figure  XVI-1-3. Diagram f o r  
S p o i l e r  C a l c u l a t i o n .  

Data from t h e  experiments 
i n d i c a t e  t h a t  t h e  presence of 
p l a t e s  s e t  p a r a l l e l  t o  t h e  
flow and p reven t ing  flow of 
a i r  a c r o s s  t h e  l a t e ra l  edges 
of t h e  s p o i l e r  i n c r e a s e s  AcN 
(C761, 1962, NO. 4-51. 

with side plates- 
without side plates 
with side plates 

A t  supe r son ic  v e l o c i t i e s  
of t h e  flow D a s t  t h e  s p o i l e r ,  
s p o i l e r  h e i g h t  should be se t  
equal  t o  h > 56,  where 6 i s  

t h e  th i ckness  of t h e  boundary l a y e r  ahead of t h e  s p o i l e r  (F ig .  
XVI-1-3). The fol lowing procedure can b e  recommended f o r  c a l c u l a -  
t i o n  of s p o i l e r  e f f e c t i v e n e s s .  

1. The p r e s s u r e  c o e f f i c i e n t  i n  t h e  s e p a r a t i o n  zone behind 
t h e  compression shock and.ahead of t h e  s p o i l e r  i s  c a l c u l a t e d  
from t h e  M ,  of t h e  flow i n  f r o n t  of  t h e  s p o i l e r  and t h e  Re d e t e r -  
mined f o r  t h e  d i s t a n c e  from t h e  wing l e a d i n g  edge t o  t h e  s p o i l e r .  
For a laminar  boundary l a y e r ,  
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F i g u r e  XVI-1-4. Diagram o f  Wake- 
P r e s s u r e  C o e f f i c i e n t  Behind a 
P l a t e  as a Func t ion  of  M, o f t h e  
Flow P a s t  a S p o i l e r  and. t h e  S p o i l e r  
Deployment Height  h_ i n  mm. 

and f o r  a t u r b u l e n t  l a y e r  

2. Assuming t h a t  t h e  
boundary of  t h e  s t a g n a t i o n  
zone i s  s t r a i g h t  and p a s s e s  
th rough  t h e  apex of  t h e  
s p o i l e r ,  w e  de t e rmine  

(XVI-1-4) 

To c a l c u l a t e  t h e  a x i a l  f o r c e  s e t  up by t h e  s p o i l e r ,  w e  can 
r e f e r  t o  t h e  diagram i n  F i g .  XVI-1-4, which p r e s e n t s  t h e  r e s u l t s  
o f  an  expe r imen ta l  s t u d y  of  t h e  wake-pressure c o e f f i c i e n t s  pwke 
beh ind  a s p o i l e r  as a f u n c t i o n  of  M ,  and s p o i l e r  h e i g h t  h f o r  a 
c a s e  i n  which the re  were no l a t e r a l  p l a t e s .  
c o e f f i c i e n t  beh ind  t h e  s p o i l e r ,  w e  can c a l c u l a t e  t h e  c o e f f i c i e n t  
o f  t h e  l o n g i t u d i n a l  f o r c e  t h a t  i t  c r e a t e s :  

Knowing t h e p r e s s u r e  

E x a m p l e .  Determine t h e  normal and a x i a l  f o r c e s  c r a t e d  b y  a 
t e r m i n a l  s p o i l e r  s i t u a t e d  a t  a d i s t a n c e  x = 0 . 1 4 0  m from t h e  wing 
l e a d i n g  edge and i n  a stream of  a i r  moving a t  M, = 1 . 8 3 .  T h e  
s p o i l e r  h e i g h t  h = 8 mm and i t s  l e n g t h  R s  = 1 0 0  mm. 
i s  b e i n g  made a t  sea l e v e l  ( t r a j e c t o r y  a l t i t u d e  H =: 0 ) .  

The f l i g h t  

The data are  used t o  f i n d  t h e  f l i g h t  speed  V,-= M,a = 1 . 8 3  x 
x 340 = 622 m / s  and R e  = V,x/v = 622*0.140/1.46*10 
Assuming t h e  f low c o n d i t i o n s  i n  t h e  boundary l a y e r  ahead of  t he  
s p o i l e r  t o  b e  t u r b u l e n t ,  w e  f i n d  t h e  p r e s s u r e  c o e f f i c i e n t  i n  t h e  
s t a g n a t i o n  zone:  

= 6*106. 

The p r e s s u r e  r a t i o  
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The shock i n c l i n a t i o n  angle  

where 

We then  c a l c u l a t e  t h e  r o t a t i o n  angle  of t h e  flow behind the  
compression shock: 

The normal-force c o e f f i c i e n t  

Consequently,  t h e  normal f o r c e  

From t h e  diagram i n  F ig .  XVI-1-4, we f i n d  Ewke = -0.3 for 
M, = 1 . 8 3  and h = 8 mm. 
mine t h e  c o e f f i c i e n t  AcR = 0.346 + 0.3  = 0.846 and t h e  f o r c e  
AR = AcRqRsh = 1 2 . 5  kg (123 N ) .  

I n c r e a s i n g  L i f t  o f  Aerodynamic Cont ro ls  by BlowingGas-into - 

Boundary L a y e r  

Remembering t h a t  p = 0.346, w e  deter-  

By blowing a c e r t a i n  amount of gas  i n t o  
w e  can s h i f t  t h e  s e p a r a t i o n  p o i n t  toward t h e  
c o n t r o l  and thereby  i n c r e a s e  t h e  c o n t r o l l i n g  
5 )  

Determinat ion of  t h e  r equ i r ed  amount of  

t h e  boundary l a y e r ,  
t r a i l i n g  edge of t h e  
f o r c e  (C701, 1965, No. 

i n j e c t i o n  gas i n -  
volves  c a l c u l a t i o n  of  t h e  gas j e t  momentum c o e f f i c i e n t ,  which i s  
c a l c u l a t e d  from t h e  expres s ion  
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F i g u r e  XVI-1-5.  Diagram 
of V e l o c i t y  D i s t r i b u t i o n  
a t  S u r f a c e  of  Aerodynamic 
C o n t r o l  when Gas i s  I n -  
j e c t e d  i n t o  Boundary 
Layer .  V(y)  i s  t h e  flow- 
v e l o c i t y  diagram i n  a 
s e c t i o n  p e r p e n d i c u l a r  
to t h e  c o n t r o l  s u r f a c e  
and V(x,) i s  t h e  ve lo-  
c i t y  v a r i a t i o n  o v e r  t h e  
l e n g t h  of t h e  c o n t r o l .  

where p and V are t h e  mass den- 
s i t y  and average  v e l o c i t y  of t h e  
gas  i n  t h e  j e t  r e s p e c t i v e l y ;  A i s  
t h e  wid th  of  t h e  s l o t ;  b i s  t h e  
chord of t h e  c o n t r o l  suFface .  

j j 

T h e  pa rame te r  A 6 * *  i s  t h e  
increment  of boundary-layer  mo- 
mentum t h i c k n e s s  i n  t h e  absence  
o f  i n j e c t i o n  on t h e  segment from 
t h e  s e p a r a t i o n  p o i n t  S t o  p o i n t  K 
on t h e  c o n t r o l ' s  t r a i l i n g  edge 
( F i g .  XVI-1-5). This  pa rame te r  
i s  c a l c u l a t e d  by t h e  formula  

X,i 

3.5 (I (;)I"." ( XVI - 1-6 ) 

- - 
where r s - r ~ i ' b ;  x ~ : - x ~ ; / b ;  R e = = V , b / v , ;  V i s  t h e  v e l o c i t y  o f  i n v i s c i d  
n o n s e p a r a t i n g  flow; V 6 K  i s  t h e  v e l o c i t y  a t  p o i n t  K .  

edge ,  t h e  ave rage  v e l o c i t y  on t h e  c o n t r o l  shou ld  be t a k e n  i n  t h e  
formulas  i n s t e a d  of VW. By way of  example,  l e t  us de te rmine  t h e  
c o e f f i c i e n t  of  momentum o f  t h e  gas  j e t  f o r  a c a s e  i n  which t h e  
flow v e l o c i t y  a l o n g  an  a i l e r o n  v a r i e s  l i n e a r l y  from a c e r t a i n  
v a l u e  t o  = V6s/2, s o  t h a t  t h e  average  v e l o c i t y  i s  

6 

If an  aerodynamic c o n t r o l  i s  p l a c e d  a l o n g  a wing t r a i l i n g  

The average  v e l o c i t y  i n  t h e  j e t  i s  V 5 = 2Vav - - 3V6K,  and 
R e  = l o 5 .  For t h e s e  data,  (XVI-1-6) g i v e s  
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The co r re spond ing  v a l u e  o f  t h e  momentum c o e f f i c i e n t  i s  

SXVI-2 .  C A L C U L A T I O N  OF FORCES DEVELOPED BY GASDYNAMIC CONTROLS 1 6 9 2  

C a l c u l a t i o n  of  T h r u s t  of Gasdynamic - C o n t r o l s  w i t h  C o n s i d e r a t i o n  - -  

of Losses  i n - A i r  ~- I n t a k e s -  _- 

The t h r u s t  deve loped  when a i r  i s  t a k e n  from t h e  atmosphere 
and fue l -combust ion  p r o d u c t s  are  e x p e l l e d  th rough  a n o z z l e  can 
be c a l c u l a t e d  by t h e  formula  

P J  & - df ' ( X V I  -2-1) 

where P i s  t h e  t h r u s t ;  G i s  t h e  per-second f low r a t e ,  by we igh t ,  
of f u e l  combustion p r o d u c t s ;  G i s  t h e  per-second f low r a t e ,  by  

we igh t ,  of t h e  a i r  t a k e n  from t h e  atmosphere;  V, i s  t h e  v e l o c i t y  
o f  t h e  v e h i c l e ' s  c e n t e r  o f  mass; w i s  t h e  v e l o c i t y  of  ou t f low o f  
fuel-combust ion p r o d u c t s  th rough t h e  nozz le ;  
t h e  j e t  a t  t h e  nozz le  e x i t  s e c t i o n ;  Sa i s  t h e  e x i t - s e c t i o n  area 
of  t h e  n o z z l e ;  Q i s  t h e  momentum o f  t h e  a i r  and fuel-combust ion 
p r o d u c t s  w i t h  r e s p e c t  t o  t h e  v e h i c l e .  

f 

a 

a 
i s  t h e  p r e s s u r e  i n  Pa 

The d e r i v a t i v e  dQ/dt i s  known as t h e  v a r i a t i o n a l  f o r c e .  

For  r o c k e t  e n g i n e s ,  which do n o t  use  a tmospher ic  a i r ,  For- 
mula ( X V I - 2 - 1 )  becomes s i m p l e r :  

When a i r  i s  t a k e n  i n ,  f r o n t a l  d r a g  i s  i n c r e a s e d  by t h e  added 
a i r - i n t a k e  d r a g  AXai,  which r e s u l t s  from t h e  f a c t  t h a t  t h e  p r e s -  
s u r e  p i  and a i r  v e l o c i t y  w1 i n  t h e  e n t r y  s e c t i o n  of t h e  a i r  i n -  
t a k e  d i f f e r  from t h e  co r re spond ing  v a l u e s  i n  t h e  u n d i s t u r b e d  f r ee  
stream, p, and woo = V,. This  a d d i t i o n a l  d r a g  i s  

Ga 
i5 . M a i  s, ( p ,  - p a )  - - ( Trm - IC,). ( X V I - 2 -  3 ) 
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R e l a t i o n  (XVI-2-1) d e f i n e s  t h r u s t  as i t  i s  a f f e c t e d  by a 
s t a t i o n a r y  atmosphere.  However, t h e  p re sence  o f  a i r  i n t a k e s ,  
n o z z l e  assemblies, and t h e  j e t s  of  fuel-combust ion p r o d u c t s  
i s s u i n g  from t h e m  changes t h e  p a t t e r n  of  a i r  flow around t h e  
v e h i c l e .  I n  d e t e r m i n i n g  t h e  aerodynamic c o e f f i c i e n t s ,  t h e r e f o r e ,  
it i s  necessa ry  to c o n s i d e r  t h e  i n f l u e n c e  o f  a compression shock 
i n  f r o n t  o f  t h e  a i r  i n t a k e ,  f o r c e s  on t h e  exposed s u r f a c e s  o f  
t h e  a i r  i n t a k e s  and n o z z l e s ,  i n t e r f e r e n c e  between t h e  a i r  i n t a k e s  
and t h e  wing o r  body o f  t h e  v e h i c l e ,  and,  f i n a l l y ,  t h e  i n f l u e n c e  
of t h e  j e t s  on t h e  f low of  a i r  a t  t h e  s u r f a c e  o f  t h e  v e h i c l e .  

The f r o n t a l  d r a g  c o e f f i c i e n t  of t h e  body nose s e c t i o n  of  a 
v e h i c l e  o r  eng ine  pods hous ing  a i r  i n t a k e s  i s  de termined  by  t h e  
r e l a t i o n  

where 11' f ;B ' ( !~ .~ ,q l ,7so~ , )  i s  t h e  a i r  f l o w r a t e  c o e f f i c i e n t ,  which i s  e q u a l  /693 
to t he  r a t i o  of t h e  a c t u a l  per-second a i r  f low t o  t h e  maximum 
p o s s i b l e  f low [21]; ( c x  nos )$=1  i s  t h e  f r o n t a l  d r a g  c o e f f i c i e n t  
of t h e  nose s e c t i o n  a t  $ = 1; Acx ai i s  t h e  c o e f f i c i e n t  of  t h e  

a i r - i n t a k e  d r a g  inc remen t ;  c i s  t h e  c o e f f i c i e n t  of t h e  a i r -  
i n t a k e  s u c t i o n  f o r c e ;  S ,  i s  t h e  e n t r y - s e c t i o n  area of  t h e  a i r  i n -  
take . 

s . a i  

Anos 

F i g u r e  XVI-2 -1 .  Diagram f o r  
De te rmina t ion  o f  F r o n t a l  Drag 
C o e f f i c i e n t  o f  P a r a b o l i c  Ve-  
h i c l e  Nose S e c t i o n  w i t h  Throa t  
a t  $= 1 ( A n o s  - Xnos/dmid; 
'nos 

- 
- - d,/dmid). 

F i g u r e  XVI-2-2.  Diagram f o r  
De te rmina t ion  of  F r o n t a l  
Drag C o e f f i c i e n t  of  Con ica l  
Veh ic l e  Nose S e c t i o n  w i t h  
Throa t  a t  $I = 1. 
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Figure  XVI-2-3. Diagram 
f o r  Determinat ion of Suc- 
t ion-Force C o e f f i c i e n t  
of A i r  I n t ake .  

0 92 a4 0.5 ;J y 

Figure  XVI-2-4. Diagram 
f o r  Determinat ion of Co- 
e f f i c i e n t  of Added A i r -  
Intake Drag. A i r  i n t a k e s  w i t h o u t  c e n t r a l  

body .  With $ = 1 and supe r son ic  
v e l o c i t i e s ,  t h e  c o e f f i c i e n t  
C x nos nos )$= i  
determined from t h e  curves p re sen ted  i n  F igs .  XVI-2-1 and XVI-2-2. 

- - and can b e  

/694 ... - For $ < 1 and subsonic  speeds ,  we may assume ex nos 
.., w ) - provided t h a t  t h e  o u t e r  s u r f a c e  i s  w e l l  enough 
rounded a t  t h e  a i r - i n t a k e  e n t r y  s e c t i o n .  T h i s  i s  because t h e  
s u c t i o n  f o r c e  i s  q u i t e  l a r g e  and equa l  t o  t h e  added drag  f o r c e  
of t h e  a i r  i n t a k e .  With $ <1 and supersonic  speeds ,  c a l c u l a t i o n  
of t h e  nose-sec t ion  drag  becomes more complicated,  s i n c e  a de- 
tached  compression shock forms ahead of  t h e  nose.  However, 

and XVI-2-2, and csmai can be determined from t h e  diagram shown 
i n  F ig .  XVI-2-3 [21], which i s  v a l i d  f o r  a i r  i n t a k e s  t ha t  have 
rounded l ead ing  edges when t h e  r i m  of t h e  nose s e c t i o n  i s  cu rv i -  
l i n e a r . '  Otherwise,  csSai w i l l  be much sma l l e r  t han  would fo l low 
from t h e  diagram. 
mined from t h e  diagram of  F ig .  XVI-2-4. 

nos + - I  

1 can be found approximately from t h e  same F igs .  XVI-2-1 nos $ = I  

The va lue  of t h e  c o e f f i c i e n t  Acxai i s  d e t e r -  

E x a m p l e .  Find t h e  f r o n t a l  d rag  c o e f f i c i e n t  of a p a r a b o l i c  
v e h i c l e  nose s e c t i o n  whose a i r  i n t a k e  has no c e n t r a l  body, us ing  
t h e  fo l lowing  data:  



We determine 

We f i n d  from t h e  diagram of F ig .  XVI-2-1 

The c o e f f i c i e n t  

From t h e  diagram of F ig .  XVI-2-3, we f i n d  csmai = 0 . 0 6 ,  

whi le  F ig .  XVI-2-4 g ives  Acxai = 0.38. 

According to t h e s e  d a t a ,  

Air i n t a k e s  with c e n t r a l  b o d y .  Use o f  such a i r  i n t a k e s  i s  
advantageous a t  speeds corresponding t o  Moo > (1.8-2.0). Below 
we p r e s e n t  data f o r  double-shock a i r  i n t a k e s .  The a i r  flow 
through such an i n t a k e  can be c a l c u l a t e d  from t h e  r e l a t i o n s h i p s  
f o r  c o n i c a l  f lows.  The r e s u l t s  of such c a l c u l a t i o n s  a r e  given 
i n  F ig .  XVI-2-5 i n  t h e  form of  curves  of t h e  maximum f lowra te  
c o e f f i c i e n t  @ as a func t ion  of M ,  t h e  central-body cone angle  

of t h e  body wi th  r e s p e c t  to B c ,  and t h e  p r o j e c t i o n  angle  f3 

t h e  a i r - i n t a k e  l ead ing  edge (F ig .  XVI-2-6). T h e  c o e f f i c i e n t  
p r j  

(XVI -2- 5 ) 

where Ga  max i s  t h e  maximum p o s s i b l e  per-second f lowra te  wi th  
c o n s i d e r a t i o n  o f  d e f l e c t i o n  of a i r  f i l amen t s  by t h e  shock system 
i n  f r o n t  of t h e  a i r  i n t a k e  and S, = 1~d:/4. 



Various  p o s i t i o n s  o f  t h e  compression shocks are  p o s s i b l e ,  
as i n d i c a t e d  i n  F i g .  XVI-2-6, depending on @ and 0. It must b e  
remembered here  t h a t  a i r  i n t a k e s  are des igned  f o r  a d e f i n i t e  
AIw = 'lldesign( c a s e  a - i n  F i g .  XVI-2 -6 )  . 

A s  Mw v a r i e s  i n  f l i g h t ,  i t  i s  n e c e s s a r y  t o  a d j u s t  t h e  a i r -  
i n t a k e  pa rame te r s ,  s i n c e  o t h e r w i s e  @ w i l l  b e  smaller t h a n  1 and 
an  a d d i t i o n a l  d r a g  Acxai w i l l  appea r  ( c a s e s  - c and - d )  or h i g h  
t o t a l - p r e s s u r e  l o s s e s  w i l l  be i n c u r r e d  behind  t h e  shock system 
( c a s e  b ) .  
t i o n a l a r e a s  a t  t h e  na r rowes t  p o i n t  o f  t h e  i n t a k e - a i r  p a s s a g e ) ,  
o p e r a t i o n  of t h e  i n t a k e  may become u n s t a b l e  owing t o  p e r i o d i c  
d i sp l acemen t s  of  compression shocks a l o n g  i t s  c e n t r a l  body. T h i s  

I n  c a s e  d, which occur s  w i t h  small " t h r o a t " a r e a s  ( sec -  

04 06 

F i g u r e  XVI-2-5. Diagram f o r  Deter- 
mina t ion  o f  Idea l  A i r  F lowra te  Coef- 
f i c i e n t  f o r  the  Fol lowing  C e n t r a l  
Body Cone Angles:  a )  8, = 15"; b )  

6, = 20"; c )  8, = 25O; d )  8, = 30". 

/69 5 

phenomenon, which- i s  known 
as s u r g i n g ,  r e s u l t s  from 
s e p a r a t i o n  of t h e  f low 
from t h e  c e n t r a l  body be- 
h i n d  t h e  compression 
shock and from f low p u l s a -  
t i o n ,  and causes  v i b r a t i o n  
of  t h e  eng ine ,  f l ameou t ,  
or perhaps  even engine  
damage. Uns tab le  eng ine  
o p e r a t i o n  may occur  i n  t h e  
c a s e  Mw > Mdsgn ( c a s e  b )  - 
or when t h e  t h r o a t  area 
i s  t o o  l a r g e .  If t h e  a i r -  
i n t a k e  passage  expands t o o  
a b r u p t l y ,  f low s e p a r a t e s  
from t h e  walls,  v o r t i c e s  
form, and t h e  f low pul -  
sa tes .  S i n c e  t h e s e  p u l s a -  
t i o n s  are  a t  h i g h e r  f re -  
quency t h a n  i n  t h e  case  
o f  s u r g i n g ,  t h e y  produce /696 
a " t i c k l i n g "  s e n s a t i o n .  
T h i s  o p e r a t i n g  c o n d i t i o n  
i s  a l s o  unaccep tab le .  

I f  t h e  a i r  i n t a k e  i s  
i n  an  a i r  f low a t  a sub- 
s t a n t i a l  a n g l e  o f  a t t a c k  a 
(or a t  l a r g e  ang le  of  s l i p  
0 >, a complex f low p a t -  

t e r n  t h a t  i s  d i f f i c u l t  t o  
c a l c u l a t e  forms a t  i t s  en- 

sl 

t r y  ( F i g .  XVI-2-7). I n  t h i s  c a s e ,  engine  performance d e t e r i o r a t e s  
and Acxai r i ses  s h a r p l y .  

compl i ca t e s  t h e  c o n t r o l  system, and i n c r e a s e s  i t s  we igh t .  
T h i s  imposes l i m i t s  on t h e  a n g l e s  a and 

8 S l  , 



F i g u r e  XVI-2-6. Var ious  Types o f  Compression Shocks i n  
F r o n t  of A i r  I n t a k e  w i t h  Con ica l  C e n t r a l  Body. a )  de- 
s i g n  c o n d i t i o n  @ = $ = l; nondes ign  c o n d i t i o n s :  b )  
CP = $ = 1; e )  4 = CP > 1; d) $ < CP - < 1. 

Knowing t h e  pa rame te r s  B e ,  
and M m ,  and having  de termined  

@ from F i g .  XVI-2 -5 ,  w e  can use  
t h e  data of  F i g .  XVI-2-8 [ 2 1 ]  t o  
f i n d  Acxai. The dashed l i n e s  i n  
t h i s  f i g u r e  i n d i c a t e  t h e  minimum 
pos . s ib l e  Acxai when (I = 0 .  

I 2 3  4 

' P r j  

The 

5 

F i g u r e  XVI-2 -7 .  Diagram 
of Flow Around A i r  I n t a k e  

c o e f f i c i e n t  ( c ~ ~ ~ ~ ) ~ = ~  i n  Formula 
( X V I - 2 - 4 )  i s  de termined ,  as i n  t h e  
p r e c e d i n g  c a s e ,  from t h e  cu rves  o f  
F i g s .  XVI-2-1 and X V I - 2 - 2 ,  and 
t h e  c o e f f i c i e n t  csaai  can b e  d i s -  

- . -. 
a t  Large Angle of  A t t ack .  . r e g a r d e d  i n  f i r s t  approximat ion ,  
1) o b l i q u e  compression s i n c e  t h e  a i r - i n t a k e  l e a d i n g  
shocks ;  2 )  c e n t r a l  body; edges f o r  Mm > 1 .8 -2 .0  are  s h a r p  
3)  c a s i n g ;  4 )  c l o s e d  and t h e i r  r i m s  are ,  a s  a r u l e ,  
shocks i n  t h r o a t ;  5 )  r e c t i l i n e a r .  
c u r v i l i n e a r  compression 
shocks .  S i d e  a i r  i n t a k e s  w i t h  c o n i c a l  

c e n t r a l  b o d i e s ,  e . g . ,  s e m i c i r c u l a r  
t y p e s ,  are s y n t h e s i z e d  i n  much t h e  

same way. For  s i d e  a i r  i n t a k e s  w i t h  t h e  same i n i t i a l  data as 
c i r c u l a r  ones ,  t h e  v a l u e s  o f  t h e  c o e f f i c i e n t  $ and t h e  p r e s s u r e  
r ecove ry  f a c t o r  are  found t o  be 3-6% smaller ,  b u t  on t h e  o t h e r  
hand l a t e r a l  a i r  i n t a k e s  do n o t  i n c r e a s e  t h e  v e h i c l e ' s  f r o n t a l -  
d r a g  c o e f f i c i e n t  as much as do c i r c u l a r  i n t a k e s .  

C a l c u l a t i o n s  f o r  mul t ip l e - shock ,  a n n u l a r ,  and o t h e r  a i r -  
i n t a k e  t y p e s  are  g i v e n  i n  t h e  s p e c i a l i z e d  l i t e r a t u r e .  

Example .  For  t h e  data of t h e  p r e c e d i n g  example,  f i n d  the  
f r o n t a l - d r a g  c o e f f i c i e n t  o f  a p a r a b o l i c  v e h i c l e  nose s e c t i o n  
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F i g u r e  XVI-2-8. Diagrams f o r  Determining  
C o e f f i c i e n t  of  Added Drag of  A i r  I n t a k e  
w i t h  Con ica l  C e n t r a l  Bodies w i t h  t h e  Fol -  
lowing Angles:  a )  8, = 15'; b) B e  = 20°; 
c )  8, = 25'; d )  B c  = 30' .  

having  an  a i r  i n t a k e  w i t h  a c e n t r a l  body (double-shock d i f f u s e r )  
w i t h  t h e  pa rame te r s  6 = 3 2 0 4  = 200. 

p r j  
From t h e  diagram ( F i g .  XVI-2-5b), w e  f i n d  CP = 0.75; t h e n  ac-  

co rd ing  t o  Formula (XVI-2-5), Ga max = 0.75*0.125*9.81*680*0.246 = 

= 0.175. Then w e  r e f e r  t o  t h e  diagram ( F i g .  XVI-2-1) t o  d e t e r -  
mine ( c  1 = 0.024 as i n  t h e  p r e v i o u s  example.  We se t  

'xai 

- = 154 kg/s .  From t h e  diagram ( F i g .  XVI-2-8b), w e  f i n d  Acxai - 

x nos @ = o  
= 0 and t h u s  f i n d  from Formula (XVI-2-4) 
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cx no == 0.024 + (0.175 - 0) -. = 0. I i .  

I n f l u e n c e  of a i r  i n t a k e  on  v e h i c l e  l i f t .  T h i s  e f f e c t  i s  
f e l t  owing t o  t h e  change i n  t h e  d i r e c t i o n  of t h e  a i r  s t ream a t  
t h e  e n t r y  i n t o  t h e  a i r - i n t a k e  passage a t a n g l e s  of a t t a c k  a # 0 .  
The l i f t  c o e f f i c i e n t  w i l l  be changed by an amount 

A c ~  = O.O3!3f,, (XVI-2-6 1 

where a i s  t h e  a t t a c k  ang le  i n  degrees ;  @ i s  the f lowra te  coef- 
f i c i e n t  of the a i r  pas s ing  through t h e  i n t a k e .  

I n  t h e  process  of v e h i c l e  des ign ,  t h e  presence of a i r  i n -  
takes c a l l s  f o r  c l o s e  coord ina t ion  of t h e  aerodynamic r e s e a r c h  
w i t h  powerplant des ign  i n  view of t h e  r e c i p r o c a l  e f f e c t s .  

Fixed .- -. . and Movable Cont ro l  Engines 

eng ines )  a r e  used f o r  f l i g h t  c o n t r o l ,  c a l c u l a t i o n  of t h e  f o r c e s  
tha t  they develop reduces to de te rmina t ion  of t h e  t h r u s t  f o r c e s  
from Re la t ion  ( X V I - 2 - 1 ) .  I f  t h e  engine burn t ime i s  s h o r t ,  t h e  
v a r i a t i o n a l  component of  t h r u s t  w i l l  be s u b s t a n t i a l  du r ing  p res -  
s u r e  bui ldup  and decay and i t  w i l l  not  be p o s s i b l e  t o  d i s r e g a r d  
i t .  

When f i x e d  m u l t i p l e - s t a r t  c o n t r o l  engines  ( u s u a l l y  rocke t  

If t h e  s u s t a i n e r  o r  s p e c i a l  p i v o t i n g  v e r n i e r  engines  a r e  de- 
f l e c t e d  t o  c o n t r o l  f l i g h t ,  t h e  c o n t r o l l i n g  f o r c e s  t ha t  t h e y  s e t  
up a r e  c a l c u l a t e d  by  de te rmining  t h e  p r o j e c t i o n s  of t h e  t h r u s t  
onto t h e  d i r e c t i o n  of i n t e r e s t .  For example, r o t a t i o n  of a sus-  
t a i n e r  engine w i t h  t h r u s t  P through an angle  6 c r e a t e s  a con- 
t r o l l i n g  f o r c e  

P 

P, ,  : .: P sin a,, (XVI-2 -71  

d i r e c t e d  along t h e  normal t o  t h e  o r i g i n a l  p o s i t i o n  of t h e  engine 
l o n g i t u d i n a l  a x i s  and a c t i n g  i n  t h e  p l ane  of t h e  t u r n  ang le .  

The l o s s  of t h r u s t  from r o t a t i o n  of t he  s u s t a i n e r  engine i s  
s m a l l ,  s i n c e  t h e  p r o j e c t i o n  of t h e  t h r u s t  on to  t h e  o r i g i n a l  d i r e c -  
t i o n  of t h e  e n g i n e ' s  l o n g i t u d i n a l  a x i s  ( t h i s  d i r e c t i o n  usua l ly  
co inc ides  wi th  t h e  v e h i c l e  l o n g i t u d i n a l  a x i s )  w i l l  be 

Psi  2: P cos 6, (XVI-2-8) 
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I n  f i r s t  a p p r o x i m a t i o n  f o r  small t u r n  a n g l e s ,  t h e r e f o r e ,  i t  i s  
assumed t h a t  t h e  t h r u s t  does  n o t  change ( P x l  :: P ) ,  and t h a t  t h e  

c o n t r o l l i n g  f o r c e  v a r i e s  l i n e a r l y  as a f u n c t i o n  of  t u r n  a n g l e ,  
i . e . ,  P y l  :: P6p .  

The l i n e  o f  a c t i o n  of  t h e  c o n t r o l l i n g  f o r c e  P p a s s e s  
t h r o u g h  t h e  e n g i n e  p i v o t  a x i s ,  and t h i s  makes i t  e a s y  t o  f i n d  
i t s  p o i n t  of a p p l i c a t i o n  and c a l c u l a t e  t h e  moment a b o u t  t h e  
v e h i c l e ' s  c e n t e r  o f  mass. 

Y l  

P i v o t i n g  Nozzles  

When t h e  e n t i r e  n o z z l e  i s  p i v o t e d ,  i n c l u d i n g  t h e  p a r t  up- 
stream o f  t he  c r i t i c a l  c r o s s  s e c t i o n  ( F i g .  XVI-2-9), no d i f f i -  

c u l t y  i s  e n c o u n t e r e d  i n  
c a l c u l a t i n g  t h e  c o n t r o l -  
l i n g  f o r c e s ,  s i n c e  i t  
can be  assumed w i t h  s u f -  
f i c i e n t  a c c u r a c y  t h a t  t h e  
e n t i r e  t h r u s t  f o r c e  vec- 
t o r  r o t a t e s .  Hence Rela- 
t i o n s h i p s  (XVI-2-7) and 
(XVI-2-8) a l s o  remain  

The a p p l i c a t i o n  p o i n t  of 
t h e  c o n t r o l l i n g  f o r c e  
can a l s o  b e  found by 
assuming t ha t  i t s  l i n e  o f  

v a l i d  f o r  t h i s  c a s e .  /699 

F i g u r e  X V I - 2 - 9 .  Diagrams o f  P i v o t -  a c t i o n  p a s s e s  a c r o s s  t h e  
i n g  Nozzles .  a )  p i v o t  a x i s  i n  p l a n e  n o z z l e  p i v o t  a x i s .  The 
p e r p e n d i c u l a r  t o  v e h i c l e  a x i s  ; b ) t h r u s t  loss t h a t  r e s u l t s  
p i v o t  a x i s  i n  p l a n e  p e r p e n d i c u l a r  from r o t a t i o n  of  t h e  noz- 
t o  l i n e  forming an  a n g l e  w i t h  z l e  may b e  l a r g e r  t h a n  i n  
t h e  v e h i c l e  a x i s .  t h e  c a s e  of  e n g i n e  p i v o t -  

i n g ,  s i n c e  t h e r e  are no 
gap l o s s e s  i n  t h e  l a t t e r  
c a s e .  ?\;, 13_ 

C a l c u l a t i o n  of  t h e  c o n t r o l l i n g  
f o r c e s  becomes much more compli-  
o f  c a t e d  t h e  i f  s u p e r s o n i c  o n l y  a c e r t a i n  p a r t  o f  s e c t i o n  t h e  

n o z z l e  i s  p i v o t e d  ( s e c t i o n a l  noz- 
' 4  z l e ,  F i g .  X V I - 2 - 1 0 ) .  T h i s  i s  be- 

cause  i t  i s  n e c e s s a r y  t o  p r o v i d e  
c e r t a i n  c l e a r a n c e s  between t h e  
r o t a t i n g  2 and f i x e d  1 p a r t s  of 
t h e  n o z z l e  f o r  r o t a t i o n  a b o u t  a x i s  
4 .  T h i s  r e s u l t s  i n  l o c a l  f l o w  

fqC-;= -i -:-.. , _ _  . - .  - .. . . . - . .- . . .  
, i  

I \. 

F i g u r e  X V I - 2 - 1 0 .  Diagram of  
Flow i n  S u p e r s o n i c  Nozzle 
w i t h  P i v o t e d  S e c t i o n .  

s e p a r a t i o n  from t h e  n o z z l e  walls and i n  t h e  f o r m a t i o n  of  a com- 
p r e s s i o n  shock .at t h e  b e g i n n i n g  o f  t h e  movable p a r t  o f  t h e  n o z z l e  



even i n  t h e  absence  o f  a t u r n  a n g l e  ( 6 p  = 0 ) .  

changes when p a r t  o f  t h e  n o z z l e  i s  r o t a t e d :  t h e  i n t e n s i t y  of  com- 
p r e s s i o n  shock 3 i n c r e a s e s  i n  f r o n t  of t h e  p i v o t i n g  s e c t i o n  t h a t  
has  moved down o n t o  t h e  f l o w ,  and d e c r e a s e s  a t  t h e  d i a m e t r a l l y  
o p p o s i t e  p o s i t i o n ,  s o  t h a t  a s p a t i a l  e x p a n s i o n  wave may a p p e a r  a t  
t h a t  p o i n t  a t  c e r t a i n  p i v o t  a n g l e s .  

The f low p a t t e r n  

The c o n t r o l l i n g  f o r c e s  deve loped  by a s e c t i o n a l  n o z z l e  can 
be c a l c u l a t e d  i n  a p p r o x i m a t i o n  on t h e  basis o f  
m e n t a l  data .  The c o n t r o l l i n g  f o r c e  

where c 6  i s  t h e  d e r i v a t i v e  o f  t h e  c o n t r o l l i n g  
to n o z z l e  p i v o t  a n g l e ;  qp i s  t h e  v e l o c i t y  head 
b u s t i o n  p r o d u c t s  a t  t h e  c e n t e r  o f  t h e  p i v o t i n g  

- R i s  t h e  l o n g i t u d i n a l - s e c t i o n  a r e a  of 'P - P 

YP 

c e r t a i n  e x p e r i -  

(XVI-2-9 ) 

f o r c e  w i t h  r e s p e c t  
o f  t h e  fuel-com- 
n o z z l e  s e c t i o n ;  
t h e  s e c t i o n a l  noz- 

z l e ;  D e r  i s  t h e  i n s i d e  d i ame te r  a t  t h e  c e n t e r  of  t h e  r o t a t i n g  
s e c t i o n ;  R p  i s  t h e  l e n g t h  o f  t h e  p i v o t i n g  n o z z l e  s e c t i o n ;  AP i s  
t h e  t u r n  a n g l e  o f  t h e  n o z z l e  i n  r a d i a n s ;  Ke i s  a c o e f f i c i e n t  of 
agreement  w i t h  e x p e r i m e n t .  

p a r t  o f  t h e  n o z z l e  and c 6  
If M i s  de termined  i n  t h e  c e n t e r  s e c t i o n  o f  t h e  p i v o t i n g  

i s  e x p r e s s e d  by  
YP 

(XVI-2-10) 

where X = D c r / R p ,  t h e n  Ke =: 1 . 2 4 .  
Yp i s  assumed to b e  a t  t h e  c e n t e r  
I n  f i r s t  a p p r o x i m a t i o n ,  t h e  f o r c e  
normal  to t h e  a x i s  o f  symmetry o f  
drawn i n  t h e  p l a n e  of  r o t a t i o n .  

The a p p l i c a t i o n  p o i n t  of  f o r c e  
of t h e  p i v o t i n g  n o z z l e  s e c t i o n .  
Y can  be assumed to b e  d i r e c t e d  
t h e  r o t a t i n g  n o z z l e  s e c t i o n  
P 

The t h r u s t  l o s s  i n  c o n t r o l  by r o t a t i n g  t h e  s u p e r s o n i c  n o z z l e  
s e c t i o n  i s  composed o f  t h e  l o s s e s  a t  b P  = 0 and t h e  l o s s e s  caused  
by t u r n i n g  t h e  n o z z l e  s e c t i o n  t h r o u g h  a n  angle  tip # 0 .  

e x p e r i m e n t a t i o n  produces  r e l i a b l e  data on these l o s s e s .  
A s  a r u l e ,  

R e l a t i o n s h i p s  ( X V I - 2 - 9 )  and (XVI-2-10) e n a b l e  us  to s p e c i f y  

For  t h i s  p u r p o s e ,  
t h e  l e n g t h  n e c e s s a r y  f o r  t h e  s u p e r s o n i c  p a r t  o f  t h e  n o z z l e  i n  
o r d e r  to se t  up t h e  des i r ed  maximum f o r c e  Y P' 
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exper imenta l  data a r e  used as a basis f o r  choosing t h e  maximum 
r o t a t i o n  ang le  6 p  max tha t  ensu res  an approximately l i n e a r  YP("p) 

z 15". Then, by  a s s ign -  r e l a t i o n s h i p  f o r  0 - < 6 p  1. 6 p  max, 
i n g  a s e r i e s  of va lues  t o  R p ,  t h e  c e n t e r  of t h e  r o t a t i n g  s e c t i o n  
i s  determined f o r  t h e  complete s e l e c t e d  nozz le  and a l l  parameters  
a r e  found f o r  i t .  ( D e r ,  qp,  M ,  A ,  S p ) .  
t h e  corresponding va lues  of Yp/6p from Formulas (XVI-2-9) and 
(XVI-2-10]. 
r e q u i r e d  R p  from t h e  r a t i o  Y p  max/6p max. 

t h e  supe r son ic  s e c t i o n  of a nozz le  through an ang le  b P  = 5". 
gas  v a r i a b l e s  are as fo l lows  i n  t h e  c e n t e r  s e c t i o n  of  t h e  p i v o t i n g  
p a r t  o f  t h e  nozz le :  M = 2.43; p = 0.0822 kg*s2/m4;  V = 1637 m / s .  
The dimensions of  t h e  p i v o t i n g  nozz le  s e c t i o n :  R p  = 0.0331 m; 
Der  = 0.057 m. 

6~ max 
/ T O O  

T h i s  enables  us t o  f i n d  

P l o t t i n g  a diagram of  Yp/Gp  a g a i n s t  R p ,  we f i n d  t h e  

E x a m p l e .  Determine t h e  c o n t r o l l i n g  f o r c e  s e t  up by r o t a t i n g  
The 

From t h e s e  d a t a  we f i n d  

Spp- D,, Ip~@.0~131~0 .@57~0 .@01SS7  

S e t t i n g  t h e  c o e f f i c i e n t  Ke = 1.24, we 
l i n g  f o r c e :  

m2. 

c a l c u l a t e  +he c o n t r o l -  

Rotary Mouthpieces 

I f  a mouthpiece i s  t o  develop i t s  c o n t r o l l i n g  f o r c e  a t  t h e  
smallest p o s s i b l e  d e f l e c t i o n  ang le s  g P  ( t o  prevent  t h e  formation 
of "dead" zones ) ,  i t s  i n t e r n a l  s u r f a c e  must b e  p r o f i l e d  t o  con- 
form t o  t h e  shape of t h e  j e t  i s s u i n g  from t h e  nozz le .  However, 
t h e  need t o  r o t a t e  t h e  nozz le  r e q u i r e s  t h a t  a c e r t a i n  space be 
l e f t  open between t h e  nozz le  e x i t  s e c t i o n  and t h e  mouthpiece, 
and t h i s  w i l l  change t h e  shape of t h e  j e t  and e x e r t  a c e r t a i n  
i n f l u e n c e  on flow through t h e  nouthpiece.  On emerging from t h e  
nozz le ,  t h e  flow expands and i s  a c c e l e r a t e d ,  and then ,  s t r i k i n g  
t h e  s u r f a c e  of t h e  mouthpiece, i t  i s  d e c e l e r a t e d .  T h i s  produces 
a c u r v i l i n e a r  detached compression shock. Then t h e  flow expands 

948 



i n  t h e  mouthpiece behind  t h i s  shock .  The f low p a t t e r n  i n s i d e  a 
r o t a r y  mouthpiece i s  h i g h l y  s i m i l a r  t o  t h a t  i n s i d e  a n o z z l e  w i t h  
a p i v o t i n g  s u p e r s o n i c  s e c t i o n .  

A number of assumpt ions  can be adopted  to s i m p l i f y  de te rmina-  
t i o n  of t h e  c o n t r o l l i n g  f o r c e  developed by t h e  mouthpiece.  Chief 
among these  i s  s o l u t i o n  of t h e  co r re spond ing  p l a n e  problem ( i n  t h e  
p l a n e  of t h e  mouthpiece r o t a t i o n  a n g l e )  i n s t e a d  of t h e  s p a t i a l  
problem of gas  f low i n  t h e  mouthpiece.  S t r a i g h t  o b l i q u e  shock 
waves are s u b s t i t u t e d  f o r  t h e  c u r v i l i n e a r  compression shocks .  The  
p o s i t i o n s  of p o s s i b l e  p o i n t s  of s e p a r a t i o n  of t h e  f low from t h e  
n o z z l e  w a l l s  can b e  de te rmined  from t h e  r e l a t i o n s h i p s  of s e p a r a t -  
ing-f low t h e o r y .  T h i s  method w i l l  be  o u t l i n e d  below as it  i s  ap- 
p l i e d  to c a l c u l a t e  f o r c e s  s e t  up by a d e f l e c t o r .  The a p p l i c a -  
b i l i t y  of t h i s  method i n  t h e  s y n t h e s i s  of r o t a r y  mouthpieces  or 
p i v o t i n g  s u p e r s o n i c  n o z z l e  s e c t i o n s  r e q u i r e s  e x p e r i m e n t a l  c o n f i r -  
mat ion .  

One i m p o r t a n t  p o i n t  must be borne  i n  mind i n  making c a l c u l a -  
t i o n s  by  t h i s  approximate method. For  t h e  s u p e r s o n i c  p a r t  of  t h e  
mouthpiece,  t h e  p r e s s u r e  on i t s  w a l l s  w i l l  be  v a r i a b l e  ove r  i t s  
l e n g t h  even i f  t he  compression shock i s  s t r a i g h t .  T h i s  i s  be- 
cause  t h e  f low expands.  It would t h e r e f o r e  be more c o r r e c t  t o  
c o n s i d e r  t h e  p r e s s u r e  on t h e  mouthpiece w a l l  i n  an  a r b i t r a r y  
c r o s s  s e c t i o n  e q u a l  t o  t h e  p r e s s u r e  behind  t h e  compression shock 
a t  t h e  co r re spond ing  p o i n t  of t h i s  s e c t i o n .  

3 

a? 
2. 

1 

0 IO 20 8; a 25.4 

F i g u r e  XVI-2-11. C o n t r o l l i n g  Force  Y o f  Rotary 
C y l i n d r i c a l  Mouthpiece ( a )  as Func t ion  o f  Rota- 
t i o n  Angle 6 p  ( b )  and Mouthpiece Length R 
1) n o z z l e ;  2 )  mouthpiece;  3 )  p o s i t i o n  of mouth- 
p i e c e  a f t e r  r o t a t i o n  through a n g l e  6 p .  

P 

( c )  * mP c 

I n t e r e s t  a t t a c h e s  t o  e x p e r i m e n t a l  data f o r  c y l i n d r i c a l  mouth- 
p i e c e s  (C741, 1958, No. 5 6 5 ) .  The shape  of t h e  mouthpiece and 
t h e  cu rves  o f  c o n t r o l l i n g  f o r c e  as a f u n c t i o n  of r o t a t i o n  a n g l e ,  
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mouthpiece l e n g t h ,  and engine-chamber p r e s s u r e  are g i v e n  i n  F i g .  
XVI-2-11. For t h e  ro ta ry-mouthpiece  d e s i g n  s t u d i e d ,  t he  h i n g e  
moment r e a c h e d  1.54 kg*cm p e r  1 kg (1.54 N*cm p e r  1 N) o f  l a t e ra l  
c o n t r o l l i n g  f o r c e ,  w h i l e  i t  i s  0 .92  kg*cm/kg f o r  a c e n t r a l  gas 
vane.  The t h r u s t  l o s s e s  are i n s i g n i f i c a n t  and depend l i t t l e  on 
t h e  d e s i g n  o f  t h e  mouthpiece e n t r y  s e c t i o n .  It may be e x p e c t e d  
t ha t  t h e  e r o s i o n  s t a b i l i t y  o f  t h e  mouthpiece w i l l  depend s t r o n g l y  
on d e s i g n  s h a p e .  

The e x p e r i m e n t s  i n d i c a t e  t h a t  t h e  optimum l e n g t h  o f  a c y l i n -  
d r i c a l  mouthpiece i s  a b o u t  1.5 t i m e s  i t s  diameter .  

D e f l e c t o r s  

Two c a s e s  are  p o s s i b l e  i n  c o n t r o l l i n g - f o r c e  c a l c u l a t i o n s .  

I f  t h e  d e f l e c t o r  r o t a t i o n  a n g l e  6 p  i s  small, s o  t h a t  i t s  s u r -  
f a c e  forms a n  a n g l e  8, = 6p  + B n z  smaller t h a n  t h e  c r i t i c a l  a n g l e  
( B n z  i s  t h e  n o z z l e  a n g l e ,  F i g .  XVI-2-12a) w i t h  t h e  d i r e c t i o n  o f  
t h e  g a s  f low o u t  of  t h e  n o z z l e ,  t h e n  a n e a r l y  s t r a i g h t . c o m p r e s s i o n  
shock w i l l  form i n  f r o n t  o f  t he  d e f l e c t o r .  Knowing t h e  f l o w  param- 
e t e r s  i n  t h e  n o z z l e  i n  f r o n t  o f  t h e  d e f l e c t i o n  i n  i t s  p l a n e  o f  
synmetry p a s s i n g  t h r o u g h  t h e  n o z z l e  a x i s  p e r p e n d i c u l a r  to t h e  de- 
f l e c t o r  r o t a t i o n  a x i s  (Ml, p l ,  k l ) ,  w e  c a n  f i n d  t h e  shock  a n g l e  
O s  f o r  any d P  ( p r o v i d e d  t ha t  6d i s  smaller t h a n  c r i t i c a l )  from 
t h e  r e l a t i o n s h i p s  f o r  t h e  o b l i q u e  compression shock.  Assuming 
f u r t h e r  t h a t  t h e  p r e s s u r e  i s  d i s t r i b u t e d  o v e r  t he  s u r f a c e  i n  the  
same way as b e h i n d  a o b l i q u e  compression shock A A ' , ( f o r  example,  
t h e  p r e s s u r e  i n  t he  c r o s s  s e c t i o n  p a s s i n g  t h r o u g h  p o i n t  K i s  
e q u a l  t o  t h e  p r e s s u r e  p p  behind  t h e  shock a t  p o i n t  N o f  t h e  same 
c r o s s  s e c t i o n ) ,  we d e t e r m i n e  t h e  c o n t r o l l i n g  f o r c e :  

(XVI-2-11) 

where S i s  t h e  area o f  t h e  p r o j e c t i o n  o f  t he  d e f l e c t o r  s u r f a c e  
washed by t h e  f low from t h e  n o z z l e  o n t o  t h e  p l a n e  p a s s i n g  t h r o u g h  
t h e  n o z z l e  a x i s  and t h e  d e f l e c t o r  p i v o t  a x i s .  

If t h e  a n g l e  Bd exceeds  a c e r t a i n  c r i t i c a l  s i z e ,  t h e  bound- 
a r y  l a y e r  s e p a r a t e s  a t  t h e  p o i n t  o f  i t s  i n t e r a c t i o n  w i t h  t h e  com- 
p r e s s i o n  shock.  The p r e s s u r e  r i s e  a t  t h e  s e p a r a t i o n  p o i n t  i s  
t r a n s m i t t e d  ups t ream a l o n g  t h e  s u b s o n i c  p a r t  o f  t h e  boundary l a y e r .  
T h i s  s h i f t s  t h e  s e p a r a t i o n  p o i n t  i n t o  t h e  i n t e r i o r  of  t h e  n o z z l e .  /TO2 
The f l o w  p a t t e r n  w i l l  be  t h e  same as i n  F i g .  XVI-2-12a. The f low 
s e p a r a t e s  from p o i n t  A on t h e  i n n e r  s u r f a c e  o f  t h e  n o z z l e  and ,  
p a s s i n g  a c r o s s  t he  compression shock A A ' ,  i s  r o t a t e d  t h r o u g h  a n  
a n g l e  B s l .  T h i s  f low t h e n  a t t a c h e s  to t h e  d e f l e c t o r  s u r f a c e  a t  
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p o i n t  B, a t  which the second compression shock BB' i s  formed. 
s t a g n a n t  zone ( " f l u i d  wedge") l i e s  below l i n e  AB. P re s su re  p ,  
w i l l  a c t  on the  d e f l e c t o r  s u r f a c e  behind t h e  a t t a c h e d  compression 
shock wi th  angle  O s ,  a t  p o i n t  B. 

A 

Assuming shocks AA' 
and BB' and l i n e  AB to be 
s t r a i g h t ,  assuming f u r -  
t h e r  tha t  t h e  s t a g n a t i o n  
p r e s s u r e  p o  on l i n e  AB i s  
equa l  to t h e  p r e s s u r e  p ,  
behind shock B B ' ,  and ap- 
p l y i n g  ( X V I - 1 - 2 )  o r  
(XVI-2-3) f o r  s e p a r a t i n g  
flows and t h e  r e l a t i o n -  

t heo ry ,  w e  can f i n d  t h e  
p o s i t i o n s  of p o i n t  A and 
B and c a l c u l a t e  t h e  p re s -  
s u r e s  p, and p B .  

c a l c u l a t i o n  i s  as fo l lows .  
W e  a s s i g n  a p o s i t i o n  to 
p o i n t  A .  For M ,  and Re,, 
we f i n d  t h e  p r e s s u r e  coef- 
f i c i e n t  p, behind t h e  
shock from Formula 

a )  

b? s h i p s  of compression-shock 

The procedure of t h e  

( X V I - 1 - 2 )  i f  t h e  boundary 
l a y e r  i s  laminar  o r  from 
( X V I - 1 - 3 )  i f  i t  i s  turbu-  
l e n t ,  and then  use t h e  

F igure  X V I - 2 - 1 2 .  Diagram of Flow at 
Small and Large D e f l e c t o r  Ro ta t ion  
Angles ( a ) ;  M A B  on Line AB a s  a 

- 
Funct ion of M, (b  ) . formula p z  == 

to f i n d  t h e  abso lu te  p re s -  
s u r e  p, .  Using t h e  r e l a -  

(1 + k , ~ ; p , / 2 )  

t i o n s h i p s  of compression-shock theo ry ,  we f i n d  B s l ,  M , ,  and O s ,  

from M ,  and p, .  
nozzle  g e n e r a t r i x  and t h e  p o s i t i o n  of p o i n t  B on t h e  d e f l e c t o r  
s u r f a c e  and t h e  flow r o t a t i o n  B S 2  behind t h i s  p o i n t  a r e  d e t e r -  
mined. Using t h e  same r e l a t i o n s h i p s  f o r  t h e  ,compression shocks,  
w e  f i n d  O s ,  and p,  from t h e  known M, and B S 2  and c a l c u l a t e  t h e  
s t a g n a t i o n  p r e s s u r e  on l i n e  AB: 

Then l i n e  AB i s  drawn a t  an angle  B s l  to t h e  

which i s  compared wi th  p , .  
ber  on l i n e  AB, which i s  found from M, wi th  t h e  a i d  of a diagram 

I n  t h i s  formula,  MAB i s  t h e  Mach num- / T O 3  
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( F i g .  XVI-2-12b) c o n s t r u c t e d  from t h e  data o f  (1791,  1957, No. 5 ) .  
The p o s i t i o n s  o f  p o i n t s  A and B and t h e  p r e s s u r e  v a l u e s  p, and p 3  
w i l l  be  assumed c o r r e c t  i f  i t  i s  found t h a t  p ,  = p , .  

A l l  c a l c u l a t i o n s  are  t o  be  made i n  the  d e f l e c t o r  symmetry 
p l a n e  p a s s i n g  p e r p e n d i c u l a r  t o  i t s  p i v o t  a x i s .  Assuming t h a t  
t h e  p r e s s u r e  i s  t h e  same on t h e  s u r f a c e s  o f  t h e  nozz le  and de- 
f l e c t o r  i n  t h e  c r o s s  s e c t i o n s  ( p e r p e n d i c u l a r  t o  t h e  n o z z l e  a x i s )  
and e q u a l s t h e p r e s s u r e  behind  compression shock A A '  ( o r  B B ' )  i n  
t h e  same s e c t i o n s ,  w e  can de te rmine  t h e  c o n t r o l l i n g  f o r c e  and 
t h r u s t  loss: 

where S ,  and S ,  are t h e  p r o j e c t i o n s  o f  t h e  nozz le  and d e f l e c t o r  
s u r f a c e s ,  on which t h e  v a r i a b l e  p r e s s u r e  p 2  a c t s ;  S ,  i s  t h e  pro-  
j e c t i o n  of t h e  d e f l e c t o r  s u r f a c e  w i t h  t h e  v a r i a b l e  p r e s s u r e  p 3  
( p r o j e c t i o n  o n t o  t h e  p l a n e  p a s s i n g  th rough  t h e  nozz le  a x i s  and 
t h e  d e f l e c t o r  r o t a t i o n  a x i s ) ;  Six, S 2 x ,  and S 3 x  are  t h e  p r o j e c -  
t i o n s  o f  t h e  above s u r f a c e s  o n t o  t h e  p l a n e  p e r p e n d i c u l a r  t o  t h e  

i s  t h e  average  p r e s s u r e  on nozz le  s e c t i o n  AD n o z z l e  a x i s ;  
p rov ided  t h a t  f low does n o t  s e p a r a t e .  

P2 , a v  

It  i s  assumed i n  d e t e r m i n i n g  S , ,  S , ,  and S , ,  as w e l l  as Six, 
s2x, and s3xJ tha t  t h e y  are l i m i t e d  by c o n i c a l  compression shocks 
w i t h  r e c t i l i n e a r  g e n e r a t r i c e s  AA' and BB' and w i t h  axes  of  sym- 
metry on the  n o z z l e  and d e f l e c t o r  wal ls ,  r e s p e c t i v e l y .  

L ine  AB may n o t  s t r i k e  t h e  d e f l e c t o r  w a l l  a t  c e r t a i n  d e f l e c -  
t o r  r o t a t i o n  a n g l e s .  Then t h e  p o s i t i o n  o f  t h e  f low s e p a r a t i o n  
p o i n t  must be  de te rmined  f o r  a l i n e  AB p a s s i n g  a c r o s s  t h e  edge of 
t h e  d e f l e c t o r .  By a s s i g n i n g  a se r i e s  o f  s e p a r a t i o n  p o i n t s  and 
de te rmin ing  t h e  d i r e c t i o n  of  t h e  AB l i n e s ,  w e  can f i n d  t h e  d e f l e c -  
t o r  r o t a t i o n  a n g l e  co r re spond ing  t o  each  s e p a r a t i o n  p o i n t .  

The methods d e s c r i b e d  above do n o t  t ake  account  o f  a c e r t a i n  
d e c r e a s e  i n  c o n t r o l l i n g  f o r c e  and i n c r e a s e  i n  t h r u s t  l o s s  t h a t  
are a s s o c i a t e d  w i t h  t h e  p r e s e n c e  between t h e  nozz le  and t h e  de- 
f l e c t o r  o f  t h e  c l e a r a n c e s  necessa ry  f o r  r e l i a b l e  o p e r a t i o n .  

Gas Vanes 

To s i m p l i f y  t h e  c a l c u l a t i o n s  t o  be s e t  f o r t h  below, l e t  us 
adopt  t h e  f o l l o w i n g  assumpt ions .  
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1. The  flow of f u e l  combustion products  i n  t h e  powerplant i s  
assumed uniform a t  t h e  e x i t  from t h e  nozz le .  

2 .  The i n f l u e n c e  of t h e  slot between t h e  c o n t r o l  supface and 
t h e  nozzle  w a l l s ,  t h e  boundary l a y e r  a t  t h e  nozz le  walls,  and t h e  
p r o f i l e  and planform of t h e  vane on vane l if t  i s  taken  i n t o  ac- 
count i n d i r e c t l y  through an e m p i r i c a l  c o e f f i c i e n t  Kv .  

3. The vane l ead ing  edges are supe r son ic .  

The l i f t  and drag of t h e  vanes a r e  determined by t h e  formulas 

0 Yv == (Iv~svc"vsv, 
S, = qvSvrSv, 

(XVI-2-13) 
( X V I - 2 - 1 4 )  

where qv = 0.50,~: i s  t h e  v e l o c i t y  head i n  t h e  nozz le  e x i t  sec-  

Y V  
t i o n ;  S 

t h e  s t a t i c  d e r i v a t i v e  of vane l i f t  c o e f f i c i e n t  w i t h  r e s p e c t  to 
vane r o t a t i o n  angle ;  cx 
vanes. 

/ 704  
6 i s  i s  t h e  vane a r e a ;  cSV i s  t h e  vane r o t a t i o n  ang le ;  c 

V 

i s  t h e  f r o n t a l  d rag  c o e f f i c i e n t  o f  t h e  

The d e r i v a t i v e  

where Ma i s  t h e  Mach number i n  t h e  
I -  - 1  nozzle  e x i t  s e c t i o n .  

F igure  XVI-2-13. Diagram 
of  Nozzle w i t h  Gas Vanes. I n  f i r s t  approximation f o r  

2 . 5 ,  we can assume t h a t  Kv : Ma 
=: 0 . 7 .  The fo l lowing  semiempir ica l  

r e l a t i o n s h i p ,  which i s  a p p l i c a b l e  f o r  wings of s m a l l  a spec t  r a t i o  
w i t h  n e a r l y  r e c t a n g u l a r  planform, i s  recommended f o r  de t e rmina t ion  
of cx v: 

where A e  = X /PI2 - 1; X v  = Rv/bmnav i s  t h e  vane a spec t  r a t i o ;  R v  
i s  t h e  span of a vane; b m n e v  i s  t h e  mean chord of a vane; B = 2 K ,  

v a  
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i s  a c o e f f i c i e n t  - t a k i n g  p r o f i l e  shape  i n t o  accoun t  (see T a b l e  
V-2-2) ;  c i s  t h e  r e l a t i v e  t h i c k n e s s  o f  a vane; cxf 
t i o n  d r a g  c o e f f i c i e n t  of  t h e  vanes ( s e e  §VI-1). 

i s  the.  f r i c -  

Formulas (XVI-2-15) and (XVI-2-16) are  v a l i d  f o r  nonsepa ra t -  
i n g  f low around t h e  vanes ( 6 v  > G v . c r ) ,  which i s  t h e  c a s e  f o r  

< 1 5 O .  
6 V  

and v6 The v a l u e s  of t h e  c o e f f i c i e n t  Kv and t h o s e  of  ex v o  
i n  (XVI-2-16) must be improved e x p e r i m e n t a l l y  f o r  s p e c i f i c  vane 
and n o z z l e  d e s i g n s .  I n  a d d i t i o n ,  t h e  vanes may s u f f e r  bu rn  dam- 
age  owing t o  t h e  h i g h  t empera tu re  of  t h e  f low around t h e i r  s u r -  
f a c e s .  
i n g  o p e r a t i o n  o f  t h e  gas  vanes .  

T h i s  may r e s u l t  i n  a s u b s t a n t i a l  change i n  Y and Xv dur -  
V 

The f r o n t a l  drag o f  t h e  vanes i s  t a k e n  i n t o  account  by a 
r e d u c t i o n  i n  t h e  a c t u a l  t h r u s t .  The c a l c u l a t i o n s  work w i t h  an  
e f f e c t i v e  t h r u s t  

P, = P - X". (XVI-2-17) 

It may b e  assumed i n  f i r s t  approximat ion  t ha t  Y and Xv are 
V 

a p p l i e d  a t  t h e  c e n t e r  o f  g r a v i t y  o f  t h e  vane s u r f a c e .  

Example. Determine'X and Yv for t h e  c o n t r o l  s u r f a c e s  whose 
V 

dimensions are i n d i c a t e d  i n  F i g .  XVI-2-13. The v a r i a b l e s  of  t h e  
gas  i n  t h e  powerplant  combustion chamber are as f o l l o w s :  p o  = 
= 40 kg/cm2 (392 N/cm2), T o  = 2500°K, k = 1 .33 ,  R = 30.0  
kg*m/kg*deg (30 Nm/N*deg). 

I n  acco-dance w i t h  t h e  drawing of  t h e  n o z z l e ,  w e  f i n d :  

f o r  t he  n o z z l e  e x i t  s e c t i o n  area and 

f o r  t h e  nozz le  c r i t i c a l  s e c t i o n  area. 

We de te rmine  t h e  r e l a t i v e  f l o w r a t e  
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Referring to the gasdynamic-function tables for k = 1.33 [8]  / T O 5  
or to the corresponding formulas for one-dimensional steady-state 
isentropic flow of an ideal compressible fluid (111-3-4), we find 

We determine the density of the gas in the combustion cham- 
ber from the equation of state: 

We calculate the temperature, pressure, and density in the 
nozzle exit section: 

We calculate the thrust developed by the powerplant in a 
vacuum : 

The thrust at sea level (for the standard atmosphere) is 

The critical speed of sound 

The velocity of the gases in the nozzle exit section 

9 5 5  
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The v e l o c i t y  head i n  t h e  nozz le  e x i t  s e c t i o n  

The a s p e c t  r a t i o  of  t h e  vane (see drawing of vane)  i s  

I .  
h = 22,i.o. 

m . v  22 

We c a l c u l a t e  A e :  

l . e = l . v t l / F i = = i  7/'2.GO'-i=2.40. 

S e t t i n g  t h e  Re on t h e  s u r f a c e  of t h e  vane equa l  t o  lo7 and 
assuming that- the f low i s  t u r b u l e n t ,  we f i n d  t h a t  a t  6 v  = 10' 
(0 .174  r ad ) ,  c = 0.12, and B = 5.33, (xv1-?-16> g ives  

The p l a n  area of  two vane c a n t i l e v e r s  i s  

The va lues  of Xv and Yv a t  6 v  = 10' w i l l  be  

The e f f e c t i v e  t h r u s t  ( coun t ing  only one p a i r  o f  vanes)  i s  
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C o n t r o l  by Gas _ _  I n j e c t i o n  i n t o  S u p e r s o n i c  S e c t i o n  o f  Nozzle 

s e c t i o n o f  a n o z z l e t h r o u g h r o u n d  h o l e s  p l a c e d  around t h e  p e r i m e t e r  
o f  a c e r t a i n  n o z z l e  s e c -  
t i o n .  I n j e c t i o n  i s  
a g a i n s t  t h e  f l o w ,  a t  
a b o u t  a 30' a n g l e  to t h e  
normal to t h e  n o z z l e  i n n e r  
w a l l .  The i n t e r a c t i o n  o f  
t h e  i n j e c t e d  stream w i t h  
t h e  expanding  axisymmet- 
r i c  f low produces  a 

X h i g h l y  complex f low p a t -  
t e r n  i n s i d e  t h e  n o z z l e  
(C701, 1965,  N o .  1). 

Gases and l i q u i d s  are u s u a l l y  i n j e c t e d  i n t o  t h e  s u p e r s o n i c  

_ _ _ -  

F i g u r e  X V I - 2 - 1 4 .  Diagram Showing The n u c l e u s  o f  t h e  
P o s i t i o n  of  Compression-Shock i n j e c t e d  g a s ,  which ex- 
F r o n t .  pands r e l a t i v e l y  weakly 

downstream, i s  found 
d i r e c t l y  downstream o f  

t h e  i n j e c t i o n  o r i f i c e .  O u t s i d e  t h e  n u c l e u s ,  immedia te ly  a f t e r  
emerging from t h e  i n j e c t i o n  o r i f i c e ,  t h e  j e t  e x p e r i e n c e s  c o n s i d e r -  
ab le  e x p a n s i o n  and i s  a c t e d  upon by  t h e  main f low to form a r o t a -  
t i o n a l  f l o w  tha t  d e f l e c t s  toward t h e  n o z z l e  walls;  t h e  p r e s s u r e  
r e a c h e s  i t s  l a r g e s t  v a l u e s  a t  t h e s e  p o i n t s  on t h e  w a l l .  The f low 
of  i n j e c t e d  g a s  i s  a l s o  d i s p l a c e d  i n  t h e  v o r t i c a l  zone. A t  t h e  
boundary between t h e  v o r t i c a l  zone and t h e  i n j e c t i o n - g a s  n u c l e u s  
on t h e  w a l l  o f  t h e  n o z z l e ,  t h e  p r e s s u r e  d r o p s  o f f  s h a r p l y  and 
boundary- layer  s e p a r a t i o n  r e s u l t s .  

T h e  i n j e c t e d - g a s  n u c l e u s  and t h e  v o r t i c a l  zone a re  sur rounded 
by t h e  f low p a s s i n g  t h r o u g h  t h e  A-shaped compression shock t h a t  
forms i n  f r o n t  of t h e  i n j e c t e d  stream. I n  F i g .  X V I - 2 - 1 4 ,  w e  see 
t h e  f r o n t  1 of  t h i s  shock i n  t h e  m e r i d i o n a l  p l a n e  p a s s i n g  t h r o u g h  
t h e  i n j e c t i o n  o r i f i c e  3. T h e  shock f r o n t  i s  c r o s s e d  a t  n e a r l y  
c i r c u l a r  l i n e s  2 b y  p l a n e s  p e r p e n d i c u l a r  to t h e  n o z z l e  a x i s .  

I n  i n v e s t i g a t i o n  o f  t h e  magni tude ,  d i r e c t i o n ,  and p o i n t  o f  
a p p l i c a t i o n  of  t h e  c o n t r o l l i n g  f o r c e  t h a t  r e s u l t s  from i n j e c t i o n  
of  g a s  i n t o  t h e  s u p e r s o n i c  s e c t i o n  of a n o z z l e ,  one o f  t h e  b a s i c  
problems i s  to d e t e r m i n e  t h e  c o n f i g u r a t i o n  o f  t h e  compression 
shock t h a t  forms i n  f r o n t  o f  t h e  i n j e c t e d - g a s  n u c l e u s .  T h i s  can  
be done i n  f i r s t  a p p r o x i m a t i o n  w i t h  t h e  formula  

where R i s  t h e  f r o n t  r a d i u s  of  t h e  A-shaped compress ion  shock /707  
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( n o t  coun t ing  t h e  f r o n t  b r a n c h ) ,  measured from t h e  x-axis  ( t h e  
x-axis  r u n s  p a r a l l e l  to t he  n o z z l e  a x i s  i n  t h e  m e r i d i o n a l  p l a n e  
passed through t h e  c e n t e r  of t h e  i n j e c t i o n  o r i f i c e ) ;  here the  
o r i g i n  of  t h e  x-ax is  i s  p l a c e d  d i r e c t l y  i n  f r o n t  o f  t h i s  o r i f i c e  
( F i g .  XVI-2-147; k i s  t h e  r a t i o  o f  heat c a p a c i t i e s  f o r  t h e  gas  
f lowing  th rough  the n o z z l e ;  J and A are  c o n s t a n t s  t h a t  depend on 
k - ( f o r  k = 1.4, J = 0.88, X = -1.989); Ma i s  t h e  Mach number o f  
t h e  gas  f low i n  t h e  n o z z l e  immedia te ly  ahead of  t h e  o r i f i c e  i n  
t h e  absence  o f  i n j e c t i o n  and co r re sponds  to t h e  v e l o c i t y  wa 
a t  t h i s  p o i n t ;  

i s  t h e  c h a r a c t e r i s t i c  r a d i u s ;  ‘1, = 1 ? ( w i  cos  Bi) /wa i s  a cor -  
r e c t i o n  f a c t o r  t h a t . t a k e s  accoun t  o f  t h e  d e f l e c t i o n  a n g l e  Bn of  
t h e  i n j e c t i o n - p o r t  a x i s  from t h e  normal to t h e  nozz le  a x i s  ( t h e  
r r + r r  i s  t a k e n  when t h e  gas  i s  i n j e c t e d  a g a i n s t  t h e  n o z z l e  f l o w ) ;  
wi i s  t h e  v e l o c i t y  o f  t h e  i n j e c t e d  gas  i n  t h e  i n j e c t i o n - o r i f i c e  
e x i t  s e c t i o n ;  wa i s  t h e  gas  v e l o c i t y  i n  t h e  n o z z l e  e x i t  s e c t i o n  
wi thou t  c o n s i d e r a t i o n  o f  i n j e c t i o n ;  S and wA are  the  c ross - see -  
t i o n a l  area of t h e  n o z z l e  and t h e  gas  v e l o c i t y  d i r e c t l y  ahead o f  
t h e  i n j e c t i o n  o r i f i c e  (wi thou t  c o n s i d e r i n g  i n j e c t i o n ) ;  mn and mi 
are  t h e  per-second mass f l o w r a t e s  o f  gas  th rough  t h e  n o z z l e  and 
t h e  i n j e c t i o n  o r i f i c e ;  r12 = 1 2  A h / ( w  w ) i s  a c o e f f i c i e n t  t h a t  

takes account  o f  t h e  i n f l u e n c e  o f  v a p o r i z a t i o n  and chemica l  r e a c -  
t i o n  of t h e  i n j e c t e d  f l u i d  on t h e  p o s i t i o n  of  t h e  compression 
shock;  ?Ah i s  t h e  energy l i b e r a t e d  (+ )  o r  absorbed  ( - )  by a u n i t  
mass o f  t h e  i n j e c t e d  f l u i d  d u r i n g  i t s  v a p o r i z a t i o n  o r  chemica l  
r e a c t i o n .  S t u d i e s  have shown ( [ 7 0 ] ,  1965, No. 2), t h a t  Formula 
(XVI-2-18) g i v e s  s a t i s f a c t o r y  agreement w i t h  exper iment  f o r  i n -  
j e c t i o n  o f  e i t h e r  g a s ’ o r  l i q u i d  i n t o  t h e  s u p e r s o n i c  p a r t  of  t h e  
n o z z l e .  

A 

A a  

S i n c e  t h e  p r e s s u r e  i n c r e a s e s  beh ind  t h e  shock ,  w e  can as- 
sume tha t  t h e  l a t e r a l  f o r c e  a r i s i n g  from t h e  p r e s s u r e  r e d i s t r i -  
b u t i o n  ove r  t h e  i n n e r  n o z z l e  w a l l  on gas  i n j e c t i o n  r e a c h e s  i t s  
maximum v a l u e  when t h e  compression-shock f r o n t  i n  t h e  n o z z l e  e x i t  
s e c t i o n  f a l l s  a t  a p o i n t  of  i n t e r s e c t i o n  of t h e  n o z z l e  i n n e r  s u r -  
f a c e  and t h e  m e r i d i o n a l  p l a n e  p e r p e n d i c u l a r  to t h e  p l a n e  p a s s i n g  
through t h e  n o z z l e  a x i s  and t h e  i n j e c t i o n  o r i f i c e  ( p o i n t s  C, and 
C, i n  F i g .  XVI-2-14). T h e  co r re spond ing  optimum compression- 
shock r a d i u s  i n  t h e  nozz le  e x i t  s e c t i o n  i s  

(XVI-2-19) 
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where DA i s  t h e  c r o s s - s e c t i o n a l  diameter of t h e  n o z z l e  i m m e d i a t e l y  
i n  f r o n t  of t h e  i n j e c t i o n  o r i f i c e .  

By u s i n g  (XVI-2-18) and (XVI-2-l9), w e  can e i t h e r  f i n d  t h e  
i n j e c t i o n  ra te  tha t  g u a r a n t e e s  maximum l a t e r a l  f o r c e  f o r  a g i v e n  
p o s i t i o n  of t h e  i n j e c t i o n  o r i f i c e  o r  f i n d  t h e  i n j e c t i o n - o r i f i c e  
p o s i t i o n  f o r  a g i v e n  f l o w r a t e  t ha t  produces  t h e  same f o r c e .  

The  l a t e r a l  c o n t r o l l i n g  f o r c e  forms as a r e s u l t  o f  t h e  p r e s -  
s u r e  r i s e  on t h e  s u r f a c e  of t h e  n o z z l e  i n  t h e  zone of  f low s e p a r a -  
t i o n  between t h e  l e g s  o f ' t h e  A-shaped shock (and  b e h i n d  t h e  com- 
p r e s s i o n  s h o c k )  and as a r e s u l t  of t h e  p r e s s u r e  d r o p  b e h i n d  t h e  
i n j e c t i o n  o r i f i c e .  However, (XVI-2-18) does  n o t  c o n s i d e r  t h e  
i n f l u e n c e  o f  t h e  h i g h - p r e s s u r e  zone between the  l e g s  o f  t h e  A -  
shaped shock ( t h i s  zone i n c r e a s e s  t h e  r e s u l t a n t  f o r c e )  and t h e  
zone of  r e d u c e d  p r e s s u r e  behind  t h e  i n j e c t i o n  o r i f i c e  ( t h i s  zone 
lowers  t h e  r e s u l t a n t  f o r c e ) ,  b u t  t h i s  i s . t o  some e x t e n t  j u s t i f i e d  
by t h e  o f f s e t t i n g  d i r e c t i o n s  o f  these  f a c t o r s .  

To c o n s t r u c t  t he  s e p a r a t i o n  zone and d e t e r m i n e  t h e  i n f l u e n c e  
o f  p r e s s u r e  p b e h i n d  t h e  f r o n t  l e g  o f  t h e  A-shaped shock ,  w e  
c a n  u s e  Formula (XVI-1-2) o r  (XVI-1-3) f o r  s e p a r a t i n g  f lows  and 
t h e  formulas  f o r  t h e  e q u i v a l e n t - b a r r i e r  h e i g h t  h and t h e  l e n g t h  / 7 0 8  
R o f  t h e  s e p a r a t i o n  zone i n  t h e  n o z z l e  m e r i d i o n a l  p l a n e  p a s s i n g  
t h r o u g h  t h e  c e n t e r  of t h e  i n j e c t i o n  o r i f i c e  ( F i g .  XVI-2-15). 

2 ; A  

The  e q u i v a l e n t - b a r r i e r  h e i g h t  i s  

where Mi and p 
j e t  a t  t h e  e x i t  s e c t i o n  of t h e  i n j e c t i o n  o r i f i c e ;  kn i s  t h e  heat-  
c a p a c i t y  r a t i o  o f  t h e  i n j e c t e d  g a s ;  Si i s  t h e  e x i t - s e c t i o n  area 

are  t h e  Mach number and p r e s s u r e  i n  t h e  i n j e c t e d  i 

o f  t h e  i n j e c t i o n  o r i f i c e ;  P 2 , a v  = $ ( P i  + 2P2,A 1.  

I f  a n  i n c o m p r e s s i b l e  f l u i d  i s  i n j e c t e d ,  Formula (XVI-2-20) 
s h o u l d  be r e p l a c e d  b y  

where di i s  t h e  e x i t - s e c t i o n  diameter  o f  t h e  i n j e c t i o n  o r i f i c e  
(C691,  1 9 6 6 ,  No. 1). 
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The l eng th  of t h e  s e p a r a t i o n  zone, 
i . e . ,  t h e  d i s t a n c e  a long  t h e  nozz le  w a l l  
from t h e  s e p a r a t i o n  p o i n t  t o  t h e  edge of 
the  i n j e c t i o n  o r i f i c e ,  i s  

1 h Lclg p. 4- tg (Pnz t PJl, (XVI-2-22 ) 

'0  

Figure  XVI-2 -15 .  
Diagram I l l u s t r a t i n g  
Determinat ion of 
P res su re  and Dimen- 
s i o n s  of Sepa ra t ion  
Zone i n  Front  of 
I n  j e c t i o n  O r i f i c e  
i n  Nozzle. 

where 8, i s  the  flow d e f l e c t i o n  angle  be- 
h ind  t h e  forward l e g  of  t h e  A-shaped 
shock; B n z  i s  t h e  i n c l i n a t i o n  angle  of 
t h e  nozz le  w a l l  t o  i t s  a x i s .  

The problem i s  so lved  by t r i a l  and 
e r r o r .  Assigning a p o s i t i o n  t o  t h e  
s e p a r a t i o n  p o i n t  (and,  consequent ly ,  a 
l e n g t h  R), we f i n d  t h e  p r e s s u r e  p 

2 , A  
from (XVI-1-2)  o r  (XVI-1-3) and use t h e  formulas of compression- 
shock theory  t o  f i n d  t h e  ang le  6,. Then we determine t h e  h e i g h t  
h by Formula (XVI-2-20]. T h i s  enables  us t o  f i n d  t h e  l e n g t h  R of 
Fhe s e p a r a t i o n  zone by  Formula (XVI-2-22)  and compare i t  w i t h  
t h a t  o r i g i n a l l y  ass igned .  An e f f o r t  should b e  made t o  have these 
f i g u r e s  ag ree .  

The l a t e r a l  boundar ies  of t h e  s e p a r a t i o n  zones are t h e  l i n e s  
of i n t e r s e c t i o n  of t h e  nozz le  i n n e r  s u r f a c e  w i t h  t h e  c o n i c a l  su r -  
f a c e  genera ted  by  t h e  s t r a i g h t  l i n e  of t h e  forward l e g  of  t h e  
A-shaped shock, and i t s  a x i s  of symmetry i s  the  t angen t  t o  t h e  
nozzle  s u r f a c e  a t  t h e  s e p a r a t i o n  p o i n t .  

The l a t e r a l  f o r c e  behind t h e  compression shock can be found 
by assuming t h a t  t h e  p r e s s u r e  on t h e  nozzle  w a l l  i n  any c r o s s  
s e c t i o n  w i l l  be t h e  same as t h a t  behind t h e  compression shock: 

where t h e  f a c t o r  0.95 takes account  of t h e  decrease  i n  Yp due t o  
t h e  zone of underpressure behind t h e  i n j e c t i o n  o r i f i c e ;  i s  

t h e  average separat ion-zone p r e s s u r e  f o r  nonsepara t ing  flow; S ,  
and S 2  a r e  t h e  p r o j e c t i o n s  of t h e  separat ion-zone a r e a  and t h e  
s u r f a c e  a r e a  of t h e  nozz le  behind t h e  compression shock onto  a 
p l ane  p a r a l l e l  t o  t h e  nozz le  a x i s  and pe rpend icu la r  t o  t h e  m e r i -  
d i o n a l  s e c t i o n  pass ing  through t h e  i n j e c t i o n - o r i f i c e  a x i s ;  p 2  and 
E are t h e  p r e s s u r e s  behind t h e  shock and i n  f r o n t  of t h e  shock 
i n  t h e  nozz le  c r o s s  s e c t i o n  under c o n s i d e r a t i o n ;  t h e  second term 



i s  t h e  t h r u s t  developed by the  i n j e c t e d - g a s  j e t .  

T h r o t t l i n g  I n d i v i d u a l  Nozzles 

Mul t ip l e -nozz le  systems can be  used t o  c r e a t e  c o n t r o l l i n g  
f o r c e s  by t h r o t t l i n g  i n d i v i d u a l  n o z z l e s  (by c l o s i n g  o f f  t h e  

c r i t i c a l  c r o s s  s e c t i o n s  p a r t l y  
o r  even  c o m p l e t e l y ) .  For  t h i s  
pu rpose ,  a c e n t r a l  body ( " s l u g " )  
i s  mounted i n  t h e  c r i t i c a l  

and d i s p l a c e d  a l o n g  t h e  n o z z l e  
a x i s  t o  r e g u l a t e  i t s  c r i t i c a l -  

n o z z l e .  By t h r o t t l i n g  one o r  
more o f  a group o f  n o z z l e s  

F i g u r e  X V I - 2  16. Nomenclature p o s i t i o n e d  unsymmetr ica l ly  
of  Parameters of  i t h  - Nozzle i n  around t h e  l o n g i t u d i n a l  a x i s  
a Nozzle C l u s t e r .  of  a v e h i c l e ,  w e  can  produce 

a moment about  t h i s  a x i s  t ha t  
t e n d s  t o  t u r n  t h e  v e h i c l e  i n  

t h e  co r re spond ing  d i r e c t i o n .  

.- - - -  c r o s s  s e c t i o n  o f  t h e  n o z z l e  

h,?) s e c t i o n  area and,  consequen t ly ,  

,#r, '' .T-zr-i 
=Ty t h e  t h r u s t  produced b y  t h i s  

Yf 

L e t  a nozz le  c l u s t e r  c o n s i s t  of  n n o z z l e s ,  each  of  which 
c r e a t e s  a t h r u s t  Pi and i s  l o c a t e d  o n a  c i r c l e  o f  r a d i u s  ri a t  
an a n g l e  B i  t o  t h e  v e h i c l e  l o n g i t u d i n a l  a x i s .  
t h r o t t l i n g  o f  each  i t h  n o z z l e ,  w e  o b t a i n  t h e  f o l l o w i n g  moments 
abou t  t h e  y ,  and z , -axes:  

Then on Di-percent 

- 

(XVI-2-24  ) 

(XVI-2-25) 

h 

where (ylrri)  and (q. r i )  are t h e  a n g l e s  between t h e  co r re spond ing  a x e s  
y1 and z1 and t h e  r a d i u s  ri ( F i g .  X V I - 2 - 1 6 ) .  

R e l a t i o n s h i p s  (XVI-2-24) and (XVI-2-25) assume t h a t  when a l l  
n o z z l e s  are f u l l y  opened A M  = A M z l  Y l  
any i t h  n o z z l e  l i e s  i n  a p l a n e  p a s s i n g  th rough  t h e  v e h i c l e  l o n g i -  
t u d i n a l  a x i s  x l .  

= 0 ,  and t h a t  the  a x i s  of 

If  a l l  n o z z l e s  have e q u a l  Pi = P ,  ri = r ,  O i  = 0 ,  w e  can  
w r i t e  i n s t e a d  o f  (XVI-2-24) and (XVI-2-25) 



(XVI-2-27) 

Nozzles p o s i t i o n e d  i n  t h i s  way can be used to c o n t r o l  a ve- 
h i c l e  i n  p i t c h  and yaw. For r o l l  c o n t r o l ,  i t  i s  necessary  to 
p l a c e  some of t h e  nozz les  w i t h  t h e i r  axes forming a c e r t a i n  an- 
g l e  w i t h  t h e  v e h i c l e  mer id iona l  p lane  o r  to provide  s p e c i a l  con- 
t r o l s .  

Determinat ion of C o n t r o l l i n g  E f f o r t s  Created by  Gasdynamic 
C on'tr'dl's' 'in No'z'zle' 'A's's'e'mb'l'i'e's' ' w ' i t l i  'a' 'Ce'n't'ra'l 'Bo'dy 

A nozz le  wi th  a c e n t r a l  body performs w e l l  i n  a broad range 
of a tmospheric  p r e s s u r e s ,  If we cons ide r  t h e  r a t i o  of t h e  mea- 

! 

Figure  XVI-2-17. Clus- 
t e r e d  Nozzle Assembly. Lmax 

i 
5 .;; ,'5 6 de€! 

Figure  XVI-2-18. Rat io  o f  
L a t e r a l  Thrus t  Component 
Y1 to Axial  Force P as a 

i s  t h e  maximum leng th  of  Funct ion of Central-Body 
t h e  c e n t r a l  body. Ro ta t ion  Angle. ----- ) 

t heo ry ;  - ) experiment .  

su red  t h r u s t  to t h e  t h r u s t  ob ta ined  by c a l c u l a t i o n  f o r  i s e n t r o p i c  
expansion to atmospheric  p r e s s u r e ,  we f i n d ,  f o r  example, f o r  a 
powerplant-chamber p r e s s u r e  of 35 kg/cm2 (343 N/cm2), arid Sa/S* = 

= 1 6 ,  t ha t  t h i s  r a t i o  w i l l  vary from 0 . 9 5  a t  s e a  l e v e l  to 0.98 a t  
H = 20 k m  f o r  a nozz le  wi th  a c e n t r a l  body, and from 0.80 to 0.98 
under t he  same cond i t ions  f o r  an o rd ina ry  nozz le .  

i t s  s m a l l e r  base a r e a  Sbse, which, o t h e r  cond i t ions  t h e  same, 
lowers t h e  f r o n t a l  d rag  c o e f f i c i e n t  of t he  v e h i c l e .  The c e n t r a l -  
body nozz le  arrangement may be e i t h e r  annu la r  o r  m u l t i p l e  (F ig .  
XVI-2-17). Here t h e  c e n t r a l  body can be made very s h o r t  wi thout  

The central-body nozz le  has an unques t ionable  advantage i n  



any s u b s t a n t i a l  l o s s  o f  t h r u s t .  
Experiments  have shown t h a t  
r e d u c i n g  i t s  l e n g t h  by  75% h a s  
p r a c t i c a l l y  no e f f e c t  on t h r u s t ,  
wh i l e  t h e  t h r u s t  l o s s  amounts 
t o  about  3% when t h e  c e n t r a l  
body i s  a b s e n t  a l t o g e t h e r .  
Note s h o u l d  be t a k e n  of  a sub- 
s t a n t i a l  t h r u s t  de c r e a s e  t h a t  
occu r s  when t h e  d i s t a n c e  between 
t h e  e x i t  s ec t ion ’ s  o f  t h e  noz- 
z l e s  i n  t he  c l u s t e r e d  v a r i a n t  

t h e r e f o r e  be made to keep t h i s  

s i b l e  o r  t o  g i v e  t h e  c e n t r a l  
body a s p e c i a l  p r o f i l e .  A t -  
t empts  t o  c r e a t e  c o n t r o l l i n g  
f o r c e s  by  r o t a t i n g  t h e  c e n t r a l  
body, t h r o t t l i n g  i n d i v i d u a l  
n o z z l e s  ( o r  r o t a t i n g  them),  and 
i n j e c t i n g  gas  through o r i f i c e s  
i n  t h e  l a t e ra l  s u r f a c e  o f  t h e  

0 

- C M O  
n c.2 Pc L!S a8 L/L,, i s  i n c r e a s e d .  An e f f o r t  shou ld  

F i g u r e  X V I - 2 - 1 9 .  R a t i o  of  d i s t a n c e  as n e a r  z e r o  as pos- 
La tera l  T h r u s t  Component Y1 
t o  A x i a l  Force P as a Func- 
t i o n  o f  Length of  Stubby 
C e n t r a l  Body a t  1 2 . 5 %  Throt -  
t l i n g  o f  One of  t h e  Nozzles .  

c e n t r a l  body have been  r e p o r t e d .  

t r a l  body th rough  l a r g e  a n g l e s  6 i n  o r d e r  to c r e a t e  l a r g e  enough 
c o n t r o l l i n g  f o r c e s  Y1 (F ig .  xv1-2-18), and t h a t  when i n d i v i d u a l  
n o z z l e s  are  t h r o t t l e d ,  i t  i s  n e c e s s a r y  t o  reckon w i t h  t he  i n f l u -  
ence  of  cen t r a l -body  l e n g t h  ( F i g .  X V I - 2 - 1 9 ) .  An e l o n g a t e d  cen- 
t r a l  body r e t u n e s  asymmetr ica l  f lows  behind  t h e  n o z z l e s  to n e a r l y  
p e r f e c t  u n i f o r m i t y .  Th i s  i s  why t h e  c o n t r o l l i n g  f o r c e  changes 
d i r e c t i o n  when long  c e n t r a l  bod ie s  a r e  used .  

an exper iment  w i t h  a m u l t i n o z z l e  i n s t a l l a t i o n  hav ing  t h e  fo l low-  
i n g  c h a r a c t e r i s t i c s :  

Experiments  have shown t h a t  i t  i s  n e c e s s a r y  t o  t u r n  t h e  cen- /711  

The data i n  F i g s .  XVI-2 -18  and XVI-2-19 were o b t a i n e d  from 

A l i t e r a t u r e  r e p o r t  s ta tes  t h a t  c o n t r o l  by i n j e c t i o , i  o f  gas  
from t h e  l a t e r a l  s u r f a c e  of t h e  c e n t r a l  body i s  j u s t  as e f f e c t i v e  
as i n  o r d i n a r y  expanding  n o z z l e s  (C701, 1 9 6 4 ,  No. 7 ) .  

It may prove  h e l p f u l  i n  c a l c u l a t i o n s  t o  use  t h e  f o l l o w i n g  
r e l a t i o n  between t h e  c h a r a c t e r i s t i c s  o f  t h e  m u l t i n o z z l e  ve r s ion , .  
which has  been o b t a i n e d  on t h e  assumpt ion  t h a t  t h e  n o z z l e  e x i t  
s e c t i o n s  are  i n  c o n t a c t :  

9 6 3  



-=- En E ,  n I ( ~ + c o s e ) 2 .  x (XVI-2-28) 

SXVI-3. CALCULATION OF FORCES SET UP BY COMBINED CONTROLS 

Cont ro ls  w i t h  Fixed S l o t  Nozzle on T r a i l i n g  Edge of P la te  

Let us examine exper imenta l  data ( [ 7 6 ] ,  1962,'No. 4-5) t ha t  
can be  used t o  c a l c u l a t e  f o r c e s  f o r  i n t e r a c t i o n  of a j e t  i s s u i n g  
from a s l o t  nozz le  on t h e  t r a i l i n g  edge of  a p l a t e  pe rpend icu la r  
t o  i t s  s u r f a c e  and t h e  undis turbed  a i r  stream washing t h i s  p l a t e .  
The outf low v e l o c i t y  of t h e  j e t  was s o n i c  i n  the experiments;  t h e  
Re c a l c u l a t e d  from t h e  d i s t a n c e  from t h e  l e a d i n g  edge of t h e  p l a t e  
t o  t h e  s l o t  va r i ed  from 1.4*106 t o  1.2*107 and had no marked i n -  
f l uence  on t h e  r e s u l t s ;  t h e  s l o t  l eng th  Rs = 48 mm. The gas j e t  
was a i r  a t  s t anda rd  tempera ture .  

F igures  XVI-3-1 and XVI-3-2 show va lues  of t h e  g a i n  Ka as a 
f u n c t i o n  of t h e  f r e e - a i r s t r e a m  M and t h e  r a t i o  of t h e  j e t  s tagna-  
t i o n  p r e s s u r e  poi t o  t h e  s t a t i c  p r e s s u r e  p, i n  t h e  oncoming flow 
and as a func t ion  of s l o t  w id th  Rs and t h e  presence  of l a t e r a l  
p l a t e s  t h a t  'prevent  s p i l l a g e  of t h e  a i r f l o w  a c r o s s  t h e  l a t e r a l  
edges of the  j e t  [ s i c ] .  

The g a i n  Ka i s  t h e  r a t i o  of t h e  t o t a l  f o r c e  a c t i n g  i n  t h e  
d i r e c t i o n  of  the normal t o  t h e  p l a t e  t o  t h e  t h r u s t  Pmax t h a t  

could be obta ined  us ing  a gas flow i n  a Lava1 nozz le  o p e r a t i n g  
under des ign  c o n d i t i o n s ,  i . e . ,  

AN -1- P ria = - 
P m o r  ' 

where AN i s  t h e  change i n  t h e ' f o r c e  normal t o  t he  p l a t e  i n  f r o n t  
of  the s l o t  nozz le ;  P i s  t h e  t h r u s t  developed by  the  gas  flow i n  
t h e  s l o t  nozz le .  

Having determined Ka and knowing the parameters  o f  t h e  s l o t  
nozz le  and k_, poi ,  and p,, w e  can c a l c u l a t e  t h e  f o r c e  s e t  up b y  
the  c o n t r o l  device  under c o n s i d e r a t i o n :  /712 

where 



1.1 = 0 . 9 0 - 0 . 9 9  i s  t h e  f lowra te  c o e f f i c i e n t ;  Ss i s  t h e  c r i t i c a l  
s e c t i o n a l  area o f  t h e  s l o t .  

a )  

40 60 P %- 
F i g u r e  XVI-3-1. Curves of  Gain 
Ka as a F u n c t i o n  of  P r e s s u r e  
R a t i o  poi/p, and M , .  a )  w i t h -  

o u t  s i d e  p la tes ;  b )  w i t h  s i d e  
p l a t e s  a t  s l o t  n o z z l e .  S l o t  
n o z z l e  w i d t h  1 mm, l e n g t h  48 
mm. 

Side plates 

. -  
no I- - y e s  

*Slot nozzle width 0.33 mm. 

F i g u r e  XVI-3-2. Curves 
o f  Gain Ka as F u n c t i o n  
o f  M, and P r e s s u r e  R a t i o  
POi/P,* a )  w i t h o u t  s i d e  
p l a t e s ;  b )  w i t h  s i d e  
p l a t e s  a t  s l o t  n o z z l e .  
Nozzle d imens ions :  w i d t h  
1 mm, l e n g t h  48 mm. The  
s o l i d  l i n e s  are c u r v e s  
o f  t h e  r a t i o  o f  t h e  nor -  
mal - force  c o e f f i c i e n t  t o  
t h e  a x i a l  f o r c e  c r e a t e d  
by  a s p o i l e r  (see F i g .  
XVI-1-2). 

A n a l y s i s  o f  t h e  d iagrams 
i n  F i g s .  XVI-3-1 and XVI-3-2 
i n d i c a t e s  t h a t  i t  i s  neces-  
s a r y  t o  r e d u c e  t h e  s t a g n a t i o n  

p r e s s u r e  p i n  t h e  j e t  and t h e  s l o t  w i d t h  bs and t o  p l a c e  t he  

p l a t e s  a l o n g  t h e  s ides  o f  t h e  s l o t  p a r a l l e l  to t h e  a i r  f l o w  i n  
o r d e r  t o  i n c r e a s e  t he  g a i n  a t  a g i v e n  M and air-stream p r e s s u r e  
p,. 

O i  

Here t h e  smal le r  poi and bs lower Pmax and make i t  d i f f i c u l t  

965 



t o  o b t a i n  t h e  desired Yp. I n  f a c t ,  i t  i s  ev iden t  from (XVI-3-11 
and (XVI-3-2) t h a t  Yp can be  inc reased  only through S s ,  by us ing  
a long s l o t .  However, i t  may be found t h a t  t h e  s u r f a c e  of t h e  

/713 

v e h i c i e  w i l l  no t  accomodate 

F igure  XVI-3-3. V a r i a t i o n  
of  Air Parameters i n  Stag-  
n a t i o n  Zone and Coeff i -  
c i e n t  of  Displacement 
Ve loc i ty  as Funct ion of  
Mm f o r  a Turbulent  Bound- 
a r y  L a y e r .  

a )  

a long s l o t  anywhere. 

The response speed o f  t h i s  
type  of c o n t r o l  i s  eva lua ted  from 
exper imenta l  data. For t h e  s p e c i f -  
i c  ca se  of a gas l i n e  3 m long,  ex- 
pe r imen ta l  s t u d i e s  i n d i c a t e d  t h a t  
t h e  t i m e  from t h e  admission of t h e  
gas t o  t h e  appearance of Y p  was of 
t h e  o rde r  of 0 . 0 1  s .  

The f o r c e  AN can be c a l c u l a t e d  
approximately w i t h  t h e  a i d  of  t h e  
fo l lowing  r e l a t i o n s h i p s  (C691,  1 9 6 6 ,  
No. 1): 

- AN 4 
PM 

3 pj Theory 

50 120 

Figure XVI-3-4. Comparison of Experimental  and 
Ca lcu la t ed  Data f o r  Laminar ( a )  and Turbulent  
( b )  Boundary L a y e r s .  PM i s  t h e  maximum t h r u s t  
f o r  outf low from t h e  s l o t  i n t o  a vacuum. 



where Re = V,(L - Ax)/v, R e L  = VmL/v; kds = 8.37/Re0" i s  t h e  
c o e f f i c i e n t  of  displacement  v e l o c i t y  a t  t h e  boundary of t h e  s t a g -  
n a t i o n  zone; Ax i s  t h e  l eng th  of  t h e  s t a g n a t i o n  zone from t h e  
p o i n t  of f low s e p a r a t i o n  t o  t h e  beginning of t h e  j e t ;  L i s  t h e  
d i s t a n c e  from t h e  o r i f i c e  l e a d i n g  edge to t h e  beginning of  t h e  
j e t ;  p,, V,,  and M, a r e  t h e  p r e s s u r e ,  v e l o c i t y ,  and Mach number 
i n  t h e  s t a g n a t i o n  zone, and can be determined from t h e  condi- 
t i o n s  of i s e n t r o p i c  compression of  t h e  a i r .  

f o r  t h e  case  of a laminar  boundary l a y e r .  If t h e  boundary l a y e r  
i s  t u r b u l e n t ,  we can use t h e  diagrams i n  F ig .  XVI-3-3 i n s t e a d  
of  Formula (XVI-3-5) t o  determine kds,  M , ,  and p2/p,. The r e -  
s u l t s  of comparison of t h e  c a l c u l a t e d  and exper imenta l  d a t a  f o r  
Mm = 4 appear  i n  F ig .  XVI-3-4 (C691, 1 9 6 6 ,  No. 1). C e r t a i n  
Supplementary data i n d i c a t e  t h a t  t h e  proposed r e l a t i o n s h i p s  
should not  b e  used when Mm - > 5 and poi 5 30 s imul taneous ly .  

flow of gas through a s l o t  i n  a p l a t e  f o r  t h e  fo l lowing  d a t a :  

Formula (XVI-3-5) i s  e m p i r i c a l  and was obta ined  f o r  Mm = 4 

Example. Determine t h e  l a t e r a l  c o n t r o l l i n g  f o r c e  for out -  

The width of t h e  s l o t  dn = 1 0 - 3 m ,  and i t s  l eng th  i s  1 0  mm. 
Reynolds number corresponding t o  t h e s e  data i s  

The 

Let us cons ide r  t h e  case i n  which a laminar  boundary l a y e r  
i s  formed on t h e  p l a t e .  Assigning Ax = 0 . 1 4 9  m ,  we f i n d  

Consequently, 

From compression-shock theo ry ,  knowing Mm = 1.83  and t h e  
p r e s s u r e  behind t h e  shock p, = 1.1 kg/cm2, w e  f i n d  
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The Reynolds number 

We then  determine 

and f i n d  

T h i s  va lue  d i f f e r s  l i t t l e  from t h e  a s s igned  Ax = 0 . 1 4 9  m, 
s o  t h a t  no f u r t h e r  approximations a r e  necessary .  From t h e  r e -  
s u l t i n g  data,  w e  determine t h e  unknown l a t e r a l  f o r c e  

We now cons ider  t h e  case  of a f u l l y  t u r b u l e n t  boundary l a y e r .  
From t h e  diagram of F ig .  XVI-3-3, we f i n d  f o r  Mm = 1.83 

We then  c a l c u l a t e  Ax/dn = 17.3 and f i n d :  

The l a t e r a l  fo rce  corresponding t o  t h e s e  d a t a  i s  



Cont ro l s  w i t h  R o t a t i n g  _. S l o t  Nozzle on Wing T r a i l i n g  _ -  - Edge a t  Sub- /715 
s o n i c  Speeds 

When a v e h i c l e  l e a v e s  a s t a t i o n a r y  l a u n c h e r ,  i t  i s  moving at 
low speed ,  and t h i s  means t ha t  t h e  c o n t r o l l i n g  f o r c e s  developed 
by aerodynamic c o n t r o l s  are a l s o  s m a l l .  Combined c o n t r o l s  w i t h  
a s l o t t e d  n o z z l e  on t h e  wing t r a i l i n g  edge - a s imple  j e t  f l a p  
(F ig .  X V I 3 - 5 a )  - a r e  used to i n c r e a s e  t h e  c o n t r o l  f o r c e s .  Some 
v e r s i o n s  may u s e  p l a i n  f l a p s  w i t h  gas  blown e i t h e r  o v e r  t h e  upper  
s u r f a c e  ( F i g .  XVI-3-5b)  o r  s imul t aneous ly  ove r  t h e  upper  and lower 
s u r f a c e s  ( F i g .  XVI-3-5c). 

VOO 

F i g u r e  X V I - 3 - 5 .  Types 
o f  Combined C o n t r o l s .  
a )  s imple  j e t  f l a p ;  b )  
f l a p  w i t h  gas  blown 
ove r  i t s  upper  s u r f a c e ;  
c )  f l a p  w i t h  gas  blown 
ove r  b o t h  s u r f a c e s .  

L e t  us examine e x p e r i -  
men ta l  data t h a t  can b e  used 
to c a l c u l a t e  t h e  above va r -  
i e t i e s  of  t h e  combined con- 
t r o l  f o r  wings w i t h  a s p e c t  
r a t i o s  A > 1 0 .  

wg 
1. Wing a t t a c k  a n g l e  

c1- = 0 .  The diagram o f  F i g .  
xVI-3-6 p r e s e n t s  cu rves  of 
t h e  c o e f f i c i e n t s  o f  f r o n t a l  
d r a g  Acx and t h r u s t  AC, = 

= cp - Acx o f  t h e  wing and 
t h e  increment  i n  t h e  wing l i f t  

t h e  gas  j e t  on t h e  a i r  stream. 

F i g u r e  XVI-3-6.  Curves o f  Coef- 
f i c i e n t s  o f  F r o n t a l  Drag (Acx),  
Thrus t  (Ac,) and L i f t  (Ac o f  
Wing f o r  Var ious  Values  o f  t h e  
J e t  Momentum C o e f f i c i e n t  cp and 
J e t  R o t a t i o n  Angle 6n .  

Y 

c o e f f i c i e n t  Ac owing to a c t i o n  o f  
These c h a r a c t e r i s t i c s  are  g i v e n  

Y 

as f u n c t i o n s  o f  t h e  j e t  momentum c o e f f i c i e n t  c p  = mWa/q,Swg, where 
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m - i s  the mass flow ra te  of gas  through t h e  nozz le ,  wa i s  t h e  velo-  

c i t y  a t  t h e  e x i t  from t h e  nozz le ,  qm i s  t h e  v e l o c i t y  head of t h e  
oncoming undis turbed  flow, and s i s  t h e  a r e a  of t h e  wing i n  p l a n ,  wg 
and as func t ions  of j e t  r o t a t i o n  ang le  6 ([7O], 1964, No. 1). n 

T h i s  diagram enables  u s ,  f o r  example, t o  e s t ab l i sh  t h a t  the 
desired i n c r e a s e  i n  wing l i f t  c o e f f i c i e n t  can be ob ta ined  a t  t h e  
minimum values  of Acx and cp.  

1716 

A c ,  

Figure  XVI-3-8. Curves of  Wing 
F r o n t a l  Drag C o e f f i c i e n t  (Ac,) 
as Funct ion of  c p  and a f o r  
6n  = 5 5 O .  

The shape of t h e  Ac = 

= cons t  l i n e s  i n d i c a t e s  t h a t  
t h i s  requirement can b e  met 
b y  s e l e c t i n g  t h e  necessary  
p o i n t s  where t h e  Ac = const  
l i n e s  begin  t o  t u r n  up. The 
geomet r i ca l  locus  of t h e s e  
p o i n t s  forms l i n e  D of opera t -  
i n g  modes. Below t h e s e  l i n e s ,  
t h r u s t  i s  f u l l y  recovered and 
t h e  e n t i r e  r e a c t i o n  f o r c e  

Y 

Y 

c r e a t e d  by outf low of gas through t h e  nozz le  i s  converted i n t o  
wing t h r u s t  r e g a r d l e s s  of t h e  angle  6,, whi le  Acx remains con- 
s t a n t .  Outside of t h i s  zone, Acx i n c r e a s e s ,  s i n c e  t h e  p r o f i l e  
d rag  of t h e  wing begins  t o  i n c r e a s e .  

2 .  Wing a t t a c k  ang le  The c u a r a c t e r i s t i c s  of combined 
c o n t r o l s  can be improved b-y vary ing  t h e  wing a t t a c k  angle  a. 
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With i n c r e a s i n g  a, t h e  c and cx  o f  an  o r d i n a r y  wing i n c r e a s e ,  
a l t h o u g h  t h e  i n c r e a s e  i n  cx  i s  c o m p a r a t i v e l y  s m a l l  a t  s m a l l  a. 
For wings w i t h  s l o t t e d  n o z z l e ,  a n  i n c r e a s e  i n  a w i t h  6 = c o n s t  
f u r t h e r  i n c r e a s e s  c s i n c e  t h e  v e r t i c a l  component of  r e a c t i o n  
f o r c e  i n c r e a s e s .  Here Acx remains  unchanged o v e r  a broad  r a n g e  
of a. It i s  e v i d e n t  from t h i s  t h a t  t o  o b t a i n  t h e  d e s i r e d  Ac 
f o r  a f 0 ,  w e  c a n  r e d u c e  c p ,  which u l t i m a t e l y  r e s u l t s  i n  a Acx 
smaller  t h a n  i n  t h e  c a s e  o f  a = 0 .  

Y 

n 

Y' .  

Y 

At l a r g e  a t t a c k  a n g l e s ,  however, w e  o b s e r v e  a s h a r p  i n c r e a s e  
i n  c x ( a )  and flow detachment  o c c u r s .  
s t a n t i a l  i n c r e a s e  i n  Acx and l o s s  o f  e f f e c t i v e n e s s  of  t h e  combined 
c o n t r o l  d e v i c e .  

All t h i s  r e s u l t s  i n  a sub- 

F i g u r e  XVI-3 -7  shows c u r v e s  of c x ,  c and c p  - c Y X 
as func-  

t i o n s  o f  cp  and a f o r  6 n  = 55". 

I n  t h i s  c a s e ,  t h e  l i n e  of  o p e r a t i n g  modes w i l l  b e  t h e  geo- 
m e t r i c  l o c u s  o f  a l l  p o i n t s  on t h e  c = c o n s t  l i n e s  a t  which t h e  
t a n g e n t s  to these l i n e s  are  p a r a l l e l  to t h e  l i n e  o f  t o t a l  t h r u s t  
r e c o v e r y .  

Y 

F i g u r e  XVI-3 -8  shows t h e  v a r i a t i o n  o f  wing f r o n t a l  drag LP.7 
c o e f f i c i e n t  as a r e s u l t  o f  m o u n t i n g a  c o n t r o l  a t  v a r i o u s  a n g l e s o f  
a t t a c k  and c o e f f i c i e n t  c p  f o r  6 n  = 55". 

t h r u s t  r e c o v e r y :  
The f o l l o w i n g  r e l a t i o n s h i p s  a p p l y  i n  t h e  range  of  t o t a l  

where C , ,  C ,  and K are e x p e r i m e n t a l l y  o b t a i n e d  c o e f f i c i e n t s .  

For a s i m p l e  j e t  f l a p ,  w e  may s e t  C = 0 .55 ,  C, - - 7.7, K = 
= 3.65 + 0 . 3 5 ~ ~  (or, a p p r o x i m a t e l y ,  K = 4 ) .  

are 0.0270 ( f l o w  o v e r  t h e  t o p  o n l y )  and 0.0225 ( f low Over b o t h  
s ides  ) . 

For  gas-washed f l a p s ,  K = 5 .3  a t  a = 0, and t h e  C,/K r a t i o s  

Example. Determine t h e  p a r a m e t e r s  0 f . a  s i m p l e  j e t  f l a p  t h a t  

Y 
p r o v i d e s  a wing l i f t  c o e f f i c i e n t  Ac = 3.0 .  



TABLE XVI-3-1.  CALCULATION OF JET-FLAP PARAMETERS FOR 

A I 3.0 1 0.80 I 0.29 I 0.51 I 55" 

B I 3.0 1 0.67 1- 0.38 I 0.29-1 71" 

C I 3.0 I 1.20 I 0.29 1 0.91 I 44' 

___ - _._. __ -. .. _-  - 
10.3 

7.9 

10.3 

4.58 

4.74 

3.64 

0 
. .  

0 
_ -  

0 

TABLE XVI-3-2. CALCULATION OF JET-FLAP PARAMETERS FOR 
a # 0 and 6 n  = 55' 

Point 

A . I 3.0 

B I 3.0 

c I 3.0 
I n  t h e  a = 0 case ,  we t a k e  a p o i n t  A a t  the i n t e r s e c t i o n  of 

t h e  operating-mode l i n e  i n  F ig .  XVI-3-6 w i t h  t h e  Ac = 3 l i n e  and 
determine from i t s  coord ina te s  Acx = 0 . 2 9 ,  Acp = 0.51,  c p  = 0 . 8 ,  

6n = 55'. 
p o i n t s  B and C ,  which a l s o  endow t h e  wing wi th  Ac = 3. The 
corresponding d a t a  are g iven  i n  T a b l e  XVI-3-1. 

i n g  to p o i n t  A w i l l  b e  most economical, s i n c e  Acx r i s e s  sha rp ly  
and t h e  wing t h r u s t  Acp drops under t h e  cond i t ions  corresponding 

Y 

For comparison, w e  f i n d  t h e  analogous parameters  f o r  

We see from T a b l e  XVI-3-1 t h a t  t h e  o p e r a t i n g  mode correspond- 

t o  p o i n t  B; t h e  t h i r d  p o i n t  C corresponds,  f i r s t l y ,  t o  a h igh  gas  
f lowra te  ( cp  = 1 . 2  as a g a i n s t  cp = 0 . 8  a t  p o i n t  A ) ,  and hence a 
h e a v i e r  c o n t r o l ,  and, secondly ,  t o  smaller va lues  of  t h e  g a i n  
Acy/(cp s i n  d n ) .  

For a # 0 and an  a s s igned  ang le  6n  = 55", w e  determine t h e  
parameters  a t  p o i n t s  A ,  B, and C from t h e  diagram of  Fig.  XVI-3-7 
f o r  Ac A l l  of t h e  r e s u l t  
i n g  d a t a  a r e  l i s t e d  i n  Table XVI-3-2.  

= 3, and use F ig .  XVI-3-8 t o  f i n d  Acx. 
Y 
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We see from T a b l e  XVI-3-2 t h a t  t h e  o p e r a t i n g  mode cor respond-  
i n g  to A ,  which l i e s  on t h e  l i n e  of  o p e r a t i n g  modes, w i l l  be most 
economical .  

Comparison of t h e  data of T a b l e s  XVI-3 -1  and XVI-3-2 i n d i -  
c a t e s  t h a t  i f  w e  s e t  t h e  wing a t  a n a n g l e  o f  a t t a c k a  = 8 O , w e c a n  
o b t a i n  t h e  same l i f t  c = 3 w i t h  a s u b s t a n t i a l l y  lower g a s  f low 
( c p  = 0.5  as compared to c p  = 0 . 8  f o r  a = 0 ) ,  and ,  c o n s e q u e n t l y ,  
w i t h  a l i g h t e r  c o n t r o l  d e v i c e .  The i n c r e a s e  i n  t h e  f r o n t a l  d r a g  
c o e f f i c i e n t  Acx due to mounting t h e  c o n t r o l  on t h e  wing a t  a = 8 O  
i s  found to b e  smaller t h a n  f o r  c1 = 0 (Acx = 0.28 and Acx = 0.29,  
r e s p e c t i v e l y ) .  Note s h o u l d  a l s o  be  t a k e n  o f  t h e  l a r g e r  g a i n s  f o r  

/718  
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a # 0. 

Cont-rols-in t he  .... Form-of _ _  a F i x e d  . . = - .  S-lgt Nozzle .. . on a - C y l i n d r i c a l  ~ ~ Body 
S u r f a c e  at- Sube'r 'sonic Speeds 

Only e m p i r i c a l  r e l a t i o n s h i p s  t h a t  do n o t  t a k e  a c c o u n t  of  
Reynolds number f o r  t h e  a i r  stream i n t e r a c t i n g  w i t h  t h e  j e t s  

Reynolds number I - . _ _ ~  

v . . . . . - . . . - .- 

. . . _ _  . ...~_ 

i s s u i n g  from o r i f i c e s  o r  
slots on t h e  body s t e r n  
s e c t i o n  a re  a v a i l a b l e  f o r  
d e s i g n  o f  c o n t r o l s  o f  
t h i s  t y p e .  F i g u r e  XVI-3-9 
shows t h e  i n f l u e n c e  o f  
R e  on g a i n  f o r  v a r i o u s  
r a t i o s  of  j e t  s t a g n a t i o n  
p r e s s u r e  to free-air-  
s t r e a m  p r e s s u r e ,  pOi/p,. 
These data were o b t a i n e d  

F i g u r e  X V I - 3 - 9 .  Gain as a F u n c t i o n  
of R a t i o  of  S t a g n a t i o n  P r e s s u r e  i n  
J e t  to S t a t i c  P r e s s u r e  i n  A i r s t r e a m  
f o r  V a r i o u s  R e  and M, = 6 .  - - - - )  
e x t r a p o l a t i o n .  

from wind- tunnel  t e s t s  
i n  which c o l d  a i r  was 
blown t h r o u g h  a s l i t  
0.38 mm wide p e r p e n d i c u -  
l a r  to t h e  s u r f a c e .  T h e  
slot was a t  a d i s t a n c e  
of  6.35 mm from t h e  base 
and r a n  Dara l le l  to t h e  
base s e c t i o n  between two 
s t a b i l i z e r s  of a n  "X" con- 

f i g u r a t i o n .  The s t a b i l i z e r s  p r e v e n t e d  s p r e a d i n g  o f  t h e  f low i n -  
t e r a c t i n g  w i t h  t h e  j e t  and i n c r e a s e d  c o n t r o l l i n g  f o r c e .  The v e l o -  
c i t y  o f  o u t f l o w  f r o m , t h e  slot was s o n i c .  F i g u r e  XVI-3-9 i n d i c a t e s  
a s u b s t a n t i a l  i n f l u e n c e  of  R e  on g a i n  a t  Mm = 6 (C701, 1965,  No.3). 

F i g u r e  XVI-3-10 shows v a l u e s  of t h e  g a i n  f o r  R e  = 6 0 1 0 ~  and 
v a r i o u s  a t t a c k  a n g l e s  and ,  c o n s e q u e n t l y ,  v a r i o u s  M, o f  t h e  a i r  
f low i n  f r o n t  of t h e  slot. These d a t a  were o b t a i n e d  f o r  v a r i o u s  
v a l u e s  o f  pOi/p1 f o r  t h e  c o n d i t i o n s  i n d i c a t e d  above. The h i g h  
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F i g u r e  XVI-3-10 .  I n f l u e n c e  o f  F i g u r e  X V I - 3 - 1 1 .  Gain 
At t ack  Angle on Gain ( R e  = as a Func t ion  o f  M ,  and 

Layer T u r b u l e n t ) .  

= Vmxb/",. = 6.10~; Boundary P o i / P ,  

v a l u e s  o f  Ka f o r  s m a l l  poi/pi and l a r g e  M, conf i rm t h a t  combined 
c o n t r o l s  can b e  j u s t  as e f f e c t i v e  as aerodynamic c o n t r o l s .  

T e n t a t i v e  d e t e r m i n a t i o n s  of g a i n  can be made by r e f e r r i n g  to 
F i g .  X V I - 3 - 1 1 ,  which p r e s e n t s  e x p e r i m e n t a l  d a t a  from a number of  
p u b l i s h e d  p a p e r s .  

Knowing K a ,  w e  can f i n d  t h e  t h r u s t  developed by a slot noz- 
z l e  f o r  a g iven  c o n t r o l l i n g  f o r c e  and c a l c u l a t e  t h e  n e c e s s a r y  
pa rame te r s  (slot dimens ions ,  gas  f l o w r a t e ,  e t c . )  

According t o  e x p e r i m e n t a l  data ([76], 1 9 6 2 ,  No. 4 -5 ) ,  t h e  
shape and dimensions of  t h e  slot have no s u b s t a n t i a l  i n f l u e n c e  
on Ka ,  a l t hough  a t r e n d  to i n c r e a s i n g  Ka i s  no ted  as slot wid th  
i s  reduced .  

SXVI-4 .  DETERMINATION OF H I N G E  MOMENTS O F  GASDYNAMIC AND COMBINED 
CONTROLS 

I n  t h e  g e n e r a l  c a s e ,  t h e  h inge  moment Mh can be  expres sed  
as f o l l o w s :  

i s  t h e  h inge  moment when t h e  c o n t r o l  i s  s t a t i o n a r y ;  where Mh (a= 0 ) 
d Mh i s  t h e  h inge  moment due to damping. 

I n  t u r n ,  
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where M h a i  i s  t he  h inge  moment de te rmined  f o r  t h e  c o n d i t i o n s  of 
g a s  f low th rough  t h e  n o z z l e  i n  the  absence  o f  misal ignment  and 
manufac tur ing  e r r o r s  and w i t h  a n  i d e a l l y  formed e n t r y  i n t o  t h e  

i s  t h e  h inge  moment t h a t  ar ises  from t h e  geometr i  n o z z l e  ; 
and gasdynamic e c c e n t r i c i t y  o f  t h e  t h r u s t ;  M h n i n  i s  t h e  h i n g e  
moment caused by asymmetry o f  t h e  n o z z l e  e n t r y .  

a t  an a n g u l a r  v e l o c i t y  w. The p r i n c i p a l  component of  t he  moment 
i s  caused by C o r i o l i s  f o r c e s .  
(XV-4-2) ,  w i t h  t h e  a p p r o p r i a t e  v a l u e s  of t h e  c o o r d i n a t e s  f o r  t h e  
gas  i n l e t  and o u t l e t  of t h e  r o t a t i n g  p a r t  o f  t h e  c o n t r o l .  

Mh.e 

T h e  damping h inge  moment appea r s  when the c o n t r o l  i s  r o t a t e d  / 7 2 0  

M E  shou ld  be c a l c u l a t e d  by Formula 

C e r t a i n  f a c t o r s  must be  borne  i n  mind i n  de t e rmin ing  Mh f o r  
t h e  v a r i o u s  c o n t r o l s .  . F i r s t l y ,  Mh = 0 f o r  a l l  c o n t r o l s  t h a t  have 
no r o t a t i n g  p a r t s ,  e . g . ,  f o r  f i x e d  c o n t r o l  e n g i n e s ,  c o n t r o l s  w i t h  
gas  o r  l i q u i d  i n j e c t i o n  i n t o  t h e  s u p e r s o n i c  p a r t  of  a n o z z l e ,  and 
a l l  combinat ion-type c o n t r o l s  ( e x c e p t  f o r  t h o s e  shown i n  F ig . .  
XVI-3-5, b and e ) .  Secondly ,  it has been  found tha t  as a r u l e ,  

= 0 Tor roFary  eng ines  and n o z z l e s .  T h e  on ly  e x c e p t i o n s  are M h . i  
nonaxisymmetric n o z z l e  d e s i g n s ,  such  as t h o s e  hav ing  o b l i q u e  e x i t  
s e c t i o n s .  

T h e o r e t i c a l  d e t e r m i n a t i o n  o f  t h e  pa rame te r s  o f  c e r t a i n  con- 
t r o l s  i n v o l v e s  c a l c u l a t i o n  o f  s p a t i a l  gas  f lows  i n s i d e  t h e  n o z z l e  
when t h e y  sweep c o n t r o l  e l emen t s .  S ince  t h i s  i s  a h i g h l y  complex 
c a l c u l a t i o n ,  a number of s i m p l i f i c a t i o n s  are adop ted .  A s  i n  c a l -  
c u l a t i o n  o f  t h e  c o n t r o l l i n g  f o r c e s ,  two-dimensional f lows  i n  t h e  
p l a n e  of  r o t a t i o n  o f  t h e  c o n t r o l  are o f t e n  examined. 

- When t h e  s u p e r s o n i c  s e c t i o n  o f  a n o z z l e  r o t a t e s ,  MhSi - 
where R i s  t h e  d i s t a n c e  from t h e  r o t a t i o n  a x i s  to 

the  a p p l i c a t i o n  p o i n t  o f  t h e  l a t e r a l  c o n t r o l l i n g  f o r c e  Y p .  It 
can be assumed i n  f i r s t  approximat ion  t h a t  t h e  f o r c e  Y p  i s  ap- 
p l i e d  a t  t h e  c e n t e r  of t h e  r o t a t i n g  nozz le  s e c t i o n .  

= YPRc.p '  C * P  

i s  c a l c u l a t e d  s i m i l a r l y  f o r  a d e f l e c t o r ,  b u t  i n  t h i s  M h . i  
c a s e  i t  i s  necessa ry  to de te rmine  R by d i r e c t  d e t e r m i n a t i o n  of  
t h e  p o i n t  o f  a p p l i c a t i o n  o f  Y p  from known v a l u e s  and a p p l i c a t i o n  

COP 

p o i n t s  of  its components. 
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For r o t a r y  mouthpieces,  

where Y p  i s  the  l a t e ra l  c o n t r o l l i n g  f o r c e ,  AX i s  t h e  change i n  
the a x i a l  t h r u s t  component due t o  t h e  r o t a r y  mouthpiece; x and 

t h e  s u r f a c e  t h e  p r e s s u r e  on which produces t h e  l a t e ra l  c o n t r o l l i n g  
f o r c e  onto p l anes  pas s ing  through t h e  nozz le  a x i s  and perpendicu- 
l a r  t o  t h i s  a x i s ,  r e s p e c t i v e l y .  

c * g  
a r e  t h e  center -of -gravi ty  coord ina te s  of t h e  p r o j e c t i o n s  of yc.g 
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Chapter X V I I  

N O N S T A T I O N A R Y  C H A R A C T E R I S T I C S  OF T H E i V E H I C L E  

§XVII-l. DETERMINATION OF STABILITY DERIVATIVES FROM SLENDER-BODY 
AERODYNAMIC THEORY 

W o r k i n g  formulas [ S J l .  The s t a b i l i t y  d e r i v a t i v e s  of  v e h i c l e s  
formed by  combining very s l e n d e r  bodies  and sma l l - a spec t - r a t io  
t a i l  f i n s  can be  c a l c u l a t e d  f o r  moderate supe r son ic  speeds by 
Formulas ( I V - 6 - 1 l ) - ( I V - 6 - 4 5 ) .  The c o e f f i c i e n t s  Aik and Eik t h a t  
appear i n  t h e s e  formulas depend on t h e  c r o s s - s e c t i o n a l  shape of 
t h e  v e h i c l e  and on t h e  manner i n  which t h i s  c r o s s  s e c t i o n  v a r i e s  
lengthwise .  

F igure  X V I I - 1 - 1 .  Combination of 
Body wi th  Win s .  a )  Body and 
p lane  wing; b 7 body and c r u c i -  
form wing; c )  body and s i x  f i n s ;  
d )  body and symmetrical  h o r i -  
z o n t a l  and unsymmetrical v e r t i -  
c a l  t a i l s ;  e )  body and symmetri- 
c a l  t angen t  h o r i z o n t a l  and un- 
symmetrical  v e r t i c a l  t a i l s ;  f )  
e l l i p t i c a l  body wi th  symmetri- 
c a l  h o r i z o n t a l  a::3 unsymmetri- 
c a l  v e r t i c a l  t a i l s .  

A d e f i n i t e  attached-mass 
c o e f f i c i e n t  X i k  corresponds t o  
each c r o s s - s e c t i o n a l  shape. 
Analyzing t h e  s t a b i l i t y - d e r i v a -  
t i v e  expres s ions  ( I V - 6 - 1 1 ) -  
( IV-6 -45)  w e  no te  t h a t  only 
t h e  s t a b i l i t y  d e r i v a t i v e  mix 
( r o l l  damping c o e f f i c i e n t )  
depends on X 3 ,  and t h a t  a l l  
o t h e r  d e r i v a t i v e s  a r e  indepen- 
dent  of i t .  

Let us examine t h e  most 
commonly encountered c ross -  
s e c t i o n a l  shape,  t h a t  of a 
combination of a s l e n d e r  s o l i d  
of r e v o l u t i o n  of r a d i u s  r wi th  
a cruciform wing t h a t  h a s  c a n t i -  
l e v e r s  of equa l  s i z e  S i n  t h e  
v e r t i c a l  and h o r i z o n t a l  p l anes  
(F ig .  X V I I - 1 - l b ) .  The a t t ached-  

m a s s  c o e f f i c i e n t s  a r e  

where rs = r/s. 
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For t h e  s imple r  combination of  il. body and a p l ane  h o r i z o n t a l  
wing (F ig .  X V I I - 1 - l a ) ,  t h e  corresponding c o e f f i c i e n t s  can be ob- 
t a i n e d  from ( X V I I - 1 - 1 )  i n  t h e  form 

Ail = np/; AZ2 = npoos2 (1 - r: + r:); Ai2 == AIS = A?3 = 0. ( X V I I - 1 - 2 )  

We p r e s e n t  the  attached-mass c o e f f i c i e n t s  f o r  c e r t a i n  o t h e r  /722 
c r o s s - s e c t i o n a l  shapes.  For a c i r c u l a r - s e c t i o n  body wi th  th ree  
or more f i n s  ( i n  F ig .  XVII-1-lc t h e  number of  f i n s  n = 6 )  of t h e  
same span 5, 

(XVII-1-31 

where n - i s  t h e  number o f  f i n s .  

midwing c o n f i g u r a t i o n  and t h e  f i n  i n  t h e  upper ha l f -p lane  has a 
span t ,  and t h a t  i n  t h e  lower ha l f -p l ane  has a span t, (F ig .  
X V I I - 1 - l d ) ,  t hen  

If a c i r c u l a r - c r o s s - s e c t i o n  body i s  f i t t e d  w i t h  f i n s  i n  t h e  

- - 
where ri = rJtl; r2 = rJt2; rs = r/s;  t i  = t f J s ;  t2  = t2 /s.  

The c o e f f i c i e n t  A , ,  i s  determined from [Sl]. For a c i r c u l a r -  
s e c t i o n  body w i t h  t a n g e n t i a l  h o r i z o n t a l  f i n s  and v e r t i c a l  f i n s  
w i t h  span t l  i n  t h e  upper ha l f -p lane  and t 2  i n  t h e  lower (F ig .  
X V I I - 1 - l e ) ,  t h e  attached-mass c o e f f i c i e n t s  are w r i t t e n  

I 
‘ ] + 2 ( r 2 - c 2 ) 1 ;  (xv11-1-6) 

4c2 sin h cos2 - 3h cos2 - f 

1 L 3(A+s inh)  
A1,=2.-rpm { c ? - - - + -  r2 

I 4c2 sin A cos2 A 1  ( X V I I - 1 - 7 1  
AZ2 = 2zpm i .2 -T- r2 3 ( h f  sin h) [sinz: - ::::~]j ; 

l i .2 = 3123 = 0. (XVII-1-81 
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The fo l lowing  a u x i l i a r y  r e l a t i o n s h i p s  should be used i n  apply ing  
t h e  formulas f o r  A , ,  and A z z :  

The attached-mass c o e f f i c i e n t s  f o r  a combination c o n s i s t i n g  
of an e l l i p t i c a l - s e c t i o n  body and t a i l  f i n s  (F ig .  X V I I - 1 - l f )  have 
t h e  form 

I n  t h e s e  formulas ,  we have used t h e  nomenclature 

Formula ( I V - 6 - 4 7 )  i s  used to determine t h e  va lues  of A i k ,  i n -  
c lud ing  xik, from t h e  known attached-mass c o e f f i c i e n t s  f o r  t h e  
g iven  combination s e c t i o n a l  shape.  Then t h e  c o e f f i c i e n t s  Bik, 
Cik and Dik are c a l c u l a t e d  by  Formula ( I V - 6 - 4 6 ) .  I n  t h i s  f o r -  
mula, t h e  lower l i m i t  of  t h e  i n t e g r a l  i s  equa l  t o  t h e  d i s t a n c e  
from t h e  combination c e n t e r  of g r a v i t y  t o  t h e  t r a i l i n g  edge of 
t h e  t a i l ,  and t h e  upper l i m i t  i s  t h e  d i s t a n c e  t o  t h e  c r o s s  sec-  
t i o n  of  t h e  body a t  t h e  c a n t i l e v e r  l e a d i n g  edges.  

To o b t a i n  t h e  o v e r - a l l  s t a b i l i t y  d e r i v a t i v e ,  i t  i s  neces- 
s a r y  t o  add t o  t h e  d e r i v a t i v e  c a l c u l a t e d  by  t h e  above method f o r  
t h e  body- t a i l  combination t h e  d e r i v a t i v e  f o r  t h e  remaining f o r -  
ward  p a r t  of t h e  body. 
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S X V I I - 2 .  DAMPING COEFFICIENTS 

Rol l  d a m p i n g  c o e f f i c i e n t .  I n  t h e  most g e n e r a l  case  of  motion 
a t  ang le s  of a t t a c k ,  t h e  roll-damping c o e f f i c i e n t  of  a g iven  com- 

b i n a t i o n  i s  c a l c u l a t e d  by  (Iv-6-27) f o r  
m . The q u a n t i t y  K 3 3 ,  which depends on 
the attached-mass c o e f f i c i e n t  A , ,  de ter-  
mined from t h e  base - sec t ion  parameters ,  
appears  i n  t h i s  formula.  Fo r  one of  t h e  
most common body-cruc i form-ta i l  combi- 
n a t i o n s ,  t h e  c o e f f i c i e n t  A , ?  can b e  
found w i t h  t h e  diagram i n  F ig .  X V I I - 2 - 1 ,  
where w e  have a curve of t h e  r a t i o  
'3 3/('3 3 )r= 0 = A 3 3 / ( A 3 3 ) , = o '  i n  whose 

= ( A 3 3 ) p = o  = 2pms4/ . r r  f o r  t h e  pure c r u c i -  
form t a i l  appea r s .  The same Fig .  
X V I I - 2 - 1  shows the curye f o r  a body-and- 

X 

- denominator t h e  q u a n t i t y  ( A , 3 ) r = o  - 

p l a n e - t a i l  combination, which co r re -  
sponds t o  t h e  formula F igure  X V I I - 2 - 1 .  

C o e f f i c i e n t  Used t o  
Ca lcu la t e  S t a b i l i t y  
D e r i v a t i v e s  w i t h  
Cons idera t ion  of 
I n t e r f e r e n c e .  1) 
Body and p lane  . 
wing; 2 )  body and 
cruc i form wing. 

1 
r* 

f 2r, (1 - ri) (r: - Gr3 -1- 1) arctg - - 

-nor: -1 ra (1 - r32]  . ( X V I I - 2 - 1 )  } 

We no te  t h a t  t h e  c o e f f i c i e n t s  A , ,  a r e  q u i t e  c l o s e  t o g e t h e r  
f o r  t h e  two combinations.  Consequently,  Formula ( X V I I - 2 - 1 )  can 
a l s o  be used w i t h  a c e r t a i n  approximation f o r  a combination of  
t h e  body w i t h  a c ruc i form t a i l .  

The damping c o e f f i c i e n t  can a l s o  b e  c a l c u l a t e d  by  a s impl i -  
f i e d  method based on t h e  assumption t h a t  there  a r e  no forms of 
motion o t h e r  t han  t h e  r o l l ,  i . e . , a =  Bs, = 0. 

t h e r e f o r e ,  wz = w = 0 and /724 
I n  t h i s  case ,  

Y 

( X V I I - 2 - 2 )  * 
,,l"'S .:: 4;1,,. 

Y 

For c ruc i form and p lane  combinations,  r3 , can be found w i t h  
t h e  diagram of Fig.XVII-2-1. Here i t  i s  more convenient  t o  go 
from Formula ( X V I I - 2 - 2 )  t o  t h e  expres s ion  



Figure  XVII-2-2. Damp- 

C.P.TI 

i n g  Parameter i n  R o l l  F igure  XVII-2-3. Motion of  Body- 
as a Function of Num- Wing-Tail Combination Along C i r -  
b e r  of  C a n t i l e v e r s  n_. c u l a r  T r a j e c t o r y  ( a z  i s  t h e  

Angular V e l o c i t y ) .  

(XVII-2-3) 

i s  t h e  damping c o e f f i c i e n t  of t h e  "pure" t a i l ,  where (mx ) r = o  
w X  

i . e . ,  when t h e  body r a d i u s  r = 0 .  

The damping c o e f f i c i e n t  can be found w i t h  (XVII-2-3) and 
Fig .  XVII-2-1 as a f u n c t i o n  of body r a d i u s  f o r  cases  i n  which 
t h e  number of c a n t i l e v e r s  n = 2 and 4. Cases i n  which t h e  number 
of c a n t i l e v e r s  i s  a r b i t r a r y  may a l s o  be of p r a c t i c a l  i n t e r e s t .  

Analysis  of t h e  s t a b i l i t y  d e r i v a t i v e s  as f u n c t i o n s  of t h e  
number of c a n t i l e v e r s  becomes s imple r  i n  t h e  extreme case  i n  
which t h e  r a d i u s  r -f 0 .  S t u d i e s  have shown t h a t  t h i s  dependence 
can b e  r ep resen ted  g r a p h i c a l l y  i n  t h e  form of a curve (F ig .  
XVII-2-2) r e f l e c t i n g  t h e  v a r i a t i o n  of t h e  q u a n t i t y  

(XVII-2-4) 

The denominator i n  t h i s  expres s ion  r e p r e s e n t s  t h e  parameters  
f o r  a two-cant i lever  t a i l  ( n  = 21, w h i l e  t h e  numerator g i v e s  t h e  
corresponding parameters  f o r  t h e  m u l t i c a n t i l e v e r  t a i l .  The curve 
i n  F ig .  XVII-2-2 can a l s o  be used f o r  approximate e v a l u a t i o n  of 
t h e  i n f l u e n c e  of t h e  number of c a n t i l e v e r s  on t h e  damping c o e f f i -  
c i e n t  when t h e  body r a d i u s  i s  nonzero but  s u f f i c i e n t l y  s m a l l .  

L o n g i  t u d i  n a l  dampi ng.  Let us cons ide r  methods of c a l c u l a t -  
i n g  t h e  longitudinal-damping c o e f f i c i e n t s  on t h e  assumption t h a t  
t h e  v e h i c l e  i s  moving i n  t h e  l o n g i t u d i n a l  p l ane  wi thout  s l i p  o r  

9 81 



I-- 

r o l l .  The p a r t i c u l a r  longi tudinal-damping c h a r a c t e r i s t i c s  ob- 
t a i n e d  by  t h i s  c a l c u l a t i o n  are h e l p f u l  i n  e v a l u a t i n g  v e h i c l e  
dynamic p r o p e r t i e s .  

Damping governed - . -  b y  angu la r  _. _- ~ v e l o c i t y  RZ. Let us assume tha t  
t h e  v e h i c l e  i s  moving along a c i r c u l a r  t r a j e c t o r y  (F ig .  XVII-2-3). 

r ep laced  b y  r o t a t i o n  of t h e  v e h i c l e  about i t s  c e n t e r  of g r a v i t y  
a t  a c e r t a i n  angu la r  v e l o c i t y  aZ, which we s h a l l  hence fo r th  as- 
sume cons t an t .  A s  a r e s u l t  o f  t h e  r o t a t i o n ,  t h e  t a i l  w i l l  a c q u i r e  
an a d d i t i o n a l  a t t a c k  angle  o f  Aa = Rzxc.p.tl ATm, where X c , p . t l  i s  

t h e  d i s t a n c e  from t h e  combination c e n t e r  of g r a v i t y  t o  t h e  t a i l  
c e n t e r  of p r e s s u r e .  A change i n  a t t a c k  angle  w i l l  produce an 
increment of t a i l  normal f o r c e  

For i n v e s t i g a t i o n  of l o n g i t u d i n a l  damping, t h i s  motion can be 1 7 2 5  

( X V I  1-2 -5 ) 

where t h e  d e r i v a t i v e  (a~~/aa)~, i s  found from t h e  l o c a l  M i n  f r o n t  
of t h e  t a i l  ( q  = .',5kM2p i s  t h e  v e l o c i t y  head c a l c u l a t e d  f o r  t h i s  
MI. 

The normal-force i n c r e -  
ment enables  us t o  c a l c u l a t e  
t h e  r o t a r y  d e r i v a t i v e s  
f o r  t h e  normal-force c o e f f i -  
c i e n t s  and t h e  t a i l  damping 
moment: 

8CV q r c.p.tl . Figure  XVII-2-4. Motion of Body- 
(C>)ttl = 2  (*) t ,  z T  r Wing-Tail Combination w i t h  Con- 

s t a n t  & = g/Vm. ( X V I I - 2 - 6 )  

We f i n d  t h e  wing d e r i v a t i v e s  i n  t h e  same way: 

(XVII-2-8) 

(XVII-2-91 



It i s  assumed i n  these formulas  t ha t  t h e  v e l o c i t y  head i n  
f r o n t  of  t h e  wing i s  e q u a l  to t he  free-stream v e l o c i t y  head. The 
o v e r - a l l  e f f e c t  of t h e  wing and t a i l  on l o n g i t u d i n a l  damping can  
b e  expres sed  as t h e  sum o f  t he  cor responding  d e r i v a t i v e s .  

By a n a l y z i n g  t h e  components of t h e  o v e r - a l l  d e r i v a t i v e ,  w e  
can e v a l u a t e  t h e  p a r t s  p l ayed  by t h e  wing and t a i l  i n  damping. 
The t o t a l  damping c h a r a c t e r i s t i c  f o r  body-wing-tai l  combina t ions  
can be o b t a i n e d  w i t h  c o n s i d e r a t i o n  of t h e  i so l a t ed -body  d e r i v a -  
t i v e .  

Damping g o v e r n e d b y  d e r i v a t i v e  6 .  To i n v e s t i g a t e  t h e  damp- 
i n g  governed by t i m e  v a r i a t i o n  of  t h e  a t t a c k  a n g l e ,  w e  s h a l l  use  
t h e  diagram i n  F i g .  X V I I - 2 - 4 .  The motion under  s tudy  i s  char -  
a c t e r i z e d  by t h e  v a l u e s  Qz = 0 and & # 0 = c o n s t  i n  t h e  absence 
o f  r o t a t i o n  b u t  i n  t h e  p re sence  of  d i sp l acemen t  ( f r e e  f a l l )  i n  
t h e  d i r e c t i o n  of  t h e  normal to t h e  t r a j e c t o r y  w i t h  c o n s t a n t  ac-  
c e l e r a t i o n .  

Damping a r i s e s  as a r e s u l t  of t h e  added moments t ha t  appea r  
as a r e s u l t  o f  t ime v a r i a t i o n  of  t h e  t a i l  and wing a t t a c k  a n g l e s .  
Le t  Aa be the  change i n  wing a t t a c k  a n g l e .  Then t h e  change i n  
t h e  a t t a c k  a n g l e  of  t he  h o r i z o n t a l  t a i l  due to wing downwash i s  /726  

wg 

( X V I I - 2 - 1 0 ]  

To f i n d  Aa f o r  a g i v e n  &, w e  can use  t h e  p r i n c i p l e  of  down- 
wg 

wash l a g ,  acco rd ing  to which the  downwash a n g l e  a t  t h e  t a i l  l a g s  
behind  t h e  wing a t t a c k  a n g l e  b y  t h e  amount of  t ime t a k e n  b y  t h e  
wake i n  cove r ing  t h e  d i s t a n c e  from t h e  wing to t h e  t a i l ,  which i s  
e q u a l  t o  t = xc/Vm. S u b s t i t u t i n g  t h i s  t i m e  i n t o  t h e  e x p r e s s i o n  
Aa = - a t ,  we o b t a i n  t h e  change i n  wing a t t a c k  a n g l e  Aa = 

= -axC/Vm. 
i s  Aatl = (&xc/Vm) (dE /da ) t l ,  where xc i s  t h e  d i s t a n c e  from t h e  
wing c e n t e r  of area t o  t h e  t a i l  c e n t e r  of  area. 

wg 
Thus, t h e  a t t a c k - a n g l e  change f o r  t h e  h o r i z o n t a l  t a i l  

A change i n  t a i l  a t t a c k  a n g l e  b y  A a t l  r e s u l t s  i n  t he  appear-  
ance  o f  an added normal  f o r c e  

( X V I I - 2 - 1 1 )  

which, i f  known, can b e  used to f i n d  t h e  s t a b i l i t y  d e r i v a t i v e s :  
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( X V I I - 2 - 1 2 )  

(XVI  1-2- 1 3  ) 

Yaw d a m p i n g .  The technique  of c a l c u l a t i n g  l o n g i t u d i n a l  damp- 
i n g  can be used t o  c a l c u l a t e  t h e  s t a b i l i t y  d e r i v a t i v e s  of t h e  t a i l  
i n  yawing motion provided tha t  a l l  o t h e r  forms of motion a r e  ab- 
s e n t .  Using t h i s  method, we can o b t a i n  t h e  fo l lowing  va lues  f o r  
t h e  s t a b i l i t y  d e r i v a t i v e s  : 

( X V I I - 2 - 1 4 )  

(XVII-2-15) 

( X V I I - 2 - 1 6 )  
d C ,  q da = c  =c.p.t1 

(,& =-: - 2 (-) dPsl tl - qm __ dp.1 - 1 I '  (XVII-2-17) 

where xc i s  t h e  d i s t a n c e  between t h e  wing and t a i l  c e n t e r s  of 
area; do/dBsl i s  t h e  change i n  t h e  sidewash ang le  corresponding 
t o  a change i n  s l i p  angle  and i s  c a l c u l a t e d  i n  much t h e  same way 
as t h e  change i n  downwash angle  w i t h  a t t a c k  ang le .  

SXVII-3. A N A L Y S I S  OF STABILITY DERIVATIVES FOR FINNED BODY 

R e s o l u t i o n  o f  g i v e n  c o m b i n a t i o n  i n t o  i n d i v i d u a l  e l e m e n t s  
[ 5 1 ] .  The method of c a l c u l a t i o n  s e t  f o r t h  above, which i s  based 
on use of t h e  attached-mass c o e f f i c i e n t s ,  enables  us t o  c a l c u l a t e  
t h e  o v e r - a l l  va lues  of t h e  s t a b i l i t y  d e r i v a t i v e s .  A t  t h e  same 
t ime,  p r a c t i c a l  i n t e r e s t  a t t a c h e s  t o  e s t i m a t i n g  t h e  c o n t r i b u t i o n  
of one or ano the r  t a i l  element t o  t h e  t o t a l  s t a b i l i t y - d e r i v a t i v e  
value as a r e s u l t  of i n t e r f e r e n c e  w i t h  t h e  body and mutual i n t e r -  
f e r e n c e .  I n  p a r t i c u l a r ,  i t  i s  impor tan t  t o  e s t a b l i s h  how t h e  
body s t a b i l i t y  d e r i v a t i v e  changes when v e r t i c a l  and h o r i z o n t a l  
c a n t i l e v e r s  a r e  a t t a c h e d  t o  i t .  

Nor does t h i s  method enable  us t o  t a k e  account of i n t e r f e r -  
ence between t h e  t a i l  and wing as i t  a f f e c t s  t h e  s t a b i l i t y  de- 
r i v a t i v e s .  F i n a l l y ,  it i s  not  p o s s i b l e  i n  c a l c u l a t i n g  t h e  over- 
a l l  c h a r a c t e r i s t i c s  t o  e s t a b l i s h  t h e  dependence of t h e s e  de r iva -  
t i v e s  on M,. The method se t  f o r t h  below f o r  s t a b i l i t y - d e r i v a t i v e  
a n a l y s i s  e l i m i n a t e s  t h e s e  shortcomings.  I t s  prime advantage i s  
t h a t  i t  enables  us t o  analyze t h e  i n d i v i d u a l  components of which 
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[+-o]=[+-o]+[A-+]+[& - A] 
BHDV- B = BH - B -t BHD - BH 4- BHDV - BHD 

Figure  XVII-3-1. Diagram Showing Breakdown 
of Body-Tail Combination i n t o  Elements. 

t h e  ove r -a l l  s t a b i l i t y  d e r i v a t i v e  i s  made up. 

For convenience i n  t h e  i n t e r f e r e n c e  a n a l y s i s ,  i t  i s  h e l p f u l  
t o  break  t h e  t a i l  up i n t o  i n d i v i d u a l  elements w i t h  a view t o  t h e  
known aerodynamic c h a r a c t e r i s t i c s  of  each such element.  I n  o t h e r  
words, t h e  t a i l  i s  convent iona l ly  r ep resen ted  as t h e  sum of  i t s  
i n d i v i d u a l  e lements ,  w h i l e  t h e  ove r -a l l  aerodynamic c h a r a c t e r i s -  
t i c s  a r e  p re sen ted  as sums of t h e  corresponding element aerody- 
namic c h a r a c t e r i s t i c s  c o r r e c t e d  f o r  i n t e r f e r e n c e .  We s h a l l  use 
t h e  fo l lowing  nomenclature:  B f o r  t h e  i s o l a t e d  body; H f o r  t h e  
i s o l a t e d  h o r i z o n t a l  t a i l ;  D f o r  an i s o l a t e d  d o r s a l  t a i l ;  V f o r  
an i s o l a t e d  v e n t r a l  t a i l ;  TL f o r  t h e  t a i l .  

noted by BHDV, t h e  t a i l  by  BHDV-B, and s o  f o r t h .  By way of il- 
l u s t r a t i o n ,  F ig .  XVII-3-1 shows t h e  dismemberment of a body- t a i l  
combination w i t h  u n l i k e  d o r s a l  and v e n t r a l  c a n t i l e v e r s .  The 
f i r s t  term on t h e  r i g h t  i n d i c a t e s  t h e  e f f e c t  of adding a ho r i -  
z o n t a l  t a i l  on t h e  f o r c e  o r  moment, and t h e  second and t h i r d  
t e r m s  i n d i c a t e  tha t  of t h e  d o r s a l  and v e n t r a l  c a n t i l e v e r s ,  r e -  
s p e c t i v e l y .  W e  no te  t h a t  t h e  combination can be broken up i n  
ways o t h e r  t han  t h a t  i n d i c a t e d  i n  F ig .  XVII-3-1. 

With t h e s e  d e s i g n a t i o n s ,  a body- t a i l  combination w i l l  be de- 

S t a t i c  s t a b i l i t y  d e r i v a t i v e s .  By way of i l l u s t r a t i n g  t h e  
method s e t  f o r t h  here,  l e t  u s  examine t h e  de te rmina t ion  of t h e  
s t a b i l i t y  d e r i v a t i v e  of t h e  t a i l  l a t e r a l  f o r c e  c o e f f i c i e n t  w i t h  
r e s p e c t  t o  s l i p  ang le ,  cons ide r ing  only i n t e r f e r e n c e  between t h e  
body and t h e  t a i l .  According t o  F ig .  XVII-3-1, t h e  t a i l  l a t e ra l  
f o r c e  i s  

The i n t e r f e r e n c e  f o r c e s  a r e  r e f e r r e d  to t h e  f o r c e s  f o r  t h e  
i s o l a t e d  e lements ,  w i t h  t h e  i s o l a t e d  body regarded  as a sharp  

t h e  body area a t  t h e  t a i l .  The l a t e r a l  f o r c e  of t h e  i s o l a t e d  
d o r s a l  o r  v e n t r a l  c a n t i l e v e r  i s  assumed equa l  t o  half  t h e  l a t e ra l  
f o r c e  of a t a i l  composed of a p a i r  of i d e n t i c a l  c a n t i l e v e r s .  

s o l i d  of r e v o l u t i o n  w i t h  a base c r o s s  s e c t i o n a l  a r e a  equa l  t o  / 7 2 8  
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The d i f f e r e n c e s  between t h e  f o r c e s  i n  t h e  r i g h t  member of 
(XV11-3-1), which a r e  r e f e r r e d  t o  t h e  f o r c e s  f o r  t h e  i s o l a t e d  e l e -  
ments, r e p r e s e n t  t h e  i n t e r f e r e n c e  c o e f f i c i e n t s  

(XVII-3-2) 

The va lues  of t h e  attached-mass c o e f f i c i e n t s  A ,  were given 
e a r l i e r  f o r  a v a r i e t y  of c o n f i g u r a t i o n s .  Converting i n  (XVII-3-1) 
from f o r c e s  t o  c o e f f i c i e n t s  and c a l c u l a t i n g  t h e  d e r i v a t i v e  w i t h  
r e s p e c t  t o  B, , ,  we f i n d  a formula f o r  t h e  s t a t i c  d e r i v a t i v e  of  
l a t e r a l  f o r c e  w i t h  r e s p e c t  t o  s l i p  angle  : 

The s t a t i c  d e r i v a t i v e  of t h e  yawing moment f o r  t h e  t a i l  i s  

(I?f) 8 tl = -- "";" (XVII-3-4 ) 

where xcmm i s  t h e  d i s t a n c e  between t h e  c e n t e r  of  moments and t h e  
p o i n t  of a p p l i c a t i o n  of t h e  t a i l  l a t e r a l  f o r c e .  

A p e c u l i a r i t y  of Formulas (XVII-3-3) and (XVII-3-41 i s  t h a t  
they can a l s o  be used f o r  not  p a r t i c u l a r l y  s l e n d e r  combinations.  
I n  t h i s  case ,  t h e  d e r i v a t i v e s  f o r  t h e  i s o l a t e d  elements a r e  
c a l c u l a t e d  by  l i n e a r i z e d  theo ry ,  i . e . ,  w i t h  c o n s i d e r a t i o n  of Ma, 
and t h e  i n t e r f e r e n c e  c o e f f i c i e n t s  K , ,  which do no t  depend on Ma, 
a r e  found from slender-body theo ry .  

The c a l c u l a t i o n  given above corresponds t o  t h e  cond i t ion  
a = 0.  I f  t h e  a t t a c k  angle  i s  nonzero,  terms p r o p o r t i o n a l  t o  a 
and r e f l e c t i n g  t h e  i n t e r a c t i o n  between t h e  a t t a c k  and s l i p  angles  
appear  i n  t h e  express ions  f o r  c: and m B  f o r  t h e  g e n e r a l  case .  

Y 
The r e l a t i o n s h i p s  given f o r  and m B  do not  cons ide r  t h e  

Y 
e f f e c t  of  i n t e r f e r e n c e  of the  t a i l  w i t h  a wing. I n  the  presence  
of a wing, t h i s  e f f e c t  can be taken  i n t o  account by t h e  methods 
s e t  f o r t h  e a r l i e r .  

.. . 



Roll damping. According t o  F ig .  XVII-3-1, t h e  roll s t a b i l -  
i t y  d e r i v a t i v e  f o r  a f inned  body i s  

T h i s  exp res s ion  can a l s o  be w r i t t e n  

where t h e  K ,  are i n t e r f e r e n c e  c o e f f i c i e n t s  as fo l lows:  

(xVII-3-6) 

(XVII-3-7) 

The va lues  of t h e  attached-mass c o e f f i c i e n t s  X 3 , ,  on which 

The r e s u l t s  ob ta ined  f o r  mxx p e r t a i n  t o  t h e  a = 0 case .  
a # 0 ,  they can b e  improved by  cons ide r ing  wing and body v o r t i c e s .  
Here t h e  vo r t ex  system i s  r ep laced  by  a s i n g l e  vo r t ex  t r a i l i n g  
from t h e  wing and having coord ina te s  determined b y  t h e  method s e t  
f o r t h  above. Although t h e  vo r t ex  has a tendency t o  r o t a t e  as a 
r e s u l t  of banking t h e  wing, w e  can d i s r e g a r d  t h i s  r o t a t i o n  and 
cons ide r  t h e  displacement  of only the  t a i l  r e l a t i v e  t o  t h e  vo r t ex .  
Thus, t h e  i n f l u e n c e  of t h e  vo r t ex  w i l l  be examined on t h e  assump- 
t i o n  t h a t  t h i s  e f f e c t  i s  determined a t  any p o i n t  i n  t i m e  by t h e  
p o s i t i o n  of t h e  t a i l  w i t h  r e s p e c t  t o  t he  vo r t ex .  The r e s u l t s  of 
t h e  c a l c u l a t i o n  can b e  improved by cons ide r ing  a c e r t a i n  average 
vo r t ex  p o s i t i o n .  The vo r t ex  formed by t h e  body keeps a f i x e d  
p o s i t i o n  t h a t  depends only on a t t a c k  ang le .  To s i m p l i f y  t h e  c a l -  
c u l a t i o n s ,  i t  can be assumed t h a t  t h e  v o r t i c e s  from t h e  body and 
wing do not  i n t e r a c t .  

E x a m p l e  o f  s t a b i l i t y - d e r i v a t i v e  c a l c u l a t i o n .  Let us calcu-  
l a t e  the  s t a b i l i t y  d e r i v a t i v e s  f o r  t h e  c ruc i form t a i l  of  t h e  ve- 
h i c l e  diagrammed i n  F ig .  XV-2-13 f o r  Moo = 2 .  

t h e  K, depend, are l i s t e d  i n  F ig .  XVII-2-1. 
w 

For 
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I n  c a l c u l a t i n g  t h e  de r iva -  B B  my)^^* The d e r i v a t i v e s  ( c ~ ) ~ ~ ,  
t i v e s ,  w e  s h a l l  proceed from Formulas (XVII-3-3) and (XVII-3-4) 
and determine t h e  i n t e r f e r e n c e  c o e f f i c i e n t s  from Expressions 
(XVII-3-2), u s ing  t h e  data of  Table  XV-1-1. T h e  va lues  of t h e  
attached-mass c o e f f i c i e n t s  a r e  as fo l lows:  

Af t e r  s u b s t i t u t i n g  t h e  r and - s va lues  given i n  F ig .  XV-2-13, - 
we o b t a i n  

In t roduc ing  t h e s e  va lues  i n t o  (XVII-3-2), we f i n d  

To use Formula (XVII-3-31, i t  i s  necessary  t o  know t h e  va lues  

o f  ( c Z l D  B and (c!)V,awhich can be determined by assuming t h a t  they 
a r e  equal  t o  -0.5(cN), ( i t  w i l l  be r e c a l l e d  t h a t  t h e  d o r s a l  and 
v e n t r a l  c a n t i l e v e r s  of t h e  t a i l  a r e  i d e n t i c a l ) .  Re fe r r ing  t h e  
c o e f f i c i e n t s  t o  t h e  wing p l an  a r e a  S w e  f i n d  wg ’ 

After t h e  a p p r o p r i a t e  s u b s t i t u t i o n s  i n t o  Eq .  (XVII-3-3), we 1730 
o b t a i n  

We may conclude from t h e s e  f i g u r e s  t h a t  a d d i t i o n  of t h e  ven- 
t r a l  c a n t i l e v e r  t o  t h e  o t h e r  three i n c r e a s e s  t h e  t a i l  l a t e r a l  
f o r c e  by  about 1 4 % .  

9 88 



B 
Y TL 

W e  determine t h e  s t a t i c  d e r i v a t i v e  ( m  ) from Formula 
( X V 1 1 - 3 - 4 ) ,  i n  which w e  assume x c e m  to be equa l  to t h e  d i s t a n c e  
between t h e  c e n t e r s  of area of t h e  wing and t a i l  c a n t i l e v e r s .  
According to Fig .  XV-2-13, x c B m  = 4 . 7 4 .  The c h a r a c t e r i s t i c  d i -  
mension R i s  equal  to t h e  wing mean aerodynamic chord R = 
= (2 /3 )b r t  = 1 . 5 0 .  A f t e r  s u b s t i t u t i o n  of t h e  numerical  va lues  

and R i n t o  ( X V I I - 3 - 4 1 ,  w e  o b t a i n  B f o r  ( c z ) T L ,  X c B m  

B B The va lues  of and ( m  ) a r e  found wi thout  cons idera-  
Y TL 

t i o n  of  wing and body i n t e r f e r e n c e ,  i . e . ,  without  c o n s i d e r a t i o n  
of t h e  v o r t i c e s  formed by a s l i p p i n g  body and wing. 

wX The .~ d e r i v a t i v e  mx . It i s  convenient  t o  use F igs .  X V I I - 2 - 1  

and X V I I - 2 - 2  t o  c a l c u l a t e  t h i s  d e r i v a t i v e .  The diagram i n  F ig .  
XVII -2 -2  enables  u s  t o  e v a l u a t e  t a i l  e f f e c t i v e n e s s  i n  t h e  absence 
of t h e  body when t h e  number of c a n t i l e v e r s  d i f f e r s  from two. It 
fo l lows  from t h e  r e s u l t i n g  d a t a  t h a t  t h e  r o l l i n g  moment i n c r e a s e s  
by a f a c t o r  of 1 . 6 2 5  f o r  t h e  case  under c o n s i d e r a t i o n  ( n  = 4). 

The diagram i n  F ig .  X V I I - 2 - 1  e s t a b l i s h e s  t h e  i n f l u e n c e  of 
t h e  body on t h e  same moment a s  a f u n c t i o n  of t h e  parameter  r /s .  
I n  our  example, r/s = 0 . 3 1 ,  s o  t h a t  t h e  diagram i n d i c a t e s  a 2% 
rolling-moment i n c r e a s e  on a d d i t i o n  of t h e  body to t h e  p a i r  of 
h o r i z o n t a l  c a n t i l e v e r s .  Accordingly,  we have f o r  a fou r -can t i -  
l e v e r  t a i l  

w X  where (mx )H i s  t h e  r o l l i n g  moment of t h e  i s o l a t e d  h o r i z o n t a l  
t a i l  wi th  t h e  span i n c l u d i n g  p a r t  of t h e  body. 

w X  L inea r i zed  theory  can b e  used t o  determine mx 
l a t e d  h o r i z o n t a l  t a i l  composed of  a p a i r  of c a n t i l e v e r s :  

f o r  an i s o -  

Counting t h e  a r e a  i n s i d e  t h e  body and t h e  new wingspan, we 
f i n d  
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Thus, t h e  wing moment due t o  t h e  t a i l  i s  

c . 
The d e r i v a t i v e s  ( C ~ ~ ) T L ,  ( ~ > ) T L ,  ( C ~ ) T L ~  (17z3TL-  We s h a l l  c a l c u l a t e  

Using 
@ 

by Formula ( X V I I - 2 - 6 ) ,  i n  which w e  s e t  q = 9,. 
a t h e  v a l u e s  found f o r  ( c ~ ) ~ ~  = = -1.223 and x ~ . ~ . ~ ~  = 4 . 7 4 ,  

w e  o b t a i n  

<I) 4 7.4 
1.50 (c,,z)TL :-- 2.1.223-1.-L-7.T5. 

Assuming t h a t  t h e  c e n t e r  of  moment c o i n c i d e s  w i t h  t h e  c e n t e r  /731 
o f  g r a v i t y ,  w e  f i n d  from (XVII-2-7): 

The d e r i v a t i v e s  t h u s  found are  referred to QzbMAC/2Vm. 

use  Formulas ( X V I I - 2 - 1 2 )  and ( X V I I - 2 - 1 3 ) ,  i n  which t h e  d e r i v a t i v e  
ds /da ,  de te rmined  from t h e  c o n d i t i o n :  

To 

w e  s h a l l  a A 

c a l c u l a t e  t h e  o t h e r  two d e r i v a t i v e s  (cNlTL a and ( m Z l T L ,  

q H  - l - ( $ ) H ~  

appea r s .  

We found e a r l i e r  t h a t  t h e  e f f e c t i v e n e s s  c o e f f i c i e n t  q H  = 0 .73 ,  
s o  t h a t  (d s /da )H = 0 . 2 7 .  
t h e  area c e n t e r s  and t h e  t a i l  X i  = 4 . 7 4  . and assum.ing 
t h a t  M i s  t h e  same i n  f r o n t  o f  t h e  t a i l  as i n  t h e  f r ee  stream, w e  
f i n d  a f t e r  s u b s t i t u t i n g  t h e s e  v a l u e s  i n t o  ( X V I I - 2 - 1 2 )  

Remembering t h a t  t h e  d i s t a n c e  between 

- 2.0s. - 4.74 
( c ~ , ) T L =  2-1.223-0.27 --- 

Applying ( X V I I - 2 - 1 3 ) ,  w e  get 
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§XVII-4. THE MAGNUS EFFECT 

P i t c h e d  t a i l  f i n s .  A f i n n e d  body can be made t o  r o t a t e  about  
i t s  l o n g i t u d i n a l  a x i s  of symmetry by mounting t h e  t a i l p l a n e s  a t  a 

F i g u r e  XVII-4-1. Diagram of  Flow Around 
Body w i t h  P i t c h e d  T a i l  F i n s .  

c e r t a i n  a n g l e  6 t o  t h i s  a x i s  ( F i g .  XVII-4-1). The r o t a t i o n  
produces  an  a d d i t i o n a l  yawing moment AM owing t o  t h e  a c t i o n  o f  
Magnus f o r c e s  on t h e  p i t c h e d  t a i l .  For  a body w i t h  a c r u c i f o r m  
t a i l  i n  t h e  absence  of s l i p ,  t h i s  moment i s  

TL 

Y 

(XVII-'4-1) 

where b T L ( z )  i s  t h e  t a i l  chord  a t  a d i s t a n c e  z from t h e  body a x i s ;  /732 
dTL i s  t h e  diameter of t h e  body a t  t h e  p o i n t  of  t a i l  a t t achmen t ;  

i s  t h e  t a i l  span .  'TL 
The r e l a t i o n  between t h e  a n g l e  6TL and t h e  v e h i c l e ' s  a n g u l a r  

v e l o c i t y  QX i s  de termined  from t h e  e x p r e s s i o n  



Figure X V I I - 4 - 2 .  I n f luence  
of Flow Detachment on P r e s -  
s u r e  i n  Flow Around a F l a t  
P l a t e .  1) R e b  = 0.5*106; 
2 )  Reb = 0.7*106; 3)  Reb = 

= 0.9=106; 4 )  Reb = 1.3*106. 

For example, f o r  a r e c t a n g u l a r  
t a i l  

where hTL = ‘TL/~TL i s  t h e  t a i l  
a s p e c t  r a t i o .  

b l aded  t a i l  w i t h  a 90’ ang le  be- 
tween the  b l a d e s ,  the  Magnus- 
f o r c e  yawing moment w i l l  vary as 
a f u n c t i o n  of t h e  t u r n  angle  y 
measured from t h e  h o r i z o n t a l  p iane  
i n  accordance w i t h  t h e  expres s ion  

During r o t a t i o n  of a four -  

where A ( M  ) i s  t h e  yawing moment corresponding t o  y 1  = 0 .  

I n  motion w i t h  s l i p  ( B s l  # 0 )  a t  zero angle  of a t t a c k ,  a 
secondary p i t c h i n g  moment appears  owing t o  r o t a t i o n  about t h e  
l o n g i t u d i n a l  a x i s ;  it can b e  c a l c u l a t e d  by  a formula analogous 

Y Y1=0 

t o  ( X V I I - 4 - 1 ) .  

Inf luence  o f  f low s e p a r a t i o n .  The boundary l a y e r  may sepa- 
ra te  from a t h i n  t a i l  ( s  < 0 .05 )  i n  flow a t  s m a l l  Mach and Rey- 
nolds  numbers. The c r i t i c a l  a t t a c k  ang le ,  a t  which s e p a r a t i o n  
occur s ,  depends on Re = VOobrt/v and can be determined from Fig .  
X V I I - 4 - 2  f o r  a t h i n  p l a t e  w i t h  a laminar  boundary l a y e r .  Boundary- 
layer  detachment causes  a p r e s s u r e  i n c r e a s e  and t h e  appearance of 
an a d d i t i o n a l  moment. 

on t h e  l e f t  and r i g h t  c a n t i -  and P rgh t  The p r e s s u r e s  plft  
l e v e r s  can be determined from Fig .  XVII-4-2  when t h e i r  a t t a c k  
ang le s  a r e  

(XVII-4-5) 

( X V I I - 4 - 6 )  

where z i s  t h e  d i s t a n c e  from the a x i s  t o  t h e  c a n t i l e v e r  c e n t e r  of 
g r a v i t y .  
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The p i t c h i n g  moment t h a t  r e s u l t s  from t h e  d i f f e r e n c e  between /733 
the  p r e s s u r e s  on t h e  l e f t  and r i g h t  c a n t i l e v e r s  i s  

( X V I I - 4 - 7 )  

where x lTL i s  the  d i s t a n c e  from the  v e h i c l e  c e n t e r  of g r a v i t y  t o  
t h e  c e n t e r  of g r a v i t y  of t h e  t a i l  a r e a .  

The v e h i c l e ' s  moment c h a r a c t e r i s t i c s  depend on t h e  i n t e r f e r -  
ence of t he  t a i l  w i t h  the  body. However, s t u d i e s  have shown t h a t  
t h e  moment from t h e  i n t e r f e r e n c e  i s  s m a l l  and tha t  i n  approximate 
c a l c u l a t i o n s ,  t h e  t o t a l  Magnus-force moment can be determined from 
t h e  value f o r  t h e  i s o l a t e d  p i t c h e d  t a i l .  

E x a m p l e .  Determine the t a i l  s e t t i n g  ang le  d t l  necessary  t o  
impart  an angu la r  v e l o c i t y  of Qx = 5 s-l t o  a f inned  body and t h e  

Magnus-force yawing moment AM a t  a = 5'. 

a l t i t u d e  H = 5 km. The diameter  of t h e  body a t  t h e  t a i l  a t t a c h -  
ment i s  dtl  = 0 . 2 5  m ,  t h e  a spec t  r a t i o  of  t h e  r e c t a n g u l a r  t a i l  i s  

X t l  = 3, 

Y 
The v e h i c l e  f l i e s  a t  a speed Vm = 640.8 m / s  (M, = 2 )  a t  an 

and i t s  chord b t l  = dtl .  W e  f i n d  from (XVII-4-3) 

5.0'25 (-4-1) 32 =0.0021i (O"7'16"). 
3-640.8 3+1 

According t o  ( X V 1 1 - 4 - 1 ) ,  t h e  moment 

Since 

We c a l c u l a t e  t h e  p i t c h i n g  moment due t o  boundary-layer separa-  
t i o n  from t h e  s t a b i l i z e r  c a n t i l e v e r s  f o r  t h e  cond i t ions  
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Rc~=1.3.100(O=O-=0.25 m; If 10.7 km); 

t a i l  area St l  = 0.0625 m 2 ;  d i s t a n c e  between c e n t e r s  of g r a v i t y  of 
v e h i c l e  and t a i l  x l t l  = 0.35 m; a tmospheric  p r e s s u r e  p, = 0.56 
kg/cm2. 

We f i n d  from Formulas (XVII-4-5) and (XVII-4-6) 

5 . 0 . 2 5  
arght = L 5 -  i -I--  - 57.3- I.%'. ' 200 

We determine prght/p, = 0.47, plft/p, = 0.68 from Fig .  
XVII-4-2 and c a l c u l a t e  t h e  moment from (XVII-4-7) : 

9 9 4  



1.8607 
0.3281 
0.4749 . 

1. Gi68 
0.5994 
0.85'11 0.8375 

2.0304 
1.6865 
0.5009 
0.8303 
2.0009 

1 .40Gi 
2.7462 
1.3987 
0.G885 
1.38.50 
2.7159 

1.8673 
0,2924 
0.4730 

1. 6574 
0.5713 
0.8525 

0.9895 
0.7905 
2.1138 
3.3660 

OS4 

A P P E N D I X  No. 1 /734 

TABLE VIII-1-1. GASDYNAMIC FUNCTIONS OF AIR IN AXISYMMETRIC FLOW AROUND CONE 
(k = 1.4).* 

.I .4336 1.3313 1.037'1 1 . :i75'r 
0.1029 
0.5G9 1 
1.13.x 
1.5845 
o.o75/t 
0.548(i 
1, IOG4 
,1. GO83 
U.0400 , 

0.5Ni.5 
1.0598 

U.3Si7 O..fIS09 0.59s9 

1.3773 1.5s41 2.0491 
0.74w U.9103 1.331i.4 O e G  

1.4491 ~ 1.3379 I . 1.0602 
0.3371; 0.437'3 ' 0;iGIi 

1.3727 1.579s 2.054G 
0.745 0.90(i3 1.3323 OS8 

1 1.0 
2.0335 j 

0. w.50 
1.1SG4 
1 ,50?G 
0. 13-3; 
0.5877 
1.1621 

1 .@a5 1.3801 
0.24.-)s 0.3 $65 
0.7 125 0. s732 

. 1 . l I S G  - 
0.47&'1 
1.20110 W, 1 0.6077 1 0.6724 1 0 . 7 7 3  1 1.1137 
1.9088 

I I 

1.3329 I 1.5377 

- 
E - 

0 

0.1 

31, = 3 

\ PC * B 
10 I 20 30 20 I so 40 40 

I I 

10 

1.3439 
0.7759 
1,4151 
2.7580 
1.358/1 
0.7514 
1.4129 
2.7549 

1.8734 
0.2635 
0.468.5 
1.3548 
1.8845 
0.2177 
0.4554 
1.3275 

1. GG74 1.3723 1 0.7289 0.5459 
1.0082 
0. 7F58 
2.1053 
3.3363 
1.0429 
0.7240 
2.0iG6 
3.3235 

0.9606 
0.8136 
2.1170 
3.3696 

O a 2  P 
P 1.3678 I 2.0422 

P 
P 1.3640 I 2,0389 

W 
W 
Ln 



TABLE VIII-1-1 (Cont'd) 1 7 3 5  

- 
E - 

0 

0.1 

0.2 

I 

I 
0.4 1 

i 

i 
I 

\ 10 

2.1394 
0.3772 
0.3298 
1 .8023 
2.1420 
0.3.370 
0.3290 
1 .7!)93 
2.1465 
0.  .3387 
0. :w;9 
1.7!)1i 
2.1533 
0 .;j(JfK) 
0.3198 P 

P / 1.7632 

I 
I 

20 

1.9189 
0.6984 
0.7!14O 
3,0370 
1.9250 
0, fix IS 
0.7931 
3.0344 
1.9310 
0,6(i5!1 
0.7003 
3,0268 
1.9428 
0. fi36.I 
0.7fd12 
2.9991 

a, * 
30 I 40 

1 .5892 1 .M I3  v x  
0.9175 I 0.9915 1 o.G I > 
1 ./1900 2.3737 
3,9858 
1.5986 
O.!NJ14 
1.497G 
3.9831 

1 .4937 

4.5878 /I 1 B 
1.1952 1, 1 vx 
0.!)751 v, 
2.3716 I, I P  
4.5850 1, I P  

1.6078 ' 1.2085 ' I v x  
0.0598 i t  1 v, 
2.3657 /I I D 

3.9756 
1 ,6257 
0.8571 
1.4789 
3.9475 

4.5768 / /  I 

6, 
i o  I sn 

2. inn0 
U.276i 
0 .:" 
1. 7225 
2.1672 
0.2476 
0.2961 
1. 6685 
2.1757 
0.2161) 

30 

0.277'3 I 0.7172 1 .%Si 



0.9763 
2.4Y21 
5.1411 
1.3440 
0.5344 
2.3%2 
5. os4 
I. 36.53 
0.0333 
2.381 
5.0 13, 

0.6854 f .0372 

1.4649 
0.3925 
0.1513 
0.6675 
1.2707 

1.3950 1.4O84 1.4825 vz 
0.3972 vr 0.3120 0.3188 o.oooo '0.1220 

0.8627 0.8207 
0.0000 0.1 vl3 
0.6504 P 
1.2494 P 1,5262 1.4732 

0 

V, 
vr 
VQ 
P 
P 

1.3756 
0.3694 
0.0000 
0.8674 
1.5322 

1.3927 1.4279 
0.3732 0.3526 
0.1352 0.2020 
0.8223 0.7309 
1.4749 1,3558 

TABLE VIII-1-1 (Cont'd.) 1 7  36 
t 

M , = 7  

/I 
- - 

E - 
0 

0. i 

0.2 

0.4 

\ P 
20 I 

2.'" 
0 .3!W 
0.26!15 
3.30D2 
2.2445 
0.3S18 
0.2601 

. 2.3065 
2.2?168 
0.3691 
0.2679 
2.2990 
2.2514 
0.3454 
0.2634 
2.2715 

20 30 30 

1. 6765 
0. !IGXO 
1.5316 
4.7600 
1. 68/13 
0.95'16 
1.5306 
4,7576 

S1.6019 
0.9418 
1.5271 
4.7503 
1.7068 
0.9173 
1.5149 
4.7228 

10 

2.2561 
0 . 3 2 3  
0.25f36 
2.2204 
2.2610 
0.3011 . 
0.2475 
2.1725 
2.2664 
0.2778 
0.2355 
2,0968 

~ 

2.0177 
0.73'16 
0.7(;8:1 
3.870G 
2.0223 
0.7219 
0.7676 
3.8682 
2.0268 
0.7000 
0.7656 
3.8610 
2.0357 
0.6868 
0.7581 
3.8339 

2.0446 
O.GG46 
0.74G3 
3.7911 
2.0536 
0 .6427 
0.7303 
3.7328 
2.0631 
0.6206 
0.7009 
3.6580 

1.7216 
0.8:~/10 
1 .4% 
4.6796 
1.733 
0.8713 
1.4895 
4.6214 
1.751.; 
0.8'189 
1 .4370 
4.5480 

1.0524 

5.2345 
2.4774 11 O a G  

1.2663 11 
1.0383 
2.4754 
5.2218 
1.2780 1.0248 1 
2.4703 , 

5.2139 
1.300G 
0.9996 
2.4512 
5.1852 

0.2408 0.4354 

TABLE VIII-2-1. GASDYNAMIC FUNCTIONS OF AIR IN FLOW AROUND CONE AT ATTACK ANGLE 
(k = 1.4) 

M , = 2 ,  Bc = 15' a=50 

0' 

0 1 45 I 90 

I I 

~ 

90 I 135 I 1EO 

1 1 
1.4419 1 1.4765 1 1.4908 
0.3369 0.3586 0.3688 
0.1808 0.1328 0.0ooo 
0.7337 0.6687 0.6486 
1.3606 1 1.2741 1 1.2469 



t I- 
I .5.180 
0.40ti7 
0.0000 
0.5821 
1.1542 

0.2 
0.3762 
0.4025 
0.6914 

0.3963 
0.3'18 
0.5852 

1.4185 
0.3342 
0.3594 

1.4887 
0.3814 
0.2775 

0.7120 
1.3026 ' 

0.6003 
1.1440 

TABLE VIII-2-1 (Cont'd.) /737 

r 
6. 

4 5  I BO 90 

1.4537 
0..3014 
0 . ,1654 
0.7299 
1.3558 
1.4744 
0.2478 
0.2464 
0.7 I30 
1.3334 
1.4937 
0.2087 
0.1360 
0.6897 
1.3022 

4 5  

1.4221 
0.2763 
0.1126 
0.8127 
1 .4629 
1.44f.X 
0.2123 
0.1005 
0.7877 
1 A307 

0.1634 
1 ./I678 

135 

1,4857 
0,331 2 
0.12u5 
0 ,  ti654 
1.2G97 
1.5029 
0.2885 
0.1059 
0.6517 
1.2510 
1.5190 
0.2551 

0 

1.4800 
0.1017 
O . ( W  
0.7485 
1.3790 
1.5067 
0.0551 
0. OCKN 

1 ..3140 
n . 

1 8 0  1 3 5  

I ..5481 
0.2477 
0. Oiw 
0.5SsS 
1.1G31i 
1.5746 
0.2108 
0, "-io 
0.5513 
1.1103 

- 
0 i 7625 

1.4989 
0 3452 
0.0WO 0.8 
0.6441 
1 .2407 
1.5147 
0.3071 
0.UKH) 1.0 
O.(i301 
1.2214 

v x  1 ,4093 
Vr 0.2670 

0.0000 
0.8520 

V 4  
P 
P 1 .5i 2G 
VX ,I 1.4344 
vr ,, 0.1988 
vv 'I 0.0oOo 
P 0.82'23 
P 1 .4749 

1.4897 1.5136 
0.1211 0.1706 
0.0900 0.1303 

1.5377 
0.22'6 
0,09!i2 
O.cO87 
1.1915 
1.56'9 
1) * I 8 8 0  
0.0927 
0,572 
1 .I400 

0.7315 

0.2 

0.4. 

0.7214 0.6611 
I .  3437 1.2634 
1 ..5159 1.5388 
0,07&3 0.M8 
0.08% 0.1279 
0.6757 0.6214 
I. 2823 I .  2087 

V X  I, 4572 
Vr 0.1487 

8 P  0.7876 0.7569 
P 1.4301 1.3W6 

0.6 ' v 4  0.0000 0,0938 
0.2763 - 

0.0982 o.o(xH3 

1.2249 1.19tiO , 

0.6327 I 0.6119 ! JV, 0.6251 0.6725 

I 

a =  loo >I, = 2 8.. = 15. 

90 I 135 

I 
4 5  

1.3370 
0.3583 
0.2XJ3 
0.M39 
1.5735 
1.3537 

0.2285 
0. !-Km 
1 .5708 

0.3006 

180 

1.4041 I 1.4791 1.3113 
0.3514 

1.0153 
0 

0.9968 
1,6874 
1.3717 
0.1624 
0,0000 
0.900s 
1 .Oh36 

P 
P 1.2993 1 1.1534 1.7097 

1,3289 
0.2890 
0 .oooo 

~ l.nCJ97 
, 1.7029 

0.4124 
0.0000 0.4 ::;;E 1 I 0.1867 1 0.2547 0.3417 

0.1915 ' 0.2S93 0.2161 

1.5423 I 1,3304 1.1814 
0.8WG i 0.7191 ! 0.mY 

0.1 
P 
P 

I 



,,&- 

I 

TABLE V I I I - 2 - 1  (Cont'd.) 

I 

n 
P 

v, \,k!o.'1 1.1137x i . @ 2  1.53tY2 i.%'l:! 1 
v r  
ve, 

0.0522 0.089G 0.18123 .0.2072 0.3501 
0.0000 0.1737 0.2566 0.1002 0.0000 
0.8715 0.8118 O.GY49 0.5832 0.5487 
1.5330 1.4587 1.2940 1.1552 1.1065 

0.8 

n r  I I I I I I 1 

Ma== 2 8, = 200 .~ 

I \  I 6 4  

e i\ -- 
180 135  

0 

v x  ' 1.251i 1 1.2703 1 1.3108 
V ,  1 0.4565 0.462.3 0.4771 
Vh I 0.0000 0.1217 0.1820 

1.3535 
0.4926 
0.1360 
0.8112 
1 . 4534 
1.3732 
0,4589 
0.1250 
0.8110 
1 ."OD 
1.3861 
0.4295 
0.1165 
0.8061 
1 .45/10 
1 .do07 
0.3824 
0.1048 
0,7882 
1,4310 

1.3787 
0.5018 
o.ou00 
0.5839 
1 .4262 
1.3913 
0.4694 
0. 00~JU 
0.7815 
j , 4 3 1  
1 .4O3O 
0.4123 
0.0000 
0.7756 
1.4155 
1.4253 
0.3983 
0 * 0000 
0.7573 
1.3915 

P : 1.0615 1.0087 0.8072 
P 1.7613 1.6982 1.5620 
v,: 1.2729 ! 1.2894 I 1.3304 
v. 0.4072 0.4152 I 0.43511 

I P  
P 
V X  
V r  

0.8 VU 
P 

1.37Ui 
0 .20'15 
0.0OOU 
0.9307 
1 .GO03 
.I .4073 
0.1600 
0.0000 
0.8763 
1.5358 

0. i 

0.2 

0.4 

I:; 0.0000 
P 1.0572 
P 1.7561 

0.1.l:1ki O.l(i88 
1. O06li 0. 8982 
1.Ii9i0 1.5674 
1.3058 1.3454 1.2899 

0.3665 
0.0000 
1.0466 
1.7436 
1 .3205 
0.3016 

1.0152 
1.7060 

0.0ooo. 

0.3763 0.4014 
0.1075 ~ 0.1584 
0.9981 J 0.8931 

0.22.56 
0.1253 
0.7645 
1.3980 

0.2iYI 0.2'319 
0.0<102 O.ili)Uc) 
O.G'JO4 0.  66iJ9 
1,3019 I 1.2625 

0:17V:! 
0.0872 
0.8(126 
1.49s2 1.6870 1 1.5615 

1.3354 1.3721 
0.3143 0,3468 
0.0985 0.1438 
0.9709 0.8727 

0,7260 0.7402 0.7788 0.8248 o.am 
1,6540 1 1.5363 



0.3 t39 
0.4582 
0,2403 

P 
0 
0 
0 

TABLE V I I I - 2 - 1  (Cont'd.) / 7 3 9  

m,=2 B, = 20-4 
00 I1 

a =  I O o  

1:;s ! I S 0  4 5  on 

1 .?XI7 
0 . 4  (is( 1 
0 .  :W!G 
0.8594 
1.5053 
1 .3073 
0.4301 
0.3259 
I). 8735 
i.5311 
1.322 
0.3982 

1 3 5  

1 .:I734 
0.4!)!19 
0. 28(;5 
(J,5085 
1 .3114 
1,3952 
0.4 791 
0.2599 
0.7178 
1 .3371 
1.4051 

n 

1 ,?is0 
0 .  "I 12.5 
0.oOl)O 
1. 13i0 
1.8350 

0.1531 
0.0000 
1.0S14 
1.7738 

1 .3n73 

0 

0.1 

0.2 

0.4 

1.421;; II 1.2IK!) 
0,49!CI 
0.2293 
-1.1085 
1 .8053 
1 ,3275 
0.3!)1)0 
0.2153 
1. 1.109 
1.8110 
1.2151 

0 .  (jX128 
1.2031 
1 .4.123 

O.OO(K, 0.8 
0.5u41 1 
0.6818 jl 
1.2918 ,; 
0.6890 ' ,' 
0.0000 :j 1.0 

1.4391 11 

0.8788 It 
1.2878 i 

I 
J'X : 1.1968 v, , 0.3750 
VO I 0.00uo 
I' 1 .2%97 
P 1 .0/143 
VX 1 .',I.JO 
V .  0.3307 

1.CiSi2 i 1.4777 

v, 1.2479 1.2761 
v r  0 . 2 3 5  0.2x:KI 
V6 1 O.tI000 . 0.18!x) 

' 1.1801 1,fINliJ P P 1.8880 1.77GG , 1.5330 I 1.3363 
, 

1.3'176 1 ./1232 
0.3480 0.4236 
0.2X18 0.2143 
0.8720 1 0.7157 

I i 
1 

I 

I 1 

0.0i i7 0.6927 0.7170 I 1  i 2731 

n = 50 .- c 
I1 

135 1 180 j j  E 
I ' I1 

f 90  

fJ 



0.i 

va! 1.7146 

P 0.8190 
P 1.9889 

l'r 4 0.42'16 
I Vv 0.0000 

1.8040 

0.1456 
0.4565 

0,5314 
1.4781 

1.8206 ' 

0.0000 0.4 
0.4643 

0.5014 
1 .&IO i 0.7929 

1.9434 
0.7372 
1.8502 

TABLE VIII-2-1 (Cont'd.) 

60 

0 I 4 5  1 90 1 :I5 

1.1275 
0.5G55 
0.1102 
I .1!)20 
1.6978 
l . l ( i l8 
0. *-l20!00 
0.1043 
1 :I672 
1,8700 
1.1933 
0.4836 
0.0997 
1.1339 
1.8321 

0.9983 1 1.0196 1 1.0725 
0.4711 0.4866 0.5252 ~~ 

0.0000 0.1021 j 0,1498 
1,5139 1.4531; 1.3143 
2.2193 2.1590 2.0LlG 

1*14f% 11 P 1.aii3 ' 1.3265 ~ 1.2077 
1.8511 P 2.0523 2.0235 ' 1.w51 
1.1537 v, 1.1482 1.1653 1 1.2087 

0.2971 0.3191 I 0.3717 0.5390 , ' v r  

1,3173 1.2702 1.1579 
2.0075 1.9618 1.84N 

0,OUUO 1.0 
1.1212 ' 
1.8218 I' . . 
1.2143 I! 

0,&300 0.0912 0.13(J.? 
P 
P I 

1.0397 I 1.OGOO.I 1.1100 V X  
Vr 

0.4 Vt? 
P 

l p  
1.077% I.OO(i3 1.1438 
0,3693 0.38% 0. 11358 
0.0000 0.0949 0.1374 
1,4310 1,3765 1.2508 
2.1297 2.0774 1.9530 

b L =  3 

0 5037 I 1 1 1 

1.0883 w, 1 1.0893 I 1.0995 1 1.1248 
o*oooo I 0.6 VV 

I . ;  1.7834 11 

60 

DO 45 

1,7183 
0.4604 
0.1295 
0,7577 
'1 A815 
,1. 7289 
0.4268 
0.1250 
0.7574 
1,8847 

I. 7801 
0.4794 
0.1540 
0.5301 
I .457a 

1.7,522 
0.4695 
0.1902 
0, G"F3 
.L .64z'L 
1.7651 

0.1903 
0.0288 
1.6583 

0.4404 

1,7049 
0.4568 
0. OlW 
0.813 
I. 9029 1.9783 1 1.8781 1.6578 

1.7884 
0.3695 
0.1692 
0.6181 
1 A411 

1.4761 
1 .@37 
0.39il 
0.1260 
0.5216 
1,4599 

1 A152 
1.8384 
0. 'I 102 
0. OOIN 
0.4887 
1.3952 

1.7410 I 1.7545 
0.3363 0.3456 
O.OOO0 I 0.1138 

P 
0 
0 
P 



P 
0 
0 
Iu 

v, 
v r  
V# 
P 
P 
VX 
vr 
vt? 
P 
P 

TABLE VIII -2-1  (Cont'd.) 

1.7576 .l. 7704 1.8027 1.8364 1.8507 vx 1.7933 1.8049 1.S347 I 1.86S2 1.8835 
0.2893 0.3012 0.3311 0.3641 0.3795 V r  ' 0.2010 0.2177 0.2571 0.2953 0.3100 

0.oi)00 0.1036 o.lrt9o 0.  IliSl 0.11000 
0.6891 0.6459 0.5481 0.G9i  (1.4251 0.765/1 0.7138 0.6016 0,5076 0.4744 

1.7745 1.7567 1.8175 1.8503' 1.8644 
0.2456 0.2600 0.2952 0.3322 0.3487 

0.7315 0.6840 0.5790 0.4882 0,4550 
1.8347 1.7545 1.5674 1.3928 1.3259' ~, 

0.0000 0.1080 0.1599 0.1177 0.0000 . 1.0 'VS 

1.8951 1.8085. 0.6103 1.4321 1.3659 P 

0.0000 0.1056 0.1533 0.1119 0.0000 JVS 

P 

E '  

0.6 

0.8 

.I. 7 m  
0.2407 
0. 2039 
0.8281 
1.9535 

E 

1 .7,q30 
0.31M 
0.30 I2 
0.8075 
1.6170 

~ 

0 

0.1 

0.2 

0.4 

M , = 3  B, = 150 

0 

1 .e315 
0.4371 
0 .0000 
1 .Oh37 
2.3214 
1 . M I 6  
0.4001 
0 * (J000 
I.l)410 
2.3171 
1 ,6.513 
0.3669 
0.0000 
1.0337 
2,3055 
1 . f;6!)5 
0.3087 

~ 

4 5  

1,6558 
0.4437 
0.2368 
0.8882 
2.0687 
1.067G 
0.4098 
0.2297 
0.8919 
2.0831 
1.6772 
0.3796 
0.2235 
0.8!JIO 
2.0844 
1.6945 
0.3272 

UO 

90 

1.7205 
0.4610 
0.3919 
0.5900 
1.5445 
1 .7303 
0.4365 
0.3724 
0.6043 
1.5931 
1,7450 
0.4142 
0.3565 
0.6135 
1 .I3165 
t .7588 
0.3767 
0.3317 
0. R20G 
1 .G3G7 

135 

1.7970 
0.4815 
0.3338 
0.4200 
1.2128 
1.8174 
0.4716 
0.3103 
0.4315 
1.21181 
1.8220 
0.4506 
0.2914 
0.4386 
1,2875 
I. 8307 
0.4379 
0 . 2 W  
0.4440 
1.3028 

180 

1,8522 
0.4063 
0.0000 
0.4050 
1 .2230 
1,8530 
0.4937 
0.0000 
0,4057 
1.2228 
I. 8546 
0.4880 
0 .oooo 
0.4051 
1 * 2 1 4  
i ,8598 
0.4744 
0.0000 
0.41) I ti 
1.2139 

E 

0.6 

0.8 

1 .o 

a= 100 

0 

1.11870 
0.2570 
0.0000 
0.9763 
2,2132 
I .70'10 
0.2102 
0 .OU00 
0. '3352 
2.l.iG3 
1.7'36 
0.1F31 
0.0000 
O.YS.52 
2.0638 

0.4176 

6" 

0.4323 0.4789 i 0.5320 

- 
I so 



TABLE V I I I - 2 - 1  (Cont'd.) L742 

1 * 5736 
0.5727 
0. ow> 
I . O%~S 
2.3673 
1 .5%0 
0 . 5 4 2  
0. om) 
1 .078.5 
3.3637 
1 .50.5!) 
0 5143 
0. WimJ 
1 .or23 
2.3540 
1 .GI68 
0.46'14 
o.ooO0 
1.0510 
2.3206 

0.5782 
0.1132 
I . 0044  
2.2/106 
1 .GO17 
0.5'19G 
0.1 I37 
1 .0036 
2.2544 
1 .GI37 
0.5227 
0.1129 
0.3980 
2.2484 
1.6341 
0.4748 
0.11oc' 
0.9811 
2.2211 

0 0 .  171li 
0.8417 
1.9801 
I , G i 7 G  
0,5683 
I). 1712 
0.8427 
2 .Ol I 1  
1,6581 
0 543s 
0, 1W8 
o , m 4  
2,0101 
1,677' 
0,50i)4 
0,iG33 
0,8280 
1, 'J!J18 

I .  6!).16 
0.5587 
0 .  130~1 
0.71 IS 
1 .R>41 
1 .7049 
0.5GB3 
0.1272 
0,7002 

1.722 
0. U72  
0.1213 
0.6977 
1.7815 

I .8010 

I , G.JX 
0.3770 
0 .OOlJC) 
0.9821 
2.2108 
1.6797 
0.33W 
0, Dl 100 
0,9344 
2.1336 

0.1 

0.2 

0.4 

1.7'49 
0,5767 I 

1.7413 I1 

0.5457 0.5.27 

a =  10- 

~ 

1.6748 1.75GG 
0.0096 0.6394 
0.2842 O , m  0.1 
0.5745 0.5255 
1.4662 1.4683 

1.5155 1.5893 
0,5785 
0.3428 
0.8069 
1.8690 

1.4903 
0.5088 
O.oo00 
1.3396 
2.6843 

1.5322 
0.5230 

v, 1.4872 
vr . 0.5413 

D 1 .3423 
vi) 0.3371 0.276:! O.(Joo1) 

0.8163 1 0.5807 1 0.5248 
1.9329 1.5.537 1.4663 

0 
P 
P 12.6884 2.4247 

P 
0 
0 
W 



IJ 
0 
0 

0 

vz 
V r  vf) 
P 

TABLE VIII-2-1 (Cont'd.) 

M, = 3 a =  ioo  
40 

90 

1 .6205 
0.5380 
0.331li 
0.8218 
1 .95:34 
1 ,6484 
0.5000 
0 .;<m 
0 * 8238 
1,9G8! 
1.6647 
0.4073 
0.3115 
0.8160 
1.9621 

6' 
E 

0.2 

0.4 

0.6 

4 5  135 0 1 4 5  190 
I I 

0 

1.5111 
0.4791 
O.O(100 
1 .3:122 

1 .5333 
0.425t j  
O.IJ(WW 
1.3007 
2.6376 
1.5546 
0.3776 
0.am 
1.2700 
2.5837 

2.6742, 

180 180 

1,5442 
0.4957 
0.2121 
1 .io18 
2 &ti7 
1.5li56 
0.44 70 
0 . 2 w  
1.1474 
2.4305 
1.5856 
0.4037 
0.2088 
1.1225 
2.3962 

1.7677 
0.6111 
0. (1000 
0.5'228 
I . W 8  
I .77!12 
I). 5858 
0.0(100 
0.5 I 53 
1.4478 

1.8064 
0.5357 
0.MkN.J 
@.XI9  
I .  3ss4 
1 . $270 
0 .5032 
(7, lux) 
0.45Wl 
1.3310 

1.5763 
0.33% 
0.0000 
1 *?l.$Z 
2.51 70 

1,7259 
0.5862 
0 * 2083 
0.5842 
1.5riX2 
. I ,  7400 
0.5571 
0.2Y23 
0.5847 
1.5746 
1.7531 
0.5314 
0.2387 
0.5784 
1.5647 

0.3637 0:43% 
0.208 I 0.3040 

1.1685 j .04D1 , o.iso2 
2.4348 , 2.2834 , 1.9055 I : :  

1.7917 
0.5614 I, 

o.o(JrJ0 
0 9 5033 '. wx 
1.4237 

B,. = 30' 

-- 
0.322' 1 0.5444 1 0,5513 1 0.63'8 0.6608 

I 

P 
P 

n = 3  a = 3' 

E I\ I 
6' 

E 0 -- 

I ,2480 
0.7206 
0.0000 
1.7089 
3.0491 
1 .2G36 
0. G942 
u .oooo 
1.7UG3 
3.0458 

45  1 90 

1.2647 I 1.3004 

136  

1.3502 
0.7795 
0.1028 
1.2148 
2.3895 
1.4121 
0.7844 
0,1112 
1.2138 
2.5151 

i 80 

1.4272 
0.8240 
0.0000 
1.1479 
2.4447 
1 * 4402 
0.80 14 
0 .  OI h IO 
i , i4w2 
2?4434 

0.7302 0.7543 
0.0950 0.1398 
1.6121 1.3986 

0.2 

0.4 

2.Y248 1 2.6424 
1.2870 1 1.3475 
0.7U88 , 0.7454 

VX 

0.1 1 % 
' P  

O.I(D0 0.1501 
1.61UG 1,3983 
2.9442 ~ 2.7142 P 



TABLE VIII-2-1 (Cont ' d 0 /744 

1.5108 
0.8273 
0.0000 
0.9iOO 
2,1191 
1.5400 
0.7971 

, 0 . 0000 
0.8966 
2.G969 

- 
E - 
0 

0. I 

0.2 

0.4 

[ 

' ' , l . O  ' 

WX 

, 

N,=3 0, = 3 0 °  

0 

1.13'33 
0.6577 
0.ocxw 
2.11 196 
3.31 11 
1 .15Ci 
O.K!!)$ 
0.N)CM) 
2.0105' 
3.3075 
1,1721 
0,6030 
0,ooOO 
2, OOiS 
3,2974 
1.2032 
0.5553 
0,0000 
1.9774 
3.2616 

i.1724 
0.6760 
0.1872 
1 .8014 
3,051 5 
1 . "003 
0, Ii5G!) 
0.1!165 
i.80'23 
3.0858 
1.2175 
0.G332 
0.2021 
1.7983 
3.0887 
1,2482 
0.5898 
0,2096 
i .7783 
3.0736 

1 ."580 
n . m 3  
n . 2882 
1.3517 
2.4856 
1.315'3 
0.7271; 
0.2!)80 
1 * 3573 
2.00'2 
1,3334 
0.70'51 
0.3063 
1.3592 
2,6147 
1.3621 
0, 6739 
0.3139 
1.3539 
2.6385 

1.3535 
0.7814 
0.2221 
1.015G 
2.02IM 
I ,  4469 
0.8075 
0 ,  2X!)  
,I .0181 
2. 2 5 9  
1 .4(i22 
0.7909 
0.2389 
1.0180 
2.2405 
1.48Go 
0.7598 
0.2416 
1.0109 
2.2416 

u =  t C "  

0 

1 .2:333 
0 ,5 1 25 
0.01 )no 
1 .9x30 
3.20!11 
1 , 2\30 
0.4729 
0. o( nfi 
i .8771 
3.1425 
1.2033 
0.14350 
O.oo00 
1.8102 
3.0621 

0.8257 

4 5 

1,2766 
0.5.508 
0.2149 
I .  7457 
3 .03!13 
I .3U'll 
I), 3 I51 I 

I .  7027 
2.9901 
1.3317 
0.4809 
0. 'LBO 
1.6t98 
2.9269 

n. 21 q:$ 

0.8343 

0.3'103 
1 -28.53 
2,5682 - 
0.8559 

1.4315 1.5176 
0.5872 j 0.68'23 0.7179 

0.9492 0.8191 
2.1541 1 1.9658 

n .2334 0 .woo 

0.8753 0,8802 i !  



0.17ti4 0.1345 0.000 ' 

0.5147 0.3839 0.3401 I l', 
2.3622 \ 1.9780 1.8353 

0.35'20 

P 
0 
0 
cn 

TABLE VIII-2-1 (Cont'd.) 

BC = 1 5 O  a = 5 O  

-11 t an E l\l I l r 5  
I1 I I I 

n 

1.9796 
0.5304 
0.0000 ' 

0.7716 
3.0009 
1.9s49 
0.5111 
0. OrMO 
0.7705 
2.9979 
1.9900 
0.4'327 
0. woo 
0.7674 
2.9894 

1.9905 2.0186 
0.5409 
0.1663 
0 ,51(i8 
2,2538 

2.0501 
0.5493 

2.0607 
0,4:1;< 
0. 1763 
O..3Ni!I 
2.343 1 
2.06!U 
1). 4 3  I 1 
0.1737 
0 .4!l.5 I 
2.3OS3 

2.0929 
0.5608 

0 

0.  I 

0.7:18!) 0 ,  cir;.,n 
2.90!1s 2,7426 
?,O'Lo,Y 3 .03.'16 

0.3476 P 
1.8645 P 
2.09G9 v, 
O.54GI V ,  0.3033 0.404!1 - I' ! 2.7663 

2.79G7 I 2.3505 1.9810 
2.0049 
0.4982 
0,1150 
0.6867 
2.7967 

2.0425 2,0831 2.1008 ' vx I 2.0320 2.0450 
0.5117 0,5260 0.5326 ' V r  ' 0.3607 0.3745 

0.5183 0.387G 0.3456 4 0.6868 0,6221 
2.6199 

0.1748 0.1363 0.0000 1.0 ~ 1's 0.0000 0.1231 

2.0753 j 2.1166 I 2.13i7 
0.4036 0.42s" 0.4335 
0.1749 0.1255 I 0.ckkN 0.2 

0.4 

2.3621 1.9864 1.8565 ' i, 2.7tilG 
v, : 2.0002 2.0150 

' 0.0000 0.1181 
v, 
D I 0.7561 0.6785 
VQ 

: 0.4580 0.4653 
1 

a =  100 

P 2,9579 2.7787 

00 

E I 
l\l I " I I 4 5  \ 

VX v, 
vu 
P 
P 

0" 

00  00  4 5  

1.9197 
0.5144 
0.201 1 
0. Mi68 
3.0193 

1 3 5  180 

1.9751 
0. Y.92 
0.313463 
0.4897 
2.0079 

2.0439 
0.5477 
( I .  3070 
0.  2 n 3  
1 . a 5 5  



/746 TABLE VIII-2-1 (Cont'd.) 

0.2 

0.4 

0.6 

0.87c)o 0.50'14 
3.0!131 , 2 . 3 5 4  
I .9.'IS8 2.0184 
0.4404 l1.4X71 
n.221s 0.:1405 
0.80:,!) 0.5140 
3.1037 2.2903 

0.2732 0. '"'10 
1 .5308 1 .3388 
3.0987 2.1347 
n . r m  0 . ~ 7 ~  

V x  , 1 1.9561 
v, I 0.3228 

0.28U 0.UO~Io 1.0 
0.2811 0.2270 
1.5SMi 1.3903 

n.(JO(HJ 
0.9008 P 

P 3.2496 

vb 

2.1032 1 2.1301 
0.5145 0.5353 - 
0.2724 0.0()00 
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0.2803 0.2234 0.3460 
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0.2617 
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0. :m!) 
I .%D% 

0.6 
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0.9'33 
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0.8471 1 
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4.4790 
-- 

0 

2.OT!)(i 
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- 
E - 
0 
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0.00I)O 
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3 .  ull91 
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0 .  I 180 
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' D  0.7088 

E 

2,(lii'I.'i 2 .  1285 
I I  .5532 0.5703 
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0.i 
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0.3189 
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0.7525 
3.7148 
2.0249 
0. G840 
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0.0000 1.0 
0.2884 
2.3855 

~ 1.8583 '.I" 
' 0.6058 0.62M 
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I 4.6612 
. ' P  

i p 

-11 180 E 
60 

E 

0 

0.i 

4 5 90 I 1 3 5  16n 

1,ix:I 
0.9!1!17 
0.1 MI(  tIJ 
1.l:i(i5 
4.38M 
1.7978 
0.9789 

1.1274 
4.3610 

0. own 

0 4 5  

f . G l 1 . 3  
0.892 
0 .  ,11137 
I .  8154 
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TABLE VIII-2-2. AERODYNAMIC COEFFICIENTS OF CONE IN BODY COORDINATE SYSTEM - /754 (k = 1.4) 
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TABLE IX-2-1. GASDYNAMIC FUNCTIONS IN AXISYMMETRIC FLOW OF CHEMICALLY REACTIVE 
AIR AROUND SOLID OF REVOLUTION BUILT UP FROM CONICAL ELEMENTS 
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1.349 
1 .on1 
2.585 
6.055 

1.446 2.1Sl) 2.236 
1 .043 0.090 0.OtiS 
2.111 0.123 0.056 
5.240 0.705 0.3!IY 

2.239 
0 
0.05c 
n.:m 

v x  
I'r 

P 
OS2 P 

P 
0 
P 
03 TABLE IX-2-2. COMPARISON OF GASDYNAMIC FUNCTIONS CALCULATED WITH AND WITHOUT 

CONSIDERATION OF CHEMICAL REACTIONS /757 

Semiapex angles: nose conetpc=40*, main cone@,=O* (cylinder); M&=201  - 
E 

- 
0 

0.2 

0.4 

0.6 

- 

E 

-. 

x 

wlth consideration of chemical reaotlons 

x 

with consideration of chemical reactions \ 
v x  
V r  
P 
P 
v x  
T'r 
P 
P 

1 . 1 6 0  2 . 0 4 0  2 . 0 4 0  10.60  11 1 . 0  

1.418 
I. 109 
2.482 

10.612 

1.008 
2.460 

IO. 534 

1. 428 

1 . 1 5 ~  

1.431 
1.100 
3.38!) 

10.881 
1.433 
1.097 
2.448 

10.433 

10.60  

1.377 
1.156 
2.524 

10,757 
1.388 
1,143 
2.521 

10.747 
1,398 
1.131 
2,513 

10,719 
1.408 
1 . I 2 0  
2.310 

i0.G74 

2,132 
0 
0.057 
0.443 
2.119 
0.040 
0.069 
0.519 
2.043 
0.287 
0.160 
1.083 
1.952 
0.470 
0,:i I!) 
1.951 

2.133 
0 
0.056 
0.433 
2.138 
0.072 
0.054 
0,430 
2.159 
0.113 
0.052 
0.417 
2.317 
0.1:12 
0.043 
0.5x 

v x  
V r  
P I 
P 

1.893 
0.til7 
O.:i-'tl 
3.172 
2.040 
0.826 
0.971 
7.820 

1.516 
1.056 

7,752 
1 .478 
1.080 
1.940 
8.691 
1.454 
1.093 
2.135 
9.392 
1.439 
1 .on!) 
2,2!)4 
0.919 

- 
2.371 
c).l!l4 
0.0(; 1 
1.314 
2.3s3 
0.304 
0.133 
4.223 

3.730 

0.168 

! 0.8 

1 .O 

- ~~ 

1. 632 W 0.017 1.062 

0.917 0.913 0.478 

I1 

' I \  

\ 
x 

I \  

\ without consideration of chemical reactions (k = 1.4) '' 

I €  

lo.Go / /  
I1 I 

without consideration of chemical reactions (k = 1.4) 

I 2 . 0 4 0  I ln.130 1 . 0  I ! . I 6  

v x  
Vr 
P 
P 

1.329 
1.115 
2.591 
G . OG5 

1.486 
1 .035 
1.885 
4.700 

2.207 
0 
o.091 
0.fifio 

0 



TABLE IX-2-2 (Cont'd.) 1 7 5 8  

J'x 
v r  
P 
P 
V ,  

- 
e 

- 
0.4 

0.6 

0.8 

f ,3(i!) 1 .426 
1 .OB9 1.041 
2.5ti8 2.280 
G.037 5,536 
1.355 1.416 

Seminpex nr%cs: nose cone ,& = 40.. main cone,& =ow (cylinder); Y, 

X X \ I  without consldetatlon of chemical renctlons (k = 1.4) vlthout consideration of chemical reactions (L = 1.4) 

1); 
P 
P 
VX 

P 
P 

v, 

\I 1 . 0  I 1 .16  

I 

1 .,o.is I 11034 
2.54:! 2,395 
5.983 5 . 7 3  
1.407 1.416 
I .023 1 . o x  
2.508 2.460 
5.925 5.845 

2.357 
0.212 
0.072 
1.233 

I 

WX 0.999 0.999 0.185 

2 . 0 4 I) 

2. o m  
0.3!)0 
0.310 
1.316 
1.940 
0.571 

' 0 ,5::3 
1.956 
1 .'a5 
0.706 
0.775 
2.888 

TABLE IX-2-7. GASDYNAMIC FUNCTIONS OF AIR IN AXISYMMETRIC FLOW AROUND SOLID OF 
REVOLUTION (Ma =-2O, a = 5") 

s= 1 .: 

0 - 
1.047 
0.984 
O.OO0 
3.095 
9.990 

b" 

05 j DO 1 135 

I I 
1.077 I115G 1.247 

0.039 0.054 0.038 
2.937 2.575 2.231 

1.012 1 1.086 1 1.172 

9.681 I 9.061 I 8.688 

180 - 
1.290 
1.212 
O.Oo0 
2.101 
8.676 

0 
1.705 . 1.578 1.291 1.018 0.W7 1 5.951 1 5.652 [ 5.018 I 4.535 I 4.393 1 ;- 

P 
0 
P 
u3 



0 
Iu 
0 TABLE IX-2-3 (Cont'd.) / 7  59 

x =  i . 4  

. 

? E  I\ . 
I 

n 

1.044 
O,!lS I 
O.(hX) 
3.155 

IO ,  159 
1.042 
0.957 
0.000 
3.210 

10.313 

0.9titj 
0.000 
3.345 

10.687 
1.042 
0,951 
0.000 
3.459 

IO .  996 
1 .079 
0,'3F9 
0 . O( IO 
3 * 526 

11.410 

I .om 

1.437 1 
rv, 1 1.140 

I.V 

4 5  

1.07(i 
1.012 

3.001 
9.859 
1.074 
1.010 
O.OS/I 
3.03!) 

10.06ti 
1 .Oi0  
1.002 
0.117 
3.2(13 

10.494 
1.071 
0.989 
0.141 
3.322 

10.840 
1.102 
1.003 

3,392 
11.249 

o.o(in 

n . m  

1 . / I 3 5  

1.147 

or) 

.I . 151; 
1 .O!)l 
0.09!) 
2.ti48 
0.347 
1.153 
1.092 
u.12:5 
2.714 
9.574 
1.146 
2 . O!)O 
0.170 
2,876 

1.144 
1.082 

10.519 
1.163 
1.089 

3.070 
10.904 

in. 114 

n ,202 
3, oon 

0 ,  m 

1.430 

1.159 

135 I i 8 0  

I 
I . 242 1 . 280 
1.177 1.214 
0.073 0.0111) 
2.318 2.186 
9.001 8.9ti4 
1 . 2 x  1.272 
1.179 1.216 
0.0191 0.000 

1.224 1 1.257 

2.xi.5 1 2.440 
9.858 9.817 
1.219 1.250 
1.175 1.214 
0.146 O.OO[I 
2.689 2.563 

10.281 i0.228 
1.230 1.259 
1.178 1.21ti 
0Ii58 ' o.Oi)o 
2.754 2.625 

10.633 I 10.564 

E - 
0,i 

0.2 

0.5 

0.8 ! 

1 .O 

\ II 

I. 2iO 
0 . X I i l  
0.000 
1 ,{I 13 
6.575 
1 . 2 4 2  
0.872 
0,000 
2.08.5 
7.0S(i 
1.192 
0.883 
0.000 
2.456 
8.256 
1.202 
n.9io 
0.000 
2.iS9 
9.347 
I. 297 
0.989 
0. OlN 
3.001 

10.835 
I 

4 5  

I .:NQ 
0.8SX 
0.069 
1.790 
6.321 
1 .273 
0.903 
0.085 
1 . 966 
G,8(iL 
1.219 
0.919 
0.117 
2.374 
8.096 
1.221 
0.944 
0 .  1x1 
2.682 
9.210 

B O  

90 

.I .300 1 ,3.'15 
I . K O  1 .097 
0.149 ~ 0.21.5 
2.sw 2 . m  

10.733 10.5ti9 

135 1 180 

1 

1.336 ' 1.384 

8.675 8.61s 



TABLE IX-2-3 (Cont'd.) 

X== 1 .6  X =  1.8 

E 1\17 I 

- 
180  

2.105 
0.113 

0.052 
0.391 
1 . !J80 
0.462 
0. 0IJn 
0. i.i3 
0.939 
1.878 

0. ill IC1 

90 1 1 3 5  4 5  1 A(I -- 
1 . 9.3 
0.584 
0.000 
0.212 
1.324 
1.779 
0.792 
0 ,  m0 
0./135 
2.415 
1 . (245 
O , t l ! G  
0.000 

I 0.(i2 
3.364 , 

1 .613 
0.409 
0 . 000 
0.637 
2.553 
1.545 
0.612 
0.  ooo 

1 . G79 
0.510 
0 ,044  
0.Xt  
2.342 
1.578 
0.63.; 

0 ,  834 
3.28' 
1.502 
U .70Y 
0. ns5 
1 .OS7 
4.118 
1.372 
0.801 
0.216 
I ,660 
5.934 
1.401 
0.8!)6 
0 .  135 
2,072 
7.761 
1 .SI5 

0.070 

1.775 1.878 
0.539 0.570 
0 .  OM 0.043 
0.30'1 I 0.236 
1.851 j 1.480 
1.G61 , 1.746 
0.694 ! 0.761 

1.111 1 0.984 0.705 ' 0.465 
1.751 ' 1.784 1.864 1.944 
0.305 0.324 0.378 , 0.438 
0.000 0.069 ; 0.r!!i8 0.OG8 0.1 

0.2 

0.072 
0.914 
3.474 
1.472 
0.679 
0.000 
1.168 
4.291 
1.34G 
0.765 
0.0W 
1.740 
6 .Oh3 
1 .3!N I 0.8ti3 

1.577 1.655 
o I 782 
0 . 123 
0.896 
3.733 
1.437 
0. S!)2 
0. I(i8 
1 . 4GO 
5. fl84 
1.435 
0.977 
0.195 
1.8(i!l 
7.535 
1.531 
i .om 
0.210 
2.179 

10.542 

0. 8,i'J 
0.089 
0.714 
3.439 
1.507 
0.982 
0.122 

0.438 ' 0.46; 
o m n  1 0.083 
O.(i10 , 0.536 
2.457 ~ 2.326 

0.5:13 ; O.FI2 
0.118 0.094 ' 

0.429 4 0.323 ' 

0.6'13 
0 ,  rrS9 
0.283 

2.041 ~ 1.802 
1.492 1 1.516 
0.1332 I 0.6G9 

1.537 . 
1.01'5 
0.000 0.5 o m 0  I 0.112 

1.148 ' 1.091 0.948 0.799 
4.213 : 4.124 3.929 ' 3.789 
1.517 1.533 1.557 1.506 
0.788 0.8"2 ' O.'JO.'l 0.987 
n.ooo O.I:{I) 11.18s 0. 137 
1.Ii27 1.SM 1.412 1 . 5 4  
(3.386 0,307 G.1fiG 6.113 

l.657 , 1.5GH 
7.404 7.381 

; 1.511 1.67G 1.673 1.673 1.688 1.5GO 1.578 
! 0.070 1.002 ' 0.000 0.145 
I 2.478 2.391 

10.534 10.537 

l.15G 11187 
0.153 0.000 1.0 
1.956 1.859 

0.929 0.932 1.040 i.117 
0.000 0.140 0.205 0.150 
2.089 2.002 1.836 1.658 

1.1.5s 
0.000 
t .574 

10.411 10.287 10.504 10.455 10.252 9.923 9.737 

IV 1 1.816 1 1.820 1 1.826 1 1.824 1 1.820 T.y 1 1.958 1 1.966 1 1.981 I 1.986 1 1.984 

w, I 0.773 1 0.790 I 0.829 I 0.860 1 0.869 I WX 0.657 1 0.676 0.723 1 0.764 1 0.777 

I 



P 
0 
N 
N TABLE IX-2-3 (Cont'd.) / 7 6  1 

1.871 ~ 1.907 
0.000 0.000 
0.00u ' 0.055 
0.1S7 0.153 
0.928 0.810 

1.005 2.089 2.131 
0.000 0.000 0.000 
0.077 0.055 0.000 0 
0.089 ' 0.049 0.037 

0.356 0.288 I 

2.052 ' 2.090 I 

0.146 ' 0.161 

1.878 ' 1.904 ~ 1.978 I 2.071 , 2.117 
0.o00 O.(X,O O.OOO i).tw 0.000 
0.000 I 0.108 1 0.158 0,114 0.060 

0.150 1 0.099 0.058 0.045 kg I 0.799 
, 0.609 0.408 , 0.33s 

1.906 1 1.9S0 2,072 ~ 2.118 
0.011 0.013 0.012 I 0.003 0.006 

0 

0.1 

0.2 

0-5 

0.8 

1 .o 

-- 

0.561 
1.969 
0.103 
0.098 
0.121 
0.731 
1.8!)9 
0.204 
0.1 14 
U.215 
I ,  17:: 
1 .N!) 
O.lil3 
0.153 
0.588 
2. 654 
1. 646 
0.s11 
0.180 
1.042 
4.798 
1.784 
0.993 
0.199 
1.567 
9.719 

2.117 

1.855 
0.047 
0.000 
0.217 
1,049 
1,793 
0.201 
0 . ono 
( 1  .:ct! 
1 ,4x 
1 . l i l H  
0.4XS 

0.746 
2,903 
1 . (i22 
0.691 
O,(I00 
1.201 
4.952 
1.803 
0.874 
0,000 
1.74s 

10.1115 

0.  noo 

> 2.081 

0,572 

1.880 
0.060 
0.070 
0.185 
0.94s 
1.824 
0.225 
0.081 
iI.2!14 
I .:\-I7 
1 .1i4:\ 
0.524 
0.1OG 
0.701 
2.829 
1.626 
0.726 
0.124 
1.156 
4 * 8110 
1.796 
0.909 
0.137 
1. 698 

IO, OOG 

2.093 

0.594 

0.000 0.1 
0.062 ~ 

0.453 

0.000 0.122 , 0.177 0.128 0.0W 
0.174 0.150 0.009 0.059 0.0-15 
0.870 0.801 0.616 0.407 0.332 

0.067 
0.077 
0.527 
1.970 
0.363 
0.079 
0, .I 52 
( 1 ,  \I!l2 

I * 77:: 
0.708 
0.110 
0.484 
2.526 
1 .G80 

'0.896 
0.131 
0.927 
4.744 
1.787 
1.073 
0.146 
1.421 
9.334 

2.131 

0.602 

2,011 
0.387 

0.128 
II.X115 
.I.HOI 
0.742 
0.000 
0.441 
2.442 
1. 688 
0.027 
0.000 
0.874 
4.665 
1.796 
1.103 
0.000 
1.347 
9.118 

0.  (m 
1.882 
0.019 
0.000 
0 .  I72 
O.Sli7 
I . S!IS 
0.04(i 
0.000 
0.173 
0.903 
2.06s 
0.300 
0.000 
0.331 
2. "50 
2.220 
0.501 
0.000 
0.659 
6.646 

1.908 ,, 1 . W  2.076 2.120 
0.021 0.018 , O.OU3 ' 0.017 
0.123 0. 176 0 . 1 2 4  0.iioO 
o., l .;! l  

0.2 

0.5 

0.8 

1.0 

( I .  st Ill 
1 .!IO!I 
0,077 
0.116 
0.163 
0.S73 
2.060 
0.342 
0.1.16 
0.319 
2.151 
2.20s 
0.551 
0.11s 
0.648 
6.605 

2.918 

0.308 

II, G I2 
l.!l{{ 
0. l(i7 
0.165 
0.144 
0.840 
2.048 
0,445 
0.167 
0.292 
2.038 
2. IS2 
0,  667 
0.l73 
0. (ios 
6.4S5 

3.052 

. 

1). 117 
0.121 
0.770 
2.046 
0.550 
0.120 
0.267 
1.90Y 
2.159 
0. 779 
0.127 
0 .  S64 
6.331 

3. I77 ,IY 2.133 1 I' 2.801 

0 * ti45 0.706 0.287 0.3di 0.423 



T A B L E  IX-2-4. F U N C T I O N  ( x ,  8) F O R  D E T E R M I N A T I O N  O F  COOR- / 7 6 2  
D I N A T E  5 BY FORMULA ( I X - 2 - 1 )  e 

. __ _ _  . _ _  .. - ... . .. . _ _  
I 

l P P E N D I X  No. 2 

PARAMETERS O F  A I R  A T  V A R I O U S  A L T I T U D E S  (STANDARD A T M O S P H E R E )  
- 

Altitude Tempe* 
ature 

H. km I; 

0 
0.5 
1 
1.5 

2.5 
3 
4 

6 

3 - 

3 

- 
i 
9 

10 
11 
12 
14 
16 
18 
'lj 
22 
2'1 
2.5 
28 
20 
3 2 
3 't ', 6 
38 
40 
4.5 
5') 
5.) 
6V 
6.5 
70 
81) 
90 

1 (HJ 

- -  

. . . .. . . 

- .. .. 

7.8438 
5.3716 
6.9208 
6.0850 
5.3338 
4 .  6595 
4.0.160 
3.5 1 82 
3.0388 
2.ti144 
2. "393 
1.9137 
1.3959 
1.0213 
7.6Ci30~10-~ 
5.45116 
3.9875 
2.915% 
2.1341 
1.5736 
1 .1G81 
8. 73.37. 10-3 
G ..58'LO 

1 .0000 
9.*5PS1.10-' 
o.CJitil 
8.6351 
8.2171 
7.811'7 
7.4337 
6.6891 
6.0125 
5.3895 
4.8171 
4.2931 
3.8132 
3.3761 
2.9784 
2.5453 
1 .8>93 
1.3534 
9.9237. 10-2 
7 ..25 17 
5.3033 
3.8776 
2.8030 

1.4613 
1 . 0676 
7,8G08.10-3 
5.8276 
4.346-5 

2.0164 

3.2G.X 
1. fj397 
8.7788- lO-4 
I t .  8 10.5 
2.7071 

. 

Speed of 
sound 
" H * 
m/s 

. 

3511.33 
:3:3s.:Ki 
33ti.43 
33 i .  '18 
332.  .->2 
3:3(-l.j3 
328.56 
3 2 5 . 3  
320..51 
316.41 
312.25 
308.0.; 
303.78 
299.55 
205.i~7 
29.5.07 
295.07 
295.05 
295.07 
295.07 
295.07 
29.5.07 
296.93 
3C~J.61 
3(~ 5.23 
307.8i 
311.38 
314.89 
318.36 
321.78 
330. 17 
33 1 .83 
929. 74 
319.11 
3i!8.13 
%ti .  i t i  
272.Ii6 
272.60 

. - .. 

Kinematic 
viscosity 

Accelera. 
tion of 

1. i m 7 .  10-5 
l . j l06  
1 ..XI2 
1. GG61 
1.7146 
1.7566 
1 .Sli24 
2.02i i  
2.2103 
2.4153 
2. 64.52 
2.9030 
3.1942 
3.3232 
3.89636 
4.5595 
6 .2420 
8.5437 
1.1694.10-4 
1 .5997 
2.1883 
2.9929 
4.1842 
5.9370 
8.3365 

1.6135 
2.2165 
3.0248 
4.0956 
8.4957 
1. ,5997.10-2 
2.8903 
4.8549 
8.5151 
1.5ii.;. 10-1 
5.9202 
3. .ii.i!j. 100 

1 .1~~1.10-3  

3 .  8OGG5 
3.80511 
3 .  80357 
3.8O203 
3.80019 
3.79896 
3.79742 
3 .  i9435 
3.79128 
9. 'is820 
9.78.514 
9.78207 
9.77900 
3.77594 
9.75287 
9. i608 1 
9.76369 
9.7.57.58 
9.75146 
9.74537 
9, 73927 
9, 73318 
9.72710 
9.52102 
9.7149 '1 
9.70888 
9.7i~282 
9 .  G!)G'iti 
9.69071 
9.08166 
9. IiWi7 
9.6.54.52 
9. (i3J.50 
9.K2452 
9. fi(j957 
9.5!)KX 
9.56 i ! J i  
9.5:3.m; 
9. s'~lJ>!l 1 

- .___ 

Av. mol- 
*Culm 

weight, 

p ~ v  H 

28.966 
28.966 
28.966 
28.966 
28.966 
28.066 
28.966 
28. 966 
28.066 
28.966 
28.966 
28,966 
28.966 
28.966 
28.966 
28.9G6 
28.966 
28.966 
28.966 
28.966 
28.966 
28.906 
28.966 
28.966 
28.966 
28.9G6 
28.966 
28.906 
28.966 
28.966 
28.966 
28.966 
23.966 
28.966 
28.9G6 
28. 966 
"8. 96G 
28.966 
28.962 

1 0 2 3  



Altitude 

n. km 

1 .(Jfi33.10-8 
2.~518.10-9 
'3.0457. ill-10 
5.0883 
2.9457 
1 . .%J4 
8.383.5.10-" 
4.7024 
2.736'1 
0.7342 
0.1806 
0.3402. to-1-2 
0.1879.10-'* 

,Speed Of 
Kinematic 

'Ound Vi8CO8ity 

= I t *  '* N * 
m2/8 d s  

.. ._. . . -- 
I 

Accdere 
tion of 

freo fall 
*HI 

9.d32R8 
9.38!J48 
9. .332ii:', 
9.27400 
'3.2 1550 
!I.l4i!i2 
9,07850 
9.0 1021 
8.94270 
8.680 
8.428 
8.185 
7.957 

d 8  -___ 

28.624 
28.314 
2 5 ,  9.X 
27.476 

26.348 
25.577 
21.672 
2.3.73 1 
19.56 
18.28 
17.52 
17.03 

27, fXJ0 

Notes : 
1. The d a t a  i n  Appendix No. 2 up t o  t h e  a l t i t u d e  
H = 200 km are t aken  from GOST 4401-64. 
2 .  The d a t a  i n  t h e  a l t i t u d e  range from 225 t o  300 km 
correspond t o  recommendations c i t e d  i n  GOST 4401-64. 
3. The remaining d a t a  (up t o  H = T O O  km) are  t aken  
from [17]. 
A t  H = 0 ,  pH = 25 N/m2 = 760 mmHg = 10,332.3 

i k d &  I 
m 4  

= pg 
kg/m ; OH p8rr = i .225 kg/m3= 0.12492 ~. 

A P P E N D I X  N o .  3 

TABLE FOR CONVERSION OF UNITS USED I N  AERODYNAMICS TO MEAS- 
URE VARIOUS QUANTITIES FROM MKGFS SYSTEM TO INTERNATIONAL 
SYSTEM ( S I ) ,  GOST 9867-61 

Des igna t ion  Old Unit  N e w  Unit  
- 

Fundamental Uni t s  

Length l m  
Mass 
Time I s  
Thermodynamic Temperature l 0 K  

Deri'ved Uni t s  

Ve loc i ty  
Acce le ra t ion  
Acce le ra t ion  of g r a v i t y  
Force 

1 m / s  
1 m / s 2  
9 . 8  m / s 2  
1 kgf 

l m  
1 kg 
I s  
lo K 

1 m / s  
1 m/s2 
9 . 8  m / s 2  
9.807 N 

1 0 2 4  



Pres sure f Dynamic viscosity 
Kinematic viscosity 

tr t i  Work, energy 
Amount of heat 
Thermal equivalent of work 
Mechanical equivalent of heat 
Specific heat 

Entropy 

.t: 'F 

Enthalpy 
Specific heat flux 
Heat transfer coefficient 
Coefficient of thermal 
conductivity 

Emissive power of absolutely 
black body 

Gas constant 
Coefficient of thermal dis- 

f us ivi ty 

1 kg/cm2 
1 kg/s2 
1 m / s  
1 kgf-m 
1 kcal 
1/427 kcal/kgf-m 
427 kgf-m/kcal 
I kcal/kgf-deg 

1 kcal/kgf*deg 

1 kcal/kgf 
1. kcal/m2*h 
1 kcal/m2*h*deg 
1 kcal/m-h*deg 

4.88 
kcal/m2 *h*deg4 
1 k$f-m/kgf*deg 
1 m /h 

.. - -  

New Unit 
(SI 1 

~~~ ~ 

9.807-10'' N{m2 
9.807 N-s/m 
1 m2/s 
9.807 5 
4.187=lO3 J 
1 J/N-m 
1 N-m/J 
4.187*103 
J/kg deg 
4 ~ 8 7 -  lo3 
J/kg-deg 
4.187*103 J/kg 
1.163 W/m2 
1.163 W/m2*deg 
1.163 W/m*deg 

5.68 J/m2-deg4 

9.807 J/k&*deg 
2.778.10- m2/s 
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P r e s s .  ?! M i  IT 
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70. Raketnaya t e k h n i k a  i kosmonavt ika ( A I A A  J o u r n a l ) .  

71.  J e t  P r o p u l s i o n  (ARS J o u r n a l ) .  

72. J o u r n a l  of t h e  A e r o n a u t i c a l  S c i e n c e s .  

73. J o u r n a l  o f  t h e  F l u i d  Mechanics.  

74 .  J o u r n a l  of  t h e  Royal A e r o n a u t i c a l  S o c i e t y .  

75. N a t i o n a l  Advisory Committee f o r  Aeronau t i c s  ( N A C A ) .  

76.  Z e i t s c h r i f t  f G r  F lugwissenscha f t en .  

77.  Zhurnal  v y c h i s l i t e l t n o y  matemat ik i  i matematicheskoy f i z i k i .  

78. Miyele ,  A.  Mekhanika p o l e t a  (Mechanics o f  F l i g h t ) ,  "Nauka" 
P r e s s ,  1 9 6 5 .  

79 .  Mekhanika. Sborn ik  sokrashchennykh perevodov i r e f e r a t o v  i n o -  
s t r a n n o y  pe r iod icheskoy  l i t e r a t u r y  (Mechanics.  C o l l e c t i o n  of 
condensed t r a n s l a t i o n s  and a b s t r a c t s  f rom t h e  f o r e i g n  p e r i o d i -  
c a l  l i t e r a t u r e ) ,  IL. 

80.  Dmi t r iyevsk iy ,  A . A .  and Koshevoy, V.N.  Osnovy t e o r i i  p o l e t a  
r a k e t  (Fundamentals  o f  Rocket F l i g h t  Theory ) ,  M i l i t a r y  P r e s s ,  
Min i s t ry  o f  Defense USSR, 1 9 6 4 .  

81. Lebedev, A . A .  and Karabanov, V . A .  Dinamika s i s t em u p r a v l e n i y a  
b e s p i  l o t  nymi l e t  a t  e 1 nymi app a ra t  a m i  ( G  u i  dance -Sy s t e m  Dy nam- 
i c s  f o r  P i l o t l e s s  A i r c r a f t ) ,  "Mashinostroyeniye" Press,  1965 .  

NASA-Langley, 1971 - 01 
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